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Abstract

We prove an upper bound on the average number of 2-torsion elements in the class group
monogenised fields of any degree n > 3, and, conditional on a widely expected tail estimate,
compute this average exactly. As an application, we show that there are infinitely many
number fields with odd class number in any even degree and signature. This completes a line

of results on class number parity going back to Gauss.
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Chapter 1

Odd degree

1.1 Introduction

The Cohen-Lenstra-Martinet—Malle heuristics which were developed in a series of ground-
breaking works [19, 21, 22], 20, [35], constitute our best conjectural description of the distri-
bution of the p*-part of the class group, C1(K)[p>], over families of number fields K of fixed
degree and signature ordered by discriminant for “good” primes p. We say that a prime p is
“good” if it is coprime to the degree of the field and “bad” otherwise.

So far, only two cases of these heuristics have been settled. In 1971, Davenport and
Heilbronn [25] calculated the average number of 3-torsion elements in the class group of
quadratic fields. In 2005, Bhargava calculated the average number of 2-torsion in the class
group of cubic fields.

Theorem 1.1.1 (Davenport—Heilbronn, [25]). Let (r1,72) denote the signature. The average
number of 3-torsion elements in the class group of isomorphism classes of quadratic fields

ordered by discriminant is:

(r1,r2) | Avg <#Clg(K)>
(2,0) 3/4
0,1) 2

Theorem 1.1.2 (Bhargava, [6]). Let (r1,72) denote the signature. The average number of
2-torsion elements in the class group of isomorphism classes of cubic fields ordered by dis-

crimainant 1S:

(r1,7r2) | Avg <#C12(K))
(3,0) 5/4
(1,1) 3/

The heuristics are expected to hold under any natural ordering on the family of fields
and not just when ordering by discriminant. In [29], Ho—Shankar—Varma found evidence to
support this expectation by showing that the average number of 2-torsion elements in the
class group of fields associated to binary n-ic forms, ordered either by naive height or by

9
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Julia invariant, coincided with the value predicted from the Cohen—Lenstra—Martinet—Malle

heuristics.

Theorem 1.1.3 (Ho-Shankar-Varma [29]). Let n > 3 be an odd integers. Let R be the
family of fields associated to binary n-ic forms ordered by naive height or by Julia invariant.

The average number of 2-torsion elements in the class group of fields in R satisfies the bound:

1
27’1 +ro—1

Avg(Cly, R) <1+

with equality conditional on a tail estimate.

Interestingly, the work of Bhargava—Varma [14] [15] and Ho—Shankar—Varma [29] showed
that these averages remain the same when one imposes finitely many local conditions or even
an acceptable family of local conditions. A set of local conditions is called acceptable if for
large enough primes p it includes all fields with discriminant indivisible by p?.

It then becomes natural to ask about the effect of global conditions on averages of this
kind. In [I0], Bhargava—Hanke—Shankar showed that monogenicity had the effect of doubling

the average number of non-trivial 2-torsion elements in the class group!

Theorem 1.1.4 (Bhargava—Hanke-Shankar, [10]). Let (r1,72) denote the signature. The av-
erage number of 2-torsion elements in the class group of isomorphism classes of monogenised
cubic fields ordered by “naive” height is:

(r1,72) | Avg (#CIQ(K): K is monogem’c)
(3,0) 3/2
(1,1) 2

In this paper, we show that this behaviour is not unique to cubic fields but indeed holds
for any odd degree. More precisely, we prove that the average number of non-trivial 2-torsion
elements in the class group of monogenised fields of odd degree ordered by naive height is
twice that predicted by the Cohen—Lenstra—Martinet—Malle heuristic for the full family of
fields.

1.1.1 Monogenised fields and rings

A number field K of degree n is said to be monogenic if O = Z[a] for some o € Of. The
element « is called a monogeniser of the field K. A monogenised field is the data (K, «) of
a monogenic field together with a choice of monogeniser.

It is expected that 100% of monogenic fields possess a unique monogeniser up to trans-
formations of the form a +— o + m for some m € Z, see [13]. This motivates the following
definition.

Definition 1.1.5. Two monogenised fields (K, «) and (K’, o) are said to be isomorphic if
there exists a field isomorphism from K to K’ taking « to +a/ + m for some m € Z.
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Thus, the expectation is that working with isomorphism classes of monogenised fields is
statistically equivalent to working with isomorphism classes of monogenic fields. Nevertheless,
if a statement holds for a “positive proportion” of monogenised fields, the same statement
holds for “infinitely many” monogenic fields by using the arguments of [29] combined with
the construction of strongly quasi-reduced elements from [13].

The height we choose for monogenised fields/rings has a convenient interpretation. Each
isomorphism class of monogenised field contains a unique element (K, ) with the property
that 0 < tr(ap) < n. If f(z) = 2" + a;z" ' + ... + a, is the minimal polynomial of aq, we
define the naive height of the isomorphism class to be:

H([(K, a0>]) - mzax{|ai|1/i}.

Similarly, we can define monogenised rings and the naive height of their isomorphism
classes. In Section [2.2] we will see that the set of monogenised rings is in natural bijection
with the set of monic degree n polynomials. This equips monogenised rings with natural
local measures, and we can speak of families of fields in SR associated with sets of local
specifications (X,), on monic polynomials.

We denote by R the collection of isomorphism classes of monogenised orders of sig-
nature (71, 72) ordered by naive height and by fR71."2 the subcollection consisting of maximal

orders. For an monogenic ring O € R™"2  denote by Cly(O) the 2-torsion subgroup of the
ideal class group Cl(O) of O and by Z,(O) the group of 2-torsion ideals of O.

1.1.2 Outline of the results

In our main theorem for fields, we find the average number of 2-torsion elements in the class
group and narrow class group of monogenised fields ordered by naive height, conditional on
a tail estimate.

Theorem 1.1.6 (Main theorem for monogenic fields). Let R C R]1"2 be a family of mono-

max

genised fields corresponding to an acceptable collection of local specifications ¥ = (¥,),.
The average number of 2-torsion elements in the class group of fields in R satisfies the

bound:

2

or1 +ro—1

Avg(Cly, M) < 1+

with equality conditional on a tail estimate.

The average number of 2-torsion elements in the narrow class group of fields in R satisfies

the bound: .
+

o5t T o

Avg(ClJ,R) <1+
with equality conditional on a tail estimate.

These averages have several interesting consequences. Indeed, we obtain all of the corol-
laries of Ho-Shankar—Varma [29] with the added adjective “monogenic”.
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Corollary 1.1.7. Let n > 3 be an odd integer, (r1,72) a choice of signature, and R C R]12

a family of monogenised fields corresponding to an acceptable family of local specifications
2= (2p>p-

1) The proportion of fields in R which have odd class number is at least
2

27‘1 +ro—1"

2) The proportion of fields in R which have odd narrow class number is at least

1 1

T T o

In particular, there are infinitely many degree n monogenic S, -fields with signature (ry,rs)

which have odd class number and infinitely many which have units of every signature.

We also deduce asymptotic lower bounds for the number of monogenised fields having
odd class numbers when these fields are ordered by discriminant just as in [29].

Corollary 1.1.8. Let n > 3 be an odd integer, (r1,72) a choice of signature, and R C RIL."2

max

be an acceptable family of monogenised fields. Then the following asymptotic estimates hold.
1) #{R € ®: |Disc(R)| < X and 21 |CL(R)|} > X3t
2) If ry # 0, then we have # {R € R: |Disc (R)| < X and 2t |CI* (R)|} > xi+L

We also obtain an unconditional statement for very large families of monogenised rings.
We call a family of monogenised orders very large if for large enough p, there are no local
conditions at p.

Theorem 1.1.9 (Main theorem for monogenic rings). Let n > 3 be an odd integer and
(r1,72) a choice of signature. Let R C R"™"™ be a very large family of monogenised orders

with the property that local conditions at 2 are given modulo 2.

1) The average over O € R of the quantity

Cb(O)] ~ s 1:(O)
is equal to 1+ g=r.
2) The average over O € R of the quantity
C(0)] ~ 57 17:(0)

is equal to 1 + —.
272
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Remark 1.1.10. We remark that our arguments give the “dual” proof of the monogenic
result of Bhargava—Hanke-Shankar [I0] in the cubic case. Indeed, they work with pairs of
half-integral symmetric matrices while we work with the dual lattice which consists of pairs of
integral symmetric matrices. The advantage is that our “dual” proof generalises to all higher
dimension since Wood’s parametrisation [45] continues to hold, while the parametrisation in
terms pairs of half-integral symmetric matrices does not.

1.1.3 Organisation of the chapter

In Section [2.2] we parametrise isomorphism classes of monogenised rings of degree n in terms
of certain monic polynomials of degree n with integer coefficients (SPACE A). In Section ,
we use Wood’s parametrisation [45] to express the 2-torsion ideal classes of rings in 8™ in
terms of certain SL,,(Z) orbits of pairs of n x n integral symmetric matrices (A, B) subject to
the constraint det(A) = (=1)"z (SPACE B). The main results are then proven by finding
asymptotic formulae for the number of elements of (SPACE A) and of (SPACE B) of height
at most X, and then evaluating the limit of the ratio as X tends to infinity. The asymptotic
formula for (SPACE B) was computed by Bhargava—Shankar-Wang in [13] and we recall it
at the end of Section 2.2

The constraint det(A) = (—1)"2 complicates the direct application of techniques from
the geometry of numbers because one needs to count orbits for the action of the group
SL,(Z) on the hypersurface defined by det(A) = (—1)"2 . To circumvent this complication,
we borrow an idea of [10] and “linearise” the problem by noting that the collection .47 of
SL,(Z) equivalence classes of symmetric integral matrices of determinant (—1)"z" is finite.

n—1

Counting SL,(Z) orbits on the space of pairs (A, B) with the constraint det(A) = (—1) 2
is thus reduced to counting SO 4,(Z) orbits on the space of pairs (A, B) over all Ay € Z7.

In Sections , the geometry of number techniques developed in [12], 11] are applied
to count the relevant orbits in these slices. However, the arguments are complicated by the
fact that we consider an infinite set of representations simultaneously and the fact that the
Ap have maximal Q-anisotropic subspaces of varying dimensions. The latter is a novel feature
not present in [§ or [39] which both dealt with split orthogonal groups. In Section we
adapt the sieves of [29] to restrict the count to orbits associated to invertible ideal classes of
orders and to maximal orders. For maximal orders, the lower bound obtained is conditional
on a tail estimate just as in [29].

In Section [2.10] the counts on the individual slices are aggregated into the full count by
summing over all the elements of .%7. Calculating this sum is delicate because it relies on
evaluating non-trivial masses for each of the Ay slices at the 2-adic place and the Archimedean
place. We find these masses in Section [2.§ and Section by establishing equidistribution
results.
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1.1.4 Generalisations

The methods of this paper can be used to study averages of monogenised fields in even
degree, as well as averages for rings and fields of odd degree associated to binary forms with
leading coefficient N via Wood’s parametrisation [44].

For rings and fields of odd degree associated to polynomials with leading coefficient N, our
methods can be applied directly to give asymptotic formulas. But now the equi-distribution
results present much more difficulty and involve classification theorems for pairs of forms
over Z/pZ as given by Dickson. In forthcoming work [42], Swaminathan shows that these
averages in both the even and the odd cases can be reduced to the monogenic averages
together with an additional term correcting for cuspidal over-count!

1.2 The parametrisations

1.2.1 The parametrisation of monogenised n-ic rings

In order to count the number of monogenised n-ic rings having bounded height, we will use
the following parametrisation in terms of binary n-ic forms:

Definition 1.2.1. Let U = Sym,,(2) denote the space of binary n-ic forms. We denote by
U, C U the space of all monic binary n-ic forms f(z,y) = 2™ + a, 12" 'y + ...+ agy”. The
group GL, acts on U via the twisted action «y - f(z,y) := det(y) ™' f((z,y) - v) for v € GL,
and f € U. Let F' C GL;y denote the group of lower triangular unipotent matrices. Then the
action of F' on U preserves U; and yields an action of F' on Uj.

We say that a pair (R, «a) is a monogenised n-ic ring if R is an n-ic ring and « is an
element of R such that R = Z[a]. Two monogenised n-ic rings (R, ) and (R, ') are said to
be isomorphic if R and R’ are isomorphic via a ring isomorphism sending « to o/ + m for
some m € Z. We then have the following explicit parametrisation of monogenised n-ic rings
in terms of the orbit data introduced above:

Theorem 1.2.2. There is a natural bijection between isomorphism classes of monogenised
n-ic rings and F(Z)-orbits on Uy (Z).

Proof. Consider the map sending a monic binary n-ic form f(x,y) € Uy(Z) to the mono-

genised n-ic ring Ry := (%,9). This map descends to a map from F(Z)\Uy(Z) to

isomorphism classes of monogenised n-ic rings which we denote by ®. Indeed, if g = v - f
for v = [}, 9] € F(Z), then g(6,1) = f(6 + m,1) and the monogenised ring <ﬂ,0> is

m 1 (F(6,1)
isomorphic to the monogenised ring (%,9) through 6 — 6 + m. To verify that ®

is surjective, note that it was already surjective as a map from monic binary n-ic forms to
monogenised n-ic rings. To verify that ® is injective, suppose that ®(f) = (%,6’) is

isomorphic to ®(g) = <(gi[ﬂ)),w). Then 6 — w + m for some m € Z under this isomor-

phism. Consequently, f(#,1) = 0 in ®(f) means that f(w + m,1) = 0 in ®(g). In other
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words, the polynomial g(w, 1) divides f(w + m, 1). But since both are monic, we must have
g(w,1) = f(w+m,1). Thus, g = [} 9] - f and g = f in F(Z)\U(Z). O

Remark 1.2.3. The results above hold for all n (even or odd).

Remark 1.2.4. The expectation is that 100% of monogenic fields have a unique monogenised
representative, i.e. 100% of all monogenic fields can be expressed as Z[£6] in a unique way
up to translation of 46 by an integer. So, in what follows, we are counting the monogenic
fields if we believe this expectation. Furthermore, Hilbert’s irreducibility theorem tells us
that a proportion of 100% of monogenic/monogenised fields have Galois group S,,.

1.2.2 The parametrisation of ideal classes of order 2 in monogenised rings

We now present the parametrisation of order 2 ideal classes in monogenic rings by pairs of
symmetric matrices. This parametrisation is due to Wood, in [44] and [45], and in the case
n = 3 due to the work of Bhargava, [5]. The statements that we use are essentially the same
as those of Ho—Shankar—Varma, in [29]. We first describe the parametrisation for principal
ideal domains. We then specialise to R, Z,, and Z.

We define the space of pairs of symmetric matrices.

Definition 1.2.5. Let T be a base ring. Let
V(T) = T? ® Sym*(T™)

be the space of pairs of symmetric n X n matrices with coefficients in 7". The group SL,,(T")
acts on V(7T') by change of basis. In other words, if v € SL,,(T") and (A, B) € V(T'), we define

v(A, B) = (v'Av,~'By),

where 7! denotes the transpose of 7.

There is a natural map from this space of pairs of matrices, V(T'), to the space of poly-
nomials, U(T), called the resolvent map.

Definition 1.2.6 (The resolvent map 7). Let T" be a base ring. We define the resolvent map
m: V(T)— U(T) by
(A, B) = (=1)"7 det(Az — B).

The resolvent map m is SL,(7') invariant. We write fa5) := (A4, B) for the resolvent
form of the SL, (T")-equivalence class of the pair (A, B). We say that a pair (A4, B) € V(T')
is non-degenerate if the associated binary form f(4 gy is non-degenerate (i.e. has non-zero

discriminant).

Now, let T" be an principal ideal domain and f € U;(T). The following result of Wood

parametrises ideal classes of the ring Ry = (?([g) in terms of SL, (7")-orbits on V(7).
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Theorem 1.2.7 (Wood [44] [45]). Take a non-degenerate monic binary n-ic form f € Uy(T)
and let Ry = % We have a bijection between SLE(T)-orbits of pairs (A, B) € V(T) with
fia,g) = f and equivalence classes of pairs (I,0) where I C Ry is an ideal of Ry and § € R;

such that I* C (8) as ideals and N(I)*> = N(§). The classes (I,6) and (I',d') are equivalent
if there exists a Kk € fo with the property that I = kI’ and 6 = k2.

They also describe the stabilisers.
Lemma 1.2.8 (Ho-Shankar-Varma, [29]). The stabiliser of (A, B) € m='(f) in the group

SL,,(T") corresponds to the norm 1 elements of the 2-torsion in the units of Ry,
R7[2]n=1.

1.2.3 The parametrisation over fields and Z,

Over a field or Z,, the parametrisation reduces to the following.

Lemma 1.2.9 (Ho-Shankar—Varma, [29]). Let f be a monic separable non-degenerate binary
n-ic form with coefficients in T, for T a field or Z,. The projective SL,,(T')-orbits of V(T')
with invariant binary n-ic form f are in bijection with

(RF/(RF)") ey -

1.2.4 The parametrisation over Z

In this section, we relate the integral orbits to 2-torsion in the class group following Ho—
Shankar—Varma.

Let O be an order in a degree n number field whose Galois group is S,,. We let H(O)
denote the set of pairs (I,d) consisting of a fractional ideal I C O and an element § € K*
such that I? C (8), N(I)> = N(§) and such that the ideal I is projective (i.e. invertible
as a fractional ideal). The set H(O) is equipped with a natural composition law defined by
component wise multiplication.

There is a map from H(O) to the 2-torsion of the class group of the order O given by
forgetting about the 6 component. This map is surjective, and the fibres depend only on the
rank of the unit group of O. It is also possible to relate H(O) to 2-torsion in the narrow
class group of O. The following is done in Ho—Shankar—Varma.

Lemma 1.2.10 (Ho-Shankar—Varma, [29]). Let O be an order in an S,-number field of

degree n and signature (r1,79). Then
[H(O)| =271 |Cly(0)).

Furthermore, if H*(O) denotes the subgroup of H(O) consisting of pairs (I,6) such that ¢
18 positive under every real embedding of the fraction field of O, then

[HT(0)] = 27|Cl; (0)].
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Finally, we record two theorems from Ho-Shankar—Varma. They characterise those ele-
ments of V(Z) which correspond to the 2-torsion subgroup of the ideal group of O, Z,(O).
That is the group of fractional ideals of O with the property that I? = O. If O is a maximal
order, the only element in Z5(O) is the trivial element of the class group of O.

Definition 1.2.11. A pair (A,B) € V(Q) is said to be reducible if the quadrics corre-
sponding to A and B in P"}(Q) have a dimension (n — 1)/2 common rational isotropic

subspace.

Lemma 1.2.12 (Ho-Shankar—Varma, [29]). Let (A, B) be a projective element V(Z) with
primitive, irreducible, and non-degenerate resultant form. Let (I,6) be the corresponding pair.
Then § is a square in (Ry ®7 Q)* if and only if (A, B) is reducible.

The following result characterises the elements of V' which correspond to elements of
I,(O) and is due to Ho—Shankar—Varma.

Lemma 1.2.13 (Ho-Shankar-Varma, [29]). Let O; be an order corresponding to the inte-
gral primitive irreducible and non-degenerate binary n-ic form f. Then I5(Oy) is in natural
bijection with the set of projective reducible SL,(Z)-orbits on V(Z) N7 1(f).

Later, we will show that these elements make up most of the cusp and only a negligible
fraction of the elements in the main body.

1.2.5 The counting problem

We count the average number of 2-torsion elements in the class group of monogenised rings
and fields of odd degree. To make sense of this, we order the monogenic fields using the naive
height on the minimal polynomial of a generator of the ring of integers whose trace is in
[0,n). Take a monic integral polynomial f(z) = 2"+ ajz" ' +...+a, € Z[z]. We define the
naive height of f by:

H(f) := max{|a;|""} = max{|as], |az|"%, ..., |an|/"}.
Note that H has the property that
H(AB) = AH({)

so that H is homogeneous of degree 1. This will be needed when we apply arguments from
the geometry of numbers. The goal of the paper is to determine the following averages:

Y. |CL(0)] - [12(0)]
OeRr

. H(0O)<X

lim

X—o00 Z 1

OeR
H(O)<X
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and N
> |CL(0)] - [12(0)]
OeRr
lim H(O)<X
X—oo Z 1 ’
OeRr
H(O)<X

where R C JR""2 is any acceptable family of monogenic rings (an acceptable family is one
which includes all rings with squarefree discriminant).

The asymptotic formula for the denominator comes from the work of Bhargava—Shankar—
Wang, [13].

Theorem 1.2.14 (Bhargava-Shankar-Wang, [13]). Let S = (S,) be an acceptable collection
of local specifications. If 0 < b < n is fized and Uy, denotes the set of monic polynomial

n—1

whose x coefficient is b, then we have

|U73(S)% | = Vol(U73 (R) - x Hv01 XM,

As Vol(Soo m<x) grows like X n<n2+1)_1, the main term dominates the error term. There is

a power saving error term in their work, but we will not need it in what follows.

1.3 Reduction theory

Fix an element A € % and § € T (ry). We build a finite cover of the fundamental domain
for the action of SO4(Z) on V;°(R).

Definition 1.3.1. The height of an element in B € Vf’é is defined to be the height of the
associated resolvent polynomial. That is, H(B) := H ((—1)”7_1 det(Ax — B)) :

The construction of [7] can be adapted to give a fundamental set RTAZ’(S for the action of
SO4(R) on Vf’é(R) (which could be empty) with the following properties:

1. The set R;f"s is a semi-algebraic.

2. It Rff’é(X ) denotes the set of elements of height at most X, then the coefficients of
elements B € R7>°(X) are bounded by O(X). The implied constant is independent of
B.

We define an indicator function that records whether V;* °(R) is empty.
Definition 1.3.2. We define the indicator function

1 if VI (R) #£0

0 otherwise

xa(9) =
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We can build now build a cover of a fundamental domain for the action of SO4(Z) on
Vi°(R). To do so, we pick a fundamental domain F, for the action of SO 4(Z) on SO4(R)
and act on R"°. This gives a o(ry) cover of a fundamental domain for the action of SO 4(Z)
where o(ry) = 27177271 is the size of the stabiliser in SO4(R) of an element v € V;>°(R).

Proposition 1.3.3. Let F4 be a fundamental domain for the action of SO4(Z) on SO 4(R).
Then

1. If xa(6) =1, Fa- RTAQ"s is an o(ry)—fold cover of a fundamental domain for the action
of SOA(Z) on Vi**(R), where we regard Fa - R7° as a multiset.

2. If xa(6) =0, then 0 is a fundamental domain.

Proof. The stabiliser in SO4(R) of an element B € Vi*°(R) coincides with the stabiliser in
SL,,(R) of (A, B) which has size o(rs). O

Remark 1.3.4. The characteristic functions will be used to define the Archimedean mass
and will make the steps of the computation in Section more transparent.

1.4 Averaging and cutting off the cusp

There are two distinct cases, the case where A is anisotropic over Q and the case where
A is isotropic over Q. In each case, we need to establish that: 1) the number of absolutely
irreducible integral points in the cuspidal region is negligible, and 2) the number of reducible
integral points in the main body is negligible.

We define absolutely irreducible points and reducible points and set the notation for the

remainder of this section.

Definition 1.4.1. An element v € V(Z) is said to be absolutely irreducible if v does not
correspond to the identity element in the class group and the resolvent of v corresponds to
an order in an S,,-field. An element which is not absolutely irreducible is said to be reducible.

We have the following theorem which gives conditions on reducibility. It is a restatement

of the criterion which appears in Ho—Shankar—Varma [29].

Theorem 1.4.2 (Reducibility criterion, [29]). Let (A, B) € V(Z) be such that all the vari-
ables in one of the following sets vanish. Then (A, B) is reducible.
1. The squares: {aij,bij|1 <i,j < ”T’l}
These pairs correspond to the identity element in the class group.
2. The rectangles: {a;;,b;;|1 <i<k,1<j<n—k} forsomel <k <n-—1.
These pairs correspond to the resolvent having repeated roots.
Definition 1.4.3. Let A be a fixed quadratic form in %7 and fix 0 < b <n. Welet V, C V

denote the space of pairs (A, B), where B is arbitrary. Note that the resolvent map takes V4

to U. Now, we let V4, denote the inverse image under the resolvent map of the set U,. It is

easy to see that Vy; is an affine subspace of V4 of dimension @ — 1.
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Definition 1.4.4. Let S C VTQ’ (zZ) = Vrz’ (R) N Vay(Z) be an SO4(Z) invariant set.
Denote by N(S;X) the number of absolutely irreducible SO 4(Z)-orbits on S that have
height bounded by X. For any L C V4(Z), let L™ denote the set of absolutely irreducible
elements. Note that any absolutely irreducible element has a resolvent form corresponding
to an order O in an S,-number field and so O*[2]y=; is trivial. As a result, the stabiliser in

SOA(Z) of absolutely irreducible elements is trivial.

Therefore, we have

N(S; X) = m#{f RP(X)NS™}

The goal of this section is to obtain an asymptotic formula for Ny (S; X).

1.4.1 The case of A anisotropic over QQ

When A is anisotropic, we can pick a compact fundamental domain F4 for the action of
SO4(Z) on SO4(R). It then follows that F, - RTQ’ is bounded. To estimate the number of
absolutely irreducible integral points in the fundamental domain for the action of SO A(Z)
on Vfb’ , we can apply results from the geometry of numbers directly. The goal here is to
use Davenport’s refinement of the Lipschitz method on Fj - RTQ’ (X) to obtain the desired
asymptotic formula.

We will need the following version of Davenport’s lemma.

Lemma 1.4.5 (Davenport’s Lemma). Let £ C R™ be a bounded semi-algebraic multiset with
maximum multiplicity at most m which is defined by k algebraic inequalities of each having
degree at most . Let E' be the image of E under any upper/lower triangular unipotent

transformation. Then the number of integral points in E' counted with multiplicity is
VOl(E) + Oy iy (max{Vol(E), 1})

where Vol(E) denotes the greatest d-dimensional volume of a projection of E onto a d-

dimensional coordinate hyperplane for 1 < d <n —1.

Remark 1.4.6. We note that although Davenport’s lemma holds in the more general setting

of o-minimal structures, the most common use is in the semi-algebraic setting.

Lemma 1.4.7. The number of integral points in F4- R”’ which are not absolutely irreducible

15 bounded by o (Xn(n;l) 1>.

Proof. We may write
v(z) = (@) Jver,

where V(7)™ denotes elements which are reducible in the sense of Theorem m
Fix a prime p. Let V(F,)=" denote the set of elements whose resolvent factors into a

irr

product of an irreducible factor of degree k and n — k distinct linear factors. Let V (F))
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denote the set of elements of V(F,)™ with the property that every lift to V(Z) does not
belong to V(Z)™4. We obtain the same estimates as in Ho-Shankar—Varma, and this finishes

the proposition. O

Theorem 1.4.8. Let A € £ be anisotropic over Q. We have

1 n(n+1)
N(V™2%(Z): X) = — Vol CRP(X X -1,
(VI (2);X) = —osVol (Fa BP0 +o(X 577

1.4.2 The case of A isotropic over QQ

Suppose now that A is isotropic over Q. Then there exists for some unique pair p, ¢ such that
n =p-+q and ”T_l = ¢ mod 2, there exists an element g4 € SL,(Q) such that ¢*,Aga = A,

where
1

1
The 4+ on the identity block is determined by the sign of p — g. We define m to be the

minimum of p and ¢, m = min{p, ¢}.

Remark 1.4.9. In general, (n-monogenic or even), we can take A to a matrix of the form
above over Q with the identity block replaced by an anisotropic quadratic form over Q having

the same determinant as A and in diagonal form.

Now for K = R or QQ, we consider the maps

. 1/72,0 72,0
O-V . vAyb — Vqu,b

OA: SOA(K) — SOAM(K>
defined by oy (A, B) = (Apg, 94 Bga) and o4(h) = g4 h(g') . We note that
H<A7 B) = H(UV<A7 B))

since 7 o oy = 7. Furthermore, oy (h - v) = ga(h) - oy (v).

Now, we denote by £ C Vjijb(R) the lattice oy (Vjifb(Z)) We denote by I' C SO 4,,(R)
the subgroup o 4(SO4(Z)). This subgroup is commensurable with SO 4, (Z). Therefore, there
exists a fundamental domain F for the action of I' on SO 4,, (R) which is contained in a finite
union of SO4,,(Q) translates of a Siegel domain, |J, ;S for g; € SOy, (Q). This is known
from [17].
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The choice of the standard A,, as above is convenient at this point. Indeed, we may now
choose as our Siegel domain S, the product NT K where we choose K to be compact, N to
be a subgroup of the group of lower triangular matrices with 1 on the diagonal and T" to be

( )

!

T := < Iip—ql sty fta > ¢ttt > oty >

1]

\ Vs

for some constant ¢ > 0. This can be found in many sources, see for instance [16], [38], or
37

Note that s; = t;/tiz1, 0 < i < m — 1 and s, = t, forms a set of simple roots.
Moreover, if we denote by e” the exponential of the half sum of the positive roots counted

with multiplicities, we have

We now fix some notation for our choice of Haar measure on G' = SO 4, . We let dg denote
the Haar measure on G, dn denote the Haar measure on the unipotent group N, and dk
denote the Haar measure on the compact group K. For every 1 < i < m we write d*t; = %
and d¥s; = dsi Furthermore, we write dt = [[}", dt;, d*t = [[}~, d*t; and ds = [[*, ds;,
d*s =T[ir, d*si.

Changing variables between the t-coordinates and the s-coordinates gives us
dt = <H sf‘l> ds.
i=1
We thus find

d*t = ————dt
t

ti- ot
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Therefore, the Haar measure is given in N AK-coordinates by
dg = e 2" qu >t dk

2P oy A%t dk;

(2

L

~
Il
—

P70 gy % k.,

—:

1

.
I

79,0

We define the main body and the cuspidal region of the multiset Fa - R}

Definition 1.4.10 (Main body and cuspidal region). The main body consists of all the

elements of Fj4 - Rz’b‘s for which |by1| > 1. The cuspidal region consists of all the elements for

which |b11‘ < 1.
We are now ready to cut off the cuspidal region.

Construction 1.4.11 (Partial order on the coordinates of V). We construct a partial order
on the n(n 4 1)/2 coefficients {b;;} for ¢ < j. These define a set of coordinates on B which
we denote by U.

The partial order records the scaling of the different elements of B under the action of

the torus.

Definition 1.4.12. The weight w(b;;) of an element b;; € U is the factor by which b;; scales
under the action of (¢, ..., t;51,..., 1, ty, ..., t) €T.

YV m

We compute the weights in both the ¢-coordinates and the s-coordinates on 7', recalling
that ¢ < 7:

2) w(bij) Zti_ltj_l :s;l---Sj_,ll.sj_z---s;2 if i <mand j <m;
3) w<bz‘j):t-_1:S-_1"'S;1 ifi<mandm+1<j<m+|p—gq
4) w(bij):tjltn_jﬂzs;l--ﬂ,ﬂj ifi<mandm+|p—q|+1<j<n;

5) wby) =1lifm+1<i<m+|p—qland m+1<j<m+|[p—gql;

6) w(bij) =tn—jr1 =Sn—jr1-Spifm+1<i<m+p—gqland m+|p—ql+1<j<mn;
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7) w(bm) = tn—i+1tn—j+1 = 5n—z‘+1"'5n—j337]‘+1"'33 if m + |p - Q| + 1 S 1 S n and
m+lp—gl+1<j<n.

We are now ready to define a partial order on U.

Definition 1.4.13 (A partial order on subsets of U). Let b and 0’ be two elements of the
set of coordinates U. We say that b < b’ if in the expression for w(b) in the s-coordinates,
the exponents of the variables sq,--- ,s,, are smaller than or equal to the corresponding
exponents appearing in the expression for w(b') in the s-coordinates. The relation < defines
a partial order on U.

Example 1.4.14. We have by, < by,41my1 because w(biy) = s72 - - 5.2 while w(byy1me1) =
1 = 3(1) e 52, On the other hand, by,_» and by,_3 cannot be compared in < because
w(b1n_o) = sy sy " while w(by,_3) = s5"s3'. The important thing to note about the partial

order (U, <) is that if i < ¢ and j < j’ then
bij < bi’j’-

We now take a closer look at the process of cutting off the cusp in a specific case before
moving on to the general case.

Example 1.4.15 (Base case of cusp cutting induction for [p—q| > 1). As the first non-trivial
interesting example, let us consider the case n =5, m = 1. Then A;4 is given by

The torus is

\ V

The s-coordinates are the same as the ¢-coordinates and the Haar measure takes the form
1 X
dg = du t_3d tdk.

We now record how elements of the torus act on elements of K -Rfjl’i »(X). Remember that

the action of G = SO,,, is given by conjugation ¢-v = gvg'. Letting T act on K - in,b(X)
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we find
=2 ¢ ool
=11 1 1t
t-o=1t1t 1 1 1 t]OX).
=11 1 1t
1t ot ot ¢t

From this, it is easy to read off the weights.
Finally, the elements of the group N have the form:

Ay
By Ijp—g
C Bg Ag

where A; and A, are lower triangular with 1s on the diagonal and there are relations among
A17 Ag, BQ, Bg and C.
For any subset of U containing b;;, we now want to estimate

d*t

w0 =50 [T i

teTx b” ¢U1

For this example, we can do this very concretely. Remember that in T'x we have the
bound t < C'X. We calculate some values to get a better feel for the situation. We have:

CX cxX
~ 4"t dt
_ yvl4 @t 14 at- 14
10, X)=X / 5 =X /t 5 = 0(x™),

t=c c
as expected.

If U7 is any subset of the middle block, we also obtain

~ X d*t cX dt
](Ul,X) — xUM-#U 2t xu a _ O(Xll_#Ul).
t=c t3 t=c t4

Now, let us examine strict subsets of the first ending at the off-anti-diagonal. By the
monotonicity structure of <, we only need to find three different integrals.

. CcX dxt cX
I({b11, b1a, b1z}, X) = X“/ t—— = X“/ dt = O(X'?)
t

t=c t3 =c
- OX jd*t X dt
I({bu, b2}, X) = X”/ Py = X”/ — = 0(XPInX) = O(X"7)
t=c t=c
X X
= d*t dt
Ay —xe [ et [0 o)
t=c t=c
Therefore,
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for all U; C U such that b;; € U;. The number of absolutely irreducible elements in the cusp
which have height at most X is thus O (X'~17¢) and we have cut off the cusp!

Example 1.4.16 (Base case of cusp cutting induction for [p — ¢| = 1). We now do the case
n =5, m = 2 before moving on to cutting off the cusp in the general case. We see that torus

elements act as follows:

U P S P A S |
A e S S P
t-o=| tyt 1ty tr | O(X).
tot) ! 1 ty  t2 toty
1 tityt ottty 2

From this, it is easy to read off the weights. The Haar measure takes the form

1 1

12 5152
For any subset of U containing b;1, we now want to estimate

7 14—#U d*s

4
518
t€lx G, 152

We only need to look at proper subsets of Uy = {b11, b1a, b13, baa } which are left-closed and
up-closed. In this case we can exclude the subset {bi1, b12, b2} by the Squares part of the
criterion for irreducibility. and recall that we have the bound s, so < C'X. Let’s compute:

T 13 ox 5 2d*s 13 X drs 13
$1,82=¢C 5189 51,82=¢C 5155

_ CcX d*s cxX

I({bi1, b2}, X) = X12/ Sisy—— = X”/ d*s = O (X'*7)
S81,82=cC 1°2 S$1,52=¢C

_ CcX d*s CcX
I({bu, blg, blg}, X) = Xll/ S%Sg 1 Xll/ SlsngS = OG(XI?H_E)

s1,82=c¢ 1,82=c¢

. cX d*s cX
I({b11,b12,b22}, X) = Xll/ 3?32 34 Xll/ SngS = Oe(Xngre)-
S8 s

1,52=C

The number of absolutely irreducible elements in the cusp which have height at most X is
thus O (X~1%¢) and we have cut off the cusp!

We recall that we had
1

o(ra)

Ny(S: X) = #{Fa- R?°(X)N S

Now, let Gy be a bounded open K-invariant ball in SO4,, (R). We can average the above



1.4. AVERAGING AND CUTTING OFF THE CUSP 27

expression by the usual trick to obtain

1

) eI G

/h L {hGOR"}"S(X) N Sirr} dh.

Now, again we may use classical arguments to see that the number of absolutely irre-
ducible integral points in the cusp which have height at most X is

0 ( /t Lt {tGORZf’é(X) N Si”} 11 sj(”l‘f"q)czxs) .

=1

Definition 1.4.17. Let U; C U be a subset of the set of coordinates. We define
VaAR)(Uy) ={B € Va(R): |b;;(B)| < 1if and only if b;; € Uy}

and
VA(Z)(Uy) = VA(Z) N VA(R)(Uy).

It thus suffices to show that
N(Va(Z)(th); X) = O, ( X(M"T”fl)fue)

for all U; C U such that by, € U;.

We now explain how the description of reducible elements gives us a priori bounds on
the coordinates s;. Let C be an absolute constant such that CX bounds the absolute value
of all the coordinates of elements B € GoR"2°(X).

If (sy%,...,8.51,...,1,8m,...,51) € T and CXw(bjyn_s,) < 1 for some iy € {1,...,m},

then CXw(b;;) < 1 for all i < iy and j < n —ip. This comes from the Rectangles part of

the criterion for reducibility. Therefore, we may assume that
S < CcX

for all i € {1,...,m}.
Let us write T to denote the set of ¢t = (s;%,...,s.,1,...,1,5,,...,8) € T which

satisfy this condition.

Now Davenport’s lemma gives us

N(V(Z)(U;); X) = O ( / Vol(tGoR*(X) nV(R)(U)) [ | s;i““—f’—q)czxs)
teTx i=1
_ o [ x5 / TT wiv) [T " as
teTX b, ¢, i=1

So, we have reduced our problem to one of estimating the following integrals.
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Definition 1.4.18. The active integral of U; C U is defined by

(U, X) = x ()0 / H w(by;) H st g,
LETX b0, i=1

Recall, that b;; < b ;, when i@ < iy and j < jo. Therefore, if Uy C U contains b;,j, but
not b;;, then
LU\ {bigjo } U {bij }, X) = I(Uy, X).

As a result, in order to obtain an upper bound for I(U;, X') we may assume that if b;,;, € Uy,
then b;; € U; for all i < iy and j < 7.

Furthermore, suppose U; contains any element on, or on the right of, the off anti-diagonal
within the first m-rows. In that case, we are in the case of Rectangles in the criterion for

reducibility and so N(V(Z)(U,); X) = 0.

Definition 1.4.19. We define the subset U, C U as the set of coordinates b;; such that
1<j,t<m,andi+j <n-—1.

Now, if |p — ¢q| = 1, every element in V(Z)(Uy) is reducible and it suffices to consider
I(Uy, X) for all Uy € Upy. On the other hand if [p — g| > 1 we need to consider all Uy C U.

Since the product of the weight over all the coordinates is 1, we make the following
definition.

Definition 1.4.20. We define for a subset U; C U

[(U17X) _ Xn<n2+l>7lT(U1,X) — X#Ul/

teTx b;; €U

w(by;) ! H sz(iH*n)dXs.
i1

We are now ready to states and prove the main cusp cutting lemma.

Lemma 1.4.21 (Main cusp cutting estimate). Let Uy be a non-empty proper subset of Uy.
Then we have the estimate

(U}, X) = O, (X~1+) .
We also have I(()) = O(1) and I(Uy) = O (Xm(2m+1—n)+e).

Proof. We prove this lemma via a combinatorial argument using induction on m. Recall that
n=2m+ |p — q|. The cases |p —¢q| =1 and |p — ¢| > 1 turn out to be slightly different. We
handle them separately.

To start, let us assume that [p — ¢| > 1. First, we compute I(Up, X)

m

[(Uo,X) = X#UO/ H U)(bm‘)il HS:(i+17n)dX8.

teTx b;;€Uo =1

_ Xfm(nf(erl)) / (t71172+1t374+2tg76+2 . tTﬂL;QerQ) H t?z—ndxt
teTx

i=1
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_ X mn—(m+1)) / B2 2 47
teTx

CcX

— x—m( (erl))/ 515585 - g2m—1 g%
S1yeeeySm=C

— O (X m n— m+1 >

— O( m(2m+1 n))

-0 (X m(|lp—q|— 1)

We also compute (0, X) directly

I' (U], X) :X#Ui—m<"—<m+1”/ I wy) | tut3---t2,a7t.
teTx \ p ev!
— x#Ui—m(n—(m+1)) e . 3 2m—1 gx
= X7"1 H w(bij) | s1s5--- s d™s.

We now work out the base case of the induction. When m = 1, we have

L0, X)=0(1)

XC
L({bn}, X)=X""1 sist "d s = O, (X7)
xe
Li({by,. .., b}, X) = X7* sisy st s = O (X71)
o cXC
]1({b11, ce 7b1n—2}7 X) = X_TH_Q/ SldXS = O6 (Xl—\p—qH-e)

I1(Up, X) = O, (X' lrmalte)

In particular, we see that when |p — ¢| > 1, all these quantities are O (X ~1*¢). We will
use this estimate in the induction step.

Now, suppose that m > 2.

Now, for any decomposition k = k; + ko we have:

CX CX CX
/ sPd*s <o / skldxs/ sk2d*s.
(& C C
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Consequently, we see that I/, (U;, X) is bounded by the product
L (U1, X) < Jn(Us, X) K (Us, X)),

where U} consist of all the elements of U] in the first row, Uj consists of the rest of the
elements of U], and

cX
Jm(Uéa X) = X#Ué—(n—Q) / H w(blj) 513% R 5,2nd><8
814ev0ySn=C by, €U
cX
K (U3, X) = X / H w(b;;) 828§ .. sfnm_?’dxs

82,...,8n=C
255N bzgeUé

Note that K,,(U}, X) = I,,_1(Uj, X) and we can estimate it by induction. Now, U is left-

closed and non-empty and hence the subset U} is either empty or of the form {by,...,b1,-2}
for k > 2.
Now, if U} = 0
cx
In(Us, X) = XQ_”/ s155 -+ s2,d%s = O (X2m=17nH2) = O (X 1lpmalte) = O (X 1)

S1y.esSn=C

Now, if k = 2, then:

>

cx
= X! / singd gt gt s g 8552 d"s
81y..98n=C
cx
= X! / S sS85, d s
81 4ee0ySn=C
cx
= X! s7 sy s d s
81 4e-y8n=C
_ —14-€
= O0(X™7)
Now, if k£ = 3, then:
cx
! _ —2 4—n 2 2 g%
In(Uz, X) = X / t77 8185 s, d"s
S1,ev0ySn=C
cx
-2 4—n _4—n 4—n 2 2 X
=X / §] 'Sy eers, "S185 -85, d"s

CX
— -2 5—n 6—n 6—n _gx
=X / s] sy Meers, "d”s
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If 4 <k <m, then:

cX
J(UL, X)) = Xlk/ gDy sy 82 52 d s

[RRRE

— X!k /CX g (B

15---y85n=C

m

2
3"'tk_18182"'

cX
_ yl-k —((n=2)—k+1) . 2 k=3, .2
=X / '[;1 838yt SL_1S185 -
S

15---,8Sn=C

CcX
_ yl-k —((n=2)—k+1) . 2.3 4 _k-1_2
=X / ty S1828394 Sk 15k "
S

1;---y8n=C

= O (X'7HF).

Ifm+1<k<m+|p—q|, then:

CcCX
(U3 X) = X' / f

S1y-.eySn=C

C
:Xlk/ * t;(("*2)*k+1)t

1;---58n=C

cx
_ —((n—2)—k+1 _
= X! k/ tl((n ) +)33si---sm 25153 -52d%s
S

15---ySn=C

—((n—2)—k+1)

m

51823334'

2
tm"'t38182“‘

2
3"‘tm5182"‘

S

2 0%

m

S

2 d%s

m

m

CcX
_ Xl—k/ t;((n72)7k+1) 2.3 .4 Csmd” s

15---ySn=C

— O€<X17k:+e)'

fm+|p—q| <k <n-—2 then:

cX
Jm<Ué, X) = Xl_k / tl_((n_Q)_k—i—l)tn_Q_]H_:g Tt t3818§ s S?ndXS

S14.00ySn=C

cxX
_ oyl / pr(n=D=krDy

15:-+38n=C

CcX
_ oyl / fr(nD=kD g 2

1;---,8n=C

2 2 X
“tp—k+15155 -+ S, d" s

m

Sn—k+15n—k+2 S,

n—k+1n—k+2

CcX
— —((n—2)—k+1 — —
—_ x! k/ t1((n ) +)sls§s§sj--s" kel gn—k+l
S

1s---,5n=C

m 51895354 " Sp_py15n—k42

CcX
_ yl-k —(n—k)+1 _—(n—k)+1 —(n—k)+1_ 2,34
=X / S5 Sq R

S

15-Sn=C

1 2

cX
:Xl—k/ (k) +2 —(—R)H3 0

1380 =C

— OE(Xk_(n_Q)_Ip_QI-‘rE).

n—k—1_n—k—1 n—k

- S

n—k+1 gx
e A

n—k+1 _n—k+1

1 2 2 X
“Sn—k—19n—kSn—k+1 """ Smd S

118552 d"s

..S

31

n—k+1 j3x
i s
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Therefore, in all cases we find
(U, X) = O (X719,
The lemma now follows by induction on m used to bound I’ (U}, X) by O (X ~1F°).

We now explain how to deal with the case |p — ¢| = 1. In this case, we will have to make
use of the Squares part of the reducibility criterion. This will guarantee that U; # Uy. Here,
in the base case m = 1 of the induction, we have that all the cases are O(1). This is not a
problem. By the Squares part of the reducibility criterion there are no irreducible elements
in the cusp here. Thus, we can start the induction at m = 2. Example 3.16 shows that the
estimates of I(f, X) = O(1) and O.(X %) for the rest does hold for this base case. Now,
for m > 3 the rest of the estimates obtained above remain valid. That is

Jn(Uz, X) = Oc(X7179)

if U3 # (), while J,,,(0, X) = O(1).

So we have to rewrite the induction step slightly. We do so as follows. If U} is non-
empty, then the lemma follows by induction on m used to bound I, (U}, X) by O.(X¢).
If on the other hand Uj is empty, then U; must be non-empty since U] is non-empty. This
holds because the Squares part of the reducibility criterion implies that U; # Uy. If U} #
Uo \ {b11,-..,b1n_2}, then by induction I/, (U}, X) = O (X~'7¢). So the last outstanding
case is when Uy = {b11,...,b1,—2}. In this case, a direct computation or an application of
[8] gives the result. This completes the proof of the main cusp cutting lemma. ]

Remark 1.4.22. The proof of the previous theorem was inspired by the induction argument
of [39].

Remark 1.4.23. The proof shows that we get much better error terms for I(U;, X) than
in the statement of the theorem.

Proposition 1.4.24. The number of absolutely irreducible elements in the cusp which have
n(n+1)
height at most X is O, <X( “ 71)71“).

As in the anisotropic cases, we find that the number of reducible elements in the main
body is negligible.

Lemma 1.4.25. The number of integral points in the main body of F4 - RTAQ”; which are not
absolutely irreducible is bounded by o (Xn(n;l)’l).

Proof. The proof is identical to the anisotropic case. n
Theorem 1.4.26. Let A € % be isotropic over Q. We have

1

o(ra)

N(VEE(Z);: X) = ——Vol (Fa - R (X)) 40 (X571,
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Remark 1.4.27. By Witt’s decomposition theorem, the results of this section hold in the
odd N-monogenic case verbatim.

1.5 Sieving to very large and acceptable collections

In this section, we determine the asymptotic formulas for certain families of rings and fields.
The results of this section are adaptations of those found in [29]. We begin with the definition
of a family of local specifications. Fix A € .27 and an integer 0 < b <n — 1.

Definition 1.5.1 (Collection of local specifications and the associated set). We say that
of subsets Agp, C Vap(O,) indexed by the places v of Q is a
collection of local specifications if: 1) for each finite prime p the set Aap, C Vap(Z,) \

a family Agp = (Aap,)

v

{A =0} is an open subset which is non-empty and whose boundary has measure 0; and
2) at v = oo, we have Aypo = Vfg‘;(R) for some integer ro with 0 < ry < ”T’l and
d € T(r2). We associate the set V(Ayyp) := {v € Vay(Z): Vv (v € Aayp,)} to the collection
of local specifications Aap = (Aap,)

v

1.5.1 Sieving to projective elements

Definition 1.5.2. For a prime p, we denote by V4 ,(Z,)P"® the set of elements v € V4 4(Z,)
which correspond to a projective pair (I,4) (i.e. with the property that I? = (§)) under the

parametrisation.

We have
ViEPel(z) = Vis(z) () (ﬂ vs (Z)> :
p

Definition 1.5.3. We denote by Wy, the set of elements in V4 ;(Z) that do not belong to
Vs (Zy)-
We need estimates for the number of elements in Wy, for large p. We have the following

theorem whose proof is an almost verbatim adaptation of the one presented in [29] to the

case at hand.

Theorem 1.5.4. We have

n(n+1)
-5 -1

n(n+1)
N(UpZMWA,b,an) =0 (W) +o <X 2 )

where the implied constant is independent of X and M.

Proof. One shows just as in [29] that Wy4,, C V(Z,) is the pre-image of some subset of
Vap(F,) under the reduction modulo p map by using Nakayama’s lemma. Making the nec-
essary adjustments, the proof proceeds just as in [29], noting that the reduction modulo p
of Way, has codimension greater than 2 in V4 ,(FF,) (being non-projective modulo p and
having discriminant divisible by p give at least 2 conditions). O
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We now define the concept of very large collections of local specifications and state the
asymptotic formula. Roughly, a collection of local specifications is very large if for large
enough primes p, it includes all elements of V' which are projective at p.

Definition 1.5.5 (Very large collection of local specifications). Let Aap = (Aap,), be a
collection of local specifications. We say that A4, is very large if for all but finitely many
primes, the sets Ay ;, contains all projective elements of V4 (Z,). If Aay is very large, we
also say that the associated set V(Aay) is very large.

Theorem 1.5.6. Let vy be an integer such that 0 < ry < ”T_l and let 6 € T (ry). Then for a

very large collection of local specifications Aap such that Agp o = fb’&(R), we have

1 ro n(n-1)
NV(Ny), X) = o VOl Fa Rz3(X)) [T Vol(Aapy) + 0 (X - 1) ,
p

where the volume of subsets of Vau(R) are computed with respect to the Euclidean mea-
sure normalized so that Vay(Z) has covolume 1 and the volumes of subsets of Vay(Z,) are

computed with respect to the Euclidean measure normalized so that Vay(Z,) has measure 1.

1.5.2 Sieving to acceptable sets conditional on a tail estimate

We now define the concept of acceptable collections of local specifications and state the
asymptotic formula. Roughly, a collection of local specifications is acceptable if for large

enough primes p, it includes all fields with discriminant indivisible by p?.

Definition 1.5.7 (Acceptable collection of local specifications). Let Asp = (Aap,), be a
collection of local specifications. We say that A4 is acceptable if for all but finitely many
primes, the set A4, contains all elements of V4 ;(Z,) whose discriminant is not divisible by

p*. If A, is acceptable, we also say that the associated set V(A4 ;) is acceptable.
We have the following unconditional asymptotic inequality.
Theorem 1.5.8. Let Ayp = (Aap,), be an acceptable collection of local specifications.

1

o(ra)

N(V(Aap), X) <

Vol(F4 - Rz (X)) [T Vol(Ausy) + 0 (X571,
p

where the volume of subsets of Vau(R) are computed with respect to the Euclidean mea-
sure normalized so that Va,(Z) has covolume 1 and the volumes of subsets of Va,(Z,) are

computed with respect to the Euclidean measure normalized so that Vay(Z,) has measure 1.

The following tail estimates are known for n = 3 and likely to be true for n > 5. Indeed
they follow from a suitable version of the abc conjecture by work of Granville.

Definition 1.5.9. Let p be a prime. We denote by Wa,,, the set of elements v € V4 ,(Z)
such that p? | A(v).
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Conjecture 1.5.10 (Conjectural tail estimates). We have

n(n+1) —1

X 2 n(n+1)_
N(UpzMWA,b,an) =0 (W) +o0 (X — 2 1)

where the implied constant is independent of X and M.
We have the following asymptotic formula conditional on the preceding tail estimates.

Theorem 1.5.11. Suppose that the preceding tail estimates hold. Let ro be an integer such
that 0 < ry < ”T_l and let 6 € T (ry). Then for an acceptable collection of local specifications
Aayp such that Ay p(c0) = VX?,)’J(R) we have

1

N(V<A§4,b)?X) 0'(7”2)

Vol(Fa - R(X)) T Vol(Ausy) + 0 (Xi”‘"{” —1> :
p

where the volume of subsets of Vau(R) are computed with respect to the Fuclidean mea-
sure normalized so that Vau(Z) has covolume 1 and the volumes of subsets of Vay(Z,) are

computed with respect to the Euclidean measure normalized so that Vay(Z,) has measure 1.

1.6 The product of local volumes and the local mass

1.6.1 The change of measure fomula

To compute the volumes of sets and multi-sets in V4 ;,(R) and V4 ;,(Z,), we have the following
version of the change of variable formula. Let dv and df denote the Euclidean measure
on Vyup and Uyy respectively normalized so that Va,(Z) and Uap(Z) have co-volume 1.
Furthermore, let w be an algebraic differential form generating the rank 1 module of top
degree left-invariant differential forms on SO 4 over Z.

Proposition 1.6.1 (Change of measure formula). Let K = Z,,R or C,. Let | - | denote
the usual absolute value on K and let s: Uy p(K) — Vau(K) be a continuous map such that
7(f) = for each f € Uyy. Then there exists a rational non-zero constant Ja, independent of

K and s, such that for any measurable function ¢ on Vy,(K), we have:

o(v) dv = |7 / / o - s(f)) wlg) df
) feU1p(K) JgeSO4(K)

SOa(K)-s(Uy1 (K)

[ o=z [ S e [ e

a—1
Vi (K) feULp(K)  \ veYaefOm ) 9€804(K)
A(f)70 A

VAyb(K)ﬂﬂ'il

where =557 D) denotes a set of representatives for the action of SO4(Z,) on Vaus(Zy) N

().



36 CHAPTER 1. ODD DEGREE
We can simplify the second integral above by introducing a local mass.

Definition 1.6.2 (Local mass formula). Let p be a prime, f € U;4(Z,) and A € &5 We
define the local mass of f at p in A, m,(f, A) to be

1
my(f, A) = Z ) #Stabgo ,(z,)(v)

SO 4 (Zp)

We now have the following formula for the local volumes appearing in the asymptotic

formula.

Proposition 1.6.3. We have
Vol (Fa - Rt (X)) = xa(0) [ 4] VOl FRVol(U (R)F..).

Let S, C Uy4(Z,) be a non-empty open set whose boundary has measure 0. Consider the set
Aapp = Vap(Z,) N77(S,). Then we have

Vol(Aa,) = 4], Vol(S0a(Z,) [y (£.4) .

JESH

1.6.2 Computing the local masses

We now define the infinite mass and compute m,(f, A) for all p # 2, cc.

Definition 1.6.4 (The infinite mass). Let A € £ and 75 be an integer such that 0 < ry <
”T_l. The infinite mass of A with respect to ry is defined to be

Moo(ra, A) = > xa(0).

(567—(7"2)

The following lemma isolates the main properties of the local masses for all p, including
the Archimedean place.

Lemma 1.6.5 (Main properties of the local masses). The local masses m,(f, A) and ms(A)
have the following properties.

1. If v € SL,(Z,), we have
my(f, 7 Av) = my(f, A).

2. If v € SL,(R), we have
Moo (T27 ’YtAV) - moo(r% A)

3. In particular, if Ay and As are unimodular integral matrices lying in the same genus,

we have

my(f, A1) = my(f, Az)
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for all primes p and
Meo(r2, A1) = Moo (12, A2).

4. The sum of ma(f, A) over a set of representatives for the unimodular orbits of the action
of SL,(Zs) on Sym,, (Zs) is

Z mo(f, A) = 2" 1.

Symy, (Zg)
AT IS

—1cl2
det(A)=1¢€ 7

5. The sum of m,(f, A) over a set of representatives for the unimodular orbits of the action
of SL(Z,) on Sym,,(Z,) is

Z my(f, A) = 1.

Sym,, (Zp)
A€ ST

det(A):lEZ—g

6. The sum of meo(r2, A) over a set of representatives for unimodular the orbits of the
action of SL,(R) on Sym,, (R) is

E Moo (19, A) = 27171,
Symy, (R)
A

det(A)=1€5

We can now compute the local masses for all p # 2, cc.

Corollary 1.6.6 (Local masses for p # 2,00). For A € £ and p # 2,00 we have
mp(f, A) = 1.

The computation of the local masses at p = 2,00 is more delicate and is the object of

the following sections.

1.7 Point count and the 2-adic mass

Remark 1.7.1. In the proofs, we assume that the local conditions are modulo 2. Neverthe-
less, in the case of rings which are maximal at the prime 2, we can remove this assumption.
Indeed, we can use the even, non-degenerate, Fy quadratic form on the Iy vector space
(R} /(R})*)n=1 introduced [8], whose kernel is the set of split forms, to calculate the lo-
cal masses exactly. Doing so gives the same values as those obtained here at each maximal
form f, and so we can remove the assumption that the local conditions are modulo 2 in our

theorems concerning fields.
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In this section, we calculate the integral of the 2-mass, ffGSQ ma(f, A)df, by comparing
the 2-adic volumes of different indefinite special orthogonal groups.

n—1

By the classification of quadratic forms over Z,, there are only two determinant (—1) z
classically integral quadratic forms over Zs of odd dimension n up to SL,(Z2) equivalence.
See for instance [30] or [24]. They are

For n =1 mod 4 we can take:

1 1

ml - 1 5 m—l - 1

1 1
1 —1
1 -1
For n =3 mod 4 we can take:

1 1

mtl = 1 ) m—l = 1

1 -1
1 —1
-1 -1

Remark 1.7.2. We have chosen the subscripts to match the Hasse-Witt symbol of the

bilinear form.

First, we state the basic constraint obtained in the last section.
Lemma 1.7.3. For any f € Uy (Zs), we have
ma(f, M) + mao(f,M_1) =271
We give names to the integral of the 2-adic masses over S,.
Definition 1.7.4. We define
ca(n, My) :/ ma(f, M) df
fE€S2

Cg(n,m_l) :/f < mg(f,i)ﬁ_l)df.

In this notation, the lemma above states

Cg(ml) + Cg(m_l) = 2n_1V01(52).
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Therefore, in order to determine the value of cy(M;) and co(M_4), it is sufficient to
find their ratio. We recall the following expressions which were a corollary of the change of

measure formula:

Vol(Aan, (2)) = o |, Vol(SOm, (22) [ ma(r,30)

fes,

= cy(n, M) < | o, [ VOL(SOan, (Zz))>

and

Vol(Aan_,(2)) = |on_ |, Vol(SOm_,(Z2)) [ my(r300)af

fess

= cy(n, M_y) ( | Ton_, |, Vol(SO«ml(Zg))> :

We now come to the heart of the argument. It is composed of two parts. First, we show
that Vol(Agy, (2)) = Vol(Am_, (2)) and Jom, = Jam_, - Second, we calculate ratio of the volumes
Vol(SOsy, (Z2)) and Vol(SOgy_, (Zs)). Together, this will yield the value of the ratio of co(90%;)
and co(9M_1), and hence their individual values.

We deduce the equality of volumes Vol(Agy, (2)) = Vol(Agr_, (2)) using an argument which
uses the that 91, and IM_; have the same reduction modulo 2.

Lemma 1.7.5 (Point count). Let Sy C Uy 4(Z2) be a local condition on the space of monic
polynomials at the prime 2 defined modulo 2. Denote by Agy, (2) and Ao, (2) the pre-images
in Van, (Z2) and Van_, 4(Z2) respectively of Sy under the resolvent map w. Then the volumes
of these two sets are equal

Vol(Agy, (2)) = Vol(Am_, (2)).

Proof. The canonical representatives 9t and 9%_; are equal modulo 2. Since Agy, (2) and
Agn_,(2) are defined by imposing congruence conditions modulo 2 on Viy, 4(Z2) and Vo, 5(Zs),
the result follows. O

Lemma 1.7.6. The rational numbers giving the Jacobian change of variables for 9y and
IM_1 are equal when the volume forms on the associated special orthogonal groups are those
associated to point counting modulo increasing powers of p:

T, = Im_,-
In particular, their 2-adic valuations are the same
|'-75m1|2 - |j97f71 ‘2 .

Proof. We sketch the proof of the change of variables formula from Bhargava—Shankar in
[11] and explain how to deduce the lemma from their argument. The proof of the change
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of variables formula over the rings we are interested in proceeds by proving that over C the

/ | b(v) dv = | 4] /f e / RG]

S04 (C)-s(U1,5(C)

identity

holds for some non-zero rational number 74 € Q*. The principle of permanence of identities
then gives the result for K = Z,, R, or C with the same J4.

Now, Ja can be realized as the Jacobian change of variables of the map
’;bf: SOA(C) X U17b(C) — %(C)

given by ¥A(y, f) = v - s(f) for any analytic section s: Uj 4(C) — Va,(C).

Thus, the lemma will follow from comparing the Jacobian change of variables of the maps
¢ and Y21,

Now, fix a matrix g € SL,(C) such that 9%, = ¢9n_¢".

Consider the map
oc: SO, (C) — SOg_, (C)

defined by og(h) = ghg™!.
Now, fix an analytic section s;: Uy (C) — Vin, 5(C) and define the analytic section
s_1: U p(C) — Vin_, 4(C) to be s_; := g - 1. The following diagram commutes

My

SOun, (C) x U1(C) —2— V;4(C)

og X idJ/ J/g :

SOf_m71 ((C) X U1’b<(C) T %((C)
The fact that det(g) = 1, that the Jacobian change of variable of 9™ and w?’l are constants,

and the diagram above taken together imply that Jom, = Jon_, as desired. In particular, the
2-adic valuations of those rational numbers are equal and we find |Jon, |, = |jm,1 ‘2. ]

We can now use calculations related to the Smith—Minkowski—Siegel mass formula to find
the ratio between the volumes of the 2-adic points of the special orthogonal groups SOgy,
and SOgy_,.

Proposition 1.7.7. We have the following ratio

Vol(Agy, (2)) ( |Tn_, |, VOL(SOm_, (Zz))>
o (n, M) _

Co (n,Dﬁ—l)

~ Vol(SOm_,(Z))
) - VOI(SOml(ZQ))

Vol(Ag_, (2)) ( | o, |5 VOI(SOan, (Zs))
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n—1
ol 275
n—1)

o 27171 :F82 )

where g is + if n is congruent to 1 or 3 mod 8 and — otherwise.

Proof. The first two equalities above follow directly from the preceding lemmata. The value
of the ratio of the volumes of SOgy, (Z2) and SOgy_, (Z2) is inversely proportional to the ratio
of the 2-adic densities of the lattices defined by 2t; and 91_;.

To find the ratio of the 2-adic densities of the lattices defined by 91, and 914, it is
sufficient to find the ratio of the diagonal factors My(9t) and My (9_1) in the language of
Sloane-Conway, [23].

There are general formulae for computing the value of the diagonal factors at every prime.
These turn out to be rather subtle in the case of p = 2, depending not only on the form
of each Jordan factor but on the full Jordan decomposition, in contrast to the case of odd
primes.

Nevertheless, in our case we have that 91, and 91_; are already in 2-adic Jordan form.
Moreover, M is free, odd, and has octane value 1 (mod 8) if n = 1,3 (mod 8) and 5 (mod 8)
if n = 5,7 (mod 8). On the other hand, 9M_, is free, odd, and has octane value 5 (mod 8) if
n=1,3 (mod 8) and 1 (mod 8) if n = 5,7 (mod 8).

We may now apply the formulae for the diagonal factor of Conway—Sloane, [23], to find
that the diagonal factors have the form

1 1
Ms(9) = n1_; n1
2[5 (1 -2 1 Fa 2

1 1
My(M_q) = TS ) 1
215 (1 -2 L2

This completes the proof of the last equality of the lemma. n

We have obtained the values for the 2-adic mass.

Corollary 1.7.8. The 2-adic masses satisfy the following identities:

CQ(TL, i)ﬁl) + Cg(n, m_l) = 2n_1V01(SQ)
Cz(n7 g,no) — CQ(TL, i)ﬁ,l) = :I:anTAVOl(SQ),

where +g is + if n is congruent to 1 or 3 mod 8 and — otherwise. In particular, we find:

eo(n, M) = (2”*1 igﬁl) Vol(S,)

N~ DN =

CQ(TL, m_l) = <2n—1 Fs 2nT_l> VOI(SQ)
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1.8 A spectral theorem for the indefinite special orthogonal groups

We now describe the distribution of the 6 among the V4 by using a version of the spec-
tral theorem for SO, combined with a modified parametrisation of the SO4(R) orbits on

Va(R) 7= (f)-
We begin by presenting an alternative parametrisation of the SO 4 orbits on Vi (7 1(f)

Theorem 1.8.1. Let A € 45 Consider the bilinear form Wy = (-,-) 4 whose matriz is A.
Then, given f € Uy, there is a natural correspondence between SOy, -conjugacy classes of

self-adjoint operators with characteristic polynomial f and SO 4-orbits on Va7 (f).

Proof. We note that for each A € %, we can represent the orbit data
(S04, vanT ()

where SO4 acts via g - (A, B) = (4, ¢'Bg), in terms of the orbit data

A]\/_IIZMtA
F=(=1)"7" det(Iz—M)

where SOy, acts on the set of M via v- M = vM~~!. Note that this last space is the space

(SOWA, {M € Mat,,

of self-adjoint operators with characteristic polynomial =+ f. Indeed, consider the maps

(A,B)— A™'B
and
M — (A, AM).
These maps are immediately seen to descend to isomorphisms on the quotients. O

Remark 1.8.2. The parametrisation above does not depend on the base.

We can now modify an argument of Bhargava—Gross [§] to describe the real SO 4 orbits
on Va7 L(f). As a corollary, we find the distribution of the elements § of T (ry) among
the slices V4 over R.

We first explore the example of f, having no complex roots before presenting the general

case.

Example 1.8.3. We first deal with the case of f € R[x] having no complex roots. First, it
is clear that the number of SO4(R) orbits on V4(R) (7 1(f) is equal to the number of §
which lie in V4. By the above theorem, the number of § which lie in V4(R) (7 (f) is thus
the number of SOy, orbits on the Wy self-adjoint operators with characteristic polynomial
f. Indeed, such an operator is diagonalisable and has n eigenspaces of dimension 1. The
quadratic space defined by W, decomposes as an orthogonal direct sum of these spaces. For
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the signatures to match, we must have a subset of g4 of these eigenspaces being negative
definite for Wy,. The subset of these eigenspaces which are negative definite determines
the real orbit of 7. We need some notation for the signature of the quadratic space Wj4.
Let’s suppose that A, and thus the quadratic space defined by Wy, has signature (pa,qa).
Therefore, the number of § which land in V4 (R) 7~ *(f) is ().

qA

We now proceed to the general case. We want to find the distribution of the 6 which
land in V4(R)(\ 7 *(f) when f has complex roots. Towards this goal, let’s suppose that
f has r; real roots and 2ry; complex roots. Now consider a W, self-adjoint operator T
with characteristic polynomial f. This operator has r; eigenspaces of dimension 1 and 7o
eigenspaces of dimension 2. The quadratic space defined by W, decomposes as an orthogonal
direct sum of these eigenspaces. To proceed with the argument, we need some notation for
the signature of the quadratic space W 4. Let’s suppose that A, and thus the quadratic space
defined by Wy, has signature (pa, ga). Now, since each of the 2-dimensional eigenspaces has

signature (1,1) we deduce that:
a) pa > o
b) qa > re; and

¢) the number of 1-dimensional eigenspaces which are negative definite for Wy is
qa — T2.

The subset of the 1-dimensional eigenspaces which are negative definite determines the real
orbit of T. Therefore, the number of § which land in V4(R) (7 !(f) is indeed

(0 0)
qa — T2 .

Remark 1.8.4. The argument presented above is an extension of an idea of Bhargava—Gross
which dealt with A totally split over R.

We have computed the value of the infinite mass, my(f, A), and we record the distribution
obtained above as an equidistribution result.

Theorem 1.8.5 (Equidistribution of 7 (re) in SO, (R)\Sym,,(R)). Let A € £ and 0 <
ry < "T’l If A has q negative eigenvalues, the infinite mass moo(re, A), which is the number

of 6 in T (ry) such that the matriz As associated to § has q negative eigenvalues, is given by

Moo (19, A) = (q ilw).

In particular, if ¢ < ry, there are no § which land in any Va for which A has signature
(n—q,q).
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For the final calculation, we are interested in the sum of the total masses over all genera
which have a fixed Hasse-Witt symbol. We write ¢y o for the sum of the infinite masses
across all genera which have Hasse-Witt symbol equal to 1 and cy 2 for the sum of the

infinite masses across all genera which have Hasse-Witt symbol equal to —1.

Lemma 1.8.6. Let | be an odd number. Then

-1

2 l
— 2l71
(1)
k=0

and
-1

21 l
-1
(_l)k(%) =422

where £5 is + if | is congruent to —1 or 1 mod 8 and — otherwise. Furthermore, we have

k=0

-1

2
)+
— 2k+1
=1

= l -1
-1 k — +"95
(=1) (Qk: - 1) 8

and

o
o

where £4 is + if | is congruent to 1 or 3 mod 8 and — otherwise.

Proof. These identities follow from the binomial formula. Indeed, for the first one, note that
=1 -1 ] =1 =1
2 =(1+1)=3,2, (2lk) +2 k20 <2kl+1> while 0 = (1-1)" = 37,2, (2lk) =2 k0 (2kl+1)' Thus

-1
> k2o (;k) = 2!, For the second one, examine (1 + )" in the complex plane. For notational

-1
clarity, let us write @ = (1 +4)!. On the one hand, o = 22:0 (,i)zk = (Zkio(—l)k(;k)) +

-1 s -

'i(zkio(—l)k(%arl)). On the other hand, a = 22¢'% since 1 +i = /2¢'5. So we find

Re(a) = +Tm(a), 28 = Re(a)? + Im(a)? and Re(a) > 0 if and only if [ is congruent to
-1 _

—1,0,1 mod 8. Thus Zkio(—l)k(;k) = :thlTl. The proof of the second set of identites

follows from examining Jm(«). O
We have obtained the values for the total infinite mass.

Corollary 1.8.7. The total infinite masses satisfy the following identities:

—1
Coo,0 + Co,2 = 2"
r1—1
Co0,0 — Coo0,2 = :l:82 2,

where +g is + if n s congruent to 1 or 3 mod 8 and — otherwise.
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In particular, we find:

(2“*1 +

<2’"1_1 Fs 27”1271) :

Coo0,0 =

N~ DN~

Co,2 =

1.9 Statistical consequences

We now calculate the average 2—torsion by assembling all the elements we have developed.

Let %7, denote a set of representatives of unimodular integral matrices under the action
of SL,,(Z). Denote by Gz, the set of genera of quadratic n-ary forms containing a unimodular
integral element. Notice that Gz partitions .%7. We have to estimate the following sum:

>, 2l |CL(0)] - |Z(0)
OeR,
H(O)<X

( 2. Vol(Uf,%(R))d)) l;IVol(Sp)

0<b<n

+ o(1).

Now, by the preceding sections, we know that this sum is equal to:

> 2 2 Nu(V(Ay,), X)

0<b<n §€T (r2) AELy

< 2. Vol(Ufi(R))d)) I;IVol(Sp)

0<b<n

Expanding, we find:

mo(f, A)d
= 2 2 sy VlF HVol S04(Z ))Hmp(A)ffesQVOIégJ;) )df

5ET (r2) ALy p#£2

The indicator functions come into play at this point.

ffeSQ mQ(fv A)df
\Qﬂ(fﬁ)

§)Vol(Fy4) Hv01 SO4(Z,))

5E€T (r2) ACZy,
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We now break up the collection % into genera and sum over the forms in each genus
separately before summing over the distinct genera. Since, both the characteristic function
and the p-adic masses are constant over the forms in a single genus, they factor out of the

inner sum.

ffeS2 mQ(f A)df

- ¥y ¥ XA §)Vol(F,) Hv01 SO4(Z,)) v01(s27)

6€T (r2) G€Gz AGgﬁfz

=Y Z ffesv?;gdf< > Vol(Fa) Hv01 SOA(Z )
2

6€T (r2) gegz Aegn.ey

Now, the inner sum gives the Tamagawa number of the special orthogonal group of an
integral form in a genus. It is known to always be equal 2, see for instance [32] and [26]. We
denote it by 7(SO).

SOZZ

0€T (r2) gegz

oy ress malf 9
VOI(SQ)

At this point, we simplify the sum using the fact that o(ry) = W7 the value of the 2-adic
mass, the value of the infinite mass, and the classification of genera of unimodular integral
quadratic forms as it appears in [I8] or [24].

15y s el 9)ef
- 27”1+7“2 1 Z Z = -

€T (re) G€Gz V01(52>
_ Z Z ff€S2 ma(f, G)df
r1+1ro— oritra—1

2 + GeGy 5T 0ro) VOl(SQ)

T(SO) ffesz m2(fa g)df
— ) > xq(0)

2t e, Vol(55) €T (r2)

SO

= 2:1(+T2>1 (62(m1)coo,0 + 02(93771)000,2)

Now, these values being known from previous sections, we substitute them and simplify.
1

L 5 ) (2 g 275 ) 4+ (20l g 27 ) (20 Fg 27
i 2] ) (22 5 (27 52 ) (20 3 2) )
1 1 . .
=g 2 (7 2T) (0 -2 ) (2T (242
1
4

1 (2 <2n+r1 2+2n+7‘1 2))

= St 2

=il g g

We now present the corresponding computation for the narrow class group. The setup is
the same as above, with the exception that we now sum over s = (11---1) € R™ x C'2
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instead of the entire collection 7 (r3). Apart from this, the computation proceeds in the same

way as above and we leave it in its raw form.

> 27 [C(0)| - |Z:(0)]
=

e +o(1)

<0<§b:< V01(Uf?b(R))<x)> [T Vol(S,)
ST M) X)

_ 0<b<n Ac%Zy

<0<;< VOI(U{,QI;(R))<X)> [T Vol(S,)
_ 1 5>>0 o . ffESQ mQ(f, A)df
_ A;fz Ty VOlUF Hv 1(SOA(Z, ))1};[2 A

mo(f, A)d

_ AEZX %XA((S»())VOI(.FA)gvol(SOA(Zp))ffe&v 01<(sz ) )df

ma(f, A)d
- Z Z XA (0s0)Vol(Fa) HVol SO4(Z ))ffeszv()l(g;) )df

Gegy Aegmfz D
mo(f,G)df
_ Z 5s0) ff652\/012(5) ( Z Vol(F4) HVol SO4(Z )))
Gegy, 2 AeGNZy

mo 7g d
=7(80) ) ﬁm(@»)lfﬁwl(g) &l

Gegy
Jres, mal1. 9)df

= (6
27"1+7“2 1962;2X9 >0) Vol(Ss)

1 1 n—1 n-l
= —27‘14-7‘2—1 . 2 * 5 (2 + 2 2 )
T2

=2M 4

n—1"*

2

Thus we obtain the following averages for the class group and the narrow class group of

monogenic fields.

> |CL(0)]
H((Qoe)gi’x
Avgmonogenic <012) - )}L)Iréo Z 1
O€eR,

H(O)<X
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> 2 2 Nu(V(Ay,), X)

: 1 0<b<n 6€T (ra) A€Z;
- )}lglx, orit+ra—1 Z 1 +1
O€enR,
H(O)<X
1
= ritra—1
o gri+ra—1 < (2 e + 1) + 1)
=L+ orit+ra—1
1
=t o=
> [ (0)
((906)9:)(
. H
AV g (C1F) = Jim =25
OER,
H(O)<X

> X Na(V(ARY), X)

1 0<b<n AcYy,

= 5 S 1 !
Oen,
H(O)<X
(e 22 ) 11
=7 ST
g
— =+ o

Remark 1.9.1. The calculations in this section go through in the even case.

Example 1.9.2. In the case (n,r,2ry) = (3,3,0) we find

2 3
Avgmonogenic (CIQ) =1+ ? = 5
ngonogenic ( 2) =1+ 5 + 1= 5
In the case (n,ry,2ry) = (3,1,2) we find
2
Avgmonogenic (012) =1+ 5 =92
1 1
+ == p—
Avgmonogenlc (C12 ) = ]_ _I_ 5 + 5 — 2

Therefore, we recover the result of Bhargava-Hanke-Shankar in the monogenic cubic case
[10].

We can deduce lower density estimates.
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Corollary 1.9.3. Let n > 3 be an odd integer, (r1,72) a choice of signature, and R C R]12

a family of monogenised rings corresponding to an acceptable family of binary forms. Then
the following positive proportion estimates hold.

1. The proportion of maximal orders in R which have odd class number is at least

1
27‘1 +ro—2"

2. The proportion of mazximal orders in R which have odd narrow class number is at least

1 1
St
Consequently, a proportion of at least
1 1
ST T= T

mazximal orders in R have a narrow class number equal to their class number. In partic-

ular, there are infinitely many monogenic number fields with units of every signature.

We can also deduce asymptotic lower bounds for the number of monogenic fields having
odd class numbers when these fields are ordered by discriminant.

Corollary 1.9.4. Let n > 3 be an odd integer, (r1,72) a choice of signature, and R C R["2
a family of monogenised rings corresponding to an acceptable family of binary forms. Then
the following asymptotic estimates hold.
n(n+1)/2—1
1. #{R e ®: |Disc (R)| < Xand 2} |CL(R)[} > X w1
2. If ro # 0, then

n(n+1)/2—1

#{R € R: |Disc(R)| < Xand21|CI* (R)|} > X =@-D
Finally, we can state the unconditional result for the concerning average 2-torsion in the
class group and narrow class group of monogenic rings.
Theorem 1.9.5. Let n > 3 be an odd integer and (ri,72) a choice of signature.

1. The average over O € R"™"2 of

C(O) ~ 5 IB(O)
is equal to 1+ gpo=t.
2. The average over O € R of
C(©)] - 55 1T:(0)
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is equal to 1 + —.
272
Furthermore, these numbers do not change when we average over any very large family in

9{7'1 T2 .



Chapter 2

Even degree

2.1 Introduction

In 1801, Gauss introduced class groups in his Disquisitiones Arithmeticae [27], and posed
what is recorded as the first question concerning their behaviour over families: are there
infinitely many quadratic fields with class number 17 This question, in the real quadratic
case, is still open. Nevertheless, Gauss proved that there were infinitely many quadratic fields
with odd class number.

That result has been generalised, first to cubic fields by Bhargava [6], and then to all odd
degrees by Ho—Shankar—Varma [29].

Theorem 2.1.1 (Bhargava [6], Ho-Shankar—Varma [29]). For any odd degree n and signature
(r1,72), there are infinitely many fields of degree n and signature (r1,72) that have odd class

number.

As a corollary of our main theorem, we generalise Gauss’s result to all fields of even

degree.

Theorem 2.1.2. Let n > 4 be an even integer. For each choice of signature (ry,r3), there

are infinitely fields of degree n and signature (r1,79) that have odd class number.

To obtain his result, Gauss calculated the size of the 2-part of the narrow class group of
quadratic fields. Knowing the 2-part of the narrow class group gives information about unit
signatures. As a corollary to our main theorem, we generalise to even degree the result of
[14] and [29] that in each odd degree, there are infinitely many fields which have units of

every possible signature.

Theorem 2.1.3. Let n > 4 be an even integer. For each choice of signature (ry,re) with
ro = 2 1fn =4 and ry > 0 otherwise, there are infinitely many fields of degree n and signature

(r1,72) that have units of units of every signature.

These results come from bounding the average size of the 2-torsion part of the class group
and narrow class group of monogenised fields of even degree. This means that we can add
the adjectives monogenic and S,, to Theorems and

51
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2.1.1 Class group heuristics

The Cohen-Lenstra—Martinet—Malle heuristics which were developed in a series of ground-
breaking works [19, 21, 22], 20, [35], constitute our best conjectural description of the distri-
bution of the p*-part of the class group, C1(K)[p>], over families of number fields K of fixed
degree and signature ordered by discriminant for “good” primes p. We say that a prime p is
“good” if it is coprime to the degree of the field and “bad” otherwise.

Predictions arising from these heuristics have only been verified in two cases. Davenport
and Heilbronn [25] calculated the average number of 3-torsion elements in the class group
of quadratic fields, and Bhargava [0] calculated the average number of 2-torsion in the class
group of cubic fields. The heuristics are expected to hold under any natural ordering on the
family of fields, and not just when ordering by discriminant. In [29], Ho—Shankar—Varma
found evidence to support this expectation by showing that the average number of 2-torsion
elements in the class group of fields associated to binary n-ic forms, ordered either by naive
height or by Julia invariant, coincided with the values predicted from the heuristics.

Remarkably, in all of the cases above (see also [I4]), the averages remain the same when
one imposes finitely many local conditions or even an acceptable family of local conditions.
We call a set of local conditions acceptable if for large enough primes p, it includes all fields
with discriminant indivisible by p2. It then becomes natural to ask about the effect of global
conditions on the averages. Bhargava—Hanke—Shankar found in [10] that monogenicity had
the effect of doubling the average number of non-trivial elements in the 2-torsion part of the
class group of cubic fields! In the first chapter of this thesis, we generalised this result to all

odd degrees.

Theorem 2.1.4 ([40]). Let n > 3 be an odd integers. Let R be an acceptable family of
monogenised fields ordered by naive height. The average number of 2-torsion elements in the
class group of fields in R satisfies the bound:

2

Avg(Clg, 9{) S 1 + W

with equality conditional on a tail estimate.

Despite remarkable progress on refining, understanding and streamlining these heuristics
(see [47, [43], 46}, 3, 4, [34], B3]), nothing has been proposed so far to describe the distribution
of p-torsion in the class group for “bad” primes p. In particular, there is no prediction for the
average number of the 2-torsion elements in the class group, narrow class group or oriented
class group of number fields of even degree.

The most serious reason for this gap seems to be the presence of genus theory. Indeed, it
is unclear how the 1/Aut(:) count of Cohen-Lenstra mixes with the “deterministic” input
from genus theory. Even in the quadratic case, Gerth conjectured [28] and Smith proved [41],
that one needs to throw out the 2-part to recover a 1/Aut(-) count. A less severe obstacle
concerns the presence of 2-nd roots of unity in the base field. Malle showed that roots of
unity in the base field affected Cohen—Lenstra averages and it is unknown to what extent
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this phenomenon intervenes when genus theory is involved.

We now clarify what we mean by genus theory. In Disquisitiones Arithmeticae [27], Gauss
determined the structure of the 2-torsion part of the narrow class group of quadratic fields

by relating it to binary quadratic forms with a composition law.

Theorem 2.1.5 (Gauss’s genus theory [27]). Let K be a quadratic field, Ak q its discrimi-
nant and ClIy [K] the 2-torsion in its narrow class group. Let w(Agq) denote the number of

distinct prime factors of A q. Then the 2-torsion in the narrow class group of K is given

by
7 w(Ag/g)—1
K~ — .
SHEEIE)

The basic idea behind this theorem is that a ramified prime ¢ contributes a 2-torsion
element to the narrow class group since it must split as (¢) = a? for some prime ideal a.
It is this feature that we call genus theory in the context of Cohen-Lenstra averages. More
precisely, if p is a “bad” prime, then primes ¢ which ramify as (¢) = a? for some ideal a are

a source of p-torsion elements in the class group.

In this paper, we bound the average number of 2-torsion elements in the class group,
narrow class group and oriented class group of monogenised fields of even degree at least 4
(unramified at 2) (and compute it precisely conditional on a tail estimate). These averages
are the first of their kind (in degree at least 3) to be calculated in a setting where genus
theory, roots of unity, and global conditions all play a part.

2.1.2 Preliminary definitions

A number field K of degree n is said to be monogenic if O = Z]a] for some o € O. The
element « is called a monogeniser of the field K. A monogenised field is the data (K, «)
of a monogenic field together with a choice of monogeniser. It is known that a monogenic
field has finitely many monogenisers up to transformations of the form o — +a + m for
some m € Z. Futhermore, it is expected that 100% of monogenic fields possess a unique
monogeniser up to transformations of the form a — £a + m for some m € Z, see [13]. This
motivates the following definition.

Definition 2.1.6. Two monogenised fields (K, «) and (K’, o) are said to be isomorphic if
there exists a field isomorphism from K to K’ taking o to +a’ + m for some m € Z.

Thus, we expect monogenised fields to be statistically equivalent to monogenic fields when
computing averages. Nevertheless, suppose a statement holds for a “positive proportion” of
monogenised fields. In that case, the same statement is true for “infinitely many” monogenic
fields by using the arguments of [29] combined with the construction of strongly quasi-reduced
elements of [13].
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The height we choose for monogenised fields has a convenient interpretation. Each iso-
morphism class of monogenised field contains a unique element (K, ag) with the property
that 0 < tr(ap) < n. If f(z) = 2™ + 12" + ... + a, is the minimal polynomial of oy, we
define the naive height of the isomorphism class to be:

H([(K, ao)]> - m?X{|ai|1/i}.

We denote by 3™ the collection of isomorphism classes of monogenised 5,,-fields of sig-
nature (ry, ry) ordered by naive height. In Section [2.2 we will see that the set of monogenised
fields is in natural bijection with the set of monic degree n polynomials. This bijection equips
the set of monogenised fields with a natural local measure, and we can speak of families of
fields in A" associated with sets of local specifications (¥,), on monic polynomials.

We will also need the notion of oriented class groups to state our results. An oriented
ideal is a pair (I, €) consisting of a fractional ideal I together with an orientation ¢ = £1. We

say that an oriented ideal is a principal oriented ideal if it is of the form ((«), sgn(N(a))).

Definition 2.1.7. The oriented class group, C1*(K), of a number field K consists of the
set of oriented fractional ideals of K modulo the principal oriented fractional ideals. The

operation is component-wise multiplication.

Recall that CI"(K) is isomorphic to the usual class group of K if K has a unit of negative
norm and is a Z/27Z extension of the usual class group if K does not have a unit of negative
norm, [9]. Notice that when K does not have a unit of negative norm, 2-torsion in the oriented
class group is not always twice as big as 2-torsion in the usual class group. The reason is
that some 4-torsion elements in the oriented class group could map to 2-torsion elements in

the ordinary class group under the forgetful map.

2.1.3 Outline of the results

To quantify the contribution of genus theory in each of our averages, we introduce a local
quantity that tracks the proportion of fields in the family which are evenly ramified at p, i.e.
where (p) = a? for some ideal a.

Definition 2.1.8. Let R C R"""™ be a family of fields corresponding to an acceptable family
of local specifications ¥ = (X,),. We define r,(R), the even ramification density of R at p,
as the density in ¥, of elements of >, which are evenly ramified at p.

Theorem 2.1.9 (Main theorem). Let |8 C R be a family of fields (unramified at 2
and with local conditions at 2 given modulo 2) corresponding to an acceptable family of local
specifications ¥ = (3,), and let r,(R) denotes its even ramification density at p.

Ifry = 0, the average number of 2-torsion elements in the class group, narrow class group,

and oriented class group of fields in R satisfies the bound:

1 2 1
Avg(Cly, R) = Avg(Clf, R) = 5 Ave(CL;, %) < [T +re) (1 + 2—) +— (21)
p#2
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with equality conditional on tail estimate.
If ry > 0, the average number of 2-torsion elements in the oriented class group of fields
n R satisfies the bound:

x 2 1
Avg(Cl3, R) < H (14+r,(R (1 + W) + ot 1 (2.2)

with equality conditional on tail estimate.
If ry > 0, the average number of 2-torsion elements in the narrow class group of fields in
R satisfies the bound:

2 1
Avg(Clf, %) < [](1 +rp( (1 + 2n) + 5 (2.3)

with equality conditional on tail estimate.
If 11 > 0, the average number of 2-torsion elements in the class group of fields in R
satisfies the bound:

p=3 mod 4 p=3 mod 4

Avg(Clg,%)S%_H (1+r,,<sn))< I a-rnen+ [ Q+rnm ) -
1

with equality conditional on tail estimate.

Remark 2.1.10. The various infinite products of the form [] (1 £ r,(9)) appearing in the
averages above converge. This is because r,(R) is O(p™2?) as p — oo for any acceptable
family, as can be seen by combining estimates from [I] and [36].

These averages have several interesting consequences, two of which were mentioned ear-
lier. First, they generalise a theorem of Gauss stating that there are infinitely many quadratic
fields with odd class number. For odd degree, Ho-Shankar—Varma proved in [29] that there
are infinitely many fields of fixed odd degree and signature (ry,ry) with odd class number.
For even degree, the corresponding problem has remained open for degrees strictly larger
than 4. In degree 4, the result is known for biquadratic fields (see Koymans-Pagano in [31])
but not for S,-fields to the author’s knowledge.

Corollary 2.1.11. Let n > 4 be an even integer. For each choice of signature (r1,72), there
are infinitely many degree n monogenic S,-fields with signature (r1,79) that have odd class
number.

Second, the averages show that there are infinitely many even degree fields with units of

every signature.

Corollary 2.1.12. Let n > 4 be an even integer. For each choice of signature (ri,79) with
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ro = 2 ifn =4 and ro > 0 otherwise, there are infinitely many fields of degree n and signature

(r1,72) that have units of units of every signature.

Third, we also deduce asymptotic lower bounds for the number of monogenised fields
having odd class numbers when these fields are ordered by discriminant just as in [29].

Corollary 2.1.13. Let n > 4 be an even integer, (r1,r2) a choice of signature, and R C
R™"2 an acceptable family of non-evenly ramified monogenised fields. Then the following

asymptotic estimates hold.
1) #{R e MR: Disc(R)| < X and2+|CL(R)[} > Xzt
2) Forry =2 when n =4, and ro # 0 otherwise, we have

#{R € M: |Disc(R)| < Xand 21 |C1F (R)|} > X3+,

3) If 1 # 0 and r1 + re > 3, we have

#{R € R: |Disc(R)| < Xand2{ |CI" (R)|} > X+

Fourth, conditional on a tail estimate, they show that genus theory is the only added com-
plexity to consider for “bad” primes. Indeed, the formula for Avg(Cly, R) when all 7,(9R) =0
is only slightly different from the one for the average 2-torsion in the class group of mono-
genised fields of odd degree [40].

Corollary 2.1.14. Let n > 4 be an even integers. Let R C R™" be a family of fields
(unramified at 2 and with local conditions at 2 given modulo 2) corresponding to an acceptable
family of local specifications ¥ = (X,), and such that the even ramification density at all
primes is zero, 1,(R) = 0.

The average number of 2-torsion elements in the class group of fields in R satisfies the

bound:

Avg(Cly,R) <1+ i,

Qr1+r2

with equality conditional on a tail estimate.

Lastly, they offer hints as to the “right answer” for Cohen-Lenstra averages for “bad”

primes.

Remark 2.1.15. The assumption that the families considered are unramified at 2 and have
local conditions at 2 given modulo 2 is an artefact of the particulars of the mass computation
at 2 and does not change the validity of the “positive proportion” versions of the corollaries
above. We expect to be able to remove it in the future and to be able to upgrade the theorems
to compute the average value of |Cly(O)| — 35 [Z2(O)] for orders which are not necessarily

maximal.
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2.1.4 Strategy

The strategy used to prove the main theorem is roughly the same as that used in [40]. We
apply Wood’s parametrisation [44] 45] of 2-torsion ideal classes in rings associated to monic
binary forms in terms of integral orbits for certain representations to reduce the question
to an asymptotic counting problem in the geometry of numbers. The calculation reduces to
counting integral orbits for a group acting on a variety. However, unlike in the odd degree
case [40], a slight change in the choice of group and variety leads to a significant difference
in the arithmetic information that is encoded. This feature is unique to the even degree case
and arises because there are fields of even degree which don’t possess units of negative norm
(in odd degree, the unit —1 has norm —1).

We begin by describing the case of the oriented class group. When computing averages
for 2-torsion in the oriented class group, the relevant space is the set of SL,(Z)-orbits of
pairs of integral symmetric matrices (A, B) with the constraint det(A4) = (—1)z. To apply
the geometry of numbers, we borrow the idea of [10] and “linearise” the problem by noting
that up to SL,(Z), there are only finitely many equivalence classes of symmetric integral
matrices of determinant (—1)z. We denote this finite collection by .%. Counting SL,(Z)
orbits on the space of pairs (A, B) with the constraint det(A) = (—1)2 is thus reduced to
counting SO 4,(Z) orbits on the space of pairs (Ay, B). We handle this count in the usual
way, and we get the inequality of the main theorem conditional on a tail estimate. A new
feature unique to the even degree case appears when computing the local masses. There is
extra local mass at primes which are evenly ramified!

Now, to compute the average 2-torsion in the class group, one cannot directly use the
results for the oriented class group. Indeed, when K does not have a unit of negative norm,
some 4-torsion elements in the oriented class group map to 2-torsion elements in the usual
class group under the forgetful map. These elements are captured by pairs (A, B) where
det(A) = —1-(—1)%. This means that we need to run the strategy above on SLI-orbits
on the space of pairs (A, B) of bilinear forms with det(A) = £1. A new feature appears in
the final calculation because the local masses for det(A) = (—1)2 and det(A4) = —1-(—1)2
behave differently at primes congruent to 3 mod 4. This is why the averages for the class
group look more complicated than those for the oriented and narrow class groups.

2.1.5 Organisation of the chapter

In Section we recall the parametrisation of 2-torsion ideal classes in the oriented class
group in terms of SL,-orbits on pairs integral symmetric matrices. This parametrisation
already appears in [9], albeit with a small mistake which we correct. In Sections [2.312.6} we
run the geometry of numbers arguments to obtain an asymptotic formula for the number
of 2-torsion elements in the oriented class group of monogenised fields of height at most
X in terms of a product of local volumes dependent on X. Because we use a square-free
sieve dependent on a conjectural tail estimate to bound the 2-torsion from below in terms
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of the product of local volumes, this equality is conditional. In Section we compute the
total local mass. It is there that we find genus theory at play in the guise of extra orbits at
evenly ramified primes. In Sections and Section we see how the total local masses
distribute among the (Ao, B) slices by applying the equidistribution techniques of [40]. Lastly,
we complete the proof of the main theorem for the oriented class group in Section by
summing the Ag counts over all Ay € .%. In Section we repeat the steps above to
prove the main theorem for class groups and narrow class groups. We can recycle most of
the counting arguments, but the parametrisation and the final count are much more subtle.

2.2 The parametrisations

2.2.1 The parametrisation of monogenised n-ic rings

In order to count the number of monogenised n-ic rings having bounded height, we will use

the following parametrisation in terms of binary n-ic forms:

Definition 2.2.1. Let U = Sym,,(2) denote the space of binary n-ic forms. We denote by
U, C U the space of all monic binary n-ic forms f(z,y) = 2™ + a,_12" 'y + ...+ agy”. The
group GL, acts on U via the twisted action «y - f(z,y) := det(y) "1 f((z,y) - ) for v € GL,
and f € U. Let F C GLy denote the group of lower triangular unipotent matrices. Then the
action of F' on U preserves U; and yields an action of F' on Uj.

We say that a pair (R,«a) is a monogenised n-ic ring if R is an n-ic ring and « is an
element of R such that R = Z[«a]. Two monogenised n-ic rings (R, «) and (R, ') are said to
be isomorphic if R and R’ are isomorphic via a ring isomorphism sending « to o/ + m for
some m € Z. We then have the following explicit parametrisation of monogenised n-ic rings
in terms of the orbit data introduced above:

Theorem 2.2.2. There is a natural bijection between isomorphism classes of monogenised
n-ic rings and F(Z)-orbits on Uy(Z).

Proof. Consider the map sending a monic binary n-ic form f(x,y) € Uy(Z) to the mono-

genised n-ic ring Ry := (%,9). This map descends to a map from F(Z)\Uy(Z) to

isomorphism classes of monogenised n-ic rings which we denote by ®. Indeed, if g = v - f

for v = [} 9] € F(Z), then g(6,1) = f(6 + m,1) and the monogenised ring <( %9[91)) 0> is

isomorphic to the monogenised ring (% 0) through 6 — 6 4+ m. To verify that ®
is surjective, note that it was already surjective as a map from monic binary n-ic forms to

monogenised n-ic rings. To verify that ® is injective, suppose that ®(f) = (%,6’) is

isomorphic to ®(g < ZM ) Then 6 — w + m for some m € Z under this isomor-
phism. Consequently, f(6,1) = 0 in ®(f) means that f(w + m,1) = 0 in ®(g). In other
words, the polynomial g(w, 1) divides f(w +m,1). But since both are monic, we must have
g(w,1) = f(w+m,1). Thus, g = [ L 9] - f and g = f in F(Z)\U:(Z). O
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2.2.2 Orbits of pairs of symmetric bilinear forms

We define the space of pairs of symmetric matrices as well as the resolvent map.

Definition 2.2.3. Let T be a base ring. Let
V(T) =T ® Sym*(T")

be the space of pairs of symmetric n X n matrices with coefficients in T'. The group GL,(T")
acts on V(T') by change of basis. In other words, if v € GL,(T) and (A, B) € V(T), we
define

Y(A, B) = (+'Av,7'By),

where ~* denotes the transpose of .

There is a natural map from this space of pairs of matrices, V(T'), to the space of poly-
nomials, U(T), called the resolvent map.

Definition 2.2.4 (The resolvent map 7). Let T be a base ring. We define the resolvent map
m: V(T)— U(T) by

(A, B) — disc(Az — By) = (—1)2 det(Az — B).

We say that a pair (A, B) € V(T') is non-degenerate if the associated binary form fi4 p) is

non-degenerate (has non-zero discriminant).

Example 2.2.5. In contrast to the odd case, when the degree n is even, there might not exist
for every f € Z[z,y] a pair (A, B) € V(Z) whose resolvent polynomial is f. For instance,
the binary form —x? — 32 is not resolvent polynomial of any element of V(R). For monic f,
however, the torsor is always non-empty! For example, 2% +y? is the resolvent of ([ 1], [ % ])
and z? — y? is the resolvent of ([{§],[§9])-

We now describe the rigid parametrisation of pairs of symmetric bilinear forms.

2.2.3 Rigid parametrisation of pairs of symmetric bilinear forms

Let T be a principal ideal domain. Recall the rigid parametrisation of the pairs of bilinear
forms (A, B) € V(T) with resolvent polynomial equal to f in terms of the based fractional
ideal data for Ry.

Theorem 2.2.6 ([45]). Take a non-degenerate binary n-ic form f € Uy(T) and let Ry =
%. We have a bijection between SL: (T)-orbits of pairs (A, B) € V(T) with fap = f
and equivalence classes of pairs (I,6) where I C Ry is an ideal of Ry and § € R} such
that I* C (5R’]}’3 as ideals and N(I)* = N(5)N(R’]}’3). The classes (I,6) and (I',¢") are

equivalent if there exists a k € fo with the property that I = kI' and § = Kk25.



60 CHAPTER 2. EVEN DEGREE
2.2.4 SL,(Z)-orbits and the oriented class group

We now let SL,(7) act on V' by change of basis. This action corresponds, at the level of
equivalence classes of triples (I, B, d), to the action of SL,(T") on the basis B of the fractional
ideal I. This action only changes the basis and does not change I, d, nor the orientation of

B. In particular, it does not change the defining conditions:
1) I* C6R}?
2) N(I)? = N(O)N(R}™)
The rigid parametrisation can be used to describe SL,,(Z)-orbits.

Theorem 2.2.7 ([9]). Let f be a non-degenerate monic binary n-ic form f € Uy(Z), let
By =7
(4, ) S

(m)) and Ky = Ry ®z Q. The SL,(Z) orbits on pairs symmetric bilinear forms
V(Z) with fia,p) = [ are in bijection with equivalence classes of triples

(1,e,9)

where I C Ky is a fractional ideal of Ry, ¢ = £1 indicates the orientation of I, and ¢ € fo
is such that I* C dR; as ideals and the norm equation N(I)*> = N(J) holds (as oriented
ideals). Two triples (I,€,6) and (I',€',0") are equivalent if there exists a k € K with the
property that I = kI', € = sgn(N(k))e’ and 6 = k*§'.

We recall the definition of the oriented class group of an order in a number field.

Definition 2.2.8. The oriented class group, C1*(O), of an order O consists of the set of
oriented fractional ideals of @ modulo the principal oriented fractional ideals of O. We recall
that CI"(0O) is isomorphic to the usual class group of O when O has a unit of negative norm
and is Z /27 extension of the usual class group of O otherwise.

We now describe the relation between SL,,(Z)-orbits and the 2-torsion part of the oriented

class group of Ry.

Definition 2.2.9. Let O be an order in an S,-field K. A triple (I,e,0) consisting of a
fractional ideal I of O, ¢ = +1 indicating an orientation of I, and 6 € K* such that
I? C 5O and N(I)?> = N(4) is said to be projective if the ideal I is invertible. Equivalently,
a triple (I,¢,4) is projective if I? = 6Q. For an S,-order O, we write H*(O) for the set of
equivalence classes (in the sense of the theorem above) of projective triples of @. Component

wise multiplication turns H*(O) into a group.

As the oriented class group is comprised of invertible oriented ideals, let us consider the
restriction of the parametrisation above to the set H*(O). Consider the forgetful map:

H*(0) — CL(O)
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given by sending a triple forgetting about the § component. This is a surjective group ho-
momorphism. Let’s analyse its kernel.

Elements (I, €g,dp) in the kernel of this forgetful map have the property that Iy = («)
for some « in K as oriented ideals. Thus, (I, g, d) ~ ((a),sgn(N(a)),do) ~ (O,1,a™25p).
Now, O = a 25,0 and 1 = N(a28). This implies that (Iy, o, ) is equivalent to (O, 1,u)
where v is norm 1 unit of O*. We are allowed to further mod out u by squares of units of K*
which fix the oriented ideal (O, 1). These are precisely the norm 1 units of O. The sequence
above can thus be completed to a short exact sequence:

1 — (Ooiv—zl)z — H*(0O) — CI5(0) — 1.
N=1

Applying Dirichlet’s unit theorem allows us to compute that:

' OX= | _J27™™ if O has a unit of norm —1

(On=1)?

2tz otherwise

We thus obtain the following formula for the number of elements in H*(O).

Lemma 2.2.10. Let O be an order in an S,-number field of degree n and signature (r1,73).
Then:
|H*(0)] =277 |CL(0)] .

We now proceed to the description of the points in the cuspidal regions.

Here is the version of the reducibility criterion in Ho-Shankar—Varma which is valid in
even degree. Roughly, for (A, B) to be reducible, all we need is to have the two components
of some SL,(Q) translate of (A, B) contain a common subsquare which is zero except at

possibly one entry on the diagonal.

Lemma 2.2.11 (Even degree distinguished orbits lemma). (A, B) € V(Q) is distinguished
if and only if there is an SL,(Q) translate of (A, B) with the property that

aij=0bi;=0

for all1 <i,j <5 except fori=j=7% for which azz =07 bz .

Proof. By [39], we know that a self adjoint operator in V;(Q) is distinguished if and only if
there exists a Q rational %2 plane X such that Span{X, T X'} is an isotropic "T’Q + 1 plane.
It thus suffices to translate this condition into the second condition in the statement of the
lemma.

First, let’s suppose that (A, B) are such that a;; = b;; = 0 for all 1 < 4,57 < % —1
except for i = j = 3 for which an» =0 ban. Let {e1,...,en, f1,..., fn} be the standard
basis and let T'= A~!B. Then, let us set X = {ey,..., e%_l}. We claim that Span{X, T X}
is an isotropic 3 plane. Indeed, B(e;) € Span{fi,...,fa} for 1 < i < § —1 and thus
A7'B(e;) € Span{ey, ..., en }. Therefore, (A, B) is distinguished in that case.
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The other direction is easy. For instance, it follows directly from the arguments of [39] or
a direct calculation from Melanie Wood’s parametrisation. O]

Definition 2.2.12. Let O be an order. We denote by Z;(O) the 2-torsion subgroup of the
oriented ideal group of O.

Proposition 2.2.13. Let Oy be an order corresponding to the integral primitive irreducible

non-degenerate monic binary form f. Then, Z5(Oy) is in natural bijection with the set of
projective reducible SL,,(Z)-orbits on V(Z) N7~ 1(f).

In particular, for maximal rings, there are always exactly 2 projective reducible orbits.
This will come into play when we calculate the final averages in Section [2.10]

SL,-orbits over fields and local rings

In this section, we compute the number orbits, and the size of the stabilisers for the action
of SL,, on the arithmetic rings Z,, Q, and R. Let 7" be a principal ideal domain. We first
restate the rigid parametrisation in this case.

Theorem 2.2.14 ([9]). Let f be a non-degenerate monic binary n-ic form f € U (T),

let Ry = (?([g) and Ky = Ry ®7 Q. The SL,(T') orbits on pairs symmetric bilinear forms

(A, B) € V(T) with fap) = f are in bijection with equivalence classes of triples

(1,s,0)

where I C Ky is a fractional ideal of Ry, s is in the fraction field of T and is such that
N(I) = sT, and § € K[ such that I* C 0Ry as ideals and the norm equation s*> = N(0)
holds. Two triples (I,s,0) and (I',s',0") are equivalent if there exists a k € K; with the
property that I = kI', s = N(k)s', and § = k*9'.

Then, we have the following theorem whose proof is straightforward.

Lemma 2.2.15. The stabiliser in SL,(T) corresponds to the 2-torsion of R} which have
norm 1:
R7[2]n=1-

Remark 2.2.16. It follows that the SL,(Q) stabiliser of any element v whose resolvent is
irreducible is equal to 2.

Just as in [29], we can compute the number of orbits with the caveat that we need to
distinguish the case where f has an odd degree factor, from the case where all of f’s factors

are evei.

Lemma 2.2.17. Let T be a field or Z,. Let f be a monic separable, non-degenerate binary
form in Uy(T). Then the projective SL,(T) orbits of V(T') with resolvent f are in bijection
with elements of

(R} /(R ) n=.
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if R¢[2] has an element of norm —1 and have a 2-to-1 map to
(R} /(Rf)*)n=1
if R¢[2] does not have an element of norm —1.

Remark 2.2.18. We can describe the real orbits. Suppose that f is a non-degenerate monic
polynomial of degree n with r; real roots and 2ry complex roots. If r; = 0, then there are 2
SL,(R) orbits in V(R) with resolvent polynomial f. If r; > 1, there are 2~ SL,,(R) orbits
in V(R) with resolvent polynomial f. Furthermore, for r; = 0, the stabiliser has size 2
while for r; > 0 it has size 2"1*"2~!. The size of the stabilizer depends only on r, and we
denote it by o(rs).

2.2.5 The counting problem

We first count the average number of 2-torsion elements in the oriented class group of mono-
genised rings and fields of even degree. To make sense of this, we order monogenised fields
using the naive height on the minimal polynomial of a generator of the ring of integers whose
trace is contained in [0, n). Take a monic integral polynomial f(z) = 2" +a; 2" ' +...+a, €
Z[zx]. We define the naive height of f by:

H(f) := max{|a;|""} = max{|as], |az|"/%, ..., |an|/"}.
Note that H has the property that
H(AB) = AH({)

so that H is homogeneous of degree 1. This will be needed when we apply arguments from
the geometry of numbers. The goal of the paper is to determine the following averages:

>, [CL(0)] = |Z5(0)|

OeR
lim H(O)<X
X—o00 z 1 ’
OeR
H(0O)<X
> [CL(0)| - |Z2(0)]
OeR
lim H(O)<X
X—o0 Z 1 ’
OeRr
H(O)<X
and N
>, |CE(0)] - |T2(0)]
OeR
lim H(O)<X
X—o00 Z 1 ’

OeR
H(0O)<X
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where )8 C R"™"™ is any acceptable family of monogenic rings (an acceptable family is
one which includes all rings with squarefree discriminant). The asymptotic formula for the
denominator is found in the work of Bhargava—Shankar—Wang, [13].

Theorem 2.2.19 (Bhargava-Shankar-Wang, [13]). Let S = (S,) be an acceptable collection
of local specifications. If 0 < b < n is fized and Uy, denotes the set of monic polynomial

n—1

whose x coefficient is b, then we have

|U72(9) | = Vol(U73(R) - x HVol X",

n(n+1)
2

Now Vol(Ss, m<x) grows like X ~1. Thus, the main term dominates the error term.

2.3 Reduction theory

Fix an element A € % and § € T (ry). We build a finite cover of the fundamental domain
for the action of SO4(Z) on Vi°(R).

Definition 2.3.1. The height of an element in B € Vf’é is defined to be the height of the

associated resolvent polynomial. That is,
H(B) := H(disc(Azx — By)) = H ((—1)2 det(Az — B)) .

The construction of [7] can be adapted to give a fundamental set Rrj’é for the action of
SO4(R) on Vi>°(R) (which could be empty) with the following properties:

1. The set R"> is a semi-algebraic.

2. If RY °(X) denotes the set of elements of height at most X, then the coefficients of
elements B € R7?°(X) are bounded by O(X). The implied constant is independent of
B.

We define an indicator function that records whether V;>°(R) is empty.

Definition 2.3.2. We define the indicator function

1 if Vi (R) #£0

xa(0) == ,

0 otherwise
We can build now build a cover of a fundamental domain for the action of SO4(Z) on
Vi2°(R). To do so, we pick a fundamental domain F, for the action of SO 4(Z) on SO4(R)

( 2)

and act on R, This gives a cover of a fundamental domain for the action of SO4(Z)

where o(rq) is the size of the stablhser in SO4(R) of an element v € V;>°(R).

Proposition 2.3.3. Let F4 be a fundamental domain for the action of SO4(Z) on SO4(R).
Then
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1. If xa(0) =1, Fa - Rff’é s an @ffold cover of a fundamental domain for the action
0of SOA(Z) on Vi*°(R), where we regard Fa - R as a multiset.

2. If xa(0) =0, then (0 is a fundamental domain.

Proof. The stabiliser in SO4(R) of an element B € V>°(R) coincides with the stabiliser in
SL,(R) of (A, B) which has size o(rs). The factor of 1 comes from the fact that —1 also
always stabilises (A, B). O

Remark 2.3.4. The characteristic functions will be used to define the archimedean mass

and will make the final computation more transparent.

2.4 Averaging and cutting off the cusp

For the purpose of cutting off the cusp and averaging, it suffices to work with SO 4 instead
of SO 4 since SO 4(Z)\SO4(R) is in bijection with SO4(Z)\SO4(R).

There are now two different cases to consider: 1) the case where A is anisotropic over Q

and 2) the case where A is isotropic over Q. For each, we need to show that:

1. the number of absolutely irreducible integral points in the cuspidal region is negligible;
and

2. the number of reducible integral points in the main body is negligible.

We define absolutely irreducible points and reducible points and set the notation for the

remainder of this section.

Definition 2.4.1. An element v € V(Z) is said to be absolutely irreducible if v does not
correspond to the identity element in the class group and the resolvent of v corresponds to
an order in an S,,-field. An element which is not absolutely irreducible is said to be reducible.

We have the following theorem which gives conditions on reducibility.

Theorem 2.4.2 (Reducibility criterion). Let (A, B) € V(Z) be such that all the variables
in one of the following sets vanish. Then (A, B) is reducible.

1. The modified squares:
{aij, bis}

Jor alll <i,j < % except fori=j= 5 where axz = 0.

These pairs correspond to the identity element in the class group.

2. The rectangles:
{aig, bijl <i <k, 1<j<n-—k}
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for some 1 <k <n-—1.
These pairs correspond to the resolvent having repeated roots.

We define the affine spaces Vs, just as we did in the odd degree case [40].

Definition 2.4.3. Let A be a fixed quadratic form in .%7 and fix 0 < b <n. Welet V, C V
denote the space of pairs (A, B), where B is arbitrary. Note that the resolvent map takes V4
to U. Now, we let V4, denote the inverse image under the resolvent map of the set U,. It is

easy to see that Vy is an affine subspace of V4 of dimension 5=

Definition 2.4.4. Let S C VX?I;S(Z) = fb";(R) N Vap(Z) be an SO4(Z) invariant set.
Denote by Ng(S; X) the number of absolutely irreducible SO 4(Z)-orbits on S that have
height bounded by X. For any L C V4(Z), let L™ denote the set of absolutely irreducible
elements. Note that any absolutely irreducible element has a resolvent form corresponding
to an order O in an S,-number field and so O*[2] has size 2. As a result, the stabiliser in
SOA(Z) of absolutely irreducible elements has size 2.

Therefore, we have

2

o(ra)

Ny(S: X) = #{Fa- R?°(X)N S,

The goal of this section is to obtain an asymptotic formula for Ny (S; X).

2.4.1 The case of A anisotropic over Q

When A is anisotropic, we can pick a compact fundamental domain F, for the action of
SOA(Z) on SO4(R). It then follows that Fy - R’Zf is bounded. To estimate the number of
absolutely irreducible integral points in the fundamental domain for the action of SO4(Z) on
Vfb"s, we apply results from the geometry of numbers directly. We use Davenport’s refinement
of the Lipschitz method on Fj, - RTAQ’}?(X ) to obtain the desired asymptotic formula.

We will need the following version of Davenport’s lemma.

Lemma 2.4.5 (Davenport’s Lemma). Let E C R™ be a bounded semi-algebraic multiset with
mazimum multiplicity at most m which is defined by k algebraic inequalities of each having
degree at most 1. Let E' be the image of E under any upper/lower triangular unipotent

transformation. Then the number of integral points in E' counted with multiplicity is
VOl(E) 4 Oy iy (max{Vol(E), 1})

where Vol(E) denotes the greatest d-dimensional volume of a projection of E onto a d-

dimensional coordinate hyperplane for 1 < d <n — 1.

Lemma 2.4.6. The number of integral points in FA'RX’: which are not absolutely irreducible
is bounded by o (X "(n;l)_l) .



2.4. AVERAGING AND CUTTING OFF THE CUSP 67

Proof. The proof is the same as in [40], and follows directly from adapting the results of
Ho-Shankar—Varma [29)]. O

We thus obtain the following asymptotic formula for Ny (S; X).

Theorem 2.4.7. Let A € £ be anisotropic over Q. We have

1

o(ra)

,n(n2+1) _1).

NV (2); X) = ——<Vol (Fa - R} (X)) + o(X

2.4.2 The case of A isotropic over QQ

The arguments are almost the same as in the odd degree case [40] except for the totally split
case where the Iwasawa coordinates change slightly.

Suppose now that A is isotropic over Q. Then there exists an element g4 € SL,,(Q) such
that g% Aga = Ag, where

n—dim(Fp

where Fj is a QQ anisotropic form. We define m = 5 ). We note that 0 < m <3

Now for K = Q or R, we consider the maps

X 79,0 79,0
UV . VA,b — VAFoyb

[ SOA(K> — SOAFO(K)
defined by oy (A, B) = (Ag,, g4 Bga) and o4(h) = ¢',h(g%) . We note that
H(Aa B) = H(UV(Aa B))

since 7 o oy = w. Furthermore, oy (h - v) = og4(h) - oy (v).

Now, we denote by £ C vﬁf,b(R) the lattice oy <V£2F;57b(z)>. We denote by I' C SO 4, (R)
the subgroup 04(S04(Z)). This subgroup is commensurable with SO 4,, (Z). Therefore, there
exists a fundamental domain F for the action of I on SO 4, (R) which is contained in a finite
union of SO, (Q) translates of a Siegel domain, | J, ¢;S for ¢; € SO4p, (Q). This is known
from [17].

The choice of the standard Ap, as above is convenient at this point. Indeed, we may now
choose as our Siegel domain S the product NT K where we choose K to be compact, N to
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be a subgroup of the group of lower triangular matrices with 1 on the diagonal and T" to be

( )

t!
!
T := Liim(r) sttty >yt [t >t > C
tm
\ tl J
for some constant ¢ > 0 if dim(Fp) > 0 and
( tl_l )
t*l
Ty = " stifta > ¢ tmet [t > G bt > C

ty

\ Ve

for some constant ¢ > 0 if dim(F,) = 0. This can be found in many sources, see for instance
[16], [38], or [37].

When m < 7, note that s; = ti/tiz1, 0 <i<m—1and s, =t, forms a set of simple
roots.

When m = %, note that s; = ti/tiv1, 0 < i < m—1and s, = t,_1t,, forms a set of
simple roots.

Moreover, if we denote by e” the exponential of the half sum of the positive roots counted

with multiplicities, we have

When m < 3, we find:
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When m = 3, we find:

(Sm—15m)

I
3
b
N
e
;
%
3
ol
JemE
&
~_
o3
4
D=

o | A T R e

We now fix some notation for our choice of Haar measure on G = SO 4, . We let dg denote
the Haar measure on G, dn denote the Haar measure on the unipotent group N, and dk
denote the Haar measure on the compact group K. For every 1 < i < m we write d*t; = Cii
and d*s; = % Furthermore, we write dt = [[", dt;, d*t = [[\~, d*t; and ds = [[._, ds;,
d*s =T~ d*si.

Changing variables between the ¢-coordinates and the s-coordinates gives us
d*t =d”s.
Therefore, if m < 7, the Haar measure is given in NT K-coordinates by
dg = e * dud*t dk

= ﬁ " du d*t dk

=1

="V dud*sdk.
=1

Therefore, if m = 7, the Haar measure is given in NT'K-coordinates by

dg = e *Pdud*t dk
=& "dud*tdk

=1

=

2
= H gl (sm,lsm)’n(nf;m dud* s dk.

=1

m

We define the main body and the cuspidal region of the multiset F, - RZ’I?.

Definition 2.4.8 (Main body and cuspidal region). The main body consists of all the ele-

ments of Fj4 - Riif for which |by1| > 1. The cuspidal region consists of all the elements for
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which |b11‘ < 1.
We are now ready to cut off the cuspidal region.

Construction 2.4.9 (Partial order on the coordinates of V4). We construct a partial order
on the n(n + 1)/2 coefficients {b;;} for i < j. These define a set of coordinates on B which
we denote by U.

Definition 2.4.10. The weight w(b;;) of an element b;; € U is the factor by which b;; scales
under the action of (¢;',...,t;51,..., 1, ty,... 1) €T.

> m ) )

We are now ready to define a partial order on U.

Definition 2.4.11 (A partial order on subsets of U). Let b and I’ be two elements of the
set of coordinates U. We say that b < b’ if in the expression for w(b) in the s-coordinates,
the exponents of the variables sq,--- ,s,, are smaller than or equal to the corresponding
exponents appearing in the expression for w(b’) in the s-coordinates. The relation < defines

a partial order on U.

Example 2.4.12. We have by, < by,41my1 because w(biy) = s72 - - 5.2 while w(byy1mi1) =
1 = s%---5%. On the other hand, by, » and by, 3 cannot be compared in < because
w(b1n_2) = 57 sy " while w(by,_3) = 55 s3". The important thing to note about the partial

order (U, <) is that if i < ¢ and j < j’ then
bij < bi’j"

We now cut off the cusp in two specific cases which will serve as bases cases in the proof
by induction of the general case.

Example 2.4.13 (Base case of cusp cutting induction for dim(Fp) = 0). We now do the
case n = 4, m = 2 before moving on to cutting off the cusp in the general case. We see that

torus elements act as follows:

U P P PR |
P P 1 tty!
t 'y 1 2 tity

1 tit,t tity 2

t-v=

0(X).

We can now easily read off the weights. The Haar measure takes the form

1 1
dg = du t—QdXtdk = du ——d* s dk.
1

5152

For any subset of U containing b;;, we now want to estimate

fwnx) = x| wiey)

teTx bij ¢U,
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We only need to look at proper subsets of Uy = {b11} which are left-closed and up-closed.
Recall that we have the bound s; < CX and s, < C?2X?2. Let’s compute:

_ CX (C?X? d*s CX ,C?X?
I({b;1}, X) :Xg/ / 5189 X8/ / d*s = O (X5)

5152

The number of absolutely irreducible elements in the cusp which have height at most X
is thus O, (X?71¢) and we just barely cut off the cusp! The induction argument given below

shows that in all other cases, we have much more room.

We recall that we had

Nu(S; X) = #{F4- RO (X) NS},

o(ra)

Now, let Gy be a bounded open K-invariant ball in SO 4, (R). We can average the above
expression by the usual trick to obtain

1

Nu(:9;.X) = o (r2)Vol(Gy)

/ 4 {hGDRT’AQ"S(X) N Sirr} dh.
hEF 2

Now, again we may use classical arguments to see that the number of absolutely irre-

ducible integral points in the cusp which have height at most X is

T2, irr o i(i+1—n) jx
O(/tET#{tGORA S(X)N S }Hsi Hlong s>

=1

when m < % and

1) (/ # {tGORTAQ,J(X) N Sirr} H Sz(iJrlfn) (Smilsm),"(n;?) d* 8)
teT

i=1

n
5

Definition 2.4.14. Let U; C U be a subset of the set of coordinates. We define

when m =

Va(R)(Uy) = {B € Va(R): |b;;(B)| < 1if and only if b;; € Uy}

and

VaA(Z)(Uy) = VA(Z) N VA(R)(Uy).

It thus suffices to show that
N(VA(Z)(U:); X) = O, <X(%_1)_1+6>

for all U; C U such that by, € U;.
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We get a priori bounds on the coordinates s; from the reducibility criterion. Let C' be an
absolute constant such that C'X bounds the absolute value of all the coordinates of elements
B € GoR7?(X).

If (s7%,...,8.51,...,1,8m,...,51) € T and CXw(bjypn_s,) < 1 for some iy € {1,...,m},

then CXw(b;;) < 1 for all i < iy and j < n — ip. This comes from the Rectangles part of
the criterion for reducibility. Therefore, we may assume that

S < cX
for all i € {1,...,m} if m < 7 and that

Sl<CX

forallie{1,...,m—1} and s,, < C?X?*if m = 2.
Let us write T'x to denote the set of ¢t = (sq,...,s,,) € T which satisfy this condition.

Now Davenport’s lemma gives us

N(V(Z)(U); X) = O ( Vol(tGo R (X) nV(R)(U)) [ | sji““”)dXs)
teTx =1
— 0 | x("EH-1)-# / IT wip) [T ™ axs
PETX bygtn i=1

for m < g and

N(V(Z)(th); X) = O ( / Vol(tGaR () N VR ]| szi““‘")dXs)

i=1
m

— X("("j”_l)—#Ul/ H w<bij)Hqu;(iJrlin)(Smflsm)in(ng_z)dXS
teTx b;j¢Ur i=1

_n
form—Q.

So, we have reduced our problem to one of estimating the following integrals.

Definition 2.4.15. The active integral of U; C U is defined by

(U, X) := X(n(n;l)_l)_#w/ H w(bij) Hsz(iﬂin)dxs
LETX by g, i=1

ifm<§and

m

T, X) = x (52040 / TT w0 TT 5 (smorsm) 5 s

(2
teTx b, U, i=1
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ifm=2.

[\

Recall, that b;; < b;y;, when ¢ < iy and j < jo. Therefore, if U; C U contains b;,;, but
not b;;, then
I (Ul \ {biojo} U {bw}aX) > I(UhX)'

As aresult, in order to obtain an upper bound for I(U;, X)) we may assume that if b;,;, € Uy,
then b;; € U; for all i < iy and j < jo. In other words, we may assume that U; is both left
closed and up closed.

Furthermore, such a set U; cannot contain any element on, or on the right of, the off anti-
diagonal within the first m-rows, since otherwise, we would be in the case of Rectangles in
the reducibility criterion and so N(V(Z)(U;); X) = 0.

Definition 2.4.16. We define the subset U, C U as the set of coordinates b;; such that
1<j,1<m,andi+j <n-—1.

Now, if m = %, every element in V(Z)(Uy) is reducible and it suffices to consider I(U;, X)
for all Uy € Up. On the other hand if m < § we need to consider all U; C U.

Since the product of the weight over all the coordinates is 1, we make the following
definition.

Definition 2.4.17. We define for a subset U; C U

[(U, X) = X"57 (U, X) = X #0 / - I wi)™ Hsi?““*”)dxs
telx b;; €U =1
if m < 3 and
I(U, X) = XWJT(UMX) — x~#U / H w(b) ! HSﬁ(m*")(smflsm)*n(nsﬂ)dXs
teTx b €Uy i=1
if m= 5

We are now ready to state and prove the main cusp cutting lemma.

Lemma 2.4.18 (Main cusp cutting estimate). Let U; be a non-empty proper subset of U.

Then we have the estimate

[(U), X) = O, (X~) .
We also have 1(0) = O, (1) and I(Up) = O (1).

Proof. We prove this lemma via a combinatorial argument using induction on m. Recall that
n = 2m + dim(Fp). The cases dim(Fy) > 2 and dim(Fp) = 0 are slightly different and we
handle them separately.

The case dim(Fp) = 0 is actually the same as is [39] with a different normalization of
the height. It thus suffices to deal with the case dim(Fp) > 2. In this case, the estimates
obtained in odd degree apply just as well here, thereby completing the proof. O
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Proposition 2.4.19. The number of absolutely irreducible elements in the cusp which have
height at most X is O, <X(L"2+ >_1)_1+e).
We also find that the number of reducible elements in the main body is negligible.

Lemma 2.4.20. The number of integral points in the main body of F 4 - RTAQ”: which are not

absolutely irreducible is bounded by o (Xw_ﬂ.

Proof. The proof is identical to the anisotropic case. O

Therefore, we find the following asymptotic formula.

Theorem 2.4.21. Let A € £ be isotropic over Q. We have

N(VE(Z): X) = —— Vol (fA - Rj‘;;f(x)) +o (XW*) .

o(r2)

Remark 2.4.22. We can upgrade the results of this section to deal with A not having
the property that the Q degree of SO, is equal to its R degree. To do so, it suffices to
push through the arguments with generalised Siegel sets instead of the usual Siegel sets.
We can deal with the compact parts of M° which appear by using the o-minimal version of

Davenport’s lemma (see [2]).

2.5 Sieving to very large and acceptable collections

In this section, we determine the desired asymptotic formulas. The results and proof con-
tained in this section are adaptations of those of [29] to the case at hand and are repeated
from Part I [40] for the reader’s convenience. We begin with the definition of a family of

local specifications.

Definition 2.5.1 (Collection of local specifications and the associated set). We say that
a family Aap = (Aap,), of subsets Aap, C Vay(O,) indexed by the places v of Q is a
collection of local specifications if: 1) for each finite prime p the set Aap, C Vay(Z,) \
{A =0} is an open subset which is non-empty and whose boundary has measure 0; and
2) at v = oo, we have Aypo = fb";(R) for some integer ro with 0 < ry < ”T_l and
d € T(r2). We associate the set V(Auyp) := {v € Vap(Z): Vv (v € Aayp,)} to the collection
of local specifications Ay = (Aap,), -

2.5.1 Sieving to projective elements

Definition 2.5.2. For a prime p, we denote by Vi ,(Z,)P™ the set of elements v € V4 4(Z,)
which correspond to a projective pair (I,4) (i.e. with the property that I? = (§)) under the

parametrisation.

We have
ViEPel(z) = Vis(z) () (ﬂ 5vs (Z)> :

p
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Definition 2.5.3. We denote by Wy, the set of elements in V4 ,(Z) that do not belong to
Vi (Zy)-

As in Part I [40], we have the following estimate on the number of element of W4, for

large p.

Theorem 2.5.4. We have
n(n+1)
X = nnt1)
N(UPZMWAbmaX) =0 (W) +o0 (X 2 >

where the implied constant is independent of X and M.

We now define the concept of very large collections of local specifications and state the
asymptotic formula. Roughly, a collection of local specifications is very large if for large
enough primes p, it includes all elements of V' which are projective at p.

Definition 2.5.5 (Very large collection of local specifications). Let Ayp = (Aap,), be a
collection of local specifications. We say that A4, is very large if for all but finitely many
primes, the sets Ay, contains all projective elements of Vi (Z,). If Aay is very large, we

also say that the associated set V(Aay) is very large.

Theorem 2.5.6. Let r9 be an integer such that 0 < ry < "T_l and let 6 € T (ry). Then for a

very large collection of local specifications Aayp such that Agp o = VX?&‘S(R), we have

n(n—1)
2 71)
)

where the volume of subsets of Vau(R) are computed with respect to the Euclidean mea-

NV(A%,), X) =

72,0
- (TQ)VOI(]-"A RZ(X)) ];[ Vol(Aapyp) + 0 (X

sure normalized so that Vay(Z) has covolume 1 and the volumes of subsets of Vay(Z,) are

computed with respect to the Euclidean measure normalized so that Vay(Z,) has measure 1.

2.5.2 Sieving to acceptable sets conditional on a tail estimate

We now define the concept of acceptable collections of local specifications and state the
asymptotic formula. Roughly, a collection of local specifications is acceptable if for large
enough primes p, it includes all fields with discriminant indivisible by p?.

Definition 2.5.7 (Acceptable collection of local specifications). Let Asp = (Aap,), be a
collection of local specifications. We say that A4, is acceptable if for all but finitely many
primes, the set A4, contains all elements of V4 ;(Z,) whose discriminant is not divisible by

p?. If A4y is acceptable, we also say that the associated set V(A 4y) is acceptable.

We have the following unconditional asymptotic inequality.
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Theorem 2.5.8. Let Ayy, = (AA,b,y),, be an acceptable collection of local specifications.

1

o(ra)

o n(nt1)
N(V(Aag), X) < ——Vol(Fa - R (X)) [T Vol(Aug,) +0 (X751,
p

where the volume of subsets of Vau(R) are computed with respect to the Fuclidean mea-
sure normalized so that Va,(Z) has covolume 1 and the volumes of subsets of Vau(Z,) are

computed with respect to the Euclidean measure normalized so that Va,(Z,) has measure 1.

The following tail estimates are known for n = 4 as will be shown in a forthcoming work
with Arul Shankar and likely to be true for n > 6. Indeed they follow from a suitable version
of the abc conjecture by work of Granville.

Definition 2.5.9. Let p be a prime. We denote by Wa,,, the set of elements v € V4 ,(Z)
such that p* | A(v).

Conjecture 2.5.10 (Conjectural tail estimates). We have

X%_l n(n+1)
HtWan 50 (W) t+o (XT*)

where the implied constant is independent of X and M.
We have the following asymptotic formula conditional on the preceding tail estimates.

Theorem 2.5.11. Suppose that the preceding tail estimates hold. Let ro be an integer such
that 0 < ry < ”T_l and let 6 € T (ry). Then for an acceptable collection of local specifications

Aayp such that Ayp(o0) = ngb’é(R) we have

1

o(ra)

N(V<Ais4,b)’ X) =

n(n—1)
2 _1)
)

where the volume of subsets of Vau(R) are computed with respect to the Euclidean mea-

Vol(Fa - R (X)) [T Vol(Aay) + 0 (X
p

sure normalized so that Va,(Z) has covolume 1 and the volumes of subsets of Vay(Z,) are

computed with respect to the Euclidean measure normalized so that Vay(Z,) has measure 1.

2.6 Change of measure formula

To compute the volumes of sets and multi-sets in V4 ,(R) and V4 ,(Z,,), we have the following
version of the change of variable formula. Let dv and df denote the Euclidean measure
on Vup and Uyy respectively normalized so that Va,(Z) and Uap(Z) have co-volume 1.
Furthermore, let w be an algebraic differential form generating the rank 1 module of top
degree left-invariant differential forms on SO,4 over Z.

Proposition 2.6.1 (Change of measure formula). Let K = Z,,R or C,. Let | - | denote
the usual absolute value on K and let s: Uy p(K) — Vau(K) be a continuous map such that
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w(f) = for each f € Uyy. Then there exists a rational non-zero constant Ja, independent of

K and s, such that for any measurable function ¢ on Va,(K), we have:

[ ewasmiamif [ e s)eod

SO 4 (K)-s(U1 p(K))

| owa=1al [ D / 5lg-v)wlo) | df

Va () U veaslione T1) gesoA<

where %TK_)I(” denotes a set of representatives for the action of SO4(Z,) on Vau(Zy,) N
~1

™ (f).

We can simplify the second integral above by introducing a local mass.

Definition 2.6.2 (Local mass formula). Let p be a prime, f € U;4(Z,) and A € £, We
define the local mass of f at p in A, m,(f, A) to be

1
my(f, A) = Z , #Stabgo ,(z,)(v)

vA’b@p)mrl )
SO 4 (Zp)

We now have the following formula for the local volumes appearing in the asymptotic

formula.

Proposition 2.6.3. We have
Vol (Fa - REP(X)) = xa(6) [ T4l VOl FRVOI(U (R)F ).

Let S, C Uy4(Z,) be a non-empty open set whose boundary has measure 0. Consider the set
Aapyp = Vap(Zy) N7 (S,). Then we have

Vol(Aapp) = |Tal, Vol(SO4(Z,)) /f (A df

2.7 The product of local volumes and the local mass

The calculation of the total mass is slightly more delicate here, and we divide it into a couple
of lemmas. Recall from Lemma [2.2.17] that the number of orbits divided by the stabiliser
over Z, (which is equal to (R})[2]y=1 in this case) is always equal to 2RX[2] (R} /(R})?)n=1

We thus focus our attention on RX 7 (RY/(R})*)n=

Lemma 2.7.1 (Total quantity). Let R be a non-degenerate ring of degree n over Z,. The
quantity
| R/ (1)
| R [2]]
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s equal to 1 if p# 2 and to 2" if p = 2.
Proof. The following sequence is exact:
0—>RX[]—>RX : RX—>RX/(RX) — 0.

Let us note that R* is the direct product of a finite abelian subgroup F' and Z; (written
additively). The exact sequence above is thus the direct sum of the corresponding exact

sequence on F' and on Z;. Computing the Euler characteristic on F' we find:

F/F?
1]

The exact sequence on the free part takes the form:
n 2 n n n
0 — Zp =5 Zr — 71/ (2Z,)" — 0.

In order to extract information from this part, we need to treat the cases p # 2 and p = 2
separately. For p # 2, the map X2 is surjective so the free part contributes a factor of 1. For
p = 2, the module (2Z,)™ has index 2" in Z} and so the free part contributes a factor of 2".
This completes the proof the lemma. O

Lemma 2.7.2 (Norm isolation). Let R be a non-degenerate ring of degree n over Z,. Let N
denote the norm map from N: R* /(R*)* — L) /(Z))*. The quantity

(R /(R*)*) n=1
| R [2]]

15 equal to —X if p#2 and to RX)| if p=2.

Proof. The first isomorphism theorem gives us N(R*) = i (B /(R7)")

R RN Since everything is

finite we get:

ey R
L e

and the result follows from the previous lemma. m

In particular, we get the following statement concerning the total local masses for maximal
rings which are not evenly ramified at 2. It follows from the previous lemma and the fact
that if O* is the ring of integers of a finite extension of Q,, the norm map N: O*/(0*)? —
LY [(Z¥)? is surjective when the extension has odd ramification degree and not surjective

when p # 2 and the extension has even ramification degree.

Lemma 2.7.3. The total local mass for f € Zy[z] mazimal and not evenly ramified at p is



2.7. THE PRODUCT OF LOCAL VOLUMES AND THE LOCAL MASS 79

given by:
2n—l fp=2
1 ifp#2

The total local mass for f € Zylx], p # 2, mazimal and evenly ramified is given by:

mp(f) =

my(f) = 2.

Remark 2.7.4. Thus, even ramification has a doubling effect on the total local mass. Heuris-
tically, this is because if f has even ramification at the prime p, then the ideal (p) splits into
a product of prime ideals (p) = p{* - - - ptm each appearing to an even power e;, and thus we
can write (p) = I?. So we have constructed a 2-torsion ideal in the oriented ideal class group.
The fact that the total mass is twice as large means that on average, these ideals contribute
one extra generator to the 2-torsion in the oriented ideal class group.

2.7.1 Computing the local masses

We now define the infinite mass and compute m,(f, A) for all p # 2, cc.

Definition 2.7.5 (The infinite mass). Let A € % and 75 be an integer such that 0 < ry <
”T_l. The infinite mass of A with respect to r, is defined to be

Moo (T2, A) = Z x(0).
5T (r2)

The following lemma isolates the main properties of the local masses for all p, including

the Archimedean place.

Lemma 2.7.6 (Main properties of the local masses). The local masses m,(f, A) and ms(A)

have the following properties.

1. If v € SL,(Z,), we have
mp(f; ’ytA’Y) = mp(f; A)

2. If v € SL,(R), we have
Moo (T27 ’YtAV) - moo(r% A)

3. In particular, if Ay and Ay are unimodular integral matrices lying in the same genus,

we have

mP(f? Al) - mP<f7 A2>

for all primes p and

moo(r27 Al) = moo(r% A2)

4. The sum of ma(f, A) over a set of representatives for the unimodular orbits of the action
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of SLyn(Zs) on Sym,,(Zs) is

> ma(f, A) = ma(f).

Symn (Z3)
Ae syLn(z;)

—1cl2
det(A)=1€ z

5. The sum of m,(f, A) over a set of representatives for the unimodular orbits of the action
of SL,,(Z,) on Sym,,(Z,) is

Z my(f, A) = my(f).

Symy, (Zp)
AeSTiEs

Z
det(A):lGé

6. The sum of my(re, A) over a set of representatives for unimodular the orbits of the
action of SL,(R) on Sym, (R) is

Z Mo (12, A) = 27171

Sym,, (R)
ACST®

det(A)=1€75

if r1 >0 and
Z Meo(r2, A) = 2
ATy
det(A)=1e5
Zf r = 0.

We can now compute the local masses for all p # 2, 00 by noting that there is a unique

SL,,(Z,) equivalence class of bilinear forms with determinant 1.

Corollary 2.7.7 (Local masses for p # 2,00). For A € £ and p # 2,00 we have

2 if f is evenly ramified at p
mp(f, A) = .

1 otherwise
The computation of the local masses at p = 2,00 is more delicate and is the object of
the following sections.
2.8 Point count and the 2-adic mass

We compute the 2-adic mass for polynomials which are not evenly ramified at the prime
2. We begin by showing that this restriction allows us to exclude type II genera from our

considerations.
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Theorem 2.8.1 (Type II genera and over-ramification at 2). Let A be the hyperbolic uni-
modular symmetric bilinear form over Fy. Then the image under the resolvent map of Va(Fz)
lies in

Fylz?] = (FQ[@«])Q.

Therefore, pairs whose first component is hyperbolic modulo 2 correspond to ideal classes
of monogenic orders which are “over-ramified” at 2 in the sense that (2) splits as a product
of even powers of primes ideals. In particular, the discriminant of the resolvent polynomials
of such pairs is not squarefree at 2. Furthermore, the statement of the theorem holds if Fy is
replaced by any ring of characteristic 2.

Proof. Without loss of generality we can let A be the matrix with 1s on the anti-diagonal
and B be any symmetric matrix. We proceed by examining the resolvent polynomial from

the perspective of universal algebra. Let us introduce the multivariate polynomial
(I)(Xl,...,X%,Y%,...,Yl) S FQ[Xl,...,X%,Y%,...,Yi]

which we define as the determinant:

b1y b1 ; b1n-1 Yi+ b1,
b1 bao Yo+ baps ban
bn_11 Xo+by_19 bp—1n—1 bp—1n
Xl + bnl bn2 bnnfl bnn

For this polynomial, we claim that there is a natural bijection between the set of mono-
mials which are divisible by Y; but not X; and the set of monomials which are divisible by
X, but not Y;. Indeed, the map which exchanges X; and Y; is easily seen to give a bijection
since the matrix (b;;) is symmetric and —1 =1 in a ring of characteristic 2.

We can use this observation to deduce that ®(X,..., X, X,..., X) = 7(A, B) contains
only monomials of even degree. For this purpose, it is suffices to show that the only monomials
appearing in (X7, ..., Xn, Xn,... , X1) are those of even degree (the degree of the monomial
X X5 -X%" is defined to be e; + ... + e,). But this follows immediately from the obser-
vation made in the previous paragraph. Indeed, a monomial of odd degree in the polynomial
O(Xy,... , Xn, Xnoo , X1) comes from a sum of monomials in ®(Xj,... , X, Yo, ... Y1),
the elements of this sum coming in pairs one of which is divisible by X; but not by Y; for
some 1 < < 7, the other of which is divisible by Y; but not by Xj;, and which are such that
exchanging the variable X; and Y; maps each of the monomials to the other. O

We can now apply the methods of [40] to obtain the 2-adic masses for polynomials which
are not over-ramified at the prime 2.
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By the classification of quadratic forms over Z,, there are only two odd, determinant
(—1)2 classically integral quadratic forms over Zj of even dimension n up to SL,(Z) equiv-
alence. See for instance [30] or [24].

For n =0 mod 4 we can take:

1 1

For n =2 mod 4 we can take:

1 1

S):Ttlz 1 ) 9jt*lz 1

—1 —1

Remark 2.8.2. We have chosen the subscripts above to match the Hasse-Witt symbol of
the respective bilinear forms.

We now state the constraint imposed on the total mass by the local mass.

Lemma 2.8.3. For any f € Uy 4(Zs), we have
ma(f, M) + ma(f, M_y) = 2",

We give names to the integral of the 2-adic masses over Ss.

Definition 2.8.4. Define
x(m, ) = [ malf M)
feS2

ca(n, M_1) _/f < ma(f, M) df.

Lemma 2.8.5 (Point count). Let Sy C Uy p(Za) be a local condition on the space of non-
over-ramified monic polynomials at the prime 2 defined modulo 2. Denote by Agy, (2) and
Aon_,(2) the pre-images in Vin, »(Z2) and Vap_, 5(Zs) respectively of Sy under the resolvent
map 7. Then the volumes of these two sets are equal

Vol(Aa, (2)) = Vol(Am_,(2)).
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Proof. The canonical representatives 9t and 9M_; are equal modulo 2. Since Agy, (2) and
Agn_,(2) are defined by imposing congruence conditions modulo 2 on Viy, 4(Z2) and Vo, 5(Zs),
the result follows. O

As in [40] we find.

Lemma 2.8.6. The rational numbers giving the Jacobian change of variables for 9, and
M _1 are equal when the volume forms on the associated special orthogonal groups are those

associated to point counting modulo increasing powers of p:
Jm, = JIm_, -
In particular, their 2-adic valuations are the same
| Ton, |, = |jm_1‘2-

Finally, we compute the ratio of the 2-adic masses by finding the ratio between the

volumes of the 2-adic points of the special orthogonal groups SOgy, and SOgy_,.

Proposition 2.8.7 (Volume ratio for Type I genera). We have

Vol(Agy, (2)) ( |Tm_, |, Vol(SOm_, (Zz))>

Co (n, Dﬁl) _ _ VOI<SO§)31_1(ZQ))
Co (n7 Dﬁ_l) VOI(SOgml (Zg))
Vol(Ag_, (2)){ [Fom, [, Vol(SOan, (Z2))
T
B

where +g is + if n is congruent to 0 or 2 mod 8 and — otherwise.

Proof. This calculation is the same as in [40]. Care is needed to keep track of the of the
octane values of My and M_; for different congruence classes of n modulo 8 resulting in
the cases for +5. We find that 9t has octane value 0 (mod 8) if n =0 (mod 8), 4 (mod 8)
if n =4 (mod 8), 0 (mod 8) if n = 2 (mod 8), and 4 (mod 8) if n = 6 (mod 8). On the
other hand, we find that 2t_; has octane value 4 (mod 8) if n = 0 (mod 8), 0 (mod 8) if
n =4 (mod 8), 4 (mod 8) if n =2 (mod 8), and 0 (mod 8) if n =6 (mod 8). O

We thus obtain the values for the 2-adic mass.
Corollary 2.8.8. The 2-adic masses satisfy the following identities:

ca(n, M) + ca(n, M_1) = 2" Vol (S,)
CQ(TL, ml) - CQ(TZ, Dﬁ_l) = :l:anT_Q—HVOl(SQ).
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In particular:

CQ(TL, 93?1) = <2n72 :l:g 271772> VO].(SQ)
CQ(TL, m_l) = (Qn_Q Fs 2nT_2> VOI(SQ)

where g is + if n is congruent to 0 or 2 mod 8 and — otherwise.

2.9 The infinite mass

In this section, we calculate the infinite masses. We begin by describing the distribution of
d among the different A slices as in [40].

Definition 2.9.1. Let 6 € T (r2). Define Q_(9) to be the number of negative eigenvalues of
the first component of the orbit associated to §.

Theorem 2.9.2 (Signature distribution of first components of 7 (r2)). Ifry > 0, the number
of § in T (ry) such that Q_(§) = q is
(b2)
q—r2)

In particular, if ¢ < rq, there are no § € T(ry) which land in any V4 for which A has
signature (n — q,q). If 1 = 0, there are 2 orbits which both land on the split slice.

Proof. The proof is the same as in [40]. O

To make the final calculation more transparent, we state the relation between the value of

2_(-) and the Hasse-Witt symbol. We also obtain a couple of useful combinatorial identities.

If n = 0 (mod 4), we are considering real bilinear forms with determinant 1. Among those,
the ones which satisfy ©(d) = 0 (mod 4) have Hasse-Witt symbol 1, while those which satisy
(0) = 2 (mod 4) have Hasse-Witt symbol —1.

If n = 2 (mod 4), we are considering real bilinear forms with determinant —1. Among
those, the ones which satisfy () = 1 (mod 4) have Hasse-Witt symbol 1, while those which
satisy ©(d) = 3 (mod 4) have Hasse-Witt symbol —1.

We now define the infinite mass of an integral quadratic form A € %7 to be the number

of § € T (ry) whose associated orbit in V' intersects V4 non-trivially.

Definition 2.9.3 (The infinite mass). Let A € % and 75 be an integer such that 0 < ry <
"T_l. The infinite mass of A with respect to r, is defined to be

Moo(ra, A) = ) xa(6).

0€T (r2)
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Above, we found that these infinite masses were equal to specific binomial coefficients.
We now compute closed forms for certain total infinite masses arising when summing infinite
masses over genera having the same 2-adic reduction.

Definition 2.9.4 (The total infinite mass). Let G be set of equivalence classes of unimodular
bilinear forms over Z, of dimension n. Then Gy = {9M_1, My, Mrype 1} where M_; and N
are the odd unimodular forms with Hasse-Witt symbol —1 and 1 respectively (canonical
representative were described in the last section) and 9pype 11 is simply the bilinear form
with 1 on the anti-diagonal. Note that Miry,e 11 has Hasse-Witt symbol 1 if n = 0,2 (mod 8)
and —1 if n = 4,6 (mod 8). The total infinite mass, c(r1,tm), associated to an element
Mg € G5 is defined to be the sum of the infinite masses over all genera whose Z, reduction

coincides with Mg.

Calculating the total infinite mass now becomes a question of evaluating sums of binomial

coefficients in arithmetic progression.

Corollary 2.9.5. The infinite masses are as follows:

Coo (11, D) = 27172 £ 275
7‘1—2

Coo(r1, M_1) =212 Fg 272

where £g is + if n is congruent to 0 or2 (mod 8) and — otherwise. Furthermore, ¢ (11, Mrype 11) =

Coo(r1, M) if n=0,2 (mod 8) and coo(r1, Mpype 11) = Coo(r1,M_1) if n =4,6 (mod 8).

2.10 Statistical consequences

We now pool together the elements assembled in the previous sections to compute the aver-
ages. We treat the cases 11 = 0 and r; > 0 separately starting with totally imaginary orders.
For simplicity, we present the computation for fields which are non-evenly ramified at all
primes p. We state the general theorem in the last subsection.

2.10.1 Oriented class group averages for non-evenly ramified totally imaginary
fields

>, 27 |CL(0) - |Z3(0)]
O€eR,
H(O)<X

( > VOl(U{,Qb(R))<X)> I;IVOI(SP)

0<b<n

+o(1).
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Now, by the preceding sections, we know that this sum is equal to:

> 2 2 Nu(V(AY,), X)

0<b<n §€T (r2) A€Z,

<O<Zb3< Vol(UT(R))< ))HVol( »)

Expanding, we find:

ffeSQ mQ(f A)df

= > Z v01 (F3) HVol SOA(Zy)) [ [ma(A) Vol( 527>

0T (r2) ALy D#2

The indicator functions come into play at this point.

ffgSQ m2(f> A>df
VOl(SQ)

§)Vol(Fy) HVOl (SO4(Z,))
SeT( rg)AEJ

We now break up the collection % into genera and sum over the forms in each genus
separately before summing over the distinct genera. Since, both the characteristic function
and the p-adic masses are constant over the forms in a single genus, they factor out of the

inner sum.

Jres, ma(f, A)df

- ¥y ¥ XA §)Vol(F,) Hw SO4(Zy)) Vol(Sy)

€T (r2) G€Gz AGgﬂfZ

_ Z Z ffesv?;cgdf< Z Vol(F ) Hv01 SO4(Z )
2

6€T (r2) gegz Aegn.gy

Now, the inner sum gives the Tamagawa number of the special orthogonal group of an
integral form in a genus. It is known to always be equal 2, see for instance [32] and [26]. We
denote it by 7(SO).

ff652 mQ(fv g)df
VOI(SQ)

567’ (r2) 9€9z

At this point, we simplify the sum using the fact that o(ry) = m, the value of the 2-adic
mass, the value of the infinite mass, and the classification of genera of unimodular integral

quadratic forms as it appears in [I8] or [24].

Z Z ffes2 m2(fa g)df

0€T (r2) €Tz VO1<52)

T cs, M2(f,G9)d
- 2(5?1) 2. 2 Xg(é)ff SQ\/ol(fS*J;) -

GeGz 6T (r2)
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_ 7(80) Jres, ma(f,G)df
'_2”1;; Vol(S) 522 Xg(9)
coz €T (r2)

SO
— % <C2 (93?1)60070 + 62(9ﬁ_1)coo72>

Now, these values being known from previous sections, we substitute them and simplify.

(2242

= 27‘271

1
— 2T2_1 4 (227"272 4 27‘271)
— 2(272 4+ 2)

Therefore, since there are no units of negative norm for totally imaginary fields, the 2
torsion in the oriented class group is twice as large as the 2 torsion in the class group, we
find that the average number of 2 torsion elements in the class group of totally imaginary
fields of even degree at least 4 is:

3
Avg(Cly, totally imaginary) = 1 + o

2.10.2 Oriented class group averages for non-evenly ramified not totally imag-
inary fields

The computation for r; > 0 proceeds in a similar way.

>, H(O) - 1Z3(0)]
O€eR,
H(O)<X

( 2. Vol(Uffb(R))<x)> 1;[\/01(5,,)

0<b<n

+o(1).

Now, by the preceding sections, we know that this sum is equal to:

> X X Nu(V(AY,), X)

0<b<n §€T (r2) AcZ,

< 2 Vol(Uf?b(R))<X)> [T Vol(5y)

0<b<n

Expanding, we find:

= 3 gV Hw SO4(Z ))Hmp(A)ff€S2m2(f’A>df.

SET (1) ALy, A2 Vol(52)
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The indicator functions come into play at this point.

ffeS2 mQ(fa A)df
VOI(SQ)

§)Vol(F) Hv01 SO4(Z,))
0€T (r2) Ay

We now break up the collection %7 into genera and sum over the forms in each genus
separately before summing over the distinct genera. Since, both the characteristic function
and the p-adic masses are constant over the forms in a single genus, they factor out of the

inner sum.

=2 2 2

0T (r2) G€Gz Aegmfz

Z Z ffesVZZ(;];’)) ( Z Vol(F4) HVOI SO (Z )))

6€T (r2) Qegz AegnNYy

ffeSQ m2(f7 A)df
VOI(SQ)

XA §)Vol(Fy) Hv01 (S04(Z,))

Now, the inner sum gives the Tamagawa number of the special orthogonal group of an

integral form in a genus. It is known to always be equal 2, see for instance [32] and [26]. We
denote it by 7(SO).

(SO) Z Z ffe52 mo(f,G)df

0T (r2) QEQZ VOI(SQ)

At this point, we simplify the sum using the fact that o(ry) = W> the value of the 2-adic
mass, the value of the infinite mass, and the classification of genera of unimodular integral
quadratic forms as it appears in [I§] or [24].

ff€52 m2(f7 g)df
2r1+r2 1 Z Z VOI(SQ)

6€T 7’2) Ggegy

s ™0 O
- 2r1+r2 -2 Z 2 X Vol(S)

G€Gz 6€T (12)

_ T(SO) Z ffESQmQ f7g>df Z Xg((S)

T1+1r2—2
2r1+ Geon VOI(SQ) P
7(SO
- 27”1(+r2—)2 <CQ (ml)coo,o + CQ(m_l)COOQ)

Now, these values being known from previous sections, we substitute them and simplify.

1 o
- Qri+ra—2 -2 <(2n 2:|:82 )(2” 2:t8 )+(2n 2:F 2 z )(2” 2:F82 122)>
1 n—+r
~ oritm2 2 2<2n+r1 1425 4)

=8 (2T1+7‘273 + 271)
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— 9ritr2 +4

Therefore, this leads to the following formula for average 2-torsion in the oriented class
group of non-evenly ramified fields with at least one real embedding:

3

27‘1 +ro—1

Avg(CL)) =1+

2.10.3 General oriented class group averages

For simplicity, we carried out the calculations of the previous subsections under the assump-
tion that there was no even ramification. In general, even ramification increases the mass
at p # 2 from 1 to 2. If we take this into account, the computations of the previous section

carry through with an additional term which captures this increase in total mass.

Definition 2.10.1. Let )8 C "™ be a family of rings (unramified at 2) corresponding
to an acceptable family of local specifications ¥ = (X,),. We define the even ramification
density at p, r,(R), as the density in ¥, of elements of 3, which are evenly ramified at p.

We obtain the following averages by calculating as above.

Theorem 2.10.2 (General Averages for the oriented class group). Let )8 C R™"™ be a
family of rings (unramified at 2) corresponding to an acceptable family of local specifications
Y= (%,), and let r,(R) denotes its even ramification density at p.

If r1 = 0, the average number of 2-torsion elements in the oriented class group over R is

given by:

Avg(Cl, ) = 2T (1 4, (%) (1 i i) L2
p#2

If ry > 0, the average number of 2-torsion elements in the oriented class group over R is
given by:

x 2 1
AVg(ClQ’m) - H(l + rp(%)) (1 + 2r1+r21) + orit+re—1
p#2

Remark 2.10.3. A priori, we have to be careful about summing over the b because the even
ramification densities at different values of b might be different. However, this occurs only
at primes p which divide n. For those finitely many primes, the quantity 3 o<, 1 [[,, (1 +
rp5(MR)) when expanded is a finite sum of densities, which can then be factored again to give
[1,,(1+75(R)). The same considerations apply to the final calculations in the next section.
(Thanks to Ashvin Swaminathan and Arul Shankar for pointing out this issue and telling
me how to fix it).
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2.11 Averages for the class group and narrow class group

We can handle the question of computing the average number of 2-torsion elements in the
usual class group by looking at SLf-orbitS. The catch is that to get a torsor of the full class
group, we must capture ideals with the property that I? = (o) with « € K* and N(a) < 0
in the rigid parametrisation. But those occur when we consider —f instead of our monic
f. Of course, this now introduces potential double-counting for rings that have a unit of
negative norm. But this is offset by the fact that the fibre space ((R})n=1)/((R})?) is half
as large when Ry has a unit of negative norm as opposed to when it does not. We therefore
recover the result of [45] that the set of pairs (A, B) with resolvent polynomial equal to +f
is an extension by R} /(R})? of a torsor of the 2-torsion in the class group of Rj.

We explain the parametrisation in more detail.

2.11.1 Rigid parametrisation by pairs of symmetric bilinear forms

Let T be a principal ideal domain. Recall once again the rigid parametrisation of the pairs
of bilinear forms (A, B) € V(T') with resolvent polynomial equal to f in terms of the based
fractional ideal data for Ry.

Theorem 2.11.1 ([45]). Take a non-degenerate binary n-ic form f € U(T) and let Ry =
%. Then the pairs symmetric bilinear forms (A, B) € V(T') with fa,p)y = f are in bijection
with equivalence classes of triples

(1,B,9)

where I C Ky is a based fractional ideal of Ry with basis B given by a T module isomorphism
B: I —1T" §ec Kf such that I* C 5R;5*3 as ideals and the norm equation holds N(I)* =
N(5)N(R}‘_3) (as based ideals). Two triples (I,1B,9) and (I',B',§") are equivalent if there
erists a k € K[ with the property that I = kI', Bo (xk) =B’ and § = K26.

2.11.2 SL¥(Z)-orbits and the class group

We now let SL:(T ) act on V by change of basis. This action corresponds, at the level of
equivalence classes of triples (I, 13,6), to the action of SL¥(7T") on the basis B of the fractional
ideal 7. This action only changes the basis and does not change I nor §. In particular, it

does not change the defining conditions:
2 n—3
1) I* C R}
2) N(I)* = N(9)N(R}™)
Indeed, acting by an element of SL(7) with negative determinant reverses the orientation

of the ideal I, but since the second condition only depends on N(I)?, this is immaterial.

The rigid parametrisation can be reformulated to describe SL(Z) orbits.
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Theorem 2.11.2. Let f be a non-degenerate monic binary n-ic form f € Uy(Z), let Ry =

% and K¢ = R;®;Q. The SLE(Z) orbits on pairs symmetric bilinear forms (A, B) € V(Z

with fa,py = f are in bijection with equivalence classes of pairs
(,0)

where I C Ky is a fractional ideal of Ry, and € fo is such that I* C Ry as ideals and
the norm equation N(I)* = N(§) holds. Two pairs (I,0) and (I',8') are equivalent if there
exists a K € Kf with the property that I = kI' and § = k?6'. The same theorem holds for
—f, except that now the norm condition is N(I)?* = —N ().

We now describe the relation between SL(Z) orbits on 77'(+f) C V(Z) and the 2-
torsion part of the class group of Ry.

Definition 2.11.3. Let O be an order in an S,,-field K. A pair (I, §) consisting of a fractional
ideal I of O and 6 € K* such that I? C 60 and N(I)? = £N(d) is said to be projective if
the ideal I is invertible. Equivalently, a pair (I, d) is projective if I* = (§). For an S,-order
O, we write H(O) for the set of equivalence classes (in the sense of the theorem above) of
projective pairs on O. Component wise multiplication turns H(Q) into a group.

As the class group is comprised invertible ideals, let us consider the restriction of the

parametrisation above to the set H(Q). Consider the forgetful map:
H(O) — Cly(0)

which forgets about the parameter §. This map is plainly a surjective group homomorphism.
Let’s analyse its kernel.

Elements (I, dy) in the kernel of this forgetful map are such that I3 = (6) and N(dy) =
+N(Iy)? and have the property that Iy = (a) for some « in K as ideals. Thus, (I, ) ~
(@), 80) ~ (O,a™24p). Now, O = a 20,0 and +1 = N(a 2dy). This implies that (Iy, do) is
equivalent to (O, u) where u is norm +1 unit of O*. We are allowed to further mod out u
by squares of elements of K™ which fix the ideal O. But those are precisely the units of O.
The sequence above can thus be completed to the following short exact sequence:

X

@
1 — 02 — H(O) — Cl(0) — 1.

Applying Dirichlet’s unit theorem allows us to compute that:

— 9ritra

o

We thus obtain the following formula for the number of elements in H(O).

Lemma 2.11.4. Let O be an order in an S,-number field of degree n and signature (ry,73).
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Then:
[H(O)] = 277" |CLy(0)] .
We can also say something about the narrow class group in this context. The proof that

the fibres have the right size is exactly the same as in [29].

Lemma 2.11.5. if H"(O) denotes the subgroup of H(O) consisting of pairs (I,9) such that
0 is positive under every real embedding of the fraction field of O, then

[H7(0)| = 27|CL5 (0)].

We now proceed to the description of the points in the cuspidal regions.

Lemma 2.11.6 (Even degree distinguished orbits lemma). (A, B) € V(Q) is distinguished
if and only if there is an SLE(Q) translate of (A, B) with the property that

Qi = bi; =0

for all1 <i,j <5 except fori=j= 7% for which azz =07 bz n.

Definition 2.11.7. Let O be an order. We denote by Z,(O) the 2-torsion subgroup of the
ideal group of O.

Proposition 2.11.8. Let Oy be an order corresponding to the integral primitive irreducible
non-degenerate monic binary form f. Then, Iy(Oy) is in natural bijection with the set of
projective reducible SLE(Z)-orbits on V(Z) N7~ (f).

SL,-orbits over fields and local rings

In this section, we compute the number orbits, and the size of the stabilisers for the action
of SL,, on the arithmetic rings Z,, Q, and R. Let 7" be a principal ideal domain. We first
restate the rigid parametrisation in this case.

Theorem 2.11.9 ([9]). Let f be a non-degenerate monic binary n-ic form f € Uy(T), let

Ry = % and K; = Ry ®z Q. The SL;(T) orbits on pairs symmetric bilinear forms

(A, B) € V(T) with fap) = f are in bijection with equivalence classes of pairs
(,9)

where I C Ky is a fractional ideal of Ry and ¢ € fo such that I* C Ry as ideals and the
norm equation N(I)*> = N(§) holds. Two pairs (I,6) and (I',d') are equivalent if there exists
ak € fo with the property that I = kI' and § = K2§'.

Then, we have the following theorem whose proof is straightforward.

Lemma 2.11.10. The stabiliser in SLE(T) corresponds to the 2-torsion of R

R;[2).
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Remark 2.11.11. It follows that the SL*(Q) stabiliser of any element v whose resolvent is
irreducible is equal to 2.

Just as in [29], we can compute the number of orbits with the caveat that we need to
distinguish the case where f has an odd degree factor from the case where all the factors of

f are even.

Lemma 2.11.12. Let T be a field or Z,. Let f be a monic separable, non-degenerate binary
form in Uy (T'). Then the projective SL,,(T') orbits of V(T') with resolvent £f are in bijection
with elements of

(R} /(R})?) N=s1-

Remark 2.11.13. We now describe the real orbits in the case where the leading coefficient of
f is 1 and in the case where the leading coefficient is —1. Suppose that f is a non-degenerate
polynomial of degree n with r{ real roots and 2ry complex roots. First, suppose that the
leading coefficient of f is —1. If 71 = 0 there are no real orbits while if r; > 0, there are 271
orbits and the stabiliser has size 2"7"2. Now, suppose that the leading coefficient of f is 1.
If r; = 0, there is 1 real orbit while if 7, > 0, there are 2"~ ! real orbits. In both cases, the

stabiliser has size 271172,

Now, instead of considering SO 4 orbits, we think O 4 orbits. Then the reduction theory,
the cusp cutoff, the sieve, as well as the change of variable formula carry through precisely

as above. We, therefore, obtain the following proposition.

Proposition 2.11.14. We have
Vol (Fa - R (X)) = xa(6) | T4l VOl Fa) Vol (U (R)j7 ).

Let S, C Uy (Zy) be a closed subset whose boundary has measure 0. Consider the set A(A), =
Vau(Z,) N7Y(S,). Then we have

Vol(Aa(p) = 7], VollOA(Z,)) | (. )

fes,

where 1
mP(fa A) = Z )
ve VanEIT 1) #Stabo,z,) (v)

O p (Zp)

The computation of the total local mass could be slightly more delicate since we need to
differentiate the case of f having leading coefficient 1. We treat this in detail in the next
subsection.

2.11.3 The product of local volumes and the local mass

The total mass for the case where f has leading coefficient 1 is the following.
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Lemma 2.11.15 (+1 total mass). Let R be a non-degenerate ring of degree n over Z,. Let
N denote the norm map from N: R*/(R*)*> — 7 /(Z))*. The quantity

(R /(R*)*)n=1
| B [2]]

15 equal to |—X if p#2 and to RX)| if p=
The total mass for the case Where f has leading coefficient —1 is the following.

Lemma 2.11.16 (—1 total mass). Let R be a non-degenerate ring of degree n over Z,. Let
N denote the norm map from N: R*/(R*)* — 7 /(Z))*. The quantity

(R /(R*)*)v=-1]|
| B [2]]

1s equal to 0 if —1 is not in the image of N. Otherwise, it is equal to if p# 2 and to
P S
ey P =2

Proof. The fibres of a group homorphism are either empty or are of the same size as the

1
IN (R

kernel. The size of the kernel was calculated in the previous lemma. O

In particular, we get the following statement concerning the total local masses for maximal

rings which not evenly ramified at 2.

Lemma 2.11.17. The total local mass for f € Z,[x] mazimal and not evenly ramified is
given by:

"2 fp=2

3 if p# 2

The total local mass for f € Z,[x], p # 2, mazimal and evenly ramified is given by:

my (f) =

my (f) =1

1 ifp=1 mod4

my, (f) = :
g 0 ifp=3 mod4

Proof. —1 is not in the image of the norm map when f is maximal and evenly ramified at
p =3 mod 4. O]

2.11.4 Distribution of total local masses among genera

The distribution techniques work well here. As soon as the total mass is known, knowing the
local mass for each genus is straightforward easy. We note the results here.

Let p # 2. Then, up to SLf(Zp) equivalence, there is a unique bilinear form of determinant
1 and a unique bilinear form of determinant —1. Both have Hasse-Witt symbol equal to 1.
Therefore, the local masses are the same as before.
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The computation of the local masses at p = 2, 00 is more delicate and is treated in the
next to subsections.

2.11.5 Point count and the 2-adic masses

For p = 2, up to SL¥(Zy) equivalence, there are 3 quadratic forms of determinant 1 and 2
quadratic forms of determinant —1. By restricting to rings which are not evenly ramified at
2, we eliminate one of the forms of determinant 1.

For n =0 mod 4 we can take:

1 1

1 1
gﬂf: ) gﬁJrl:

For n =2 mod 4 we can take:

1 1

1
mi’—: ) i)ﬁ"'l:

1 —1
1 -1

The superscripts indicate the sign of (—1)2 det(-) and the subscripts indicate the Hasse-
Witt symbol.
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Now, the argument proceeds just as before except that now the octane values of 9,
and 9M~, are now +2 mod 8. This means that the volumes of the respective orthogonal
groups are equal and thus that the masses at 2 are equal! We summarise the numbers in the

following lemma.

Corollary 2.11.18. The 2-adic masses are:

eo(n, M) = % (zH + 2*) Vol(Ss)
ea(n, MT,) = % (2"*2 Fs 2*) Vol(S,)
e(n, M) = % (2) Vol(S,)
ca(n, M—,) = % (2"7?) Vol(S5)

where +g is + if n is congruent to 0 or 2 mod 8 and — otherwise.

2.11.6 The infinite masses

We assume that r; > 0 since the totally imaginary case was already covered. Since the 2-adic
masses for leading coefficient —1 are equal across genera, we will only need to know the total

infinite mass, which is 2171,

2.11.7 Statistical consequences

We now pool together the elements assembled in the previous subsections to compute the
averages.

The computation basically carries through as above. In order to deal with the Tamagawa
number and the half-integral local masses (which at first might seem to multiply to 0), one
needs to use the following facts. If G denotes a genus, then we have the following identity of

local volumes:

VOI(OA(ZP)) = QVOI(SOA(ZP)),
> Vol(0A(Z)\OAR)) [ ] Vol(SO(Z,)) = 2,

Aeg
where the sum is over all SL*(Z) equivalence classes of integral representatives in G.

We now proceed with the computation.

Definition 2.11.19. Let R C """ be a family of rings (unramified at 2) corresponding
to an acceptable family of local specifications ¥ = (3,),. We define the even ramification

density at p, r,(R), as the density in ¥, of elements of ¥, which are evenly ramified at p.

Let %, denote a set of representatives of integral bilinear forms of determinant 1 under
the action of SL¥(Z) and let .%, denote a set of representatives of integral bilinear forms
of determinant —1 under the action of SLf(Z). Denote by G/ the set of genera of quadratic
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n-ary forms containing an integral element of determinant 1 and denote by G, the set of
genera of quadratic n-ary forms containing an integral element of determinant —1. Notice
that G partitions .2, and that G, partitions .%, .

> [H(O)] = |Z(0)]
O€ER,
H(O)<X

( 2. Vol(Uf?b(R))<x)> [T Vol(S))

0<b<n

+o(1).

Now, by the preceding sections, we know that this sum is equal to:

2 X Nu(WN,). X)+ 3 > X Nu(V(AY,), X)

0<b<n €T (r2) Ac.g; 0<b<n €T (r2) Ac.z;

(Z Vol(UT,(R))< ))HVol( »)

0<b<n

Expanding, we find that the first sum is equal to:

2my ,Ad

6€T (r2) Aeiﬂ* P p=1 mod 4 p=3 mod 4

Expanding, we find that the second sum is equal to:
ffESQ 2m2(f7 A)df

> Z Vol]-"5 H\/ol SOA(Z,)) [ (1 + () Vol(%,)

€T (r2) Ae.z’+ p#2

We can now process both of these sums separately just as we did before by breaking
up %, and %, into genera and then first summing within each genus and then across the

different genera.

After this is done, the £, sum becomes:

27(S0)

QT1+T2

(2620, M7 )0 + 2620, M7, ez ( [T a+nm) [ « —rp(m))>

p=1 mod 4 p=3 mod 4

:#-z-zn—%zm*( IT a+n®) ] (1—rp(‘ﬁ)))

p=1 mod 4 p=3 mod 4

— gritrz—1 ( H (1 + rp(%)) H (1 - T’p(%))>

p=1 mod 4 p=3 mod 4
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And the %, sum becomes:

2;@? (202(n, M) oo + 2¢2(n, smtl)cw) (Ha - r,,(zﬁ)))

p#2

— g 22 (22 4>'<H<1+rp<m>>>

p#2
= (27"1+r2—1 + 2) (H(l + rp(i)%))>

p#2

Therefore, we find the following formula for average 2-torsion in the class group of fields

square-free at 2 with at least one real embedding:

1
Avg(Cly, R) = 3 H (1+7,(R)) ( H (1—r,(R)) + H (I14+7r,(R )
p=1 mod 4 p=3 mod 4 p=3 mod 4
14+ 211,01 +75(R))
+ QT1+T2

As a sanity check, note that (sz3 mod 4(1 =7 (R)) + [ =3 moa 4(1 + r,,(%))) > 2, 80
the quantity above is always greater than 1.

The computation for the narrow class group is similar and gives us:

> 27 |CL(0)] - |(0)|
O€en,
H(O)<X

(0 Py vO1<Uf?b<R>><X>> I;IVol(Sp)
> Nu(WAR), X)

0<b<n Acz*

( 2 Vol(Uffb(R))d)) lpTVol(Sp)

0<b<n

+ o(1)

— Z o(r )Vol J‘L‘5>>o HVOI SO4(Z,)) (H(l"‘%(iﬁ))) kaQ 2my(f, A)df

Aczt P2 Vol(52)
mo ,A d
S ima»o)vfﬂ(mHvOusoA(zp))ffeSQ2 SSLNY )
op? o(ry) . Vol(S,) b
mo ,A d
=2 > a0 Vel(Fa) [[VelSOa(z, >>ff€52$ ] éf Ll (H(lm(%)))
Geds acone, © » ol(52) P2
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S 2m2 ,g d,
_ Z 80) ffe 2\/01(;5) ”( > Vol(Fa) HVol SO(Z ))) <H(1+rp<m)))

Gegy Aegn.y, p#2

s 2m2 ,g d,
—ﬂSO)Z%xQ@o)LE 2\/01(;5) &l <H<1+rp<m>>>

Gegy, DPF2

2m2 s g d,

Gegy, p#£2

_ 21+—121 2 (2”—2 + 2%> (H(l + %(%))

p#2

- (2@ + ;) (};[2(1 + rp(sﬁ))) .

Therefore, we find the following formula for average 2-torsion in the narrow class group
of fields unramified at 2:

Avg(Clf,R) = (1 + () (1 - 3) L

p#2 22 2"

Note that for totally imaginary fields, the narrow class group is the same as the class
group and that the formulas do agree in that case!
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