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Abstract

We construct a moduli stack of rank 4 symplectic projective étale (ϕ,Γ)-modules and prove its geometric

properties for any prime p > 2 and finite extension K/Qp. When K/Qp is unramified, we adapt the

theory of local models recently developed by Le–Le Hung–Levin–Morra to study the geometry of potentially

crystalline substacks in this stack. In particular, we prove the unibranch property at torus fixed points of

local models and deduce that tamely potentially crystalline deformation rings are domain under genericity

conditions. As applications, we prove, under appropriate genericity conditions, an GSp4-analogue of the

Breuil–Mézard conjecture for tamely potentially crystalline deformation rings, the weight part of Serre’s

conjecture formulated by Gee–Herzig–Savitt for global Galois representations valued in GSp4 satisfying

Taylor–Wiles conditions, and a modularity lifting result for tamely potentially crystalline representations.
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박금희,이철호,나의부모님께
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Chapter 1

Introduction

Serre’s modularity conjecture predicts that every continuous, irreducible, odd Galois representations r :

Gal(Q/Q) → GL2(Fp) arise from modular forms [Ser87]. Its refined version predicts the minimal weight
of modular forms that give rise to r in terms of the restriction of r at p. The weight part of Serre’s conjecture,
saying that the original conjecture implies the refined conjecture, was crucial for the proof of the original
conjecture due to Kisin and Khare–Winterberger [KW09a; KW09b; Kis09].

The weight part of Serre’s conjecture has been generalized, most notably, to 2-dimensional Galois repre-
sentations over a totally real field [BDJ10], to Galois representations over a totally real field valued in GLn

[Her09] and in more general groups G [GHS18]. (Both [Her09] and [GHS18] assume that p is unramified in
the totally real field and the Galois representations are tamely ramified at places above p. See [Le+a, Con-
jecture 1.6.2] for a generalization to wildly ramified representations, and [Le+b, Definition 1.1.1] to a totally
real field in which p ramifies.) In these generalizations, the notion of weight is replaced by Serre weights,
irreducible Fp-representations of G(Fq).

Although stated in the global context, the weight part of Serre’s conjecture is closely related to the mod p
Langlands program. Let K/Qp be a finite extension. The mod p Langlands program predicts a certain corre-
spondence between admissible smooth Fp-representations of a p-adic reductive group G(K) and continuous
representations of Gal(K/K) valued in the C-group CG(Fp) defined in [BG14]. (In this thesis, we only
consider G = GLn or G = GSp4, in which case CG is isomorphic to G×GL1, and it is equivalent to work
with G.) Such correspondence has been established only in the case G = GL2 and K = Qp [Col10; Paš13]
or G = GL1. Despite many recent advances (for example, see [Car+16; Bre+a]) in the program, its intri-
cate nature still remains poorly understood, and a precise conjecture for G = GLn was only made recently
[EGH22] in a categorical language. However, using global methods, one can construct a candidate for a mod
p Langlands correspondence, namely, an admissible smooth Fp-representation Π of GLn(K) associated with
an n-dimensional continuous Fp-representation ρ of Gal(K/K). One major open problem is to prove that Π

only depends on ρ and not on non-canonical choices made in the global argument. The weight part of Serre’s
conjecture describes the Serre weights appearing in the GLn(OK)-socle of Π explicitly in terms of ρ|IK .
Thus, the weight part of Serre’s conjecture has been a guiding principle in the mod p Langlands program.

The theory of Galois deformations has played an important role in many advances in proving the weight
part of Serre’s conjecture ([Le+18; Le+20; Le+a]), in the mod p and p-adic Langlands program ([Col10;
Paš13; Car+16; Bre+b]), and in proving modularity lifting results ([TW95; Wil95; CHT08; Bar+14; Box+21]).
Recently, Emerton–Gee constructed an object which algebraically interpolates deformation spaces of n-
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CHAPTER 1. INTRODUCTION 2

dimensional p-adic Galois representations (called the Emerton–Gee stack [EG23]). Thus, it allows us to
employ more geometric methods to study p-adic Galois representations. Most importantly, it is an essential
ingredient in formulating the categorical mod p and p-adic Langlands conjecture [EGH22]. When K/Qp

is unramified, [Le+a] developed a theory of local models to study the geometry of potentially crystalline
substacks in Emerton–Gee stacks. In particular, it is applied to analyze singularities of tamely potentially
crystalline deformation rings. This led to several applications, including the weight part of Serre’s conjecture
and the Breuil–Mézard conjecture. The objective of this thesis is to generalize Emerton–Gee stacks, local
models, and their applications to Serre weight conjectures and the Breuil–Mézard conjecture to the group
GSp4.

Emerton–Gee stacks for GSp4

Let p be a prime and K/Qp be a finite extension with the ring of integers OK , a uniformizer $, and the
residue field k. We also fix a sufficiently large finite extension E/Qp with the ring of integers O, a uni-
formizer $, and the residue field F.

In [EG23], Emerton–Gee constructed Xn,K a moduli stack of rank n projective étale (ϕ,Γ)-modules. For
a finite O-algebra A, rank n projective étale (ϕ,Γ) modules with A-coefficients are equivalent to continuous
representations ofGK := Gal(K/K) on rank n projectiveA-modules. However, for generalA, étale (ϕ,Γ)-
modules behave better thanGK-representations in algebraic families. In particular, a family of reducible étale
(ϕ,Γ)-modules can converge to an irreducible one, unlike GK-representations. Thus, Xn,K is considered the
correct notion of a moduli stack of “p-adic Langlands parameters”.

To generalize Emerton–Gee stacks to GSp4, we define a symplectic projective étale (ϕ,Γ)-module to
be a triple (M,N,α) where M is a rank 4 projective étale (ϕ,Γ) module, N is a rank 1 projective étale
(ϕ,Γ)-modules, and α : M ' M∨ ⊗ N is an essentially self-dual isomorphism satisfying a certain sign
condition (Definition 4.1.1). These reflect the underlying 4-dimensional vector space of GSp4, the similitude
character of GSp4, and the non-degenerate skew-symmetric bilinear form on the 4-dimensional vector space,
respectively. Under Fontaine’s equivalence, symplectic projective étale (ϕ,Γ)-modules with A-coefficients
for finite localO-algebraA are equivalent to continuous representations ρ : GK → GSp4(A). We letXSym,K

be a category fibered in groupoids over Spf O whose groupoid of A-points, for a p-adically complete O-
algebra A, is the groupoid of symplectic projective étale (ϕ,Γ)-modules with A-coefficients. The following
Theorem generalizes main properties of Xn,K to XSym,K .

Theorem 1 (Theorem 4.1.5, Proposition 4.1.6, Theorem 4.1.10). Suppose that p > 2.

1. The category fibered in groupoids XSym,K is a Noetherian formal algebraic stack.

2. For each Hodge type λ and inertial type τ , there exist a closed substack X λ,τSym,K (resp. X ss,λ,τ
Sym,K) which

is furthermore a p-adic formal algebraic stack and flat over O. It is uniquely characterized as O-flat

closed substack such that for any finite flat O-algebra A, X λ,τSym,K(A) (resp. X ss,λ,τ
Sym,K(A)) is equivalent

to the groupoid of representations ρ : GK → GSp4(A) such that ρ ⊗A E is potentially crystalline

(resp. semistable) representations with Hodge type λ and inertial type τ .

3. The underlying reduced substack XSym,K,red ⊂ XSym,K is an algebraic stack over F and equidimen-

sional of dimension 4[K : Qp]. Moreover, its irreducible components are naturally labelled by Serre

weights.
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The proofs of item (1) and (2) use the corresponding results for the Emerton–Gee stack for GL4×GL1 and
can be easily generalized to GSp2n. To prove item (3), we first construct irreducible components correspond-
ing to Serre weights and prove that their union is equal to the stack XSym,K,red, following the strategy for
GLn. The construction of irreducible components requires a generalization of a result of Emerton–Gee con-
structing a family of extensions using abelian Galois cohomology. One difference between GSp4 and GLn

is the presence of a non-abelian unipotent radical of a maximal parabolic subgroup Q called the Klingen
parabolic subgroup. It is unclear how the construction of Emerton–Gee can be generalized to the non-abelian
case. Instead, we construct a family of extensions valued in Q inside a family of extensions valued in the
minimal parabolic of GL4 containing Q by only using abelian Galois cohomology. To prove that their union
is equal to the stack XSym,K,red, we need to prove the existence of crystalline lifts for any continuous repre-
sentationGK → GSp4(F). In this case, it seems inevitable to use non-abelian Galois cohomology. We prove
this by using the main result in [Lina], which develops an obstruction theory for lifting mod p representations
of GK valued in reductive groups.

While we were writing this thesis, Zhongyipan Lin posted a preprint that constructs generalizations of
Emerton–Gee stacks to tamely ramified reductive groups and proves their Noetherian formal algebraicity
using a Tannakian formalism [Linb].

Local models for potentially crystalline stacks

From now on, we assume that K/Qp is unramified of degree f .
In [Le+a], the authors constructed local models of potentially crystalline substacks of Xn,K using Breuil–

Kisin modules. One can associate a Breuil–Kisin module with descent data to a lattice in a potentially
crystalline representation. Using this, they identify the potentially crystalline stacks (with bounded p-adic
Hodge type) with a certain closed substack of the moduli stack of Breuil–Kisin modules with descent data
constructed in [CL18]. It is proved in loc. cit. that the moduli stack of Breuil–Kisin modules with descent
data is smoothly equivalent to a Pappas–Zhu local model studied in [PZ13]. The innovation in [Le+a] is a
construction of certain subvarieties in Pappas–Zhu local models whose open neighborhoods are, after p-adic
completion, smoothly equivalent to open neighborhoods of potentially crystalline stacks.

The Pappas–Zhu local models exist for any connected reductive group which splits over a tamely ram-
ified base change. Let M(≤ λ) be the Pappas–Zhu local model over SpecO associated to the group
ResK/Qp

GSp4, Iwahori subgroup of GSp4(K), and a regular Hodge type λ. Following the idea of [Le+a],
we construct a closed subvariety M(λ,∇aτ ) ⊂ M(≤ λ) for a tame inertial type τ . The following Theorem
generalizes the main result on local models in [Le+a] to GSp4.

Theorem 2 (Theorem 4.4.3). LetX≤λ,τSym,K,reg (resp.Mreg(≤ λ,∇aτ )) be the union ofX λ
′,τ

Sym,K (resp.M(λ′,∇aτ ))

for all regular Hodge types λ′ ≤ λ. Suppose that λ is regular and τ is sufficiently generic (depend-

ing on λ). There exist Zariski open covers {X≤λ,τSym,K,reg(z̃)}z̃ of X≤λ,τSym,K,reg and {Ureg(z̃,≤ λ,∇aτ )}z̃ of

Mreg(≤ λ,∇aτ ), and for each z̃, a local model diagram

Ũreg(z̃,≤ λ,∇aτ )∧p

X≤λ,τSym,K,reg(z̃) Ureg(z̃,≤ λ,∇aτ )∧p .

Here, Ũreg(z̃,≤ λ,∇aτ ) := T f × Ureg(z̃,≤ λ,∇aτ ) → Ureg(z̃,≤ λ,∇aτ ) is the trivial T f -torsor, and the

left diagonal arrow is a T f -torsor under a different T f -action, where T is the diagonal maximal torus of
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GSp4, and ∧p denotes the p-adic completion.

Note that if λ is equal to a cocharacter η lifting the half sum of positive coroots, then X≤η,τSym,K,reg =

X η,τSym,K and Mreg(≤ η,∇aτ ) = M(η,∇aτ ).
Similar to symplectic étale (ϕ,Γ)-modules, we define symplectic Breuil–Kisin modules and denote by

Y ≤λ,τSym the moduli stack of symplectic Breuil–Kisin modules of height ≤ λ and inertial type τ . We prove
that the stack Y ≤λ,τSym is p-adic formal algebraic stack over Spf O (Proposition 4.2.5) and locally smoothly
equivalent to M(≤ λ)∧p (Theorem 4.2.16). There exists a closed substack Y ≤λ,τ,∇∞Sym ⊂ Y ≤λ,τSym which is
isomorphic to X≤λ,τSym,K,reg (Proposition 4.4.2). We note that the locus Y ≤λ,τ,∇∞Sym is analytic, i.e. it is given by
formal power series, while in contrast, the subvariety M(λ,∇aτ ) ⊂ M(≤ λ) is algebraic. However, these
conditions defining substack/subvariety are “congruent modulo power of p” (in a suitable sense). Then the
left arrow in the above diagram is induced by applying Elkik’s approximation theorem [Elk73]. In particular,
it is highly non-canonical but canonical modulo p.

The local modelM(λ,∇aτ ) is a projective variety equipped with a natural T f -action. Its T f -fixed points
are given by certain elements z̃ in the extended affine Weyl group of (GSp4)f . Under the above local model
diagram, they correspond to tame ρ ∈ X≤λ,τSym,K(F). The main result on the geometry of local models is the
following.

Theorem 3 (Theorem 3.4.1). Suppose that λ is regular and τ is sufficiently generic (depending on λ). Then

M(λ,∇aτ ) is unibranch at any T f -fixed point z̃ ∈M(λ,∇aτ )(F).

Our proof of Theorem 3 follows [Le+a] closely. The novel idea in loc. cit. is comparing the (mixed
characteristic) local modelM(λ,∇a) (defined over SpecO) with an equal characteristic local model (defined
over SpecF[v]) inside an universal local model (defined over SpecZ[v]). In general, the mixed and equal
characteristic local models are not a base change of the universal local model. However, this is true under
a genericity hypothesis, and they naturally have the same special fiber. We prove the unibranch property
in the equal characteristic case and use it to prove the mixed characteristic case. Here, it is also crucial
to compare the base change of the normalization of universal local models and normalizations of mixed and
equal characteristic local models. This requires the base change of the normalization of universal local models
to be normal, which also holds under a genericity hypothesis. Using these ideas, we first prove a preliminary
unibranch property (Theorem 3.3.4). Then using this, we prove the main unibranch property for products of
local models (Theorem 3.4.1).

Let ρ : GK → GSp4(F) be a continuous representation. We denote byRλ,τρ the uniqueO-flat quotient of
a framed deformation ring R�

ρ of ρ whose Qp-points parameterize potentially crystalline lifts of type (λ, τ).
As a direct consequence of Theorem 2 and 3, we obtain the following result.

Corollary 4. Suppose that λ is regular and τ is sufficiently generic (depending on λ). If ρ : GK → GSp4(F)

is tame, then Rλ,τρ is a domain (if is nonzero).

The importance of this Corollary is related to patching argument. Roughly speaking, patching argument
constructs a module M∞(λ − η, τ) over (a certain modification of) Rλ,τρ . Standard commutative algebra
argument shows that the support of M∞(λ − η, τ) is a union of irreducible components in SpecRλ,τρ . It
is a folklore conjecture that the support is indeed equal to SpecRλ,τρ , which almost immediately implies a
modularity lifting result in a relevant setup. Moreover, it has applications to the Serre weight conjectures
and the Breuil–Mézard conjecture (see [GHS18, §4.1] for its relationship to the Breuil–Mézard conjecture).
Unfortunately, this is hard to prove in general. However, if M∞(λ− η, τ) 6= 0 and Rλ,τρ is domain, then the
support of M∞(λ− η, τ) has to be equal to SpecRλ,τρ .
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Remark 5. As in [Le+a], our main results on local models, as well as results in the remaining introduction,
hold under suitable genericity conditions. In particular, genericity conditions imply that the Hodge type λ is
small relative to p. We refer readers to §1.3 in loc. cit. for discussions on genericity conditions.

The geometric Breuil–Mézard conjecture

The original Breuil–Mézard conjecture [BM02] measures the complexity of the special fiber of potentially
crystalline (or semistable) deformation rings in terms of the mod p representation theory of GLn(k). It’s
geometric formulations are stated in [EG14] (for deformation rings) and [EG23] (for Emerton–Gee stacks)
and proven in [Le+a] in the tamely potentially crystalline case under genericity assumptions. Also, Dotto
formulated the Breuil–Mézard conjecture for central division algebras and proved that it follows from the
conjecture for GLn [Dot].

We formulate the geometric Breuil–Mézard conjecture for GSp4 in the tamely potentially crystalline case
and prove it under genericity assumptions. We first explain the conjecture for deformation rings. Let R�

ρ be a
framed deformation ring of ρ. Given a regular Hodge type λ and a mildly generic tame inertial type τ , there
exists a (4f+11)-dimensional cycle Z(Rλ,τρ /$) in SpecR�

ρ /$ which counts the irreducible components in
SpecRλ,τρ /$ with appropriate multiplicities. On the other hand, one can associate to the pair (λ, τ) a locally
algebraic representation σ(τ) ⊗O V (λ − η) of GSp4(OK). Here, σ(τ) is an irreducible representation of
GSp4(k) corresponding to τ under the inertial local Langlands correspondence, which we discuss below, and
V (λ− η) is the irreducible algebraic representation of GSp4(OK) of highest weight λ− η.

Conjecture 6. Let ρ : GK → GSp4(F) be a continuous representation. For each Serre weight σ, there exists

a (4f + 11)-dimensional cycle Zσ in SpecR�
ρ /$ such that for any regular Hodge type λ and any mildly

generic tame inertial type τ ,

Z(Rλ,τρ /$) =
∑
σ

[σ(τ)⊗ V (λ− η) : σ]Zσ. (1.0.1)

Similar to the case of deformation rings, one can construct a 4f -dimensional cycle Zλ,τ in XSym,K,red

attached to X λ,τSym,K ×SpecO SpecF .

Conjecture 7. For each Serre weight σ, there exists a 4f -dimensional cycle Zσ in XSym,K,red such that for

any regular Hodge type λ and any mildly generic tame inertial type τ ,

Zλ,τ =
∑
σ

[σ(τ)⊗ V (λ− η) : σ]Zσ. (1.0.2)

Remark 8. Both Conjecture 6 and 7 should extend to any inertial type τ . We only state them for mildly
generic (more precisely, 1-generic in the sense of §2.1.7) tame inertial types because we prove the inertial
local Langlands under this condition. Also, they are expected to generalize to potentially semistable defor-
mation cases.

Our main result on the Breuil–Mézard conjecture is the following.

Theorem 9 (Corollary 6.1.17 and 6.1.18). Let Λ be a finite set of regular Hodge types λ.

1. For each Serre weight σ, there exists a 4f -dimensional cycle Zσ in XSym,K,red such that (1.0.2) holds

for any regular Hodge type λ ∈ Λ and any sufficiently generic (depending on Λ) regular tame inertial

type τ .
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2. Let ρ : GK → GSp4(F) be sufficiently generic (depending on Λ). For each Serre weight σ, there exists

a (4f + 11)-dimensional cycle Zσ in SpecR�
ρ /$ such that (1.0.1) holds for any regular Hodge type

λ ∈ Λ and any regular tame inertial type τ .

By using patching functors and Corollary 4, we first construct cycles Zσ satisfying (1.0.1) for regular
λ, sufficiently generic τ , and tame ρ (Theorem 6.1.3). Then we algebraically interpolate Zσ for various ρ to
constructZσ in item (1) following the axiomatic argument in [Le+a, §8.3]. Item (2) (where we do not assume
that ρ is tame) essentially follows from item (1) by pulling back the cycles Zσ to a versal ring for XSym,K,red

at ρ.

The weight part of Serre’s conjecture

Let F be a totally real field of even degree over Q in which p is unramified. Let G be an inner form of
GSp4 over F which is compact modulo center at infinity and splits at all finite places. Fix an isomorphism
ι : Qp

∼→ C. Given a Hecke character χ : A×F /F× → C×, a level U ⊂ G(A∞F ), and a O[G(OF ⊗Z Zp)]-
module W , we define a space of algebraic automorphic forms Sχ(U,W ) to be the O-module of continuous
functions f : G(F )\G(A∞F ) → W such that f(zg) = (ι−1 ◦ χ(z))f(g) and f(gu) = u−1

p · f(g) for all
z ∈ Z(A∞F ), g ∈ G(A∞F ), and u ∈ U .

Let r : GF → GSp4(F) be a continuous and absolutely irreducible representation which is the mod p
reduction of the Galois representation attached to a regular algebraic cuspidal automorphic representation of
G(AF ) (or equivalently, of GSp4(AF )). Then r determines a maximal ideal mr of an appropriate Hecke
algebra, and Sχ(U, σ)mr 6= 0 for some χ, U , and Serre weight σ. In this case, we say σ is a modular Serre
weight for r and write W (r) for the set of modular Serre weights for r. When r is tame at places above p,
[GHS18] defines a set W ?(⊗v|pr|IFv ) (see Definition 2.4.7) using combinatorial recipes, where IFv denotes
the inertia subgroup at v, and conjectures that W (r) = W ?(⊗v|pr|IFv ). We verify this conjecture under
technical genericity assumptions.

Theorem 10 (Theorem 6.2.5). Let r : GF → GSp4(F) be as above. Moreover, we assume that r|IFv
is tame and sufficiently generic for v|p, and r satisfies Taylor–Wiles conditions (Definition 5.4.1). Then

W (r) = W ?(⊗v|pr|IFv ).

Previously, a similar conjecture was made by Herzig–Tilouine [HT13, Conjecture 1] when F = Q using
étale cohomologies of Siegel modular varieties instead of algebraic automorphic forms on G. We expect that
our method can be used to prove the conjecture of Herzig–Tilouine (or its generalizations to totally real fields)
if the conjecture on vanishing of mod p étale cohomologies of Hilbert–Siegel modular varieties localized at
non-Eisenstein maximal ideal outside middle degree is known (c.f. [Car, Conjecture 4.3]).

Analogous conjectures for a rank n unitary group U(n) over totally real field were proven under technical
assumptions (when U(n) splits at places above p by [GLS15] for n = 2, by [Le+18; Le+20] for n = 3, and
by [Le+a] for general n; when U(n) ramifies at places above p by [KM] for n = 2). For the group GSp4,
[GG12] proved modularity of obvious weights for r ordinary at places above p assuming modularity of a
single obvious weight. Also, see [Yam, Theorem 1.3] for a result obtained by a different approach. Our result
is independent of [GG12; Yam].

Congruent Kisin–Taylor–Wiles patching functors

The proofs of Theorem 9 and 10 use patching functors. Patching functors are first introduced in [EGS15]
and have been a central object in the mod p and p-adic Langlands program (see [Car+16] and [EGH22]).
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Our innovation in the global argument is introducing a congruent family of fixed similitude patching functors

(Definition 5.2.4). It is a collection of fixed similitude patching functors, labelled by an appropriate set of
similitude characters, that are congruent modulo p, i.e. they are identified when restricted to p-torsion objects.
A single fixed similitude patching functor generalizes a (weak) patching functor in [Car+16; Le+a] to GSp4

except the presence of the fixed similitude. The fixed similitude prevents important applications such as the
comparison of the mod p reduction of patched modules over a crystalline deformation ring and a potentially
crystalline deformation ring. However, a congruent family of fixed similitude patching functors makes such
applications available through the congruence. We remark that our notion of congruent patching functors can
describe Taylor’s “Ihara avoidance” argument; see §5.4.8.

We construct patching functors for local and global applications. In the local case, it is a functor from
a category of finite O-modules with continuous GSp4(OK)-action with a fixed central character to a cate-
gory of finitely generated modules over a certain deformation ring. In the global case, we replace the group
GSp4(OK) by GSp4(OF ⊗Z Zp) where F is a totally real field. Although the construction of patching
functors depends on non-canonical choices (e.g. Taylor–Wiles primes), these choices can be made indepen-
dent of the fixed similitude character. Then the congruence property of fixed similitude patching functors
in the global case follows naturally. We construct patching functors in the local case using the global ones,
after realizing a given local Galois representation as a restriction of an automorphic global Galois representa-
tion with a minimality assumption, following [EG14, Appendix A] for GLn. The congruent property is less
obvious in the local case and requires the weight elimination result (Theorem 5.4.4) and certain potentially
crystalline deformation rings with fixed similitude characters that are formally smooth and congruent modulo
p (Theorem 5.1.4). In particular, our congruent patching functors improve a congruent pair of fixed simili-
tude patching functors introduced in our previous work with John Enns [EL], where the patching functors in
the local case was not available because the weight elimination result was not available.

We also incorporate the “Ihara avoidance” argument in our patching functors to prove the following
modularity lifting result.

Theorem 11 (Theorem 6.3.1). Let r, r′ : GF → GSp4(O) be continuous representations that are isomorphic

modulo $, unramified at all but finitely many places, and potentially crystalline with regular Hodge type λ

and sufficiently generic (depending on λ) tame inertial type τ at places above p. We further assume that

r mod $ is tame at places above p and satisfies Taylor–Wiles assumptions. If r′ is automorphic, then r is

also automorphic.

The inertial local Langlands

For a mildly generic tame inertial type τ , we construct an irreducible representation σ(τ) of GSp4(k) in
characteristic zero such that if a smooth representation π of GSp4(K) contains σ(τ) (viewed as a GSp4(OK)

via inflation) as a GSp4(OK)-subrepresentation, then τ is isomorphic to the restriction to inertia of the L-
parameter of π (Theorem 2.4.1). This result is essential to our global arguments. It is proven by using
the explicit theta correspondence in [GT11b] (in the non-supercuspidal case) and the depth-zero regular
supercuspidal local Langlands correspondence in [DR09] (in the supercuspidal case).

Transfer from GSp4 to GL4

We define natural maps sending Deligne–Lusztig representations and Serre weights of GSp4(k) to those of
GL4(k) (Proposition 2.4.10), which might be of independent interests. They are compatible with mod p
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reduction under a very mild assumption. In the case of Deligne–Lusztig representations, it is also compatible
with inertial local Langlands in a suitable sense. Moreover, this also shows that a Serre weight σ of GSp4(k)

is in the set W ?(ρ|IK ) of conjectural Serre weights associated with tame ρ : GK → GSp4(F) if and only
if its transfer to GL4(k) is in the set of conjectural Serre weights of GL4(k) associated with ρ viewed as
GL4(F)-valued representation (Corollary 2.4.12).

The work of Arthur

In this thesis, we use Arthur’s multiplicity formula for the discrete spectrum of GSp4 announced in [Art04]
and later proven in [GT19] using the main results in [Art13]. We also use results from [Mok14; Box+21]
which rely on Arthur’s formula for GSp4. At the time of writing, [Art13] is conditional on the twisted
weighted fundamental lemma announced in [CL10], but whose proofs have not appeared, as well as on the
references [A25], [A26], and [A27] in [Art13], which have not appeared publicly.

Specifically, we use [Mok14, Theorem 3.5] and [GT19, Theorem 7.4.1] for the construction of a Galois
representation attached to a regular algebraic cuspidal automorphic representation of an inner form of GSp4,
and our construction of patching functors relies on it. Among theorems and corollaries stated above, proofs
of Theorem 1 and 3 do not require patching functors, and all others rely on patching functors (and thus on
[Art13]).

Organization

In §2, we first recall basic notions related to the representation theory of GSp4(k). Then we prove the
inertial local Langlands for GSp4 in §2.4. In §2.5, we establish several results on mod p reduction of certain
representations of GSp4(k) which will be used throughout the thesis.

In §3, we introduce local models and prove its properties. Our presentation closely follows [Le+a].
When it is possible, we tried to simplify our argument by deducing results from analogous results for GL4.
After introducing the global affine Grassmannian and universal local models in §3.1–3.2, we introduce mixed
characteristic local models and prove the unibranch property in §3.3–3.4. In §3.5–3.7, we discuss irreducible
components in the special fiber of mixed characteristic local models. In §3.7, we classify torus fixed points
in each irreducible components under genericity conditions.

We introduce moduli stacks of symplectic étale (ϕ,Γ)-modules in §4.1, of Breuil–Kisin modules in §4.2,
and of étale ϕ-modules in §4.3. Then we bring them together to prove our main result on local model
diagrams for potentially crystalline stacks (Theorem 4.4.3) and their for mod p reduction (Theorem 4.5.4).
Both results rely on the existence of certain local lifts whose proofs are postponed to §5.4.

In §5, we discuss our setup for global arguments and construct a congruent family of fixed similitude
patching functors. As applications, we prove the weight elimination result and the existence of certain local
lifts in §5.4.

Finally, we formulate the geometric Breuil–Mézard conjecture and prove its restricted versions in §6.1.
We prove our result on the weight part of a Serre’s conjecture in §6.2 and a modularity lifting result in §6.3.

Notation

Let p > 2 be a prime. We let K/Qp denote a finite field extension with the ring of integers OK and the
residue field k. Throughout this thesis except §4.1, we assume K to be unramified of degree f over Qp. We
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take E to be a finite extension of Qp with ramification degree e, the ring of integers O, and the residue field
F. We assume that E is sufficiently large unless mentioned otherwise. We let [·] : F× →W (F)× denote the
multiplicative lift.

Let F be a field. We write GF := Gal(F/F ) where F is a separable closure of F . If F is a non-
archimedean local field, we write IF ⊂ GF for the inertia subgroup and WF for the Weil group.

Fix a separable closure K of K and suppose that K/Qp is unramified of degree f . We choose π ∈ K
such that πp

f−1 = −p. We denote by ωK : GK → O×K the character defined by g(π) = ωK(g)π for
g ∈ GK . For an embedding σ : K ↪→ E, we write ωK,σ = σ ◦ ωK .

Let ε denote the p-adic cyclotomic character. If V is a de Rham representation of GK over E, then
for each σ ∈ HomQp

(K,E), we let HTσ(V ) denote the multiset of Hodge–Tate weights labelled by σ
normalized so that HTσ(ε) = {1}.

Let F be a number field. For a place v of F , we let Fv be the completion of F at v with the ring
of integers OFv , a uniformizer $v , and the residue field kv of size qv . We write FrobFv for a geometric
Frobenius element in GFv . We normalize the Artin map ArtFv : F×v

∼→ W ab
Fv

so that uniformizers are
mapped to geometric Frobenius elements.

Let G be a split connected reductive group over Z. In the body of the thesis, we take either G = GSp4

or G = GLn. We write B ⊂ G for a choice of Borel subgroup, T ⊂ B for a maximal torus, and U ⊂ B

for the unipotent radical of B. Let Φ+ ⊂ Φ be the subset of positive roots in the set of roots for (G,B, T ).
We denote by ∆ the set of simple roots. We write X∗(T ) for the group of characters of T and X∗(T ) for the
group of cocharacters of T . We write ΛR ⊂ X∗(T ) and Λ∨R ⊂ X∗(T ) for the root lattice and coroot lattice.
We let W denote the Weyl group, Wa denote the affine Weyl group, and W̃ denote the extended affine Weyl
group for G.

We write G∨ for the split reductive group over Z defined by the root datum (X∗(T ), X∗(T ),Φ∨,Φ).
We write T∨ ⊂ G∨ for the induced maximal split torus. We have isomorphisms X∗(T∨) ' X∗(T ) and
X∗(T

∨) ' X∗(T ). We let W∨, W∨a , and W̃∨ denote the Weyl group, affine Weyl group, and extended
affine Weyl group for G∨.

We denote by Op a finite étale Zp-algebra. In the body of this thesis, we take Op to be either OK or
OF⊗ZZp for some totally real field F in which p is unramified. Let Fp = Op[1/p]. Then Fp is isomorphic to
a product

∏
v∈Sp Fv for a finite set Sp and finite unramified extensions Fv/Qp. Also there is an isomorphism

Op '
∏
v∈Sp OFv where OFv is the ring of integer of Fv .

We define G0 := ResOp/Zp G/Op and G := (G0)/O. Let B be a choice of Borel subgroup and T ⊂ B

be a maximal split torus. We define B0, B and T0, T similarly to G0, G. Let J = HomZp(Op,O). Then
(G,B, T ) is naturally identified with (GJ/O, B

J
/O, T

J
/O). The root datum of (G,B, T ) is given by

(X∗(T ), X∗(T ),Φ,Φ∨) ' (X∗(T )J , X∗(T )J ,ΦJ ,Φ∨,J ).

We have ΛR ' ΛJR , W 'WJ , W a 'WJa , W̃ ' W̃J , and similarly for Λ∨R, W∨, W∨a , W̃
∨

.
Let ϕ be the absolute Frobenius on Op/p and its lift to Op. If S is a set and s = (sσ)σ∈J ∈ SJ , then

we define π(s) by π(s)σ = sσ◦ϕ−1 . When Op = OK , we fix an embedding σ0 : K ↪→ E and define
σj := σ0 ◦ ϕ−j for j ∈ Z/fZ. This identifies J with Z/fZ.

We write Diag(a1, . . . , an) for the diagonal matrix in GLn with entries a1, . . . , an. If µ is a cocharacter
and a is a scalar, we write aµ to denote µ(a). We write Ind for the unnormalized parabolic induction and ind

for the compact induction.



Chapter 2

Types and weights

In this chapter, we recall basic notions regarding the representation theory and the extended Weyl group of
GSp4 and prove the inertial local Langlands correspondence for GSp4 (Theorem 2.4.1). We follow [Le+a,
§2] closely throughout this chapter except §2.4.

2.1 Preliminaries

2.1.1 The group GSp4

Let G = GSp4 be the split reductive group over Z defined by

GSp4(R) =
{
g ∈ GL4(R) | tgJg = sim(g)J for some sim(g) ∈ R×

}
for any commutative ring R, where

J =


1

1

−1

−1

.

Then sim : g 7→ sim(g) defines a character of GSp4, called the similitude character. Let W = N(T )/T be
the Weyl group of G. We identify W with the subgroup of N(T ) generated by two simple reflections

s1 :=


1

1

1

1

, s2 :=


1

1

−1

1

.

We write w0 = s1s2s1s2 for the longest element in W . We use the same notation to denote J -fold product
of w0 in W .

Let B be the upper triangular Borel subgroup of GSp4. For any subset A ⊂ {s1, s2}, we have a standard
parabolic subgroup PA generated by A and B. When A = {s1}, we call S := PA the Siegel parabolic

subgroup, and when A = {s2}, we call Q := PA the Klingen parabolic subgroup. If P is a standard

10
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parabolic subgroup with unipotent radical N , we write P and N to denote the opposite parabolic and its
unipotent radical.

We identify the character group X∗(T ) with Z3 by defining the character corresponding to (a, b; c) ∈ Z3

by

(a, b; c) : Diag(x, y, zy−1, zx−1) 7→ xaybzc.

Similarly, we identify the cocharacter group X∗(T ) with Z3 by

(a, b; c) : x 7→ Diag(xa, xb, xc−b, xc−a).

Sets of simple roots and coroots are given by

∆ = {α1 = (1,−1; 0), α2 = (0, 2;−1))}

∆∨ = {α∨1 = (1,−1; 0), α∨2 = (0, 1; 0)}

Sets of positive roots and coroots are given by

Φ+ = {α1, α2, α3 = 2α1 + α2, α4 = α1 + α2}

Φ∨,+ = {α∨1 , α∨2 , α∨3 , α∨4 }

where α3 = α1 + α2, α4 = 2α1 + α2, α∨3 = α∨1 + 2α∨2 , and α∨4 = α∨1 + α∨2 .
The dual group of GSp4 is isomorphic to GSp4 by an exceptional isomorphism. We often write GSp∨4

(and T∨ for its diagonal maximal torus) to emphasize that we are working on the dual side. We fix the duality
isomorphism by

(X∗(T ), X∗(T ),Φ,Φ∨)
∼→ (X∗(T

∨), X∗(T∨),Φ∨,Φ)

φ : X∗(T ) −→ X∗(T
∨)

(a, b; c) 7→ (a+ b+ c, a+ c; a+ b+ 2c).

Then φ maps α1 to α∨2 and α2 to α∨1 . We also write a map φ : W
∼→W∨ sending s1 7→ s2, s2 7→ s1, so that

φ(w(λ)) = φ(w)(φ(λ))

for any w ∈ W and λ ∈ X∗(T ). We fix an element η = (2, 1; 0) ∈ X∗(T ). We often use the same notation
to denote the J -fold product of η in X∗(T ) and its image in X∗(T∨) under φ.

2.1.2 The group GLn

If G = GLn, we add subscript n to the objects introduced above when we need to distinguish them from the
case G = GSp4. For example, we write T = Tn, B = Bn, U = Un,W = Wn. We identify X∗(Tn) '
X∗(Tn) ' Zn in the standard way. We fix an element η′ = (n − 1, n − 2, . . . , 0) ∈ X∗(Tn) and use the
same notation for its J -fold product in X∗(Tn).
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2.1.3 Affine Weyl group

Let G be a split reductive group over Z. Recall that the affine Weyl group Wa ' ΛR oW and the extended
Weyl group W̃ ' X∗(T ) oW for G. Similarly, we write W∨a ' Λ∨R oW∨ and W̃∨ ' X∗(T∨) oW∨ for
the affine Weyl group and extended Weyl group for G∨.

Let A be the set of alcoves of X∗(T ) ⊗Z R. We denote by A0 the dominant base alcove with respect
to our choice of the Borel subgroup B. The group Wa acts simply transitively on A, and the choice of A0

defines a Bruhat order on Wa which we denote by ≤. We also recall the upper arrow ordering on the set A
(see, [Jan03, §II.6.5]). This induces an ordering on Wa which we denote by ↑.

Let Ω ≤ W̃ be the subgroup stabilizing A0. Then we have W̃ 'Wa o Ω. We extend a Bruhat order and
upper arrow order to W̃ by: for w̃1, w̃2 ∈ Wa and δ1, δ2 ∈ Ω, when δ1 = δ2, w̃1δ1 ≤ w̃2δ2 (resp. w̃1δ1 ↑
w̃2δ2) if and only if w̃1 ≤ w̃2 (resp. w̃1 ↑ w̃2), and when δ1 6= δ2, w̃1δ1, w̃2δ2 are incomparable.

We define a Bruhat order on W∨a induced by the antidominant base alcove and extend to W̃∨ as in the
previous paragraph. We define a bijection

(−)∗ : W̃ → W̃∨

w̃ = tνw 7→ w̃∗ := φ(w)−1tφ(ν).

This is an antihomomorphism of groups and preserves Bruhat ordering on both sides. We also write (−)∗ for
its inverse, i.e. if w̃ ∈ W̃ and z̃ = w̃∗, then z̃∗ = w̃.

Definition 2.1.4. We define the admissible set associated to λ0 ∈ X∗(T ) as

Adm(λ0) :=
{
w̃ ∈ W̃ | w̃ ≤ twλ0 for some w ∈W

}
.

If λ ∈ X∗(T ), we define Adm(λ) =
∏
j∈J Adm(λj)

We similarly define Adm∨(λ) for λ ∈ X∗(T∨). The map (−)∗ induces a bijection between Adm(φ−1(λ))

and Adm∨(λ).
The p-dot action of tνw ∈ W̃ on λ ∈ X∗(T )⊗R is defined as

tνw · λ := w(λ+ η)− η + pν

A p-alcove is a connected component of the complement

(X∗(T )⊗R) \ ∪α∈Φ,m∈Z {x | 〈x+ η, α∨〉 = pm} .

We let C0 denote the dominant base p-alcove, i.e.

C0 :=
{
x ∈ X∗(T )⊗R | 0 < 〈x+ η, α∨〉 < p,∀α ∈ Φ+

}
.

Similarly, we define p-alcoves in X∗(T )⊗R and denote the dominant base p-alcove by C0.
We say that an alcoveA (resp. a p-alcoveC) is restricted (resp. p-restricted) if for all x ∈ A (resp. x ∈ C)
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and α ∈ Φ+, 0 < 〈x, α∨〉 < 1 (resp. 0 < 〈x+ η, α∨〉 < p). We define

W̃+ := {w̃ ∈ W̃ | w̃(A0) is dominant}

W̃+
1 := {w̃ ∈ W̃ | w̃(A0) is restricted}

and W̃
+

:= W̃+,J and W̃
+

1 := W̃+,J
1 .

We use above notations for G = GSp4. For G = GLn, we again add subscript n when we need to
distinguish them from the case of GSp4. For example, we write W̃n, W̃+

n , and W̃+
1,n for W̃ , W̃+, and W̃+

1

respectively.

2.1.5 Transfer map

We write std : GSp∨4 −→ GL∨4 for the standard representation. It induces a map between the tori T∨ −→ T∨4 .
We also write the induced map between cocharacter groups by std : X∗(T

∨) −→ X∗(T
∨
4 ). Explicitly, we

have

(a, b; c)
std7−−→ (a, b, c− b, c− a).

We also define T : X∗(T ) −→ X∗(T 4) to be a unique map which makes the following diagram commute

X∗(T ) X∗(T 4)

X∗(T
∨) X∗(T

∨
4 )

T

φ

std

Explicitly, T maps (a, b; c) ∈ X∗(T ) 7→ (a+ b+ c, a+ c, b+ c, c) ∈ X∗(T 4).
The map std also induces a map between W∨ and W∨4 . We again denote by T : W → W 4 the compo-

sition std ◦φ followed by the identification W∨4 = W 4. We have T (wλ) = T (w)T (λ) for all λ ∈ X∗(T ),
w ∈W . As a result, T extends to a map between W̃ and W̃4. Note that T is equal to the composition

W̃
(−)∗−−−→ W̃∨

std−−→ W̃∨4
(−)∗−−−→ W̃4.

The image of T in W̃ 4 can be interpreted as the invariant of a certain involution. Let w′0 ∈ W 4 be the
longest element. Let W̃ 4,a,Q = (X∗(T4) ⊗Z Q) oW4. Define Θ : W̃ 4,a,Q −→ W̃ 4,a,Q to be the unique
group homomorphism satisfying

Θ(s) = w′0sw
′
0, Θ(a, b, c, d) =

a+ b+ c+ d

2
(1, 1, 1, 1)− w′0(a, b, c, d)

for s ∈W 4 and (a, b, c, d) ∈ X∗(T 4). Then w̃ ∈ W̃ 4 is in the image of T if and only if Θ(w̃) = w̃.

Lemma 2.1.6. The map T : W̃ → W̃ 4 respects Bruhat ordering, i.e. for all w̃1, w̃2 ∈ W̃ ,

w̃1 ≤ w̃2 in W̃ if and only if T (w̃1) ≤ T (w̃2) in W̃ 4.

Moreover, for λ ∈ X∗(T ), we have Adm(λ)
T' Adm(T (λ))Θ.

Proof. The first claim is the result of Kottwitz–Rapoport [KR00, Proposition 2.3]. The second claim is the
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result of Haines–Châo [HC02, Proposition 5]. Note that in loc. cit., the set Perm(µ) is equal to Adm(µ) (for
the group GLn) by Theorem 1 in loc. cit..

2.1.7 Genericity

For a character λ ∈ X∗(T ) (resp. a cocharacter λ ∈ X∗(T
∨)), we define hλ = maxα∈Φ{〈λ, α∨〉}

(resp. hλ = maxα∈Φ{〈φ−1(λ), α∨〉}).

Definition 2.1.8 (cf. Definition 2.1.10 in [Le+a]). Let λ ∈ X∗(T ) be a character and m ∈ Z≥0.

1. We say that λ is m-deep in a p-alcove C if

nαp+m < 〈λ+ η, α∨〉 < (nα + 1)p−m

for all α ∈ Φ+ where C = {λ ∈ X∗(T )⊗R | nαp < 〈λ+ η, α∨〉 < (nα + 1)p,∀α ∈ Φ+}

2. We say λ is m-deep if it is m-deep in some p-alcove C.

3. For w̃ = wtν ∈ W̃ , we say that w̃ is m-generic if ν − η is m-deep.

4. For w̃ = wtν ∈ W̃ , we say that w̃ is m-small if hν ≤ m.

5. For z̃ ∈ W̃∨, we say that z̃ is m-generic (resp. m-small) if z̃∗ is m-generic (resp. m-small).

6. For a = (a1,a2,a3) ∈ F3, we say that a is m-generic if

{a1,a2,a1 + a2,a1 − a2} ∩ {−m,−m+ 1, . . . ,m− 1,m} = ∅

where {−m,−m+ 1, . . . ,m− 1,m} is considered as a subset of F using Z→ F.

7. Let P (X1, X2, X3) ∈ Z[X1, X2, X3] be a polynomial and let R be a commutative ring. We say that
a ∈ R3 (resp. a = (aj)j∈J ∈ (R3)J ) is P -generic if P (a) mod p (resp. P (aj) mod p) is in (R/p)×

(resp. for all j ∈ J ).

8. We define Pm(X1, X2, X3) ∈ Z[X1, X2, X3] to be the polynomial

Pm(X1, X2, X3) =

m∏
a=1

(X1 −X2 − a)(X2 − a)(X1 +X2 + a).

Note that λ− η ∈ C0 is m-deep if and only if λ (viewed as an element in Z3) is Pm-generic.

Lemma 2.1.9. If λ ∈ X∗(T ) is m-deep, then T (λ) ∈ X∗(T4) is m-deep in the sense of [Le+a, Definition

2.1.10]. Similarly, if w̃ ∈ W̃ is m-generic (resp. m-small), then T (w̃) ∈ W̃4 is m-generic (resp. m-small).

Proof. This follows from a direct computation.

2.2 Serre weights and Deligne–Lusztig representations

Let G be either GSp4 or GLn. Recall that we have a finite étale Zp-algebra Op and G0 = ResOp/Zp G/Op .
We remark that G0(Fp) = G(k) when Op = OK , and G0(Fp) = G(OF /p) when Op = OF ⊗Z Zp with F
a totally real field in which p is unramified.
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2.2.1 Serre weights

A Serre weight of G0(Fp) is an irreducible F-representation of G0(Fp). Recall the set of p-restricted domi-
nant weights

X∗1 (T ) =
{
λ ∈ X∗(T ) | ∀α∨ ∈ ∆∨, 0 ≤ 〈λ, α∨〉 ≤ p− 1

}
.

For λ ∈ X∗1 (T ), we write L(λ) for the unique up to isomorphism irreducible G/F-representation of highest
weight λ. Then F (λ) := L(λ)|G(Fp) is a Serre weight. Moreover, we have the following bijection ([GHS18,
Lemma 9.2.4])

X∗1 (T )

(p− π)X0(T )

∼−→ {Serre weights of G0(Fp)} / '

λ 7→ F (λ)

where X0(T ) := {λ ∈ X∗(T ) | ∀α ∈ Φ, 〈λ, α∨〉 = 0}. For an integer m ≥ 0, we say a Serre weight σ is
m-deep if σ ' F (λ) for some m-deep λ.

Let Xreg(T ) ⊂ X∗1 (T ) be the subset of λ such that 0 ≤ 〈λ, α∨〉 < p − 1 for all α∨ ∈ ∆∨. We say a
Serre weight σ is regular if σ ' F (λ) for some λ ∈ Xreg(T ).

Let w̃h := w0t−η . We denote by R an endomorphism on Xreg(T ) given by λ 7→ w̃h · λ. It preserves
X0(T ) and induces a map on the set of regular Serre weights byR(F (λ)) := F (R(λ)).

Definition 2.2.2. Let ω − η ∈ C0 ∩X∗(T ) and w̃1 ∈ W̃
+

1 . We define

F(w̃1,ω) := F (π−1(w̃1) · (ω − η)).

Consider the equivalence relation (w̃1, ω) ∼ (tνw̃1, ω − ν) for all ν ∈ X0(T ). The map (w̃1, ω) 7→ F(w̃1,ω)

sends equivalent pairs to the same Serre weights. We call the equivalence class of (w̃1, ω) as a lowest alcove

presentation of F(w̃1,ω). Let m ∈ Z≥0. If ω − η is m-deep in C0, we say that (w̃1, ω) is m-generic lowest
alcove presentation of F(w̃1,ω).

2.2.3 Deligne–Lusztig representations

Let (s, µ) ∈ W × X∗(T ). By [GHS18, Proposition 9.2.1 and 9.2.2], we can attach a Deligne–Lusztig
representation Rs(µ) of G0(Fp). By [DL76, Proposition 10.10], it is a genuine representation of G0(Fp) if
(s, µ) is a good pair (see [LLL19, §2.2]).

Definition 2.2.4. Let R be a Deligne–Luszitg representation and m ∈ Z≥0.

1. We say that (s, µ − η) is a m-generic lowest alcove presentation of R if R ' Rs(µ) and µ − η is
m-deep in C0.

2. We say that R is m-generic if there exists a m-generic lowest alcove presentation of R.

Remark 2.2.5. If µ− η is 0-deep in C0, then (s, µ) is a good pair. Moreover if µ− η is 1-deep in C0, then
Rs(µ) is irreducible by [DL76, Theorme 6.8].

The following Proposition gives the Jordan–Hölder factors of the reduction of Deligne–Lusztig represen-
tations in generic cases.
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Proposition 2.2.6 (Proposition 2.3.6 in [Le+a]). Let (s, µ− η) be a lowest alcove presentation of Rs(µ) that

is 6-generic if G = GSp4 and 2(n − 1)-generic if G = GLn. For λ ∈ X∗1 (T ), F (λ) ∈ JH(Rs(µ)) if and

only if there exists w̃ = wt−ν ∈ W̃ such that

w̃ · (µ− η + sπ(ν))) ↑ w̃h · λ

and w̃ · C0 ↑ w̃h · C0.

Definition 2.2.7. Let w ∈ W . Let ν ∈ X∗(T ) be an element up-to-X0(T ) uniquely determined by the
condition wt−ν ∈ W̃ 1. We define ŵ := wt−ν mod X0(T ).

By abuse of notation, we also let ŵ denote a representative in its class.

Definition 2.2.8. Let R ' Rs(µ) be a Deligne–Lusztig representation that is 6-generic if G = GSp4 and
2(n− 1)-generic if G = GLn. By Proposition 2.2.6, we can define a function

FR : W → JH(Rs(µ))

w 7→ F (w̃−1
h π−1(ŵ) · (µ− η + s(ŵ−1(0)))).

Note that this does not depend on the choice of ŵ. The map FR depends on the choice of the lowest
alcove presentation, which will be clear in the context. So we suppress the dependence on it in the notation.

Serre weights in the image of FR are called outer weights in [Le+20].

2.3 Tame inertial L-parameters

Recall that we take Op to be a finite étale Zp-algebra. It is isomorphism to
∏
v∈Sp Ov where Sp is a finite

set and Ov is the ring of intergers in some finite unramified extension Fv/Qp. Following [Le+a, §1.8.2], we
have the following definitions.

Definition 2.3.1. Let A be a topolocigal O-algebra.

1. An L-homomorphism over A is a continuous homomorphism WQp →
LG(A). An L-parameter over

A is aG∨(A)-conjugacy class of L-homomorphisms. WhenA is finite, any L-homomorphism extends
to GQp .

2. An inertial L-homomorphism over A is a continuous homomorphism IQp → G∨(A) which has open
kernel and extends to an L-homomorphism over A. An inertial L-parameter over A is a G∨(A)-
conjugacy class of inertial L-homomorphism.

3. An inertial type for K over A is a G∨(A)-conjugacy class of homomorphisms IK → G∨(A) which
has open kernel and extends to homomorphisms WK → G∨(A).

Note that a choice of an isomorphism F v ' Qp for each v ∈ Sp induces an embedding GFv ↪→ GQp .
This induces a bijection between L-homomorphisms over A and collections of continuous homomorphisms
WFv → G∨(A) indexed by Sp. Once we take G∨(A)-conjugacy classes and G∨(A)-conjugacy classes
respectively, the bijection is independent of the choice of isomorphisms. The same bijection holds for inertial
L-parameters and collections of inertial types for Fv indexed by Sp. In particular, when Op = OK , the
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inertial L-parameter over A is equivalent to an inertial type for K over A. When A is finite, one can replace
Weil groups in the definition by Galois groups.

Let (s, µ) ∈ W × X∗(T ) and s′ = T (s), µ′ = T (µ). Then [LLL19, Definition 2.2.1] defines a tame
inertial L-parameter

τ(s′, µ′ + η′) : IQp → T∨4 (O).

By our choice of (s′, µ′), this factors through T∨(O) ⊂ T∨4 (O), and we let τ(s, µ + η) denote the induced
tame inertial L-parameter valued in T∨(O).

Let F ∗ denote the endomorphism pπ−1 on X∗(T∨), and d ≥ 1 be an integer such that (F ∗ ◦ s−1)d = pd.
By [Le+a, §2.4], we have the following explicit description:

τ(s, µ+ η) :=

(
d−1∑
i=0

(F ∗ ◦ φ(s)−1)i(φ(µ+ η))

)
(ωd) : IQp

−→ T∨(O).

When Op = OK , we also write τ(s, µ + η) to denote the corresponding tame inertial type for K. By
following Example 2.4.1 of loc. cit., we write sτ := s0s1 . . . sf−1 ∈W , r := |sτ |, and a(0) := (

∑f−1
j=0 (F ∗ ◦

s−1)j(µ+ η))0 ∈ X∗(T ). Then we have

τ(s, µ+ η) =

(
r−1∑
k=0

pfkφ(sτ )−k
(
φ
(
a0
)))

(ωfr) : IK → T∨(O).

Note that base change − ⊗O E and − ⊗O F induce bijections between tame inertial L-parameters over
O, E, and F. For a tame inertial L-parameter τ over O or E, we write τ for the corresponding tame inertial
L-parameter over F.

Definition 2.3.2. Let τ (resp. τ ) be a tame inertial L-parameter over E (resp. F). Let m ∈ Z≥0.

1. A pair (s, µ) ∈ W ×X∗(T ) is a m-generic lowest alcove presentation of τ (resp τ ) if µ is m-deep in
C0 and τ ' τ(s, µ+ η) (resp τ ' τ(s, µ+ η)).

2. We say τ (resp. τ ) is m-generic if there is a m-generic lowest alcove presentation (s, µ) of τ (resp. τ ).

2.4 Inertial local Langlands for GSp4

In this section, we take G = GSp4 and Op = OK .
In [GT11a], Gan and Takeda established the local Langlands correspondence for GSp4, which we denote

by recGT. It is a surjective finite-to-one map that takes equivalence classes of smooth irreducible represen-
tation of GSp4(K) to GSp4-conjugacy classes of Weil–Deligne representations of WK valued in GSp4(C).
Fix once and for all an isomorphism ι : C ' Qp. This induces a correspondence recGT,ι over Qp. We define
a normalized local Langlands correspondence by

recGT,p(π) := recGT,ι(π ⊗ |sim|−3/2
)

for any smooth irreducible Qp-representation π of GSp4(K).
Let τ be a tame inertial L-parameter with 1-generic lowest alcove presentation (s, µ). We attach a tame

type σ(τ) := Rs(µ+ η) to τ . We often view σ(τ) as GSp4(OK)-representation by inflation.
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Theorem 2.4.1. Let π be a smooth irreducible Qp-representation of GSp4(K) and τ be a tame inertial type

for K with 1-generic lowest alcove presentation (s, µ). If σ(τ) ⊂ π|GSp4(OK), then recGT(π)|IK ' τ .

Moreover, HomQp[GSp4(OK)](σ(τ), π|GSp4(OK)) is 1-dimensional.

Recall that given a pair (s, µ) ∈W ×X∗(T ), we defined (sτ , a(0)) ∈W ×X∗(T ) by

sτ = s0s1 . . . sf−1, a(0) =

f−1∑
j=0

((F ∗ ◦ s−1)j(µ+ η))0.

For such (sτ , a(0)), we can associate a pair (T, θ) := (Tsτ , θsτ ,a(0)) and the Deligne–Lusztig representation
εGSp4

εTR
θ
T following [Her09, Lemma 4.2]. Using [DM20, Corollary 10.5 and Proposition 12.2] and [CGP15,

Proposition A.5.15(1)], one can see that εGSp4
εTR

θ
T is isomorphic to Rs(µ + η) as GSp4(k) ' G0(Fp)-

representation. We say that Rs(µ+ η) is cuspidal if the torus T is not contained in any proper Levi subgroup
of GSp4. Otherwise, it is called non-cuspidal.

Let P be the minimal standard parabolic subgroup of GSp4 containing T with Levi factor M and the
unipotent radical N . By [DL76, Proposition 8.2] we have

RθT = Ind
G(Fq)

P (Fq)
(RθT,P ).

Note that M decomposes into a product
∏r
i=1Mi (see [RS07, §2.1]). We also write T =

∏r
i=1 Ti where

Ti ⊂ Mi is a maximal torus and θi = θ|Ti . By Künneth Theorem, we have an isomorphism between
M(k)-representations

RθT,P =

r⊗
i=1

RθiTi,Mi
.

We give explicit descriptions of Ti and θi. Let us write a(0) = (a1, a2; a3). Recall that we write T2 for the
diagonal torus of GL2 and W2 for the Weyl group for GL2. Only in this section, we write W2 = {1, s}.

1. When sτ = 1, we have P = B, r = 3, Mi = Ti = Gm for 1 ≤ i ≤ 3. Then θi is given by
ai ∈ X∗(Gm).

2. When sτ ∈ {s1, s2s1s2}, we have P = S, r = 2, M1 ' GL2 and M2 ' Gm. Then (T1, θ1) =

(Ts, θs,µ) where µ = (a1, a2) (resp. (a1,−a2)) in X∗(T2) when sτ = s1 (resp. s2s1s2), and θ2 is
given by a3 ∈ X∗(Gm).

3. When sτ ∈ {s2, s1s2s1}, we have P = Q, r = 2, M1 ' Gm, and M2 ' GL2. Then θ1 is given by
a1 (resp. a2) in X∗(Gm), and (T2, θ2) = (Ts, θs,µ) where µ = (a2 + a3, a3) (resp. (a1 + a3, a3)) in
X∗(T2) when sτ = s2 (resp. s1s2s1).

4. When sτ ∈ {s1s2, s2s1, w0}, we have P = GSp4. This is the only case that RθT is cuspidal.

Let π and σ(τ) be as in Theorem 2.4.1. When σ(τ) is non-cuspidal, we can use the above data to describe
π as a parabolically induced representation.

Proposition 2.4.2. Let τ be a 1-generic tame inertial L-parameter such that σ(τ) is non-cuspidal. Let π

be a smooth irreducible Qp-representation of G(K) such that σ(τ) ⊂ π|GSp4(OK). Following the above
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notations, there exists a Mi(OK)K×-representation R̃θiTi extending εMiεTiR
θi
Ti such that

π ' Ind
GSp4(K)
P (K)

(
r⊗
i=1

ind
Mi(K)
Mi(OK)K× R̃

θi
Ti

)
.

Moreover, π contains σ(τ) with multiplicity one.

Proof. Let P ⊂ GSp4(OK) be the parahoric subgroup defined as the inverse image of P (k) ⊂ GSp4(k).
We let σP and σM denote the inflation of εP εTRθT,P to P and M(OK) respectively. By [Mor99, Lemma
3.6], we have an isomorphism πσP ' (πN )σM where πN is the unnormalized Jacquet module. Since σ(τ) ⊂
π|GSp4(OK), we get σM ↪→ πN |M(OK). The pair (M(OK), σM ) is M(K)-type. This implies that there is an
isomorphism of M(K)-representations πN

∼→ τσM for a supercuspidal representation of M(K)

τσM =

r⊗
i=1

ind
Mi(K)
Mi(OK)K× R̃

θi
Ti,Mi

where R̃θiTi is a Mi(OK)K×-representation extending εMi
εTiR

θi
Ti (see [Mor99, Proposition 4.1]). By Frobe-

nius reciprocity, we get a non-zero map

π → Ind
GSp4(K)
P (K) τσM .

This is an isomorphism by [GT11b, Lemma 5.1.(a), 5.2.(b)] (for P = S or Q) and [Box+21, Proposition
2.4.6] (for P = B).

Let GSp4(OK)1 := ker(GSp4(OK) � GSp4(k)). Also we let σ̃M be the M(OK)K×-representation
extending σM by letting K× act by the central character of π. Then the multiplicity one assertion follows
from

πσ(τ) ' HomGSp4(k)(σ(τ), πGSp4(OK)1) ' πσP ' (πN )σM ' (τσM )σ̃M ' HomM(K)(τσM , τσM )

where the second isomorphism is induced by Frobenius reciprocity for finite groups, the fourth isomorphism
exists because πN ' τσM admits a central character, and the last isomorphism is induced by the Frobenius
reciprocity for compact inductions.

Now suppose that σ(τ) is cuspidal. We write σ̃(τ) for the G(OK)K×-representation extending σ(τ)

by letting K× act by central character of π. By [DR09, Lemma 4.5.1], we have an isomorphism of G(K)-
representations

π ' ind
G(K)
G(OK)K×(σ̃(τ)).

We prove Theorem 2.4.1 using an explicit description of the local Langlands correspondence. In the
non-cuspidal case, we use the explicit theta correspondence in [GT11b]. In the cuspidal case, we use the
explicit construction of the local Langlands correspondence for tame regular semisimple elliptic Langlands
parameters in [DR09]. Note that the compatibility between the local Langlands correspondence for GSp4 of
DeBacker–Reeder and Gan–Takeda is proven by Lust ([Lus13, Theorem 1.1]).
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2.4.3 Explicit theta correspondences

In [GT11b], Gan–Takeda established theta correspondences between the group GSp4 and various similitude
orthogonal groups GSO2,2,GSO3,3, and GSO4,0. This was used to prove the local Langlands conjecture for
GSp4 ([GT11a]). The parabolically induced representations of GSp4 has a non-zero theta lift to GSO3,3.
The group GSO3,3 admits an accidental isomorphism

GSO3,3 ' (GL4 ×GL1)/
{

(z, z−2) | z ∈ GL1)
}
.

Using this isomorphism, we view a representation of GSO3,3 as a representation of GL4 ×GL1.
Let π be a irreducible smooth C-representation of GSp4(K). If the theta lifting of π to GSO3,3 is given

by (non-zero) Π � χ, the L-parameter of Π � χ (which is valued in GL4(C)×GL1(C)) factors through the
map

GSp4(C)
std× sim−−−−−−→ GL4(C)×GL1(C)

which provides the L-parameter recGT(π) of π.
In the following Theorem, we write φτ for theL-parameter attached to a smooth irreducible Qp-representation

τ of GL2(K) by [HT01] conjugated by ι. We write ωτ for the central character of τ .

Proposition 2.4.4. Let π be a smooth irreducible Qp-representation of GSp4(K).

1. (P = B the Borel subgroup) If π ' Ind
GSp4(K)
B(K) (χ1, χ2;χ), then

recGT,p(π) = χ1χ2χ|·|−3 ⊕ χ1χ|·|−2 ⊕ χ2χ|·|−1 ⊕ χ : WK −→ T (E) ⊂ GSp4(E).

2. (P = Q the Klingen parabolic) If π ' Ind
GSp4(K)
Q(K) (χ⊗ τ), then

recGT,p(π) = φτ |·|−1/2 ⊕ φτχ|·|−5/2
: WK −→MQ(E) ⊂ GSp4(E).

3. (P = S the Siegel parabolic) If π ' Ind
GSp4(K)
P (K) (τ ⊗ χ), then

recGT,p(π) = χ⊕ φτχ|·|−3/2 ⊕ χωτ |·|−3
: WK −→MS(E) ⊂ GSp4(E).

Proof. This is a special case of [GT11b, Proposition 13.1] (vi), (iv), (v) (for (1), (2), (3) respectively). Note
that the induction in loc. cit. is normalized.

Proof of Theorem 2.4.1 in the non-cuspidal case. This follows from Proposition 2.4.2 and 2.4.4, and the in-
ertial local Langlands correspondence for GL2 and GL1 (e.g. [Le+a, Proposition 2.5.5]).

2.4.5 Depth zero regular supercuspidal local Langlands

Let τ ' τ(s, µ+η) be a 1-generic tame inertial type for K over E and ψ : GK → GSp4(E) be a continuous
representation extending τ . We also assume σ(τ) cuspidal. After taking conjugation, we can assume that the
image of IK is contained in T (E) and ψ(FrobK) ∈ NG(T ). We can write ψ(FrobK) = wt for a unique
w ∈ W and some t ∈ T (E). Note that t gives a well-defined class in T/(1 − w)T , and thus sim(t) is
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independent of the choice of t. By the construction of τ , we must have w = φ(sτ ). The cuspidality of σ(τ)

implies w ∈ {s1s2, s2s1, w0}. Then ψ is TRSELP (tame regular semisimple elliptic L-parameter) in the
sense of [DR09, §4.1].

For any TRSELP ψ, DeBacker–Reeder constructed the L-packet of depth-zero supercuspidal representa-
tions associated with it. These representations are distributed among the pure inner forms of GSp4. The pure
inner forms are parameterized by Galois cohomology H1(K,GSp4). Since H1(K, Sp4) = 1 (because Sp4

is simply-connected) and H1(K,Gm) = 1, we have H1(K,GSp4) = 1. Thus, all these representations are
of GSp4.

Now we explain the construction in [DR09, §4] in a special case. The L-packet of ψ, denoted by Π(ψ),
is parameterized by Irr(Cψ) the (finite) set of irreducible representations of Cψ = π0(ZG(Imψ)). One can
check that Cψ is trivial when sτ = s1s2 or s2s1 and is isomorphic to Z/2Z when sτ = w0. In both cases,
we simply take the trivial representation of Cψ . Then the corresponding element in Π(ψ) is given by

ind
G(K)
G(OK)K× R̃

θ
T

where (T, θ) = (Tsτ , θsτ ,a(0)), R̃θT|G(OK) ' εGεTRθT, and R̃θT|K× sends p to sim(t).

Proof of Theorem 2.4.1 in the cuspidal case. We know that σ(τ) ⊂ π|G(OK) implies that π ' ind
G(K)
G(OK)K×(σ̃(τ))

for some σ̃(τ) extending σ(τ). Let ωπ be the central character of π. By the above construction, π is con-
tained in the L-packet of ψ such that ψ|IK ' τ and sim(ψ)(FrobK) = ωπ(p). The multiplicity one assertion
follows from

HomG(OK)(σ(τ), π|G(OK)) ' HomG(OK)K×(σ̃(τ), π|G(OK)K×) ' HomG(K)(π, π)

where the first isomorphism exists because π admits a central character, and the second isomorphism follows
from the Frobenius reciprocity for compact inductions.

2.4.6 Serre weights of a tame inertial L-parameter

We define the conjectural set of Serre weights associated to a tame inertial L-parameter following [GHS18,
Definition 9.2.5].

Definition 2.4.7. Let ρ be a tame inertial L-parameter over F. We defineW ?(ρ) to be the setR(JH(σ([ρ]))).

Definition 2.4.8. Let ρ ' τ(s, µ) be a 6-generic tame inertial L-parameter over F. We define a function

Fρ : W →W ?(ρ)

w 7→ R(Fσ([ρ])(w)).

We define Wobv(ρ) to be the image of Fρ and call its elements as obvious weights of ρ.

Note that Wobv(ρ) does not depend on the choice of the lowest alcove presentation of ρ and coincides
with Wobv(ρ) defined in [Le+a, Definition 2.6.3]. In loc. cit., Fρ(w) is called as the obvious weight of ρ
corresponding to w.
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2.4.9 Transfer to GL4

Recall that we have a map T defined in §2.1 which maps W to W 4 and X∗(T ) to X∗(T 4). Using this, we
define the transfer of Deligne–Lusztig representations and Serre weights of G0(Fp) to (GL4)0(Fp).

Proposition 2.4.10. The map T induces a well-defined assignment from Deligne–Lusztig representations

(resp. Serre weights) of G0(Fp) to the Deligne–Lusztig representations (resp. Serre weights) of (GL4)0(Fp)

given by

Rs(µ) 7→ T (Rs(µ)) := RT (s)(T (µ))

F (λ) 7→ T (F (λ)) := F (T (λ)).

Suppose that µ − η ∈ C0 is 6-deep. Then F (λ) ∈ JH(Rs(µ)) implies T (F (λ)) ∈ JH(T (Rs(µ))). The

converse is true if furthermore µ− η = (aj , bj ; cj)j∈J and |aj − p/2| > 3/2 for each j ∈ J .

Proof. The first claim for Deligne–Lusztig representations follows from the fact that the map T respects the
Weyl group action on the character lattice and p-dot actions. For Serre weights, it follows from that T maps
X∗1 (T ) and X0(T ) into X∗1 (T 4) and X0(T 4) respectively.

Suppose that F (λ) ∈ JH(Rs(µ)). By Proposition 2.2.6, there exists w ∈ W and w̃ ∈ W̃ 1 such that
ŵ ↑ w̃ and

F (λ) ' F
(
w̃−1
h w̃ · (µ− η + sπ(ŵ−1(0)))

)
∈ JH(Rs(µ)).

Let T (w̃h) = w̃′h. By applying T to the above equation, we have

T (F (λ)) ' F
(
w̃′−1
h T (w̃) · (T (µ)− η′ + T (sπ(ŵ−1(0))))

)
.

Since two ordering ≤ and ↑ coincide on W̃
+

, we have T (ŵ) ↑ T (w̃) by Lemma 2.1.6. Then the above
equality implies T (F (λ)) ∈ JH(T (Rs(µ))) by Proposition 2.2.6.

For the converse, suppose T (F (λ)) ∈ JH(T (Rs(µ))). Then there exists w′ ∈ W 4 and w̃′ ∈ W̃ 1 such
that ŵ′ ↑ w̃′ and

T (F (λ)) ' F
(
w̃′−1
h w̃′ · (T (µ)− η′ + T (s)π(ŵ′−1(0)))

)
.

This shows that w̃′−1
h w̃′ · (T (µ)− η′ + T (s)π(ŵ′−1(0))) is fixed by Θ (defined in §2.1). Suppose that w̃′ is

fixed by Θ. Then ŵ′−1(0) is fixed by Θ, and simple computation shows that ŵ′ is fixed by Θ as well. Thus
w̃′ = T (w̃) and ŵ′ = T (ŵ) for some w̃ ∈ W̃ 1 and w ∈ W . As in the previous paragraph, this shows that
F (λ) ∈ JH(Rs(µ)).

We finish the proof by showing that w̃′ is fixed by Θ. Let w̃0 ∈ W̃ be an element such that λ ∈ w̃0 · C0.
Then we can write w̃′ = T (w̃0)δ′ for some δ′ ∈ Ω4. Suppose that δ′ is not fixed by Θ. Since Ω4/T (Ω) is
cyclic group of order 2, we can assume that δ′j is the generator of Ω4 sending (a, b, c, d) to (b, c, d, a− p) for
at least one j ∈ J . Let us write µ− η = (aj , bj ; cj)j∈J and T (s)π(ŵ′−1) = (xj , yj , zj , wj)j∈J . Then

(
δ′ · (T (µ− η) + T (s)π(ŵ′−1))

)
j

= δ′j · (aj + bj + cj + xj , aj + cj + yj , bj + cj + zj , cj + wj)

= (aj + cj + yj , bj + cj + zj , cj + wj , aj + bj + cj + xj − p).
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Since δ′ · (T (µ − η) + T (s)π(ŵ′−1)) is fixed by Θ, we have 2aj − p = zj + wj − yj − xj . However,
|zj + wj − yj − xj | ≤ 3 by [LLL19, Remark 4.1.4]. This leads to a contradiction and δ′ is fixed by Θ.

Example 2.4.11. The condition |aj − p/2| > 3/2 in the above Lemma may seem dubious but it is necessary.
For example, let K = Qp and (s, µ − η) ∈ W × X∗(T ) be a lowest alcove presentation of Rs(µ) where
s = e, µ − η = (a, b; c). We take a = (p − 1)/2. Let w′ ∈ W4 be the element sending (x, y, z, w) to
(y, z, w, x). Then ŵ′ = w′t−ν where ν = (1, 0, 0, 0). Let

λ′ := w̃′−1
h ŵ · (T (µ)− η′ + ν)

= w̃′−1
h · T (a, a− b; b+ c− a)

so that F (λ′) ∈ JH(T (Re(µ))). However, one can easily check that

F (w̃−1
h · (a, a− b; b+ c− a)) /∈ JH(Re(µ)).

Corollary 2.4.12. Let ρ ' τ(s, µ) be a 6-generic tame inertial L-parameter. Recall the set W ?(std(ρ))

defined in [Le+a, Definition 2.6.1] Suppose that µ − η = (aj , bj ; cj)j∈J and |aj − p/2| > 3/2 for each

j ∈ J . Then

T (W ?(ρ)) = W ?(std(ρ)) ∩ {T (F (λ)) | λ ∈ X∗1 (T )}.

The following Corollary shows the compatibility between the inertial local Langlands correspondence
and the transfer of Deligne–Lusztig representations.

Corollary 2.4.13. Let π be a smooth irreducible Qp-representation of GSp4(K) and ψ = recGT,p(π). Let Π

be a smooth irreducible Qp-representation of GL4(K) corresponding to std(ψ) under the local Langlands

correspondence of [HT01] (conjugated by ι). Let τ be a 1-generic tame inertial L-parameter. If σ(τ) ⊂
π|GSp4(OK), then T (σ(τ)) ⊂ Π|GL4(OK).

Proof. By Theorem 2.4.1, we have ψ|IK ' τ . Then the claim follows from the construction of T (σ(τ))

and [Sho18, Theorem 3.7 (2)]. (Note that although the local Langlands correspondence used in loc. cit. is
normalized, it only differs by unramified twist.)

Remark 2.4.14. The converse of the above Corollary is not true, as the L-packet of ψ can have two elements
(e.g. if ψ|IK ' τ(s, µ) and sτ = w0).

2.5 Combinatorics between types and weights

Let G be either GSp4 or GLn. We first introduce some notations and definitions.

Notation 2.5.1. Let (s, µ) be a lowest alcove presentation of a Deligne–Lusztig representation R (resp. a
tame inerital L-parameter τ ). We let w̃(R) (resp. w̃(τ)) denote tµ+ηs ∈ W̃ . If ρ is another tame inertial
L-parameter with a lowest alcove presentation (s′, µ′), we write

w̃(ρ, τ) := w̃(τ)−1w̃(ρ) ∈ W̃ .
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Definition 2.5.2. We call an element ofX∗(Z) as an algebraic central character and an element ofX∗(Z)/(p−
π)X∗(Z) as a central character.

Note that X∗(Z)/(p− π)X∗(Z) ' Hom(Z(Op/p),F×) which justifies the term central character.
Recall that we have an isomorphism

Ω ' W̃/W a ' X∗(Z). (2.5.3)

If σ is a Serre weight with a lowest alcove presentation (w̃1, ω), then the central character of σ can be
described as the image of tω−ηw̃1 under (2.5.3) composed withX∗(Z) � X∗(Z)/(p−π)X∗(Z). Similarly,
ifR is a Deligne–Lusztig representation with a lowest alcove presentation (s, µ), then the central character of
R is given by the lift of the image of w̃(R) under (2.5.3) composed with X∗(Z) � X∗(Z)/(p− π)X∗(Z).

For a dominant character λ ∈ X∗(T ), let W (λ)/O be the unique up to isomorphism irreducible algebraic
G/O-representation of highest weight λ. Let V (λ) be the restriction of W (λ)/O to G0(Zp). We define a type

(of G0(Zp)) to be a pair (λ + η, τ) where λ ∈ X∗(T∨) is a dominant cocharacter and τ is a 1-generic tame
inertial L-parameter. To a type (λ+ η, τ), we associate a locally algebraic representations of G0(Zp)

σ(λ, τ) := σ(τ)⊗O V (φ−1(λ)).

Let W (λ)/F be the dual Weyl module of highest weight λ for the algebraic group G/F and W (λ) be the
restriction of W (λ)/F to G0(Fp). Note that V (λ)⊗O F 'W (λ).

Definition 2.5.4. 1. Let (w̃1, ω) be a lowest alcove presentation of a Serre weight σ. We say (w̃1, ω) is
compatible with ζ ∈ X∗(Z) if the image of tω−ηw̃1 in X∗(Z) under (2.5.3) is equal to ζ. We also say
that σ has algebraic central character ζ (with respect to (w̃1, ω)).

2. Let (s, µ) be a lowest alcove presentation of a Deligne–Lusztig representation R (resp. a tame inertial
L-parameter τ overE). Let λ ∈ X∗(T ). We say (s, µ) is λ-compatible with ζ ∈ X∗(Z) if the image of
tλtµ+ηs in X∗(Z) under (2.5.3) is equal to ζ. When λ = 0, we also say that R (resp. τ ) has algebraic

central character ζ (with respect to (s, µ)).

3. Let (s, µ) be a lowest alcove presentation of a tame inertial L-parameter τ over F. Let λ ∈ X∗(T ).
We say (s, µ) is λ-compatible with ζ ∈ X∗(Z) if the image of tλtµs in X∗(Z) under (2.5.3) is equal
to ζ. (Note that this differs by tη from item (2); see [Le+a, Remark 2.4.2].) When λ = 0, we also say
that τ has algebraic central character ζ (with respect to (s, µ)).

4. We say that a lowest alcove presentation of tame inertial type τ over E (or τ over F) is (λ-)compatible

with a lowest alcove presentation of a Serre weight (or Deligne–Lusztig representation) if the former is
(λ-)compatible with ζ ∈ X∗(Z) and the latter is compatible with ζ.

Remark 2.5.5. A choice of algebraic central character lifting the central character of Serre weights or
Deligne–Lusztig representations corresponds to a choice of lowest alcove presentations (see [Le+a, Lemma
2.2.4 and 2.3.2]). Later, we will study objects whose constructions depend on choices of lowest alcove
presentations and their connections. The (λ-)compatibility is a notion to make such choices consistent.

Let λ ∈ X∗(T ) be a dominant character. We have the set of admissible pairs defined in [Le+a, §2.1]

AP(λ+ η) :=
{

(w̃1, w̃2) ∈ (W̃
+

1 × W̃
+

)/X0(T ) | w̃1 ↑ tλw̃−1
h w̃2

}
.
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Proposition 2.5.6 (Proposition 2.3.7 in [Le+a]). Let λ ∈ X∗(T ) be a dominant character. Let m be an

integer such that m ≥ max{hλ + 3, 6} if G = GSp4 and m ≥ max{hλ + n − 1, 2(n − 1)} if G = GLn.

For m-generic Deligne–Lusztig representation R, we have the following bijection

AP(λ+ η) ' JH(R⊗F W (λ))

(w̃1, w̃2) 7→ F(w̃1,w̃(R)w̃−1
2 (0)).

Moreover, every Jordan–Hölder factor are (m−hλ−3)-deep and the lowest alcove presentations (w̃1, w̃(R)w̃−1
2 (0))

of these Serre weights are λ-compatible with the lowest alcove presentation of R.

Remark 2.5.7. Suppose that we have λ = 0 in Proposition 2.5.6. By [Le+a, Proposition 2.1.6], the condition
w̃1 ↑ w̃−1

h w̃2 is equivalent to w̃2 ↑ w̃hw̃1. Let us write

ν = π−1(w̃1) · (µ− η + sw̃−1
2 (0))

for (w̃1, w̃2) ∈ AP(η) so that F(w̃1,w̃(R)w̃−1
2 (0)) = F (ν). Then

π−1(w̃2) · (µ− η + sw̃−1
2 (0)) ↑ w̃h · ν

as in Proposition 2.2.6.

Proposition 2.5.8 (Proposition 2.6.2 in [Le+a]). Let m be an integer such that m ≥ 6 if G = GSp4 and

m ≥ 2(n − 1) if G = GLn. Let ρ be a tame inertial L-parameter over F with a m-generic lowest alcove

presentation. Then there is a bijection

{(w̃, w̃2) ∈ (W̃
+

1 × W̃
+

)/X0(T ) | w̃2 ↑ w̃}
∼→W ?(ρ)

(w̃, w̃2) 7→ F(w̃,w̃(ρ)w̃−1
2 (0)).

Moreover, every Jordan–Hölder factor are (m−3)-deep and the lowest alcove presentations (w̃, w̃(ρ)w̃−1
2 (0))

of these Serre weights are compatible with the lowest alcove presentation of w̃(ρ).

Definition 2.5.9. Let σ and κ be Serre weights. We write σ ↑ κ if there exist λ, λ′ ∈ X∗1 (T ) such that
σ ' F (λ), κ ' F (λ′), and λ ↑ λ′.

Lemma 2.5.10. Let ρ be a tame inertial L-parameter over F that is 6-generic if G = GSp4 and 2(n − 1)-

generic if G = GLn. Let σ, κ ∈W ?(ρ) be Serre weights. Then σ ↑ κ if and only if σ ' F(w̃,w̃(ρ)w̃−1
2 (0)) and

κ ' F(w̃′,w̃(ρ)w̃−1
2 (0)) for w̃, w̃′ ∈ W̃

+

1 and w̃2 ∈ W̃
+

such that w̃2 ↑ w̃ ↑ w̃′.

Proof. Suppose that σ ' F(w̃,w̃(ρ)w̃−1
2 (0)) and κ ' F(w̃′,w̃(ρ)w̃′−1

2 (0)) for w̃, w̃′ ∈ W̃
+

1 and w̃2, w̃
′
2 ∈ W̃

+

such that w̃2 ↑ w̃ and w̃′2 ↑ w̃′. By changing w̃2 up to X0(T ) (and w̃ accordingly), we can guarantee that
π−1(w̃2) · (w̃(ρ)w̃−1

2 (0) − η) and π−1(w̃′2) · (w̃(ρ)w̃′−1
2 (0) − η) are in the same W a-orbit (under the p-

dot action). Let w̃2 = wtν and w̃′2 = w′tν′ . Then (pπ−1 − 1)ν ≡ (pπ−1 − 1)ν′ mod ΛR. By applying
(1 + pπ−1 + . . . (pπ−1)r−1) to this equation where r is an integer such that πr = id, we deduce that
ν ≡ ν′ mod ΛR. Then pπ−1(ν) − w̃(ρ)ν − η and pπ−1(ν) − w̃(ρ)ν′ − η are in the same W a-orbit. Since
they are in the same p-alcove C0 + π−1(pν), they have to be equal. Thus, we conclude that ν = ν′, which
implies that w̃2 = w̃′2. Then w̃ ↑ w̃′ follows immediately from σ ↑ κ.
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For the remaining of this section, we let G = GSp4. The following lemmas will be useful in proving
main results in §6.

Lemma 2.5.11 (Corollary 2.6.5 in [Le+a]). Let λ ∈ X∗(T ) be a dominant character. Let ρ and τ be tame

inertial L-parameters over F andE, with λ-compatible 6-generic and max{6, hλ+3}-generic lowest alcove

presentation respectively, such that w̃(ρ, τ) = tw−1(λ+η) for some w ∈W . Then we have

JH(σ(λ, τ)) ∩W ?(ρ) = {(Fρ(w))} .

Lemma 2.5.12. Let λ ∈ X∗1 (T ) be a 12-deep dominant character. Let ρ be a tame inertial L-parameter over

F with a 12-generic lowest alcove presentation (sρ, µρ). For each s ∈ W , we consider a tame inertial type

τ(s, w̃h · λ + η). Suppose that for each s ∈ W , τ(s, w̃h · λ + η) admits a lowest alcove presentation such

that w̃(ρ, τ(s, w̃h · λ+ η)) ∈ Adm(η). Then F (λ) ∈W ?(ρ).

Proof. This can be proven as [LLL19, Lemma 4.1.10].

Remark 2.5.13. Let (s, µ + η) be the lowest alcove presentation of τ(s, w̃h · λ + η) as in the previous
Lemma. We remark that the condition w̃(ρ, τ(s, w̃h · λ + η)) ∈ Adm(η) implies that the images of stµ+η

and sρtµρ under (2.5.3) are equal, or equivalently, µρ − µ ∈ ΛR (cf. the condition (P3) in [LLL19, §4.1]).
This condition uniquely determines the lowest alcove presentation (s, µ+ η) of τ(s, w̃h · λ+ η) (if it exists).

Lemma 2.5.14. Let ρ : IQp
→ LG(F) be a 6-generic tame inertial L-parameter. Let σ ∈W ?(ρ) be a Serre

weight with a lowest alcove presentation (w̃−1
h w̃, w̃2) for some (w̃, w̃2) ∈ W̃

+

1 × W̃
+

such that w̃2 ↑ w̃−1
h w̃.

Suppose that τ is a tame type with a 6-generic lowest alcove representation such that w̃(ρ, τ) = w̃−1w0w̃2.

Then,

1. σ ∈ JH(σ(τ)); and

2. if κ ∈W ?(ρ) ∩ JH(σ(τ)) and σ ↑ κ, then σ = κ.

Proof. Since w̃(ρ)w̃−1
2 (0) = w̃(τ)w̃−1(0), we have σ = F(w̃−1

h w̃,w̃(τ)w̃−1(0)) and F(w̃−1
h w̃,w̃(τ)w̃−1(0)) ∈

JH(σ(τ)) by Proposition 2.5.6. Suppose that κ ∈ W ?(ρ) ∩ JH(σ(τ)) and σ ↑ κ. Let (s̃, ω) be a lowest
alcove presentation of κ compatible with ρ. By Proposition 2.5.6, there exists s̃1 ∈ W̃+ such that s̃ ↑ w̃−1

h s̃1

and ω = w̃(τ)s̃−1
1 (0). By Lemma 2.5.10, σ ↑ κ implies that s̃1 = w̃ and w̃−1

h w̃ ↑ s̃. By [Le+a, Proposition
2.1.6], w̃−1

h w̃ ↑ s̃ is equivalent to w̃hs̃ ↑ w̃ and s̃ ↑ w̃−1
h s̃1 is equivalent to s̃1 = w̃ ↑ w̃hs̃. Thus s̃ = w̃−1

h w̃

and σ = κ.



Chapter 3

The theory of local models

In this chapter, we generalize the theory of local models in [Le+a] to the group GSp4. Note that when we
write GSp4 in this chapter, we mean the dual group GSp∨4 . In particular, the set of coroots Φ∨ of GSp4 is
identified with a set of roots of GSp∨4 by the duality isomorphism φ. If α∨ ∈ Φ∨, we let Uα∨ ⊂ GSp∨4

denote the root subgroup associated to the root φ(α∨) of GSp∨4 . In other words, U∨α ⊂ GSp∨4 is a subgroup
such that Uα∨ ' Ga and tut−1 = φ(α∨)(t)u for any t ∈ T∨ and u ∈ Uα∨ .

We let G = GSp4 for the remainder of this thesis.
Let X = A1

Z be an affine line with coordinate function v. We denote by X0 = SpecZ the zero section
of X and X0 = SpecZ[v, v−1]. We often write t : SpecR → X to denote Z[v]-algebra R such that v is
mapped to t ∈ R.

3.1 Global affine Grassmannians

Let G be the Neron blowup of GSp4/X in B/X along X0 defined in [MRR, Definition 3.1]. By Theorem 3.2
of loc. cit., it is a smooth affine group scheme over X with connected fibers. For t : SpecR → X with t
regular in R, the set of R-points is given by

G(R) = {g ∈ GSp4(R) | g mod t ∈ B(R/t)}.

There is a morphism ofX-group schemes G → GSp4/X . If g ∈ G(R), we denote by g its image in GSp4(R).
We also have a similitude character sim : G → Gm sending g to sim(g).

The base change G ×X X0 is isomorphic to GSp4/X0 and the base change along $ : SpecO → X is
isomorphic to standard Iwahori group scheme I whose R-points for any O-algebra R are given by

I(R) = {g ∈ GSp4(RJvK) | g mod v ∈ B(R)} .

In particular, G×X,$SpecO coincides with the group scheme constructed in [PZ13, Corollary 4.2] for GSp4

and I (see also [MRR, Example 3.3]).
We also define a functor L+M whose R-points, for t : SpecR→ X , are given by

L+M(R) := {g ∈ Lie GSp4(RJv − tK) | g is upper triangular modulo v}.

27
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Let G4 be the Bruhat–Tits group for GL4 defined as in [Le+a, §3.1]. Note that the map std : GSp4 → GL4

induces a morphism X-group schemes G → G4 (see [MRR, §2.4]) which we denote by std as well. It is easy
to see that std : G → G4 is a closed immersion.

We write LG for the loop group and L+G for the positive loop group of G. For t : SpecR → X , their
R-points are given by

LG(R) = G(R((v − t)))

L+G(R) = G(RJv − tK)

where we consider RJv − tK and R((v − t)) as Z[v]-algebra by sending v to v. It is known that L+G is
representable by a (not finite type) group scheme and LG is representable by an ind-group scheme.

Remark 3.1.1. When R is Noetherian, v is regular in both RJv − tK and R((v − t)). Thus we have the
following description:

LG(R) = {g ∈ GSp4(R((v − t))) | g mod v ∈ B(R((v − t))/v)}

L+G(R) = {g ∈ GSp4(RJv − tK) | g mod v ∈ B(RJv − tK/v)} .

We define GrG,X to be the fpqc quotient sheaf L+G\LG. By [PZ13, Proposition 6.5], GrG,X is rep-
resentable by an ind-projective ind-scheme. By the properties of G, the generic fiber GrG,X ×X X0 is
isomorphic to GrGSp4

×Z X
0, a constant familiy of affine Grassmannian for the group GSp4 over X0, and

its special fiber GrG,X ×X X0 is the affine flag variety Fl := I\GSp4.
Let d ∈ Z and h ∈ Z≥0. We define subfunctors LGsim=d, LGsim=d,≤h ⊂ LG by

LGsim=d(R) =
{
g ∈ LG(R) | sim(g) ∈ (v − t)d(RJv − tK)×

}
LGsim=d,≤h(R) =

{
g ∈ LGsim=d(R) | g ∈ 1

(v − t)h
M4(RJv − tK)

}
.

Both of them are stable under left multiplication by L+G and induce fpqc quotient subsheafs

Grsim=d,≤h
G,X := L+G\LGsim=d,≤h ⊂ Grsim=d

G,X := L+G\LGsim=d ⊂ GrG,X .

The sheaf Grsim=d,≤h
G,X is representable by a projective scheme over X and Grsim=d

G,X = lim−→h
Grsim=d,≤h
G,X .

Our next goal is describing affine open charts of the projective scheme Grsim=d,≤h
G,X . We define the nega-

tive loop group to be a subfunctor L−−G ⊂ LG such that for t : SpecR→ X ,

L−−G(R) =

g ∈ G(R((v − t)))
∣∣∣∣∣∣∣∣

g ∈ GSp4

(
R
[

1
v−t

])
g mod 1

v−t ∈ U(R)

g mod v
v−t ∈ B

(
R
[

1
v−t

]
/
(

v
v−t

))
 .

Lemma 3.1.2. The multiplication map

L+G ×X L−−G → LG

is formally étale in the sense of [Le+a, Definition 3.2.4], and so is the map L−−G → GrG,X .
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Proof. Since this map is a restriction of a monomorphism L+G4×X L−−G4 → LG4 ([Le+a, Lemma 3.2.2]),
it is a monomorphism. Then we can show that it is formally étale following the argument in [Le+a, Lemma
3.2.6] using a version of [Le+a, Lemma 3.2.3] for our setup and the formal smoothness of L+G and L−−G.
Note that formal smoothness easily follows from the smoothness of G.

Let z̃ = wtν ∈ W̃∨. We define U(z̃) to be the subfunctor of LG given by

U(z̃)(R) =

g ∈ LG(R)
∣∣∣∣∣∣∣

g(v − t)−ν ∈ GSp4(R[
1
v−t ]),

g(v − t)−νw−1 mod 1
v−t ∈ U(R),

g(v − t)−ν mod v
v−t ∈ B(R[ 1

v−t ]/(
v
v−t ))

 .

Lemma 3.1.3. The subfunctor U(z̃) ⊂ LG is stable under left multiplication by L−−G and is left L−−G-

torsor. The natural map U(z̃)→ GrG,X is monomorphism.

Proof. The first claim follows from the definition of U(z̃) and the second claim follows from Lemma 3.1.2.

For d = sim(ν) and h ∈ Z≥0, we define U(z̃)sim,≤h to be the base change U(z̃)×LG LGsim=d,≤h. The
following Proposition shows that U(z̃)sim,≤h is represented by a finite type affine scheme over X .

Proposition 3.1.4. For a Noetherian Z[v]-algebraR, U(z̃)sim,≤h(R) is the set of matricesA ∈ GSp4(R[(v−
t)±1]) satisfying:

• For 1 ≤ i, j ≤ 4,

Aij = vδi>j

ν′j−δi>j−δi<w′(j)∑
k=−h

cij,k(v − t)k


and cw′(j)j,ν′j−δw′(j)>j = 1 where (ν′1, ν
′
2, ν
′
3, ν
′
4) = std(ν) and w′ = std(w),

• sim(A) = sim(w)(v − t)d.

Proof. This follows from the fact that U(z̃)sim,≤h = U4(std(z̃))det,≤h ×LG4
LG and Proposition 3.2.8 in

[Le+a] (where U4(std(z̃))det,≤h denotes the affine chart defined in §3.2 of loc. cit.).

Proposition 3.1.5. The map U(z̃)sim,≤h → Grsim=d,≤h
G,X is an open immersion.

Proof. We claim that U(z̃)sim,≤h → Grsim=d,≤h
G,X is formally étale. Since a formally étale monomorphism

between finite type schemes is an open immersion ([Le+a, Remark 3.2.5] and [Stacks, Tag 025G]), this
completes the proof.

LetA be an Artinian local ring with residue field k. Suppose we have the following commutative diagram

Spec k U(z̃)sim,≤h

SpecA Grsim=d,≤h
G,X .

We write t ∈ k and t ∈ A for the image of the coordinate v of X . Since k and A are Noetherian, we can
interpret the image of Spec k (and SpecA) in U(z̃) as a matrix gk ∈ GSp(k((v − t))) satisfying certain

https://stacks.math.columbia.edu/tag/025G
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conditions. We claim that there exists gA ∈ U(z̃)(A) lifting gk. Since gk(v − t)−ν ∈ GSp4(k[ 1
v−t ]), we can

find gA ∈ LG(A) lifting gk and gA(v − t)−ν ∈ GSp4(A[ 1
v−t ]) by the smoothness of GSp4. The set of such

gA is Lie GSp4(mA[ 1
v−t ])(v − t)

ν-coset. To show that there exists g′A ∈ U(z̃)(A) lifting gk, we need to find
g′A satisfying two conditions:

g′A(v − t)−νw−1 mod
1

v − t
∈ U(A), g′A(v − t)−ν mod

v

v − t
∈ B(A[

1

v − t
]/(

v

v − t
)).

Thus, we need to find N ∈ Lie GSp4(mA[ 1
v−t ]) such that

gA(v − t)−νw−1 +Nw−1 mod
1

v − t
∈ U(A), gA(v − t)−ν +N mod

v

v − t
∈ B(A[

1

v − t
]/(

v

v − t
)).

The existence of such N follows from the surjectivity of the quotient map

Lie GSp4(mA[
1

v − t
])→ Lie GSp4(mA)× Lie GSp4(mA[

1

v − t
]/(

v

v − t
)).

Once we know that U(z̃)(A) 6= ∅, we can use Lemma 3.1.2 to find SpecA → U(z̃) which lifts gk and
when composed with U(z̃)→ GrG,X provides the A-point of Grsim=d,≤h

G,X given in the above diagram. Then
it has to factor through U(z̃)sim,≤h. Thus U(z̃)sim,≤h → Grsim=d,≤h

G,X is formally étale.

3.2 Geometry of universal local models

We introduce universal local models and discuss their basic properties.

3.2.1 Schubert varieties

Given a dominant cocharacter λ ∈ X∗(T∨), we denote by sλ a section X → GrG,X induced by the element
(v − t)λ ∈ LG(R) for any Z[v]-algebra R. A global Schubert variety SX(λ) is defined as the minimal
irreducible closed subscheme of GrG,X containing the section sλ and stable under the right multiplication of
L+G (cf. [Zhu14, Definition 3.1]). The map SX(λ)→ X is proper. We also write SX0(λ) = SX(λ)×XX0.
As GrG,X ×X X0 ' GrGSp4

×Z X
0, SX0(λ) is the constant family of the Schubert variety in GrGSp4

for λ
over X0.

Let Conv(λ) be the convex hull of the subset Wλ ⊂ X∗(T∨). A open Schubert cell S◦(X) is defined as
an open subscheme

S◦X(λ) = SX(λ)\ ∪λ′∈Conv(λ),λ′ /∈Wλ SX(λ′) ⊂ SX(λ).

Again, the base change S◦X0(λ) = S◦X(λ) ×X X0 is the constant family of open Schubert cells of GrGSp4

for λ over X0.
We have a map L+G → GrG,X given by the orbit map g 7→ sλg. Note that it factors through a subscheme

Grsim=d,≤h
G,X with d = sim(λ) and h sufficiently large. The stabilizer subgroup scheme L+Gλ ⊂ L+G of sλ

is given by

L+Gλ(R) = L+G(R) ∩Ad((v − t)−λ)(L+G(R))
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for t : SpecR→ X . Thus we have a monomorphism

L+Gλ\L+G ↪→ Grsim=d,≤h
G,X

whose scheme-theoretic image is Sλ(X). Over X0, we have an isomorphism (L+Gλ\L+G) ×X X0 '
S◦X0(λ). Note that there is a map from L+Gλ ×X X0 to Pλ × X0 sending g 7→ g mod (v − t) where
Pλ ⊂ GSp4 is a parabolic subgroup associated with λ and containing B. Thus, we have a natural map
(L+Gλ\L+G) ×X X0 → Pλ\GSp4 ×Z X

0 given by g 7→ g mod (v − t). When it is composed with the
previous isomorphism, we get a map

πλ : S◦X0(λ) −→ (Pλ\GSp4)×Z X
0.

3.2.2 Universal local models

For convenience, we let std : A3 → A4 be the morphism sending (a1, a2, a3) to (a1, a2, a3 − a2, a3 − a1).
Note that this matches with the description of std : X∗(T

∨)→ X∗(T
∨
4 ).

We define a subfunctor LG∇ of LG ×Z A3 given by

LG∇(R) =

{
(g,a) | g ∈ LG(R),a ∈ A3, v

dg

dv
g−1 + gDiag(std(a))g−1 ∈ 1

v − t
L+M(R)

}
.

for t : SpecR → X . Since LG∇ is stable under left multiplication by L+G, it defines a closed sub-ind-
scheme Gr∇G,X := L+G\LG∇ ⊂ GrG,X ×Z A3 which is ind-proper over X ×Z A3.

Definition 3.2.3. Let λ ∈ X∗(T
∨) be a dominant cocharacter. We define the naive universal local model

Mnv
X (≤ λ,∇) as Gr∇G,X ∩ (SX(λ)×Z A3).

We writeMnv
X0(≤ λ,∇) =Mnv

X (≤ λ,∇)×X X0. It is a proper scheme over X0 × A3.

Proposition 3.2.4. Let λ ∈ X∗(T∨) be a dominant cocharacter. The map πλ induces an isomorphism

(
Mnv

X0(≤ λ,∇) ∩ (S◦X0(λ)×Z A3)
) [ 1

hλ!

]
' (Pλ\GSp4)×Z X

0 ×Z A3

[
1

hλ!

]
.

Proof. Let Nλ be the unipotent radical of opposite parabolic to Pλ. Recall the decomposition Nλ '
∏
Uα∨

where the product runs over α∨ ∈ Φ∨ satisfying 〈φ(α∨), λ〉 < 0. For any commutative ring R and N ∈
Nλ(R), we can write N as a product of Nα∨ ∈ Uα∨(R) over the same set of α∨.

Note that {Nλw}w∈W forms an affine open cover of Pλ\GLn. By pulling back along πλ, we get an
affine open cover of S◦X0(λ). More precisely, we have π−1

λ (Nλw) = Ñλw where Ñλ is the affine scheme
over X0 whose R-points for for t : SpecR→ X are given by

Ñλ(R) =
{

(v − t)λN | N ∈ Nλ(R[v − t]), degNα∨ ≤ 〈φ(α∨),−λ〉 − 1
}
.

Let us write Nα∨ =
∑〈φ(α∨),−λ〉−1
j=0 Xα∨,j(v − t)j with Xα∨,j ∈ R. From the proof of [Le+a, Proposition

3.3.4], we can deduce that taking the intersection Gr∇G,X∩(Ñλw×ZA3)
[

1
hλ!

]
imposes conditions thatXα∨,j

for α∨ and j > 0 is determined by Xα′∨,0 for α′ ≤ α < 0. Since the map

πλ : Gr∇G,X ∩ (Ñλw ×Z A3)

[
1

hλ!

]
→ Nλw ×Z X

0 ×Z A3

[
1

hλ!

]
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takes (v − t)λNw to (N mod (v − t))w, this proves that πλ is an isomorphism.

Remark 3.2.5. The above Proposition implies thatMnv
X0(≤ λ,∇)∩ (S◦X0(λ)×ZA3)

[
1
hλ!

]
is indeed proper

over X0 ×Z A3
[

1
hλ!

]
(by the properness of partial flag varieties). Thus the map

Mnv
X0(≤ λ,∇) ∩ (S◦X0(λ)×Z A3)

[
1

hλ!

]
↪→Mnv

X0(≤ λ,∇)

[
1

hλ!

]
is a proper open immersion. Since proper morphism is universally closed, this map is an inclusion of a
connected component. Using this inductively, we obtain an isomorphism (cf. [Le+a, Corollary 3.3.5])(

Mnv
X0(≤ λ,∇)

[
1

hλ!

])
red

∼→
∐

λ′≤λ,λ′∈X+
∗ (T∨)

(Pλ′\GSp4)×Z X
0 × ZA3

[
1

hλ!

]
.

Definition 3.2.6. Let λ ∈ X∗(T∨) be a dominant cocharacter. The universal local modelMX(λ,∇) is the
closure of the connected component Mnv

X0(≤ λ,∇) ∩ (S◦X0(λ) ×Z A3) of Mnv
X0(≤ λ,∇) inside Mnv

X (≤
λ,∇). In particular, it is v-flat.

Proposition 3.2.7. Let λ ∈ X∗(T
∨) be a dominant cocharacter. Then Mnv

X0(≤ λ,∇)
[

1
(2hλ)!

]
is smooth

over X0 ×Z A3
[

1
(2hλ)!

]
.

Proof. Since the proof of [Le+a, Proposition 3.2.6] generalizes to our situation quite straight forwardly, we
only sketch the idea of the proof. We follow the notation in loc. cit. and write Y =Mnv

X0(≤ λ,∇)
[

1
(2hλ)!

]
,

S = X0 ×Z A3
[

1
(2hλ)!

]
, and pr for the natural projection map Y → S.

There is a T∨-action on Y induced by the right multiplication by T∨ on G. Note that this preserves
the non-smooth locus in Y . Since pr is proper and the non-smooth locus in Y is closed, the image of the
non-smooth locus in S is closed as well. If the non-smooth locus is non-empty, it has a non-zero geometric
fiber which is a proper variety over a field with T∨-action. Thus, such fiber contains a T∨-fixed point.
Since it is contained in a geometric fiber of SX0(λ), it is known to be contained in the support of a section
sµ : X0 → SX0(λ) for some µ ∈ Conv(λ) (see Lemma 3.3.7 in loc. cit.).

Thus, it suffices to prove the smoothness at a closed point x ∈ Spec k → Y lying in the support of
sµ. Let s = pr(x). We claim that dimTxY/S ≤ dimx Ys. If we have this bound, the completion ÔY,x is
generated over ÔS,s by dimx Ys many variables. Since S is regular, dim ÔY,x ≤ dim ÔS,s + dimx Ys where
the equality holds if and only if ÔY,x is a power series ring over ÔS,s with dimx Ys many variables. By
Remark 3.2.5 and the choice of x, we have

dimx Ys = dimPµ\GSp4, dimx Y = dimPµ\GSp4 + 4

Thus, the equality holds and pr is smooth at x by [Stacks, Tag 07VH].
Finally, we prove the claimed inequality. Following the argument in [Le+a, Proposition 3.3.6] and using

Lemma 3.1.4, we can show that TxYs is a subspace of the space of matrices of the form (1 + εX)(v − t)µ

where X ∈ Lie GSp4(k((v − t))) whose entries are polynomials with degree bounds, and X satisfies certain
equation imposed by Gr∇G,X0 . More precisely, the computation in loc. cit. shows that all diagonal entries ofX
are zero, and for each root α, the α-th entry of X is zero if 〈µ, α∨〉 ≥ 0 and is determined by the coefficient
of the lowest degree term if 〈µ, α∨〉 < 0. Thus the space of such X has dimension at most dimPµ\GSp4.
This completes the proof.

https://stacks.math.columbia.edu/tag/07VH
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We finish this section with two lemmas regarding the normalization of the universal local model. For an
integral scheme Y , we let Y nm → Y denote the normalization of Y .

Let l > 0 be an integer. It will be useful to consider the base change

MX(λ,∇)l :=MX(λ,∇)×X,v 7→vl X

and its normalization (MX(λ,∇)l)
nm. When l = e and if we can take $ = (−p)1/e as the uniformizer in

O, this has the advantage that the map SpecO → X × A3 sending v to −p is the composite of the maps
SpecO → X × A3 sending v 7→ $ and X × A3 → X × A3 sending v 7→ ve. In particular, we have

MX(λ,∇)×X×A3,v 7→−p SpecO =MX(λ,∇)e ×X×A3,v 7→$ SpecO.

Lemma 3.2.8. There is an open subscheme U ⊂ A3 only depending on λ and l, such thatMX(λ,∇)l ×A3

U → X ×Z U and (MX(λ,∇)l)
nm ×A3 U → X ×Z U are flat.

Proof. This follows from [Le+a, Lemma 3.5.5, Remark 3.5.6].

Lemma 3.2.9. There is an open subscheme U ⊂ A3 only depending on λ and l, such that if R is complete

DVR and f : SpecR→ X ×A3 is a morphism sending v to a uniformizer of R and factors through X × U ,

the base change

(MX(λ,∇)l)
nm
R := (MX(λ,∇)l)

nm ×X×A3 SpecR

is flat over SpecR, and (MX(λ,∇)l)
nm
R is normal.

Proof. This follows from [Le+a, Proposition 3.5.2]. To satisfy Setup 3.5.1 of loc. cit., take S = A3[ 1
(2hλ)! ],

M = (MX(λ,∇)l)
nm ×A3 S, and use Proposition 3.2.7.

3.3 Local models in mixed characteristic

We specialize to objects over O by taking base change SpecO → X sending v to −p. For a fpqc sheaf
Y → X , we write YO = Y ×X SpecO. For example, we have LGO = LG ×X SpecO and L+GO, L+MO
similarly.

We have the global affine Grassmannian GrG,O = L+GO\LGO. Its generic fiber GrG,E is equal to the
usual affine Grassmannian associated to GSp4 over E. For λ ∈ X∗(T∨) a dominant cocharacter, we write
S◦E(λ) ⊂ GrGSp4,E for the open affine Schubert cell and SE(λ) for its reduced closure. The Zariski clousre
of SE(λ) in GrG,O is the Pappas–Zhu local model M(≤ λ) associated to the group GSp4, the conjugacy
class of λ, and the Iwahori subgroup I ([PZ13]). It is known that M(≤ λ) is projective over SpecO (§7.1 in
loc. cit.).

Let a ∈ O3. We define LG∇a

O ⊂ LGO to be the subfunctor given by

LG∇a

O (R) :=

{
g ∈ LGO(R) | v dg

dv
g−1 + gDiag(std(a))g−1 ∈ 1

v + p
L+M4(R)

}
for an O-algebra R. It is stable under left L+GO multiplication and induces a closed sub-ind-scheme
Gr∇a

G,O ⊂ GrG,O.
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Definition 3.3.1. We define the naive local model as Mnv(≤ λ,∇a) = M(≤ λ) ∩ Gr∇a

G,O. The (mixed

characteristic) local model M(λ,∇a) is defined to be the Zariski closure of S◦E(λ)∩Gr∇a

G,O in M(≤ λ). By
its construction, M(λ,∇a) is projective and flat over SpecO.

We define U(z̃) := U(z̃) ×X SpecO and U(z̃, λ,∇a) := U(z̃) ∩M(λ,∇a) where the intersection is
taken inside GrG,O. Note that the latter is equal to (U(z̃)sim,≤h ×X SpecO) ∩M(λ,∇a) for large enough
h ≥ 0. Thus, it is an open affine subscheme of M(λ,∇a) by Proposition 3.1.5.

Our main interest in the geometry ofM(λ,∇a) is whether a completed local ringO∧M(λ,∇a),x is a domain
for some x ∈ M(λ,∇a) . To understand this property more geometrically, we introduce the following
definition.

Definition 3.3.2. Let Y be a scheme. A point y ∈ Y is called unibranch if the normalization of the local ring
(OY,y)red is local.

Remark 3.3.3. Suppose that Y is Noetherian and excellent. The followings are equivalent:

1. y ∈ Y is unibranch;

2. the fiber above y of the normalization map Y nm → Y is a single point ([Stacks, Tag 0C3B]);

3. the completed local ring O∧Y,y is a domain ([Stacks, Tag 0C2E]).

Let z̃ = wtν ∈ W̃∨. There is a constant section z̃ : SpecZ ↪→ U(z̃)sim,≤h ×X X0 for h large enough,
given by wvν ∈ GSp4(Z((v))). We denote its composition with U(z̃)sim,≤h ×X X0 ↪→ GrG,X ×X X0 again
by z̃.

Let a ∈ A3(O). We write the induced F point by a as well. We write z̃F,a for the F-point SpecF →
(GrG,X ×X X0)×Z A3 given by (z̃,a).

Recall that e denotes the ramification index of the extension O/Zp.

Theorem 3.3.4. There exists a non-empty open subscheme U ⊂ A3 depending only on λ and e, such that

if a ∈ U(O), then M(λ,∇a) is unibranch at any point z̃F,a contained in the special fiber. In addition,

O(U(z̃, λ,∇a))∧p is a domain.

To prove this Theorem, we introduce the local model in equal characteristic and prove its unibranch
property.

Definition 3.3.5. Let a ∈ A3(F). We defineMnv(≤ λ,∇a) :=Mnv
X (≤ λ,∇)×A3 a. We define the equal

characteristic local modelM(λ,∇a) by the Zariski closure of

(
Mnv

X0(≤ λ,∇) ∩ (S◦X0(λ)×Z A3)
)
×A3 a

inMnv(≤ λ,∇a).

Remark 3.3.6. Although mixed or equal characteristic local models are generally not equal to base changes
of universal local models, their generic fibers can be obtained by taking base changes of the generic fibers of
universal local models. Suppose that hλ < p. By taking fiber product at E-point (−p,a) ∈ X ×A3 (resp. at
F-point a), we also have

MX0(λ,∇)×X×A3 SpecE = M(λ,∇a)×O SpecE

MX0(λ,∇)×A3 SpecF =M(λ,∇a)×X X0.

https://stacks.math.columbia.edu/tag/0C3B
https://stacks.math.columbia.edu/tag/0C2E


CHAPTER 3. THE THEORY OF LOCAL MODELS 35

Moreover,M(λ,∇a) (resp.M(λ,∇a)) is characterized as p-flat (resp. v-flat) closure ofMX0(λ,∇)×X×A3

SpecE insideMX(λ,∇)×X×A3 SpecO (resp.MX0(λ,∇)×X×A3 SpecE insideMX(λ,∇)×A3 SpecF).

For l ∈ Z>0 and an X-scheme Y , we write Yl for the base change Y ×X,v 7→vl X .

Proposition 3.3.7 (cf. Proposition 3.4.4 in [Le+a]). Let l > 0 be an integer. ThenM(λ,∇a)l is unibranch

at any z̃F,a contained in its special fiber. Moreover, the preimage of U(z̃) in (M(λ,∇a)l)
nm ×X X0 is

connected.

Proof. This mainly follows from [Le+a, Lemma 3.4.7, 3.4.8]. Indeed, we can take a one-parameter subgroup
in Lemma 3.4.7 in loc. cit. valued in T∨ ×Gm (instead of T∨4 ×Gm) whose induced action on U(z̃)sim,≤h

(instead of U4(z̃)det,≤h) satisfies the conditions stated in Lemma 3.4.7 in loc. cit.. Using this, the proof of
[Le+a, Proposition 3.4.4] can be applied in our case too.

Proof of Theorem 3.3.4. The novel idea in [Le+a] is comparing the mixed characteristic and equal character-
istic local models inside the universal local model. Let U be an open subscheme U ⊂ A3 satisfying Lemma
3.2.8 and 3.2.9 for l = e and (2hλ)!e! is invertible. Note that this implies U(O) = ∅ unless p > (2hλ)!e!.
Thus we can assume thatO/Zp is tame and take$ = (−p)1/e (after enlarging the residue field if necessary).
Let a ∈ U(O). The following diagram explains how to make such comparison.

M(λ,∇a)nm

(MX(λ,∇)e)
nm ×X×U SpecO M(λ,∇a) SpecO

(MX(λ,∇)e)
nm MX(λ,∇)e X × U

(MX(λ,∇)e)
nm ×X×U A1

F M(λ,∇a)e A1
F

(M(λ,∇a)e)
nm

∼

(v 7→$,a)

(v 7→v,a)

By Lemma 3.2.8,MX(λ,∇)e is flat over X ×U . Thus, all rectangles are cartesian by Remark 3.3.6. More-
over, two base changes of normalization map (MX(λ,∇)e)

nm → MX(λ,∇)e are finite and birational.
Finiteness is obvious, and birationality is preserved by base change because the dense open subscheme
MX0(λ,∇)e ⊂ MX(λ,∇)e, which is already normal by Proposition 3.2.7, is still dense after each base
change. This induces two surjective dashed arrows by [Stacks, Tag 035Q], and the top dashed arrow is an
isomorphism by Lemma 3.2.9.

Note thatM(λ,∇a) andM(λ,∇a) share the same special fiber. Suppose thatM(λ,∇a) is not unibranch
at z̃F,a. Then there are at least two points in the preimage of z̃F,a in M(λ,∇a)nm. Therefore, the preimage
of z̃F,a in (M(λ,∇)e)

nm contains at least two points. In turn, this implies that the preimage of z̃F,a in
(MX(λ,∇)e)

nm ×X×U A1
F contains at least two points. By the surjectivity of the bottom dashed map, this

contradicts Proposition 3.3.7. This proves that M(λ,∇a) is unibranch at z̃F,a.
Note thatO(U(z̃, λ,∇a))[1/$] is regular domain by Proposition 3.2.7. Also, the preimage ofU(z̃, λ,∇a)

in the special fiber ofM(λ,∇a)nm is connected by Proposition 3.3.7 and the above diagram. ThenO(U(z̃, λ,∇a))∧p

is a domain by [Le+a, Lemma 3.7.2].

https://stacks.math.columbia.edu/tag/035Q
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3.4 Products of local models

We now generalize Theorem 3.3.4 to products of local models. Let J be a finite set. Let λ = (λj)j∈J ∈
X∗(T

∨)J be a dominant cocharacter and z̃ = (z̃j)j∈J ∈ W̃∨,J . We define

MX,J (λ,∇) =
∏
j∈J
MX(λj ,∇) ⊂ (GrG,X ×Z A3)J .

Let a = (aj)j∈J ∈ (A3)J (O). We also define MJ (λ,∇a) :=
∏
j∈J M(λj ,∇aj ) and UJ (z̃, λ,∇a)) :=∏

j∈J U(z̃j , λj ,∇aj ). The following is the main result of this chapter.

Theorem 3.4.1. There exists a non-empty open subscheme U ⊂ (A3)J depending only on λ and e, such

that if a ∈ U(O), then MJ (λ,∇a) is unibranch at any point z̃F,a contained in its special fiber. In addition,

O(UJ (z̃, λ,∇a))∧p is a domain.

Proof. Let Mj := MX(λj ,∇) → X × A3 and z̃j ∈ W̃∨. The special fiber Mj ×X X0 intersect with
a section z̃j only if z̃j = wtν for some w ∈ W and ν ∈ Conv(λj). Note that there are finitely many z̃j
satisfying these conditions.

Let η be the generic point of A3. We define Fixj to be the set of z̃j ∈ W̃∨ which intersects with
Mj ×X×A3 (X0 × η). For any z̃j such that z̃j = wtν for some w ∈W and ν ∈ Conv(λj), consider a map

fz̃j : (Mj ×X X0) ∩ z̃ → A3.

(Here, the intersection is taken inside GrG,X ×X X0 × A3.) The image of fz̃j is constructible, and it contains
η if and only if z̃j ∈ Fixj . Note that any constructible set containing the generic point of irreducible scheme
contains an open neighborhood of the generic point. Thus, there exists an open neighborhood V ′j of η which
is contained in the image of fz̃j for all z̃j ∈ Fixj and the complement of the image of fz̃j for all z̃j /∈ Fixj .

Let Vj be the intersection of V ′j with the open subscheme of A3 satisfying the conclusion of Lemma 3.2.8
for λj and e. Then Mj |Vj → X ×Vj and z̃j ∈ Fixj satisfy the assumptions of [Le+a, Corollary 3.6.2]. As a
result, there exists an integer e′ and an open subscheme U ′j ⊂ Vj satisfying the following: for any z̃j ∈ Fixj
and aj ∈ Uj(O), there exists a finite DVR extension O′ of O of degree ≤ e′ and an O′-point of Mj lifting
(z̃j ,aj) ∈M(λj ,∇aj )(F).

Let Uj ⊂ U ′j be the open subscheme in which Theorem 3.3.4 holds for λj and ee′!. Then we define U =∏
j∈J Uj . LetO′/O be the extension obtained by adjoining e′!-th root of uniformizer and e′!-th root of unity.

Note that O′ contains any extension of O of degree ≤ e′. For z̃ ∈
∏
j∈J Fixj and a ∈ U(O), MJ (λ,∇a)

is unibranch at z̃F,a if and only if the completed local ring of MJ (λ,∇a) at z̃F,a is a domain, which is
a subring of the completed local ring of MJ (λ,∇a) ×O SpecO′ at z̃F,a. Similarly, O(UJ (z̃, λ,∇a))∧p

is a subring of O(UJ (z̃, λ,∇a ×O SpecO′))∧p . Thus, it suffices to prove the claim after replacing O by
O′. Note that both the completed local ring of MJ (λ,∇a) ×O SpecO′ at z̃F,a and O(UJ (z̃, λ,∇a ×O
SpecO′))∧p are completed tensor products of the completed local ring ofM(λj ,∇aj )×O SpecO′ at z̃j,F,aj
and O(UJ (z̃j , λj ,∇aj ×O SpecO′))∧p , which are known to be domain by Theorem 3.3.4. By the choice of
O′, each Mj ×O SpecO′ has O′-point lifting (z̃j ,aj) in its special fiber. Then the two claims follow from
[KW09b, Proposition 2.2], and [Bar+14, Lemma A.1.1] respectively (as explained in the last two paragraphs
of the proof of [Le+a, Theorem 3.7.1]).
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3.5 Special fiber of naive local models in mixed characteristic

In the remainder of this chapter, we study the special fiber of the naive local models in mixed characteristic.
Recall that the naive local models in mixed characteristic are defined by imposing the monodromy condition
on the Pappas–Zhu local models inside GrG,O = L+GO\LGO. The special fiber GrG,O ×O SpecF is the
affine flag variety Fl := IF\L(GSp4)F. Given a ∈ O3, we define Fl∇a := Fl×GrG,O Gr∇a

G,O.
It is known by [PZ13, Theorem 9.3] that the special fiber M(≤ λ)F is the reduced union of the affine

Schubert cells S◦F(z̃) for z̃ ∈ Adm∨(λ). Thus, the underlying reduced closed subscheme ofMnv(≤ λ,∇a)F

is equal to the reduced union of S◦F(z̃) ∩ Fl∇a for z̃ ∈ Adm∨(λ).
For α ∈ Φ, we define H(0,1)

α = {x ∈ X∗(T )×Z R | 0 < 〈x, α∨〉 < 1}. The following is the main result
of this section.

Theorem 3.5.1. Let h > 0 be an integer, w̃ ∈ W̃ , and a ∈ O3. Suppose that w̃ is h-small and a mod $ ∈ F3

is h-generic (Definition 2.1.8). Then S◦F(w̃∗)∩Fl∇a is an affine space of dimension 4−#
{
α ∈ Φ+ | w̃(A0) ⊂ H(0,1)

α

}
.

As a Corollary, we get a classification of top(= 4)-dimensional irreducible components of Mnv(≤
λ,∇a)F. If d ∈ Z≥0 and X is a reduced scheme, we let IrrdX denote the set of d-dimensional irreducible
closed subschemes of X .

Definition 3.5.2. We say that w̃ ∈ W̃ is regular if w̃∗(A0) * H
(0,1)
α for any α ∈ Φ+. Let λ ∈ X∗(T∨).

We define Adm∨reg(λ) ⊂ Adm∨(λ) to be the subset of z̃ ∈ Adm∨(λ) such that z̃∗ is regular. We similarly
define Admreg(ν) for ν ∈ X∗(T ). Then (−)∗ induces a bijection between Admreg(ν) and Adm∨reg(φ(ν)).

Corollary 3.5.3. Let λ ∈ X∗(T∨) be a dominant cocharacter. Suppose that a mod $ ∈ Fn is hλ-generic.

There is a bijection

Adm∨reg(λ)
∼−→ Irr4M

nv(≤ λ,∇a)F

z̃ 7→ (S◦F(z̃) ∩ Fl∇a).

Proof. This follows from [PZ13, Theorem 9.3] and Theorem 3.5.1. To apply Theorem 3.5.1, note that z̃ ∈
Adm∨reg(λ) is hλ-small.

To prove the Theorem 3.5.1, we describe S◦F(z̃) using explicit coordinates. A version of Bruhat decom-
position says that we have a double coset decomposition

(LGSp4)F = ∪
z̃∈W̃∨IFz̃IF

and the open Schubert cell S◦F(z̃) can be identified with IF\IFz̃IF.
Let L−−GF ⊂ LGF be the subfunctor given by

L−−GF(R) =

{
g ∈ GSp4

(
R

[
1

v

])
| g mod

1

v
∈ B(R)

}
for any F-algebra R. We define Nz̃ := z̃−1L−−GFz̃ ∩ IF.

Recall that the duality isomorphism φ identifies a coroot α∨ of G and a root φ(α∨) of G∨, and we write
Uα∨ for the root subgroup of G∨ associated to φ(α∨). Given (α∨,m) ∈ Φ∨ × Z, we let Uα∨,m ⊂ LUα∨

denote the subfunctor such that for any F-algebra R, Uα∨,m(R) ⊂ Uα∨(R((v))) is identified with vmR ⊂
R((v)) under the isomorphism Uα∨ ' Ga.
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In what follows, we fix x ∈ A0. Note that d〈x, α∨〉e = δα∨>0 and b〈x, α∨〉c = −δα∨<0.

Proposition 3.5.4. Let z̃ ∈ W̃∨.

1. We have the following decomposition

Nz̃ '
∏

(α∨,m)∈Φ∨
z̃

U−α∨,m

where the product runs over the set Φ∨z̃ = {(α∨,m) ∈ Φ∨ × Z | 〈x, α∨〉 < m < 〈z̃∗(x), α∨〉}.

2. There is an isomorphism

IF ×F {z̃} ×F Nz̃ ' IFz̃IF

given by multiplication. This induces an isomorphism z̃Nz̃ ' S◦F(z̃).

Proof. 1. We claim that U−α∨,m ⊂ Nz̃ if and only if (α∨,m) ∈ Φ∨z̃ . It is easy to check that U−α∨,m ⊂
IF if and only if δα∨>0 ≤ m. Let z̃∗ = stν ∈ W̃ . Direct computation shows that z̃U−α∨,mz̃−1 =

U−s−1(α∨),m−〈ν,α∨〉. Thus U−α,m ⊂ z̃−1L−−GFz̃ if and only if m − 〈ν, α∨〉 < 〈x, s−1(α∨)〉, or
equivalently m < 〈s(x) + ν, α∨〉. This proves the claim.

Observe that U−α∨,m ⊂ Nz̃ only if 〈z̃∗(x), α∨〉 > 0. Let w ∈ W be the unique element such
that wz̃∗ ∈ W̃+. If 〈z̃∗(x), α∨〉 = 〈wz̃∗(x), w(α∨)〉 > 0, then w(α∨) > 0. In other words,
φ(w)Nz̃φ(w)−1 ⊂ LU . Then the claimed decomposition follows from the decomposition of U .

2. The injectivity of the multiplication map is obvious. The surjectivity follows from IF = ((z̃−1IFz̃) ∩
IF)Nz̃ .

Let dα∨,z̃ = b〈z̃∗(x), α∨〉c − d〈x, α∨〉e.

Corollary 3.5.5. LetR be a Noetherian F-algebra. IfM ∈ Nz̃(R), we can writeM =
∏
α∨∈Φ∨ v

δα∨>0Mα∨

where Mα∨ ∈ U−α∨(R[v]) ' R[v] is a polynomial of degree at most dα∨,z̃ .

Proof of Theorem 3.5.1. Let z̃ = w̃∗ and w ∈ W be the unique element such that ww̃ ∈ W̃+. We follow
the proof of [Le+a, Theorem 4.2.4] using the Corollary 3.5.5 instead of Corollary 4.2.12 of loc. cit.. Indeed,
loc. cit. shows that the monodromy condition on z̃M for some M ∈ Nz̃(R) implies that coefficients in the
polynomial Mα∨ are determined by its top degree coefficient and coefficients of Mα′∨ such that w(α′∨) <

w(α∨). Inductively, this shows that S◦F(z̃)∩Fl∇a is an affine space with coordinates given by the top degree
coefficients of Mα∨ . Thus, the dimension of S◦F(z̃) ∩ Fl∇a is equal to

# {α∨ ∈ Φ∨ | U−α∨,m ⊂ Nz̃ for some m ≥ 0} .

This is equal to the number of α∨ ∈ Φ∨ such that 〈z̃∗(x), α∨〉 > 0 and z̃∗(x) and x does not lie in the same
α-strip. The first condition says that w(α∨) ∈ Φ∨,+, which has size 4. For such α, the second condition
holds unless α∨ ∈ Φ∨,+ and z̃∗(A0) ⊂ H(0,1)

α . This completes the proof.
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We now make comparison between irreducible components in Mnv(≤ λ,∇a)F for different choices of
λ and a. We define LGSp∇0

4 ⊂ LGSp4 as the subsheaf given by

R 7→
{
A ∈ LGSp4(R) | v dA

dv
A−1 ∈ 1

v
L+MF(R)

}
for F-algebra R. Let Fl∇0 denote the fpqc-quotient sheaf IF\LGSp∇0

4 .

Remark 3.5.6. Let a ∈ O3 and z̃ = s−1tµ ∈ W̃∨ such that a ≡ s−1(µ) mod $. Choose a dominant
cocharacter λ ∈ X∗(T∨) and w̃ ∈ W̃ . A direct computation shows that (cf. [Le+a, Proposition 4.3.1])

Mnv(≤ λ,∇a)Fz̃ = M(≤ λ)Fz̃ ∩ Fl∇0

(S◦F(w̃∗) ∩ Fl∇a)z̃ = (S◦F(w̃∗)z̃) ∩ Fl∇0 .

This allows us to compare Mnv(≤ λ,∇a)F for different λ and a and its irreducible components inside Fl∇0 .

Definition 3.5.7. Let s̃ ∈ W̃ and w̃1, w̃2 ∈ W̃+. We define

S◦F(w̃1, w̃2, s̃) := S◦F((w̃−1
2 w0w̃1)∗)s̃∗ ⊂ Fl

S◦F(w̃1, w̃2, s̃)
∇0 := S◦F(w̃1, w̃2, s̃) ∩ Fl∇0 ⊂ Fl∇0

S∇0

F (w̃1, w̃2, s̃) := S◦F(w̃1, w̃2, s̃)∇0

where the closure is taken in Fl∇0 .

Lemma 3.5.8. Let s̃ = tµs, w̃1, and w̃2 be as above. If further w̃−1
2 w0w̃1 is m-small and s̃ is m-generic for

some integer m, then S∇0

F (w̃1, w̃2, s̃) is irreducible closed subvariety of Fl∇0 of dimension 4.

Proof. By [Le+a, Proposition 2.1.5], w̃−1
2 w0w̃1 is regular, and S∇0

F (w̃1, w̃2, s̃) is isomorphic to S◦F(w̃∗) ∩
Fl∇a by Remark 3.5.6, where w̃ = w̃−1

2 w0w̃1 and a ∈ Z3 such that a ≡ φ(s−1(µ)) mod p. Then the claim
follows from Theorem 3.5.1.

In fact, many of S∇0

F (w̃1, w̃2, s̃) for different s̃, w̃1, and w̃2 are equal.

Proposition 3.5.9. Let s̃ ∈ W̃ and w̃1, w̃2 ∈ W̃+.

1. Suppose that, for i = 1, 2, w̃i is mi-small for some integer mi and s̃ is (m1 + m2)-generic. Then we

have

S∇0

F (w̃1, w̃2, s̃) = S∇0

F (w̃1, e, s̃w̃
−1
2 ).

2. Suppose that w̃1 is in W̃+
1 and s̃ is 3-generic. For all w ∈W , we have

S∇0

F (w̃1, e, s̃) = S∇0

F (w̃1, e, s̃w).

Proof. The first item is [Le+a, Proposition 4.3.5], and the second item is Proposition 4.3.6 in loc. cit.. Note
that their proofs generalize to our setup straightforwardly.

Definition 3.5.10. Let (w̃1, ω) ∈ W̃+
1 ×X∗(T ) with tω being 3-generic. We defineC(w̃1,ω) := S∇0

F (w̃1, e, s̃)

for any s̃ ∈ W̃ such that s̃(0) = ω.
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This is well-defined by Proposition 3.5.9. Since w̃1 is 3-small, C(w̃1,ω) is irreducible of dimension 4 by
Lemma 3.5.8.

Let λ ∈ X∗(T∨) be a regular dominant cocharacter. Recall that the set of admissible pair

AP(φ−1(λ)) =
{

(w̃1, w̃2) ∈ (W̃+
1 × W̃+)/X0(T ) | w̃1 ↑ tφ−1(λ)−ηw̃

−1
h w̃2

}
.

By [Le+a, Corollarly 2.1.7], there is a bijection

AP(φ−1(λ))
∼−→ Adm∨reg(λ)

(w̃1, w̃2) 7→ (w̃−1
2 w0w̃1)∗.

(3.5.11)

Theorem 3.5.12. Let λ ∈ X∗(T∨) be a regular dominant cocharacter and a ∈ O3. Let z̃ = s−1tµ ∈ W̃∨

be (hλ + 3)-generic such that a ≡ φ(s−1(µ)) mod $. We have a bijection

AP(φ−1(λ))
∼−→ Irr4(Mnv(≤ λ,∇a)Fz̃)

(w̃1, w̃2) 7→ C(w̃1,z̃∗w̃
−1
2 (0)).

Proof. By Corollary 3.5.3, Remark 3.5.6, and (3.5.11), there is a bijection

AP(φ−1(λ))
∼−→ Irr4(Mnv(≤ λ,∇a)Fz̃)

(w̃1, w̃2) 7→ S∇0

F (w̃1, w̃2, z̃
∗).

Then the claim follows from the equlities

S∇0

F (w̃1, w̃2, z̃
∗) = S∇0

F (w̃1, e, z̃
∗w̃−1

2 ) = C(w̃1,z̃∗w̃
−1
2 (0))

by Proposition 3.5.9, the genericity assumption on z̃, and noting that w̃1 is 3-small and w̃2 is hλ-small.

3.6 Matching irreducible components and Serre weights

Let I1,F ⊂ IF be the subfunctor given by

R 7→ {A ∈ GSp4(RJvK) | A mod v ∈ U(R)}

for F-algebra R. We define F̃l as the fpqc-quotient sheaf I1,F\LGSp4. Then the natural quotient map
Ψ : F̃l→ Fl is a T∨F -torsor.

If X ⊂ Fl is a closed subvariety, we let X̃ denote the pullback X ×Fl F̃l. Then X̃ → X is again a
T∨F -torsor. Let λ ∈ X∗(T∨) be a dominant cocharacter and a ∈ O3. Then we have the following T∨F -torsors

M̃(≤ λ)F →M(≤ λ)F

M̃nv(≤ λ,∇a)F →Mnv(≤ λ,∇a)F

M̃(λ,∇a)F →M(λ,∇a)F.

For (w̃, ω) ∈ W̃+
1 ×X∗(T ) such that tω is 3-generic, we also have a T∨F -torsor C̃(w̃,ω) → C(w̃,ω).
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Let J = Hom(k,F). For j ∈ J , if Xj ⊂ Fl (resp. X̃j ⊂ F̃l) is a closed subvariety, we let XJ :=∏
j∈J Xj (resp. X̃J :=

∏
j∈J X̃j) to be the closed subvariety in FlJ (resp. F̃l

J
). In particular, given a

dominent cocharacter λ = (λj)j∈J ∈ X∗(T∨) and a = (aj)j∈J ∈ (O3)J , we have

Mnv
J (≤ λ,∇a)F =

∏
j∈J

M(≤ λj ,∇aj )F

M̃nv
J (≤ λ,∇a)F =

∏
j∈J

M̃(≤ λj ,∇aj )F.

Let z̃ = (z̃j)j∈J ∈ W̃
∨

such that z̃j = s−1
j tµj and aj ≡ s−1

j (µj) mod $. We have the following cartesian
diagram

M̃nv
J (≤ λ,∇a)F F̃l

∇0

J

Mnv
J (≤ λ,∇a)F Fl∇0

J

rz̃

rz̃

where rz̃ is right translation by z̃. Let (w̃1, w̃2) ∈ AP(φ−1(λ)) =
∏
j∈J AP(φ−1(λj)). If z̃ is (hλ + 3)-

generic, by Theorem 3.5.12, we have a 7f -dimensional irreducible component of M̃nv(≤ λ,∇a)Fz̃ given
by

C̃(w̃1,z̃∗w̃
−1
2 (0)) :=

∏
j∈J

C̃(w̃1,j ,z̃∗j w̃
−1
2,j(0)).

Definition 3.6.1. Let σ be a 3-deep Serre weight and ζ be an algebraic central character (Definition 2.5.4) lift-
ing central character of σ. Let (w̃1, ω) ∈ W̃

+

1 ×X∗(T ) be the lowest alcove presentation of σ corresponding
to ζ. We define Cζσ := C(w̃1,ω) and C̃ζσ := C̃(w̃1,ω).

Theorem 3.6.2. Let λ ∈ X∗(T
∨) be a regular dominant cocharacter. Let R be a Deligne–Lusztig repre-

sentation with max{6, hλ + 3}-generic lowest alcove presentation (s, µ) that is (λ − η)-compatible with

ζ ∈ X∗(Z). Let a ∈ (O3)J such that a ≡ φ(s−1(µ+ η)) mod $. Then we have

Irr4f

(
(Mnv
J (≤ λ,∇a)F)φ(s−1tµ+η)

)
=
{
Cζσ | σ ∈ JH(R⊗W (φ−1(λ)− η))

}
.

Proof. This follows from Proposition 2.5.6 and Theorem 3.5.12.

3.7 Torus fixed points

The torus T∨,J acts on FlJ by right translation and stablizes Fl∇0

J . The natural inclusion W̃∨,J ⊂ FlJ

(sending wtν ∈ W̃∨,J to wvν ∈ FlJ (F)) identifies W̃∨,J and the set of T∨,J -fixed points in FlJ . Note
that W̃∨,J is contained in Fl∇0

J . In this section, we prove the following result on the T∨,J -fixed points of
irreducible components in Fl∇0

J .

Theorem 3.7.1. Let σ be a 3-deep Serre weight with a lowest alcove presentation (w̃1, ω). Let CT
∨,J

(w̃1,ω) be

the set of T∨,J -fixed points in C(w̃1,ω).

1. We have
{

(tωww̃1)∗ | w ∈WJ
}
⊂ CT∨,J(w̃1,ω) ⊂ {(tωw̃)∗ | w̃ ∈ W̃J , w̃ ≤ w0w̃1}.
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2. For each j ∈ J , there is a polynomial Pw̃1,j ∈ Z[X1, X2, X3] depending only on w̃1,j ∈ W̃+
1 such

that if Pw̃1,j
(ωj) 6≡ 0 mod p, then CT

∨,J

(w̃1,ω) = {(tωw̃)∗ | w̃ ∈ W̃J , w̃ ≤ w0w̃1}

Proof. It suffices to prove the claim for J = {∗}. By definition, C(w̃1,ω) = S∇0

F (w̃1, e, tω). By Proposition
3.5.9, for any w ∈ W , the latter is equal to S∇0

F (w̃1, e, tωww0) which contains (tωww̃1)∗. This proves the
first inclusion in item (1).

Since C(w̃1,ω) is contained in SF(w̃∗1w0tω), the second inclusion in the item (2) follows from the standard
result on torus fixed points in Schubert varieties.

Finally, we prove item (2) by following the proof of [Le+a, Proposition 4.7.3]. Since the proof of
loc. cit. generalizes to our setup, we only sketch the argument. Let w̃ ∈ W̃ and w̃ ≤ w0w̃1. By Lemma
4.7.1 in loc. cit., (tωw̃)∗ ∈ CT∨(w̃1,ω) if and only if S◦F(w̃∗1w0) ∩ Fl∇φ(ω) has nonempty intersection with the
open neighborhood L−−Gw̃∗. Note that here we interpret φ(ω) as an element in Z3.

We claim that the intersection is nonempty if φ(ω) mod p ∈ F3 is contained in some nonempty open
subscheme U ⊂ A3. Then we take Pw̃1

(X1, X2, X3) to be a polynomial such that Pw̃1
◦φ−1 vanishes on the

complement of U (here, we view φ as a map A3 → A3). The idea is that one can consider affine flag variety
F lZ and its open Schubert variety S◦Z(w̃∗1w0) defined over Z. Then we impose the monodromy condition
with parameters (b,a) ∈ A1 ×Z A3 given by

bv
dg

dv
g−1 + gDiag(std(a))g−1 ∈ 1

v
L+M

which induces a closed subscheme Y◦ in S◦Z(w̃∗1w0) × A1 ×Z A3. Its fiber at (1, φ(ω)) ∈ A1 ×Z A3(F)

is equal to S◦F(w̃∗1w0) ∩ Fl∇φ(ω) . Meanwhile the reduced fiber at (0,a) ∈ A1 ×Z A3(C) is an open dense
subscheme of an irreducible component Flva,w̃1

of a certain affine Springer fiber considered in Appendix A.
By Theorem A.3, this reduced fiber has nonempty intersection withL−−Gkw̃∗. ThusY◦∩L−−GZw̃∗ ⊂ Y◦ is
a nonempty open subscheme. An easy generalization of Theorem 3.5.1 shows that there is an open subscheme
V ⊂ A1 ×Z A3 such that Y◦|V → V is a trivial vector bundle over V . Thus the subspace of parameters
(b,a) ∈ V at which the fiber ofY◦ has nonempty intersection withL−−GZw̃∗ is open. By observing that such
subspace is stable under scalar multiplication (acting on A1 ×Z A3 diagonally), the subspace of parameters
(1,a) at which the fiber of Y◦ (which is S◦F(w̃∗1w0) ∩ Fl∇a ) has nonempty intersection with L−−GZw̃∗ in
A3 is also open in A3. This proves our claim.

Let ρ be a tame inertial L-parameter over F with 6-generic lowest alcove presentation (s, µ) compatible
with ζ ∈ X∗(Z). The following Theorem gives a geometric interpretation of the setW ?(ρ) under polynomial
genericity assumptions.

Theorem 3.7.2. Let ρ be as above. Let W ζ
g (ρ) be a set of 3-deep Serre weights σ with lowest alcove

presentation compatible with ζ such that w̃∗(ρ) ∈ Cζσ .

1. We have Wobv(ρ) ⊂W ζ
g (ρ) ⊂W ?(ρ).

2. Let (w̃1, ω) be a lowest alcove presentation of σ ∈ W ?(ρ) compatible with ζ. For each j ∈ J , let

Pw̃1,j
be the polynomial in Theorem 3.7.1. If Pw̃1,j

(ωj) 6= 0 mod p for all j ∈ J , then σ ∈W ζ
g (ρ)

Proof. Let σ ∈W ?(ρ). By Proposition 2.5.8, σ is 3-deep with a lowest alcove presentation (w̃1, w̃(ρ)w̃−1
2 (0))

for some (w̃1, w̃2) ∈ (W̃
+

1 ×W̃
+

)/X0(T ) satisfying w̃2 ↑ w̃1. We write w̃(ρ)w̃2 = tωw so that w̃(ρ)w̃−1
2 (0) =

ω. Also σ ∈ Wobv(ρ) implies w̃1 = w̃2. Then both item (1) and (2) follow from the corresponding items in
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Theorem 3.7.1 and noting that

{(tωw̃)∗ | w̃ ∈ W̃J , w̃ ≤ w0w̃1} = {(tωww̃)∗ | w ∈WJ , w̃ ∈ W̃+, w̃ ↑ w̃1}.

We end this section by recording the following Proposition, which will be used in §6.2.

Proposition 3.7.3. C(w̃1,ω) is unibranch at its T∨-fixed points.

Proof. This can be proven as the corresponding result for GL4 [Le+a, Proposition 4.7.5] similarly to Propo-
sition 3.3.7.



Chapter 4

Moduli stacks in p-adic Hodge theory

In this chapter, we construct a symplectic variant of the moduli stacks of étale (ϕ,Γ)-modules constructed
in [EG23] and prove its properties including the existence of closed substacks parameterizing potentially
crystalline representations. We also construct symplectic variants for the p-adic formal algebraic stacks con-
sidered in [Le+a, §5], namely, the moduli stacks of Breuil–Kisin modules, and étale φ-modules. Then we
study the geometric properties of potentially crystalline substacks using local models in §3.

4.1 Sympletic étale (ϕ,Γ)-modules

Only in this section, we allow K/Qp to be ramified.
For a p-adically complete O-algebra R, we write Xn(R) for the groupoid of projective étale (ϕ,Γ)-

modules of rank n with R-coefficients, in the sense of [EG23, Definition 2.7.2]. Then Xn is a Noetherian
formal algebraic stack over Spf O (Corollary 5.5.17 in loc. cit.). When R is a finite O-algebra, there is an
equivalence of categories between the category of projective étale (ϕ,Γ)-modules with R-coefficient and the
category of continuous representations of GK on finite projective R-modules. The goal of this section is to
construct a moduli stack of symplectic (ϕ,Γ)-modules over O using moduli stacks of Emerton–Gee.

We start by defining a symplectic variant of étale (ϕ,Γ)-modules.

Definition 4.1.1. Let R be a p-adically completeO-algebra. A symplectic projective étale (ϕ,Γ)-module (of
rank 4) with R-coefficients is a triple (M,N,α) where M ∈ X4(R), N ∈ X1(R), and α : M 'M∨ ⊗N is
an isomorphism between rank 4 étale (ϕ,Γ)-modules satisfying the alternating condition (α∨⊗N)−1 ◦α =

−1M . We writeXSym(R) for the groupoid of projective symplectic étale (ϕ,Γ)-modules withR-coefficients.

Lemma 4.1.2. LetR be a commutative ring with identity andG be an abstract group. There is an equivalence

of groupoids

{ρ : G→ GSp4(R)} '

{
(ρ′, χ, α) |

ρ′ : G→ GL4(R), χ : G→ GL1(R),

α : ρ′ ' (ρ′)∨ ⊗ χ, (α∨ ⊗ χ)−1 ◦ α = −1

}
ρ 7→ (std(ρ), sim(ρ), αρ)

where morphisms in the latter groupoid is given by isomorphisms of ρ′ and χ commuting with α, and the

isomorphism αρ is given by the matrix J with respect to the standard basis of std(ρ) and its the dual basis.

44
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Proof. Note that α defines a non-degenerate alternating R-bilinear pairing 〈−,−〉α : ρ′ × ρ′ → R given
by 〈x, y〉α = α(y)(x). Then the essential surjectivity follows from the presentation of standard symplectic
space. More precisely, one can find two vectors v1, v4 ∈ ρ′ such that 〈v1, v4〉α = 1, and two vectors v2, v3

such that 〈v2, v3〉α = 1 in the complement of the span of v1, v4. Then the basis {v1, v2, v3, v4} gives the
standard symplectic space. The proof of fully faithfulness is elementary.

Corollary 4.1.3. Let R be a finite local O-algebra. There is an equivalence of groupoids

{ρ : GK → GSp4(R)} ' XSym(A).

Proof. This follows from Lemma 4.1.2 and Fontaine’s equivalence between Galois representations and étale
(ϕ,Γ)-modules.

We recall some definitions from [Eme]. A formal algebraic stack is quasi-compact if it admits a mor-
phism from a quasi-compact formal algebraic space which is representable by algebraic spaces, smooth, and
surjective. A morphism X → Y of formal algebraic stacks is quasi-compact if for every morphism Z → Y
whose source is an affine scheme, the fiber product X ×Y Z is a quasi-compact formal algebraic stack. A
formal algebraic stack X is quasi-separated if its diagonal morphism (which is representable by algebraic
spaces) is quasi-compact and quasi-separated. We have the following obvious generalization.

Definition 4.1.4. A morphism f : X → Y of formal algebraic stacks is quasi-separated if the relative
diagonal ∆f : X → X ×Y X is quasi-compact and quasi-separated.

It is easy to see that if f : X → Y is a quasi-separated morphism of formal algebraic stacks whose target
is quasi-separated, then X is quasi-separated.

A formal algebraic stack X is locally Noetherian if it admits a morphism from a disjoint union of affine
formal algebraic spaces which is representable by algebraic spaces, smooth, and surjective. Moreover, X is
Noetherian if it is locally Noetherian, quasi-compact, and quasi-separated.

We denote by std : XSym → X4 and sim : XSym → X1 morphisms sending (M,N,α) to M and N
respectively.

Theorem 4.1.5. The morphism std× sim : XSym → X4 ×Spf O X1 is representable by algebraic spaces,

quasi-compact, and quasi-separated. In particular, the stack XSym is a Noetherian formal algebraic stack

over Spf O.

Proof. We first prove that std× sim is representable by algebraic spaces and quasi-compact. Let S → Spf O
be a test scheme and S → X4 ×Spf O X1 be a morphism corresponding to étale (ϕ,Γ)-modules MS and NS
(of rank 4 and 1, respectively). If S′ is a S-scheme, we write (MS′ , NS′) for the pullback of (MS , NS) to
S′. The fiber product

αS := XSym ×X4×X1
S

is given by the following subsheaf of Isom(MS ,M
∨
S ⊗NS)

αS : S′ 7→ {α′ ∈ Isom(MS′ ,M
∨
S′ ⊗NS′) | ((α′)∨ ⊗NS′) ◦ α′ = −1MS

} .
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We have the following cartesian diagram

αS S

Isom(MS ,M
∨
S ⊗NS) Isom(MS ,M

∨
S ⊗NS)×S Isom(M∨S ⊗NS ,MS) Aut(MS)

−1MS

c

,

where the right vertical map is a constant section given by −1MS
∈ Aut(MS), the left bottom horizontal

map sends α to (α, (α∨ ⊗ NS)−1), and c is the composition. Since X4 is quasi-separated, Aut(MS) → S

is quasi-compact and quasi-separated. This implies that the section −1MS
is quasi-compact, and so is αS →

Isom(MS ,M
∨
S ⊗NS). In particular, αS → S is quasi-compact. This proves that std× sim is representable

by algebraic spaces and quasi-compact.
We now prove that std× sim is quasi-separated. By the following cartesian diagram

Isom((M1, N1, α1), (M2, N2, α2)) Isom(M1,M2)× Isom(N1, N2) S

XSym XSym ×X4×X1
XSym XSym ×XSym

,

it is suffice to show that

Isom((M1, N1, α1), (M2, N2, α2))→ Isom(M1,M2)×S Isom(N1, N2)

is quasi-compact and quasi-separated. It is clearly a monomorphism, and thus is quasi-separated. Note that
there is a morphism

d : Isom(M1,M2)×S Isom(N1, N2)→ Isom(M1,M2)×S Isom(N1, N2)

(f, g) 7→ (α−1
2 ◦ ((f∨)−1 ⊗ g) ◦ α1, g)

which makes the following diagram cartesian

Isom((M1, N1, α1), (M2, N2, α2)) Isom(M1,M2)×S Isom(N1, N2)

Isom(M1,M2)×S Isom(N1, N2) (Isom(M1,M2)×S Isom(N1, N2))2

(id,d)

∆

.

Then the top horizontal arrow is quasi-compact because Isom(M1,M2)×SIsom(N1, N2) is quasi-separated.
Finally, XSym is a formal algebraic stack over Spf O by [Eme, Lemma 5.19]. It is quasi-compact and

quasi-separated because std× sim and X4×Spf O X1 are. It is also locally Noetherian because X4×Spf O X1

is, and std× sim is quasi-compact.

Let τ : IK → T∨(E) be an inertial K-type and λ ∈ X∗(T
∨) be a dominant cocharacter. Recall the

potentially crystalline (resp. semistable) substackX λ
′,τ ′

4 (resp.X ss,λ′,τ ′

4 ) ofX4 with Hodge type λ′ := std(λ)

and descent type τ ′ := std(τ) ([EG23, Theorem 4.8.12]). It is a O-flat p-adic formal algebraic substack. For
finite flat O-algebra A, X λ

′,τ ′

4 (A) (resp. X ss,λ′,τ ′

4 (A)) is the full subgroupoid of X4(A) consisting of lattices
in potentially crystalline (resp. semistable) GK-representations of Hodge type λ′ and inertia type τ ′. For
convenience, we write X λ,τ4 and X ss,λ,τ

4 instead of X λ
′,τ ′

4 and X ss,λ′,τ ′

4 . We define X λ,τSym (resp. X ss,λ,τ
Sym ) to
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be the O-flat part (see [Eme, Example 9.11]) of XSym ×X4
X λ
′,τ ′

4 (resp. XSym ×X4
X ss,λ′,τ ′

4 ).

Proposition 4.1.6. Let λ, τ be as above.

1. The stack X λ,τSym (resp. X ss,λ,τ
Sym ) is a p-adic formal algebraic stack and uniquely determined as O-flat

closed substack ofXSym such that for finite flatO-algebraA,X λ,τSym(A) ⊂ XSym(A) (resp.X ss,λ,τ
Sym (A) ⊂

XSym(A)) is precisely the subgroupoid consisting of lattices in potentially crystalline (resp. semistable)

GK-representations of Hodge type λ and inertia type τ .

2. The algebraic stacks X λ,τSym ×Spf O SpecF (resp. X ss,λ,τ
Sym ×Spf O SpecF) are equidimensional of di-

mension dλ :=
∑
j∈J dimPλj\GSp4.

Proof. The first claim follows from the construction. For the second claim, the proof is identical to that of
[EG23, Theorem 4.8.14], using GSp4 instead of GL4 and the dimension formula for the potentially crystalline
(or semistable) symplectic deformation ring ([BG19, Theorem A]).

4.1.7 Irreducible components in XSym,red

Let X4,red be the underlying reduced substack of X4. It is an algebraic stack of finite presentation over F
and equidimensional of dimension 6[K : Qp] ([EG23, Theorem 5.5.11 and 6.5.1]). Moreover, its irreducible
components are labelled by Serre weights (of GL4(k)). Our goal is to prove analogous results for the under-
lying reduced substack XSym,red of XSym.

Let σ be a Serre weight (of GSp4(k)). Then there exists λ ∈ X∗1 (T ) such that σ ' F (λ). For each
j ∈ J , we identify λj with a triple of integers (λj,1, λj,2;λj,3) such that 0 ≤ λj,1 − λj,2, λj,2 ≤ p − 1 as
explained in §2.1.

Definition 4.1.8. We say that ρ : GK → GSp4(F) is maximally non-split of niveau 1 and of weight σ if

ρ =


χ1 ∗ ∗ ∗
0 χ2 ∗ ∗
0 0 χ3 ∗
0 0 0 χ4

 (4.1.9)

where

• ρ is maximally non-split of niveau 1, i.e. it has a unique GK-stable complete flag;

•
⊕4

i=1 χi|IK =
∏
j∈J ω

φ(λj+ηj)
K,σj

;

• If χ1χ
−1
2 |IK = ε−1 (resp. χ2χ

−1
3 |IK = ε−1), then λj,2 = p − 1 (resp. λj,1 − λj,2 = p − 1)

for all j ∈ J if and only χ1χ
−1
2 = ε−1 (resp. χ2χ

−1
3 = ε−1) and the element of Ext1

GK (χ1, χ2)

(resp. Ext1
GK (χ2, χ3)) determined by ρ is très ramifiée. Otherwise, λj,1−λj,2 = 0 (resp. λj,2−λj,3 =

0) for all j ∈ J . (Note that χ1χ
−1
2 = χ3χ

−1
4 .)

The following is the main Theorem of this section.

Theorem 4.1.10. The stack XSym,red is an algebraic stack over SpecF of finite presentation and equidimen-

sional of dimension 4[K : Qp]. For each (isomorphism class of) Serre weight σ, there exists an irreducible

component Cσ ⊂ XSym,red containing a dense locus of ρ maximally non-split of niveau 1 and of weight σ.

This induces a bijection between the set of isomorphism classes of Serre weights and the set of irreducible

components of XSym,red.
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Before we proceed, we define potentially diagonalizable representations. Let std′ : GSp4 → GL5 denote
the composite of the projection GSp4 � SO5 and the standard representation SO5 → GL5.

Definition 4.1.11. A continuous representation ρ : GK → GSp4(O) is potentially diagonalizable if ρ⊗O E
is potentially crystalline and std(ρ) is potentially diagonalizable in the sense of [Bar+14, §1.4].

Example 4.1.12. Suppose that ρ : GK → GSp4(O) is potentially crystalline and ordinary (in the sense of
[Bar+14, §1.4]). Then ρ is potentially diagonalizable by Lemma 1.4.3 of loc. cit..

The following two results will be proven in §4.1.15 and §4.1.19 respectively. We write XSym,red,Fp
for

XSym,red ×F SpecFp.

Proposition 4.1.13. For each Serre weight σ, there exists an algebraic stack Cσ,Fp ⊂ XSym,red,Fp
irreducible

of dimension 4[K : Qp] containing a dense locus of ρ maximally non-split of niveau 1 and of weight σ.

Furthermore, there exists a closed substack Csmall ⊂ XSym,red,Fp
of dimension strictly less than 4[K : Qp]

such that

XSym,red,Fp
=
⋃
σ

Cσ,Fp ∪ Csmall.

Theorem 4.1.14. Any continuous representation ρ : GK → GSp4(Fp) admits a lift ρ : GK → GSp4(Zp)

such that ρ ⊗Zp
Qp is crystalline with regular Hodge–Tate weights. Furthermore, ρ can be taken to be

potentially diagonalizable.

Granting the Proposition 4.1.13 and Theorem 4.1.14, we prove:

Proof of Theorem 4.1.10. If a closed immersion of reduced algebraic stacks that are locally of finite type
over SpecFp is surjective on finite type points (see [EG23, §6.6]), then it is an isomorphism. Thus, if we
prove that any ρ : GK → GSp4(Fp) is contained in some Cσ,Fp , then the closed immersion ∪σCσ,Fp ↪→
XSym,red,Fp

from Proposition 4.1.13 is an isomorphism. By Theorem 4.1.14, ρ is contained in the reduction
of a crystalline stackX λSym×Spf OSpecFp for some regular cocharacter λ. By Proposition 4.1.6, the algebraic
stack X λSym ×Spf O SpecFp is equidimensional of dimension 4[K : Qp]. So its underlying space is a union
of Cσ,Fp , and one of them contains ρ.

It remains to show that Cσ,Fp descends to Cσ over SpecF. We need to show that Gal(Fp/F) stabilizes
each component Cσ,Fp ⊂ XSym,red,Fp

. This follows because Gal(Fp/F)-action preserves the property of
being maximally non-split of niveau 1 and of weight σ.

4.1.15 Families of extensions

We prove the Proposition 4.1.13. The essential ingredient is generalizations of the Proposition 5.4.4 in [EG23]
which computes the dimension of families of extensions inside Xn,red,Fp

. We start by introducing several
notations.

Recall that S (resp. Q) denotes the Siegel (resp. Klingen) parabolic subgroup of GSp4. We write US
(resp. UQ) for its unipotent radical and LS (resp. LQ) for its Levi component. Then US ' G⊕3

a and UQ is an
extension of G⊕2

a by Ga.
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We also need the following auxiliary groups. Let Q4 be the minimal parabolic of GL4 containing std(Q)

and UQ4 be its unipotent radical. We define the following subgroups of UQ4 ;

UQ3
=




1 ∗ ∗ 0

0 1 0 0

0 0 1 0

0 0 0 1


 , UQ′3 =




1 0 0 0

0 1 0 ∗
0 0 1 ∗
0 0 0 1


 , UP4 =




1 0 0 ∗
0 1 0 ∗
0 0 1 ∗
0 0 0 1


 .

Let ι : GL4 → GL4 be an involution given by ι(A) = J−1A−>J . Then (UQ4
)ι = UQ and ι : UQ3

∼→ UQ′3 .
Let R be a finite Zp-algebra. Let θ : GK → GL2(R) be a continuous representation and χ : GK → R×

be a continuous character. Then θ ⊕ (θ∨ ⊗ χ) is LS-valued representation of GK and χ⊕ θ ⊕ det(θ)χ−1 is
LQ-valued representation of GK . We write

AdS(θ, χ) : GK
θ⊕(θ∨⊗χ)−−−−−−−→ LS(R)

Ad−−→ Aut(US(R))

AdQ(χ, θ) : GK
χ⊕θ⊕det(θ)χ−1

−−−−−−−−−−→ LQ(R)
Ad−−→ Aut(UQ(R))

AdQ4
(χ, θ) : GK

χ⊕θ⊕det(θ)χ−1

−−−−−−−−−−→ LQ4
(R)

Ad−−→ Aut(UQ4
(R)).

Note that GK-action on UQ3 and UQ′3 induced by AdQ4(χ, θ) define subrepresentations of AdQ4(χ, θ),
which we denote by AdQ3(χ, θ) and AdQ′3(χ, θ) respectively. The isomorphism ι : UQ3

∼→ UQ′3 induces an
isomorphism of GK-modules

AdQ3
(χ, θ)

∼→ AdQ′3(χ, θ).

There is an obvious quotient map UP4
� UQ′3 . We can view UP4

as the unipotent of standard parabolic
subgroup of GL4 whose Levi factor is GL3 × GL1. If ψ : GK → GL3(R) is a continuous representation,
we write

AdP4
(ψ, χ) : GK

ψ⊕χ−−−→ GL3(R)×GL1(R)
Ad−−→ Aut(UP4

(R)).

Finally, we remark that there is an auxiliary embedding

ιaux : {(g, h) ∈ GL2 ×GL2 | det(g) = det(h)} → GSp4

((
a b

c d

)
,

(
x y

z x

))
7→


a b

x y

z w

c d

.

We now consider families of extensions valued in the Siegel parabolic subgroup. Let T be a reduced
finite type Fp-scheme with a morphism T → X2,red,Fp

whose scheme-theoretic image is of pure dimension

d. We let χ : GK → F
×
p be a continuous character. We write θT for the family of GK-representations

corresponding to T → X2,red. Following the convention of [EG23], we write H2(GK ,AdS(θT , χ)) for the
coherent sheaf on T defined as the cohomology group of the Herr complex H2(C•(M)) on T where M is
the rank 3 étale (ϕ,Γ)-module corresponding to the family AdS(θT , χ) (see Remark 5.1.30 of loc. cit.).

We suppose thatH2(GK ,AdS(θT , χ)) is locally free of constant rank r. Following the discussion before
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Proposition 5.4.4 in loc. cit., we find a complex of finite rank locally free OT -modules

C0
T → Z1

T

such that coker(C0
T → Z1

T ) ' H1(GK ,AdS(θT , χ)). Let V = Spec(Sym((Z1
T )∨)). Then V parameterizes

a universal family of extension

0→ θ → ρV → θ
∨ ⊗ χ→ 0

such that ρV is valued in GSp4. This induces a morphism V → XSym,red,Fp
.

Lemma 4.1.16. Let T → X2,red,Fp
, χ, and V be as above. In particular, the scheme-theoretic image of

T → X2,red,Fp
is of pure dimension d, and H2(GK ,AdS(θT , χ)) is locally free of constant rank r. Then the

scheme-theoretic image of V → XSym,red,Fp
is of dimension ≤ d+ 3[K : Qp] + r − 1. Furthermore, if T is

generically maximally non-split of niveau 1, then the equality holds.

Proof. This follows from the proof of [EG23, Proposition 5.4.4].

We now consider the Klingen parabolic case. Let θ : GK → GL2(Fp) be a continuous irreducible
representation. Let T be a reduced finite type Fp-scheme with a morphism T → X1,red,Fp

whose scheme-
theoretic image is of pure dimension d. For each t ∈ T (Fp), H1(GK ,AdQ(χt, θ)) parameterizes ρ : GK →
Q(Fp) whose projection onto LQ(Fp) is χt ⊕ θ ⊕ det

(
θ
)
χ−1. However, the unipotent radical UQ is non-

abelian. To avoid using non-abelian cohomology, we construct a family of extensions in two steps.
Since θ is irreducible, we have H2(GK ,AdQ3(χT , θ)) = 0. Similar to Siegel parabolic case, there exists

a locally free OT -module Z1
T of constant rank with a surjection onto H1(GK ,AdQ3(χT , θ)). The vector

bundle V := Spec(Sym((Z1
T )∨)) parameterizes a universal family of extension

0→ χT → ψV → θ → 0.

By [EG23, Proposition 5.4.4], the scheme-theoretic image of V → X3,red,Fp
is of dimension ≤ d + 2[K :

Qp]− 1.
We can and do replace V by its open dense locus of non-split extensions. Let δ = det

(
θ
)

and χV be
the pullback of χT to V . By local Tate duality, we have H2(GK ,AdP4

(ψV , χ
−1
V δ)) = 0. Thus, there is

a locally free OV -module Z1
V of constant rank with a surjection onto H1(GK ,AdP4

(ψV , χ
−1
V δ)), and the

vector bundle W := Spec(Sym((Z1
V )∨)) parameterizes a universal family of extensions

0→ ψV → ρW → det(ρ)χT → 0.

This induces a morphism f : W → X4,red,Fp
whose scheme-theoretic image is of dimension ≤ d + 5[K :

Qp]− 2 by loc. cit.. We replace W by its open dense locus of non-split extensions. Then W̃ = W ×X4,red,Fp

XSym,red,Fp
is again a scheme. We write f̃ : W̃ → XSym,red,Fp

.

Lemma 4.1.17. Let θ, T → X1,red,Fp
, and f̃ : W̃ → XSym,red,Fp

be as above. In particular, the scheme-

theoretic image of T → X1,red,Fp
is of pure dimension d. We further assume that H2(GK , χ

2
T δ
−1) is locally

free of constant rank r. Then the scheme-theoretic image of f̃ is of dimension ≤ d+ 3[K : Qp] + r − 1.
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Proof. For w : SpecF → XSym,red,Fp
, we write W̃f̃(w) (resp. Wf(w)) for the fiber of f̃ at w (resp. of f at

std(w)). We have the following commutative diagram

W̃f̃(w) SpecFp

Wf(w) W̃ XSym,red,Fp

W X4,red,Fp
.

w

f̃

std

f

By [Stacks, Tag 0DS4], we have

dimW − dimWf(w) ≤ d+ 5[K : Qp]− 2.

By the same Lemma, it is suffice to show dim W̃ ≤ dimW − 2[K : Qp] + r+ 1 in order to get the bound on
the dimension of scheme-theoretic image of f̃ . Recall that W is a dense open subscheme of a vector bundle
over V . For v : SpecFp → V , we define Wv := W ×V,v SpecFp and W̃v := W̃ ×V,v SpecFp. To prove
the claimed inequality, we prove

dim W̃v ≤ dimWv − 2[K : Qp] + r + 1. (4.1.18)

We first claim that the image of W̃v in Wv is contained in a codimension 2[K : Qp] − r − 1 closed
subscheme of Wv . By our construction, v correspond to a non-split extension ψv of θ by χt, where t is
the image of v under V → T . Then ψv determines a class [c] ∈ H1(GK ,AdQ3(χt, θ)). By the iso-
morphism ι : AdQ3(χt, θ)

∼→ AdQ′3(χt, θ), we get [c′] := ι([c]). Any w ∈ Wv(Fp) determines a class
[b] ∈ H1(GK ,AdP4(ψv, χ

−1
t δ)). Then w is in the image of W̃v if and only if [b] is mapped to a line Fp[c

′]

under the map

H1(GK ,AdP4
(ψv, χ

−1
t δ))→ H1(GK ,AdQ′3(χt, θ)).

We take the long exact sequence of Galois cohomology to the following short exact sequence

0→ χ2
t δ
−1 → AdP4

(ψv, χ
−1
t δ)→ AdQ′3(χt, θ)→ 0.

Since dimFp
H2(GK , χ

2
t δ
−1) = r, it shows that the set of [b] mapped to Fp[c

′] is a subspace H ′ ⊂
H1(GK ,AdP4(ψv, χ

−1
t δ)) of codimension 2[K : Qp] − r − 1. Recall that W = Spec((Z1

V )∨) where
Z1
V is locally freeOV -module with a surjection onto H1(GK ,AdP4(ψV , χ

−1
V δ)). Then Wv = Spec((Z1

v )∨)

where Z1
v := v∗(Z1

V ), and the image of W̃v in Wv is given by the inverse image of H ′ in Z1
v . This proves

the claim.
Take w ∈Wv(Fp) in the image of W̃v . We compute the dimension of the fiber

W̃w := W̃v ×Wv,w SpecFp.

If the dimension of W̃w is zero, we get the inequality (4.1.18). Let ρw : GK → GL4(Fp) be the continuous
representation corresponding to w. Then W̃w parameterizes triples (ρw, ζ, α) satisfying the conditions in

https://stacks.math.columbia.edu/tag/0DS4
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Lemma 4.1.2. One can easily see that ζ ' det
(
θ
)
. Suppose that (ρw,det

(
θ
)
, α1) and (ρw,det

(
θ
)
, α2)

are such triples. Since Aut(ρw) = F
×
p , α−1

2 α1 = c for some c ∈ F
×
p . Then map (ρw,det

(
θ
)
, α1) →

(ρw,det
(
θ
)
, α2) identity on ρw and multiplication by c−1 on det

(
θ
)

is then an isomorphism. Thus, there
is the unique up to isomorphism triple (ρ,det

(
θ
)
, α) parameterized by W̃w. This shows that W̃w is of

dimension 0.

Proof of Proposition 4.1.13. Let σ be a Serre weight. Then σ ' F (λ) for λ ∈ X∗1 (T ) well-defined up to
(p−π)X0(T ). We identify λj to a triple (λj,1, λj,2;λj,3) as in §2.1. Then λ′ := (λj,1+λj,2+λj,3, λj,1+λj,3)

defines an element in X∗1 (T 2)/(p − π)X0(T 2), and thus σ′ := F (λ′) is a well-defined Serre weight of
GL2(k).

There exists an irreducible component Cσ′,Fp ⊂ X2,red,Fp
of dimension [K : Qp] characterized as a

closure of the locus of GK-representations of the form

θ =

(
χ1 ∗
0 χ2

)

such that χ1urt−1
1
⊕ χ2urt−1

2
=
∏
j∈J $

λ′j+(1,0)

K,σj
for some t1, t2 ∈ F

×
p , and moreover, if χ1χ

−1
2 |IK = ε−1,

then λj,2 = p−1 for all j ∈ J if and only if χ1χ
−1
2 = ε−1 and the extension class is très ramifiée (see [Le+a,

§7.4]). We call such nonsplit θ as of weight σ′. We recall some of its properties from the proof of [EG23,
Theorem 5.5.12] (corrected in [EG]). There exists an open substack Uσ′ ⊂ Cσ′,Fp consisting of nonsplit θ
of weight σ′. Also, there exists a codimension 1 closed substack Cfixed

σ′ ⊂ Cσ′,Fp containing dense locus of
nonsplit θ of weight σ′ as above with t2 = 1. We let Ufixed

σ′ = Cfixed
σ′ ∩Uσ′ . We can and do assume that Cσ′,Fp

(resp. Uσ′ ) is obtained from Cfixed
σ′ (resp. Ufixed

σ′ ) by taking unramified twists.
We write χσ for the continuous character

∏
j∈J $

sim(φ(λ+η))
K,σj

: GK → F
×
p . For nonsplit θ of weight σ′ as

above, a direct computation shows that the dimension of H2(GK ,AdS(θ, χσ)) is equal to 1 if χσχ−2
2 = ε−1

and 0 otherwise. Note that χσχ−2
2 = ε−1 if and only if λj,1 − λj,2 is equal to 0 for all j ∈ J or equal to

p− 1 for all j ∈ J , and t22 = 1.
Suppose that λj,1 − λj,2 = p − 1 for all j ∈ J , which we call très ramifiée case. We let T be a Fp-

scheme smoothly covering Ufixed
σ′ . ThenH2(GK ,AdS(θT , χσ)) is locally free of constant rank 1. Otherwise,

we replace Uσ′ by its open substack so that t22 6= 1, and let T be a Fp-scheme smoothly covering Uσ′ . Then
H2(GK ,AdS(θT , χσ)) is locally free of constant rank 0. In both cases, T is necessarily irreducible, reduced,
and of finite type over Fp. By applying Lemma 4.1.16 and the preceding discussion, we obtain a vector bundle
V over T parameterizing extensions ρV of θ

∨
T ⊗χσ by θT , and the induced morphism V → XSym,red,Fp

has
the scheme-theoretic image of dimension 4[K : Qp]− 1. We let Cσ,Fp be the scheme-theoretic image of the
unramified twists of ρV . By Lemma 5.3.2 in [EG23], Cσ,Fp has dimension 4[K : Qp].

It remains to construct Csmall and prove that XSym,red,Fp
=
⋃
σ Cσ,Fp ∪ Csmall. If the union

⋃
σ Cσ,Fp ∪

Csmall exhausts all Fp-points of XSym,red,Fp
, then the equality follows. Thus, we construct finitely many

closed substacks of XSym,red,Fp
containing Fp-points of XSym,red,Fp

which are not contained in all Cσ,Fp
and take Csmall to be the union of such closed substacks.

For each Serre weight σ, we define Zσ′ := Cσ′,Fp\Uσ′ . It is an algebraic stack over Fp of dimension
≤ [K : Qp] − 1. For each integer r ≥ 0, there exists a locally closed substack Zσ′,r ⊂ Zσ′ such that
H2(GK ,AdS(θZσ′,r , χσ)) is locally free of constant rank r (by upper-semicontinuity of fiber dimension).
It is easy to check that the dimension of Zσ′,r is at most [K : Qp] − r − 1. When r = 0, there is nothing
to prove. When r = 1, the locus of nonsplit θ in Zσ′,r is contained in Cfixed

σ′ \Ufixed
σ′ which has dimension
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≤ [K : Qp] − 2, and the locus of semisimple θ in Zσ′,r can be checked to have dimension ≤ −1. When
r = 2, Zσ′,r only contains finitely many reducible split and non-scalar θ and thus has dimension ≤ −2.
Finally, when r = 4, Zσ′,r only contains finitely many scalar θ and thus has dimension ≤ −4. Let T be
a Fp-scheme smoothly covering Zσ,r. By applying Lemma 4.1.16 and the preceding discussion, we get
a morphism V → XSym,red, and the scheme-theoretic image of its unramified twists is a closed substack
Cσ,r ⊂ XSym,red,Fp

of dimension ≤ 4[K : Qp] − 1. It contains the locus of ρ in XSym,red,Fp
valued in

the Siegel parabolic subgroup whose Levi factor is up to unramified twist of the form θ ⊕ χσθ
∨

for some θ
in Zσ′,r. The union of all Cσ,r and Cσ,Fp exhausts Fp-points of XSym,red,Fp

valued in the Siegel parabolic
subgroup up to conjugation.

Let {θi : GK → GL2(Fp)} be a finite set of irreducible representations such that any 2-dimensional
irreducible GK-representation with coefficients Fp is an unramified twist of some θi. For each 0 ≤ a <

pf − 1, we have a morphism χa : Gm → X1,red,Fp
corresponding to unramified twists of $a. Note

that the scheme-theoretic image of χa is 0-dimensional. There exists a nonempty open subscheme Ta,i ⊂
Gm and the (possibly empty) closed subscheme T ca,i := Gm\Ta,i such that H2(GK , χ

2
Ta,i

det
(
θ
)−1

)

(resp. H2(GK , χ
2
T ca,i

det
(
θ
)−1

)) is locally free of rank 0, (resp. of rank 1). By Lemma 4.1.17 and its

preceding discussion with T = Ta,i (resp. T = T ca,i), we obtain a morphism f̃ : W̃ → XSym,red,Fp

(resp. f̃ c : W̃ c → XSym,red,Fp
), depending on a and i, and the scheme-theoretic image of its unrami-

fied twists is a closed substack Ca,θi (resp. Ca,θc ) of dimension ≤ 3[K : Qp]. By its construction, Ca,θi
contains all Fp-points of XSym,red,Fp

which are unramified twists of

ρ =

$
a ⊗ urt ∗1 ∗2

θi ∗3
$−a ⊗ urt−1 ⊗ det

(
θi
)


such that the extension class ∗1 is nonsplit (equivalently, ∗3 is nonsplit).
Let Z ⊂ X2,red,Fp

× X2,red,Fp
be the codimension 1 closed substack consisting of (θ1, θ2) such that

det
(
θ1

)
= det

(
θ2

)
. Since ιaux(θ1 ⊕ θ2) is valued in GSp4 after conjugation, we get an induced morphism

Z → XSym,red,Fp
whose scheme-theoretic image denoted by C2 has dimension ≤ 2[K : Qp]− 1. Note that

Z contains all ρ as in the previous paragraph with the condition that ∗1 = 0 (instead of ∗1 nonsplit).
The only remaining GK-representations valued in GSp4(Fp) are unramified twists of 4-dimensional

irreducible representations of the form IndGKGK4
$
a(p+1)
K4,ι where K4/K is the unramified extension of degree

4, ι : K4 ↪→ E is an embedding, and a is an integer. By taking the union of such finitely many families, we
obtain 0-dimensional closed substack Cirred in XSym,red,Fp

.
Finally, we take Csmall to be the finite union of closed substacks Cirred, C2, Ca,θi , C

c
a,θi

for all a and i,
and Cσ,r for all σ and r. It has dimension < 4[K : Qp], and

⋃
σ Cσ,Fp ∪ Csmall exhausts all Fp-points of

XSym,red,Fp
. This completes the proof.

4.1.19 Existence of crystalline lifts

In his thesis [Lina], Zhongyipan Lin developed an obstruction theory for lifting GK-representations val-
ued in reductive groups with mod p coefficients and applied it to prove the existence of crystalline lifts of
GK-representations valued in the exceptional group G2. As already mentioned in loc. cit., the existence
of crystalline lifts for classical groups follows from certain codimension estimates on the moduli stack of
(ϕ,Γ)-modules. We briefly recall Lin’s results and prove the Theorem 4.1.14.
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Recall that G = GSp4. We say that a GK-representation ρ : GK → GSp4(F) is G-completely reducible

if for any parabolic subgroup P of G containing the image of ρ, a Levi subgroup L of P also contains the
image of ρ. We can easily list allG-completely reducibleGK-representations. For i = 1, 2, 3, let χi : GK →
F× be a continuous character and let θi : GK → GL2(F) be a continuous irreducible representation. Then
any G-completely reducible GK-representations are up to conjugation one of the following:

1. χ1 ⊕ χ2 ⊕ χ3χ
−1
2 ⊕ χ3χ

−1
1 valued in T (F);

2. θ1 ⊕ χ3θ
∨
1 valued in LS(F);

3. χ1 ⊕ θ1χ3χ
−1
1 where χ3 = det

(
θ1

)
valued in LQ(F);

4. ιaux(θ1 ⊕ θ2) where det
(
θ1

)
= det

(
θ2

)
and;

5. ρ : GK → GSp4(F) irreducible as 4-dimensional representation.

In all cases, one can easily find explicit crystalline lifts using the crystalline lifts of irreducibleGK-representations
(e.g. the proof of [EG23, Theorem 6.4.4]).

It remains to prove the existence of crystalline lifts of ρ : GK → GSp4(F) that factors through either
S(F) or Q(F). Suppose that ρ factors through S(F) and denote its Levi factor by θ ⊕ χθ

∨
where θ :

GK → GL2(F) is a continuous representation and χ : GK → F× is a character. Then ρ corresponds
to an extension class [c] ∈ H1(GK ,AdS(θ, χ)). In this case, the GK-module AdS(θ, χ) is abelian. By
[EG23, Theorem 6.4.4], we can find crystalline lifts θ : GK → GL2(O) of θ and χ : GK → O× of
χ with Hodge–Tate weights given by regular dominant cocharacters λ = (λj,1, λj,2)j∈J ∈ X∗(T

∨
2 ) and

µ = (µj)j∈J ∈ X∗(T∨1 ) respectively. Then χθ∨ has Hodge–Tate weights λ′ = (µj − λj,2, µj − λj,1)j∈J .
Twisting θ by a crystalline character with sufficiently large Hodge–Tate weights with trivial mod p reduction,
we may assume that λ is slightly larger than λ′ (i.e. λj,2 ≥ −λj,1 + µj + 1 for all j ∈ J , and the inequality
is strict for at least one j). Let R = Rλ

θ
be the crystalline framed deformation ring of θ with Hodge–Tate

weights λ. Then the proof of Theorem 6.3.2 in loc. cit. easily generalizes to our setup and shows that there
exists a crystalline lift θ′ : GK → GL2(O) of θ with Hodge–Tate weights λ lying on the same irreducible
component of SpecR that θ does, and a lift ρ : GK → S(O) of ρ with Levi factor θ′ ⊕ χθ′∨. By Lemma
6.3.1 in loc. cit., ρ is crystalline.

Finally, we suppose that ρ : GK → GSp4(F) factors through Q(F) with Levi factor ρss = χ ⊕
θ det

(
θ
)
χ−1. We may assume θ is irreducible; otherwise ρ factors through S(F) and thus its crystalline

lift exists by the previous paragraph. As in the previous paragraph, we can find crystalline lifts θ : GK →
GL2(O) of θ and χ : GK → O× of χ with Hodge–Tate weights given by regular dominant cocharacters λ =

(λj,1, λj,2)j∈J ∈ X∗(T∨2 ) and µ = (µj)j∈J ∈ X∗(T∨1 ) respectively. Then AdQ(χ, θ)/χ2 det(θ)
−1 ' χθ∨

has Hodge–Tate weights given by (µj − λj,2, µj − λj,1)j∈J . By twisting χ, we may assume that µj ≥ λj,1

for all j ∈ J and the inequality is strict for at least one j.
Let Rλ

θ
(resp. Rµχ) be the crystalline framed deformation ring of θ (resp. χ) of Hodge–Tate weight λ

(resp. µ). We let X = SpecR be an irreducible component of SpecRλ
θ
⊗̂ORµχ. We let θuniv : GK →

GL2(R) and χuniv : GK → R× be the universal families.

Theorem 4.1.20 (Theorem A in [Lina]). Let [c] ∈ H1(GK ,AdQ(χ, θ)) be the class corresponding to ρ.

Recall that we assume p > 2. Suppose that
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1. for each s ≥ 1, the locus

Xs := {x ∈ SpecR | dim k(x)⊗R H2(GK , χ
univ(θuniv)∨) ≥ s}

has codimension ≥ s+ 1 in X;

2. there exists a finite extension K ′/K of degree prime-to-p such that ρss(GK′) has p-power order and;

3. there exists a Zp-point of SpecR whose restriction to GK′ is mildly regular in the sense of [Lina,

Definition 3.0.1].

Then there exists a Zp-point of SpecR corresponding to θ′ : GK → GL2(Zp) and χ′ : GK → Z
×
p and a

class [c] ∈ H1(GK ,AdQ(χ′, θ′)) lifting [c].

We now explain how the assumptions in the previous Theorem hold in our setting. By the irreducibility
of θ, H2(GK , χ

univ(θuniv)∨) = 0 and item (1) follows. Item (2) follows from the fact that both χ and θ have
images of order prime-to-p. For item (3), we take the O-point of SpecR given by θ and χ. By the condition
on Hodge–Tate weights, we have H0(GK′ , χ

2θ∨) = 0 (this is the condition (MR1) in [Lina, Definition
3.0.1]). To verify the condition (MR2) in loc. cit., which asserts the non-degeneracy of the quadratic form
defining the cup product on Lyndon–Demuškin complex, we follow §A in loc. cit.. Since ρss|GK′ is a trivial
representation, the computation is much simpler. If we identify the underlying 2-dimensional vector space of
χθ∨ as

Ga ⊕Ga ' UQ/Z(UQ)

(x, y) 7→


1 x y

1 y

1 −x
1

 mod Z(UQ),

then the quadratic form defining the cup product on Lyndon–Demuškin complex (see §2 and §A in loc. cit.)

is given by a matrix

(
M12

M21

)
where

M12 = tM21 =



0 1

−1 0

0 1

−1 0

. . .

0 1

−1 0


.

Thus, the quadratic form is non-degenerate. By Theorem 4.1.20, there exists a lift of ρ which is further
crystalline by the condition on Hodge–Tate weights.

In all cases of ρ, the crystalline lift ρ is ordinary when restricted to GK′ for some finite unramified
extension K ′/K. Thus ρ is potentially diagonalizable as explained in Example 4.1.12. �
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4.2 Symplectic Breuil–Kisin modules

We start by recalling the definition of Breuil–Kisin modules with tame descent data. We refer [Le+a, §5.1]
for further detail.

Let τ : IQp → T∨n(O) be a tame inertial L-parameter with 1-generic lowest alcove presentation (s, µ).
Let r be the order of sτ . We write f ′ = fr and let K ′/K be the unramified extension of degree r. We
fix a choice π′ = (−p)1/(pf

′
−1). We let L′ = K ′(π′) and ∆ = Gal(L′/K). For an O-algebra R, define

SL′,R := (OK′ ⊗Zp R)Ju′K. It is equipped with an endomorphism ϕ and ∆-action such that

S∆
L′,R = SK,R := (OK ⊗Zp R)JvK

where v = (u′)p
f′−1. Let J ′ = HomZp(OK′ ,O). We have a decomposition SL′,R =

⊕
j′∈J ′ RJu′K

where OK′ acts on j′-summand through the map j′. For any SL′,R-module M , we let M (j′) be the RJu′K-
submodule of M such that OK′ acts by j′.

Let h ≥ 0 be an integer and R be an O-algebra. A Breuil–Kisin module of rank n, height in [0, h], and
type τ with R-coefficients is a projective SL′,R-module M of rank n equipped with

• an injective SL′,R-linear map φM : ϕ∗(M) → M whose cokernel is annihilated by E(v)h where
E(v) = (v + p)h;

• a semilinear ∆-action commuting with φM such that

M(j′) mod u′ ' τ∨ ⊗O R

as ∆′ := Gal(L′/K ′)-representation for each j′ ∈ J ′.

We write Y [0,h],τ
n (R) for the groupoid of Breuil–Kisin modules of rank n, height in [0, h], and type τ with

R-coefficients.

Remark 4.2.1. Note that we can change the r above by any integer divisible by the order of sτ . Using this,
we can always interpret Breuil–Kisin modules with different descent data as modules over a same base.

Definition 4.2.2 (cf. Definition 2.1.9 in [EL]). For M ∈ Y
[0,h],τ
n (R), we define M∨ ∈ Y

[0,h],τ∨

n (R) by
setting

M∨ = HomSL′,R(M,SL′,R)

with induced semilinear ∆-action and φM∨ : ϕ∗(M∨)→M∨ given by the formula

φM∨(f)(m) = ϕ(f(φ−1
M (E(v)hm)))

for all f ∈M∨ and m ∈M. Here φ−1
M (E(v)hm) makes sense because of the height condition and that φM

is injective.

Definition 4.2.3. For i = 1, 2, let ni ≥ 1 and hi ≥ 0 be integers and τi be a tame inertial L-parameter valued
in T∨ni . For Mi ∈ Y [0,hi],τi

ni (R), we define a Breuil–Kisin module

M1 ⊗SL′,R M2 ∈ Y [0,h1+h2],τ1⊗τ2
n1n2

(R)
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by defining φM1⊗M2 := φM1 ⊗ φM1 and taking ∆-action induced by ∆-actions on M1 and M2.

When n = 1 and h = 0, we write Y 0,τ
1 := Y

[0,0],τ
1 . For N ∈ Y 0,τ

1 , the evaluation map N⊗N∨ → SL′,R

is an isomorphism of Breuil–Kisin modules.
Let τ : IQp → T∨(O) be a tame inertial L-parameter. For simplicity, we write Y [0,h],τ

4 to denote
Y

[0,h],std(τ)
4 .

Definition 4.2.4 (cf. Definition 2.1.17 in [EL]). A symplectic Breuil–Kisin module of height in [0, h], and
type τ with R-coefficients is a triple (M,N, α) where M ∈ Y

[0,h],τ
4 (R), N ∈ Y

0,sim(τ)
1 , and α : M '

M∨ ⊗N satisfying the alternating condition

(α∨ ⊗N)−1 ◦ α = −1M.

We write Y [0,h],τ
Sym (R) for the groupoid of symplectic Breuil–Kisin modules of height in [0, h] and type τ with

R-coefficients.

Proposition 4.2.5. The map Y [0,h],τ
Sym → Y

[0,h],τ
4 ×O Y 0,sim(τ)

1 sending (M,N, α) to (M,N) is representable

by schemes. In particular, Y [0,h],τ
Sym is p-adic formal algebraic stack.

Proof. Let R be a p-adically complete O-algebra and S = SpecR. Consider a S-point (MS ,NS) ∈
Y

[0,h],τ
4 ×O Y 0,sim(τ)

1 (S). For any S-scheme S′, we write (MS′ ,NS′) for the pullback of (MS ,NS) to
S′. The fiber product Y [0,h],τ

Sym ×
Y

[0,h],τ
4 ×OY 0,sim(τ)

1
S is the subsheaf αS of Isom(MS ,M

∨
S ⊗NS) given by

αS : S′ 7→
{
α′ ∈ Isom(MS′ ,M

∨
S′ ⊗NS′) | ((α′)∨ ⊗NS′)

−1 ◦ α′ = −1MS′

}
for any S-scheme S′. The sheaf Isom(MS ,M

∨
S ⊗ NS) is representable by affine scheme by [Car+22,

Proposition 3.1.3]. There is a cartesian square

αS S

Isom(MS ,M
∨
S ⊗NS) Isom(MS ,M

∨
S ⊗NS)×S Isom(M∨S ⊗NS ,MS) Aut(MS)

−1MS

c

where the right verticle map is a constant section given by −1MS
∈ Aut(MS), the left bottom horizontal

map sends α to (α, (α∨ ⊗N)−1), and c is the composition. This shows that αS is representable by scheme.
The claim that Y [0,h],τ

Sym is a p-adic formal algebraic stack follows from [Eme, Lemma 5.19].

We recall several notions regarding Breuil–Kisin modules. We refer [Le+a, §5] and the references therein
for more detailed discussions.

Let β = (β(j′))j′∈J ′ be an eigenbasis of M ∈ Y [0,h],τ
n (in the sense of [Le+a, Definition 5.1.6]). Then

the dual basis β∨ = ((β(j′))∨)j′∈J ′ is an eigenbasis of M∨.

Definition 4.2.6. Let (M,N, α) ∈ Y [0,h],τ
Sym (R). An eigenbasis of (M,N, α) is a pair (β, γ) of eigenbasis

β = (β(j′))j′∈J ′ of M and γ = (γ(j′))j′∈J ′ of N satisfying

α(β(j′)) = ((β(j′))∨ ⊗ γ(j′))J.
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Let (M,N, α) ∈ Y [0,h],τ
Sym (R) be a symplectic Breuil–Kisin module with eigenbasis (β, γ). For j′ ∈ J ′,

we write C(j′)
M,β ∈ M4(RJu′K) for the matrix representation of φ(j′)

M with respect to ϕ∗(β(j′−1)) and β(j′).

The height condition implies E(u′)h(C
(j′)
M,β)−1 ∈M4(RJu′K).

Recall that (s, µ) is a 1-generic lowest alcove presentation of τ . For j′ ∈ J ′, we write j′ = j0 + fk for
unique 0 ≤ j ≤ f − 1 and 0 ≤ k ≤ r − 1. Define

α′j′ =

{
s−kτ (s−1

f−1s
−1
f−2 . . . s

−1
f−j)(µf−j + ηf−j) if j′ 6= 0

µ0 + η0 if j′ = 0

(a′)(j′) =

f ′−1∑
i=0

α′−j′+ip
i

s′or,j′ = sk+1
τ (s−1

f−1s
−1
f−2 . . . s

−1
j+1).

(4.2.7)

Then we “remove the descent datum” and get the matrix

A
(j′)
M,β := Ad(φ(s′or,j′)

−1φ(−(a′)(j′))(u′))(C
(j′)
M,β) ∈M4(RJvK)

that is upper triangular modulo v for each j′ ∈ J ′. By height condition, we have E(v)h(A
(j′)
M,β)−1 ∈

M4(RJvK) which is upper triangular modulo v. Both C(j′)
M,β and A(j′)

M,β only depend on j′ mod f . Since

α(β(j′)) = ((β(j′))∨ ⊗ γ(j′))J , we have the following symplecticity property of matrices C(j′)
M,β and A(j′)

M,β .

Lemma 4.2.8. Let (M,N, α) ∈ Y [0,h],τ
Sym (R) with an eigenbasis (β, γ).

1. The partial Frobenius matrix C(j′)
M,β satisfies

(C
(j′)
M,β)>JC

(j′)
M,β = C

(j′)
N,γE(v)hJ

In particular, we have C(j′)
M,β ∈ GSp4(RJu′K[ 1

E(v) ]).

2. Similarly, we have

(A
(j′)
M,β)>JA

(j′)
M,β = A

(j′)
N,γE(v)hJ.

In particular, for p-adically complete R, we have A(j′)
M,β ∈ LGO(R).

Proof. We can show that (β∨ ⊗ γ)J is an eigenbasis of M∨ ⊗N and

C
(j′)
M∨⊗N,(β∨⊗γ)J = C

(j′)
N,γE(v)hJ−1(C

(j′)
M,β)−>J

and similarly for A(j′)
M∨⊗N,(β∨⊗γ)J . Then the claim follows from the definition of symplectic Breuil–Kisin

module and its eigenbasis.

We record how A
(j′)
M,β changes under the change of basis.

Proposition 4.2.9. Let (M,N, α) ∈ Y [0,h],τ
Sym (R) with an eigenbasis (β1, γ1). Suppose that (β2, γ2) is another

eigenbasis such that, for each j′ ∈ J ′, β(j′)
2 = β

(j′)
1 D(j′) and γ(j′)

2 = γ
(j′)
1 sim(D(j′)) for some D(j′) ∈
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GSp4(RJu′K). Define

I(j′) := Ad(φ(s′or,j′)
−1φ(−(a′)(j′))(u′))(D(j′)).

Then I(j′) ∈ I(R) and it satisfies

A
(j′)
M,β1

= I(j′)A
(j′)
M,β2

(Ad(φ(s−1
j )φ(µj + ηj)(v))(ϕ(I(j′−1))−1))

where j ∈ J , j = j′ mod f .

Conversely, for any I(j′) ∈ I(R) only depending on j′ mod f , then the matrix

D(j′) := Ad(φ((a′)(j′))(u′)φ(s′or,j′))(I
(j′)) ∈ GSp4(RJu′K),

and (β2, γ2) given by β2,j′ = β1,j′D
(j′) and γ2,j′ = γ1,j sim(D(j′)) is an eigenbasis.

Proof. This essentially follows from [Le+a, Proposition 5.1.8]. Note that the conditions β(j′)
2 = β

(j′)
1 D(j′)

and γ(j′)
2 = γ

(j′)
1 sim(D(j′)) imply that (β2, γ2) is an eigenbasis.

Definition 4.2.10. Let (M,N, α) ∈ Y [0,h],τ
Sym (F). We define the shape of (M,N, α) to be the unique element

z̃ ∈ W̃∨,J such that A(j)
M,β ∈ I(F)z̃jI(F) for some eigenbasis (β, γ) and for each j ∈ J . By Proposition

4.2.9, this is independent of the choice of eigenbasis.

For integers a ≤ b, we define L[a,b]GO to be the subfunctor of LGO given by

L[a,b]GO(R) =
{
g ∈ LGO(R) | E(v)−ag,E(v)bg−1 ∈M4(RJv + pK)

}
.

for O-algebra R. It is preserved by left and right multiplication by L+GO. We write

Gr
[a,b]
G,O = L+GO\L[a,b]GO

for the induced sub-ind-scheme of GrG,O. For (s, µ) ∈ WJ × X∗(T )J , we define (s, µ)-twisted ϕ-
conjugation action of (L+GO)J on (L[a,b]GO)J by

(I(j))j∈J · (A(j))j∈J :=
(
I(j)A(j)((Ad(φ(s−1

j )φ(µj + ηj)(v))(ϕ(I(j−1))−1))
)
j∈J

.

Similarly, we define (s, µ)-twisted conjugation action by the above formula, but with the ϕ dropped. We
denote by [(L[a,b]GO)J /ϕ,(s,µ)(L

+GO)J ] the fpqc quotient stack using (s, µ)-twisted ϕ-conjugation action.
Let Y [0,h],τ,β

Sym be the fpqc-stackification of a category fibered in groupoids over Spf O sending R to a
groupoid of tuples (M,N, α, β, γ) where (M,N, α) ∈ Y [0,h],τ

Sym (R) and (β, γ) is an eigenbasis of (M,N, α).
By Proposition 4.2.9, Y [0,h],τ,β

Sym is L+GJO -torsor over Y [0,h],τ
Sym .

Proposition 4.2.11. The morphism Y
[0,h],τ,β
Sym → (L[0,h]GO)J sending (M,N, α, β, γ) to (A

(j)
M,β)J induces

an isomorphism of p-adic formal algebraic stacks Y [0,h],τ
Sym ' [(L[0,h]GO)J /ϕ,(s,µ)(L

+GO)J ]∧p . Here, ∧p
denotes the p-adic completion.

Proof. This can be proven as [Le+a, Proposition 5.2.1] using Proposition 4.2.9.
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Recall that GrG,F is equal to the affine flag variety Fl = IF\L(GSp4)F. For integers a ≤ b, let
L[a,b](GSp4)F denote the functor defined on F-algebras R by

L[a,b](GSp4)F : R→
{
A ∈ LGSp4(R) | Av−a, A−1vb ∈M4(RJvK)

}
.

The fpqc quotient [IF\L[a,b](GSp4)F] is isomorphic to a Noetherian closed subscheme Fl[a,b] ⊂ Fl. Note
that Gr

[a,b]
G,F ⊂ Fl[a,b] where the inclusion is strict.

We define

I1,F : R 7→ {A ∈ GSp4(RJvK) | A mod v ∈ U(R)}

and G̃r
[a,b]

G,F := [I1,F\L[a,b]GF]. It is a T∨F -torsor over Gr
[a,b]
G,F . Similarly, we have F̃l

[a,b]
:= I1,F\L[a,b](GSp4)F

which is a T∨F -torsor over Fl[a,b].

Proposition 4.2.12. Suppose that the lowest alcove presentation (s, µ) of τ is (h + 1)-generic. There is an

isomorphism between algebraic stacks π(s,µ) : Y
[0,h],τ
Sym,F

∼→ [(G̃r
[0,h]

G,F )J /(s,µ)T
∨,J
F ].

Proof. This follows from Proposition 4.2.11 and [Le+a, Lemma 5.2.2]. Note that (I(j))j∈J in loc. cit. is an
element in GSp4(RJvK)J if and only if (Xj)j∈J in loc. cit. is an element in GSp4(RJvK)J .

Recall that, for each z̃ ∈ W̃∨,J , there is a subfunctor U(z̃) =
∏
j∈J U(z̃j) ⊂ LGJ . For any integers

a ≤ b, we define

U [a,b](z̃) := U(z̃)O ∩ L[a,b]GJO .

The natural projection map U [a,b](z̃) → (Gr
[a,b]
G,O )J is an open immersion by Proposition 3.1.5. Since

GrJG,F = FlJ is ind-proper and its T∨,J -fixed points are exactly z̃ ∈ W̃∨,J , U(z̃)F form an open cover
of GrJG,F. Also we have T∨,J -torsors

Ũ(z̃) := T∨,JU(z̃)→ U(z̃)

Ũ [a,b](z̃) := T∨,JO U(z̃)[a,b] → U(z̃)[a,b].

The images of U(z̃)
[a,b]
F (resp. Ũ(z̃)

[a,b]
F ) form an open cover of (Gr

[a,b]
G,F )J (resp. (G̃r

[a,b]

G,F )J ).
Recall that Y [0,h],τ

Sym is a p-adic formal algebraic stack, which implies Y [0,h],τ
Sym = lim−→i

Y
[0,h],τ
Sym ×Spf O

SpecO/$i. The algebraic stack Y [0,h],τ
Sym ×Spf O SpecO/$i has the same underlying topological spaces for

all i ∈ Z>0. There is a bijection between open substack of given algebraic stack and open subsets of its
underlying topological spaces (see [Stacks, Tag 06FJ]). Thus there is bijection between open substacks of
Y

[0,h],τ
Sym,O/$i := Y

[0,h],τ
Sym ×Spf O SpecO/$i and open substacks of Y [0,h],τ

Sym,F .

Definition 4.2.13 (cf. Definition 5.2.4 in [Le+a]). Let z̃ ∈ W̃∨,J .

1. We define Y [0,h],τ
Sym,F (z̃) to be the open substack of Y [0,h],τ

Sym,F corresponding to

[Ũ [0,h](z̃)F/(s,µ)T
∨,J
F ] ⊂ [(G̃r

[0,h]

G,F )J /(s,µ)T
∨,J
F ]

under the isomorphism π(s,µ). We write Y [0,h],τ
Sym,O/$i(z̃) to be the open substack of Y [0,h],τ

Sym,O/$i induced

by Y [0,h],τ
Sym,F (z̃).

https://stacks.math.columbia.edu/tag/06FJ


CHAPTER 4. MODULI STACKS IN P -ADIC HODGE THEORY 61

2. We define the p-adic formal open substack Y [0,h],τ
Sym (z̃) := lim−→i

Y
[0,h],τ
Sym,O/$i(z̃) of Y [0,h],τ

Sym .

3. Let R be a p-adically complete O-algebra. We say that (M,N, α) ∈ Y
[0,h],τ
Sym (R) admits z̃-gauge if

(M,N, α) ∈ Y [0,h],τ
Sym (z̃)(R).

4. For (M,N, α) ∈ Y [0,h],τ
Sym (z̃)(R), we define a z̃-gauge basis of (M,N, α) as an eigenbasis (β, γ) such

that A(j)
M,β ∈ Ũ(z̃j)(R) for all j ∈ J .

Proposition 4.2.14. Let (s, µ) be a (h + 1)-generic lowest alcove presentation of τ . Let R be a p-adically

complete O-algebra and (M,N, α) ∈ Y [0,h],τ
Sym (z̃)(R). If M admits an eigenbasis, then M admits a z̃-gauge

basis, and the set of z̃-gauge bases is a T∨,J (R)-torsor.

Proof. Note that if (β, γ) is a z̃-gauge basis for (M,N, α), then β has to be a z̃-gauge basis for M in the
sense of [Le+a, Definition 5.2.6]. By Proposition 5.2.7 of loc. cit., M admits a z̃-gauge basis β, and the set
of such basis is T∨,J4 -torsor. Let γ be any eigenbasis of N. Since (β∨ ⊗ γ)J and α(β) are z̃-gauge basis of
M∨⊗N, there exists t ∈ T∨,J4 (R) such that α(βj) = (β∨j ⊗γj)Jtj for j ∈ J . Then the alternating condition
implies that tjJt−1

j = J . Let β′ = βt′ for some t′ ∈ T∨,J4 (R) and γ′ = γc for some c ∈ (RJvK×)J . Then
(β′)∨ = β∨(t′)−1 and

α(β′j) = ((β′j)
∨ ⊗ γ′j)t′jJt′jtjc−1

j for each j ∈ J .

The condition on t implies that there exists t′j and cj such that t′jJt
′
j = cjJt

−1
j for each j ∈ J , and the

solution gives a z̃-gauge basis (β′, γ′) of (M,N, α). Since the set of solutions is a T∨,J -torsor, the set of
z̃-gauge basis is a T∨,J -torsor.

Let λ ∈ X∗(T
∨)J be a dominant cocharacter such that std(λj) ∈ [0, h]4 for all j ∈ J . There is a

O-flat closed p-adic formal substack Y ≤std(λ),τ
4 ⊂ Y

[0,h],τ
4 (e.g. [Le+a, §5.3]). For simplicity, we write

Y ≤λ,τ4 instead of Y ≤std(λ),τ
4 . We have its symplectic variant Y ≤λ,τSym which is defined as a O-flat part of

Y
[0,h],τ
Sym ×

Y
[0,h],τ
4

Y ≤λ,τ4 . For any finite extensionE′/E with the ring of integerO′, (M,N, α) ∈ Y [0,h],τ
Sym (O′)

belongs to (M,N, α) ∈ Y ≤λ,τSym (O′) if and only if the elementary divisors of A(j)
M,β ∈ GSp4(E′((v+ p))) (for

any eigenbasis (β, γ)) is bounded by E(v)λj for each j ∈ J . In particular, (A
(j)
M,β)j∈J gives a E′-point in

SE(λ) ⊂ GrJG,E . We have its open substack

Y ≤λ,τSym (z̃) = Y ≤λ,τSym ×
Y

[0,h],τ
Sym

Y
[0,h],τ
Sym (z̃).

Remark 4.2.15. For any finite extension F′/F, Y ≤λ,τ4 (F′) is the full subgroupoid of Y [0,h],τ
4 (F′) consisting

of Breuil–Kisin modules whose shapes lie in the set Adm∨(std(λ)) by [CL18, Proposition 5.4]. By Lemma
2.1.6, Y ≤λ,τSym (F′) is the full subgroupoid of Y [0,h],τ

Sym (F′) consisting of Breuil–Kisin modules whose shapes
lie in the set Adm∨(λ) ' Adm∨(std(λ))Θ.

On the local model side, recall the Pappas–Zhu local model MJ (≤ λ) ⊂ Gr
[0,h],J
J ,O . We have its open

neighborhood at z̃ defined by U(z̃,≤ λ) := MJ (≤ λ)∩U(z̃)O. We also write Ũ(z̃,≤ λ) := T∨,JO ×U(z̃,≤
λ).

Theorem 4.2.16. Let (s, µ) be a (h+1)-generic lowest alcove presentation of τ and let z̃ ∈ W̃∨,J . We have
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a local model diagram of p-adic formal algebraic stacks over O

Ũ(z̃,≤ λ)∧p

Y ≤λ,τSym (z̃) =
[
Ũ(z̃,≤ λ)/(s,µ)T

∨,J
O

]∧p
U(z̃,≤ λ)∧p

T∨,JO T∨,JO

where diagonal arrows are T∨,JO -torsors. The superscript ∧p means taking p-adic completion.

Proof. We need to show that Y ≤λ,τSym (z̃) =
[
Ũ(z̃,≤ λ)/(s,µ)T

∨,J
O

]∧p
. Let Y ≤λ,τ,βSym (z̃) be the fpqc-stackification

of a category fibered in groupoids over Spf O sending R to a groupoid of tuples (M,N, α, β, γ) where
(M,N, α) ∈ Y ≤λ,τSym (z̃)(R) and (β, γ) is a z̃-gauge basis of (M,N, α). For a ring of integer O′ in a finite
extension E′/E and (M,N, α, β, γ) ∈ Y ≤λ,τ,βSym (z̃)(O′), (A

(j)
M,β)J ∈ Ũ(z̃,≤ λ)(O′) by the characterization

of Y ≤λ,τSym and the definition of gauge bases. Since Y ≤λ,τ,βSym (z̃) and Ũ(z̃,≤ λ)∧p are O-flat, this induces
a map Y ≤λ,τ,βSym (z̃) → Ũ(z̃,≤ λ)∧p sending (M,N, α, β, γ) to (A

(j)
M,β)J , which induces an isomorphism

Y ≤λ,τSym (z̃)
∼→
[
Ũ(z̃,≤ λ)/(s,µ)T

∨,J
O

]∧p
by Proposition 4.2.9 and 4.2.14.

Corollary 4.2.17. Under the hypothesis in Theorem 4.2.16, Y ≤λ,τSym (z̃) 6= ∅ if and only if z̃ ∈ Adm∨(λ).

Proof. The stack Y ≤λ,τSym (z̃) is nonempty if and only if U(z̃,≤ λ) 6= ∅. By [PZ13, Theorem 9.3], MJ (≤
λ)F = ∪s̃∈Adm∨(λ)S

◦
F(s̃). Then U(z̃,≤ λ) 6= ∅ if and only if S◦F(s̃) ∩ U(z̃)F for some s̃ ∈ Adm∨(λ). The

last condition is equivalent to z̃ ∈ SF(s̃) for some s̃ ∈ Adm∨(λ) by [Le+a, Lemma 4.7.1] (which easily
generalizes to our setup). Then the claim follows from the standard description of torus fixed points of affine
Schubert varieties.

4.3 Symplectic étale ϕ-modules

In this section, we fix a dominant cocharacter λ ∈ X∗(T )J such that std(λj) ∈ [0, h]4 and a 1-generic
inertial tame type τ .

Let n > 0 be an integer. The ring OE,K := W (k)((v))∧p is equipped with Frobenius endomorphism ϕ

extending usual Frobenius on W (k) and sending v to vp. For p-adically complete Noetherian O-algebra R,
Φ-Modét,n

K (R) is defined as the groupoid of rank n étale ϕ-modules with R-coefficients. It is known that
Φ-Modét,n

K is an ind-algebraic fppf stack over Spf O [EG23, Corollary 3.1.5].
Objects of Φ-Modét,n

K (R) are given by rank n projective modules M over OE,K⊗̂ZpR equipped with
an isomorphism φM : ϕ∗(M)

∼→ M. For each j ∈ J , we have an induced morphism φ
(j)
M : M(j−1) →

M(j). We also define M∨ ∈ Φ-Modét,n
K (R) the dual étale ϕ-module of M whose underlying module is

HomOE,K⊗̂ZpR
(M,OE,K⊗̂ZpR) and φM∨ : ϕ∗(M∨)→M∨ given by a formula

φM∨(f)(m) = ϕ(f(φ−1
M (m))

for all f ∈ ϕ∗(M∨) = HomOE,K⊗̂ZpR
(ϕ∗(M),OE,K⊗̂ZpR) and m ∈M.

We define Φ-Modét,Sym
K as the moduli stack of symplectic étale ϕ-modules whose objects are given by

triples (M,N , α) ∈ Φ-Modét,Sym
K (R) where M ∈ Φ-Modét,4

K (R), N ∈ Φ-Modét,1
K (R), and α : M ∼→

M∨ ⊗OE,K⊗̂ZpR
N satisfying alternating condition (α∨ ⊗N )−1 ◦ α = −1.
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Proposition 4.3.1. The map Φ-Modét,Sym
K → Φ-Modét,4

K ×O Φ-Modét,1
K sending (M,N , α) to (M,N ) is

representable by algebraic spaces. In particular, Φ-Modét,Sym
K is an ind-algebraic fppf stack over Spf O.

Proof. This can be proven as Proposition 4.2.5 using [EG23, Corollary 3.1.5] instead of [Car+22, Proposition
3.1.3].

Definition 4.3.2. Let R be a p-adically complete O-algebra and (M,N , α) ∈ Φ-Modét,Sym
K (R). A basis of

(M,N , α) is a pair (β, γ) = ((β(j))j∈J , (γ
(j))j∈J ) where for each j ∈ J , β(j) (resp. γ(j)) is a basis for a

rank 4 (resp. 1) free RJvK[1/v]∧p -moduleM(j) (resp. N (j)) such that

α(β(j)) = ((β(j))∨ ⊗ γ(j))J.

Lemma 4.3.3. Let R be a p-adically complete O-algebra and (M,N , α) ∈ Φ-Modét,Sym
K (R).

1. If (β, γ) is a basis of (M,N , α), then the matrix representation of φ(j)
M (resp. φ(j)

N ) with respect

to the basis β(j−1) and β(j) (resp. γ(j−1) and γ(j)) is given by a matrix A(j) ∈ GSp4(R((v))∧p)

(resp. sim(A) ∈ (R((v))∧p)×).

2. If (β1, γ1) and (β2, γ2) are basis of (M,N , α) such that β(j)
2 = β

(j)
1 Aj and γ(j)

2 = γ
(j)
1 cj for some

Aj ∈ GL4(R((v))∧p) and cj ∈ (R((v))∧p)×, then Aj ∈ GSp4(R((v))∧p) and cj = sim(Aj).

Proof. Item (1) can be shown as Lemma 4.2.8. Item (2) follows from a direct computation using the condition
α(β(j)) = ((β(j))∨ ⊗ γ(j))J .

For a tame inertial type τ ′ valued in T∨n (E), there is a morphism ετ ′ : Y
[0,h],τ ′

n → Φ-Modét,n
K repre-

sentable by algebraic spaces, proper, and of finite presentation ([Le+a, Proposition 5.4.1]).
Given M ∈ Y [0,h],τ ′

n (R) and an integer m ≥ 0, we define M(m) ∈ Y [m,h+m],τ ′

n (R) to be the Breuil–
Kisin module whose underlying module is M and the Frobenius endomorphism is given by φM(m) =

E(v)mφM.
We define a morphism of ind-algebraic fppf stacks over Spf O

ετ : Y
[0,h],τ
Sym → Φ-Modét,Sym

K

(M,N, α) 7→ (εstd(τ)(M), εsim(τ)(N(h)), εstd(τ)(α)).

Remark 4.3.4. Note that the dual of Breuil–Kisin module and étale ϕ-module are not compatible. This
is because of E(v)h in the formula defining the Frobenius of dual Breuil–Kisin modules. This is why
we use εsim(τ)(N(h)) instead of εsim(τ)(N) in the definition of ετ , so that we still have ετ (M∨ ⊗ N) =

εstd(τ)(M)∨ ⊗ εsim(τ)(N(h)). In particular, this explains that εstd(τ)(α) is well-defined.

Proposition 4.3.5. Suppose that τ is (h + 1)-generic. The map ετ : Y
[0,h],τ
Sym → Φ-Modét,Sym

K is a closed

immersion.

Proof. By [Le+a, Proposition 5.4.3], ετ : Y
[0,h],τ
4 → Φ-Modét,4

K is a monomorphism. Then ετ is fully
faithful by [Stacks, Tag 04ZZ]. As a result, the diagram

Y
[0,h],τ
Sym Φ-Modét,Sym

K

Y
[0,h],τ
4 ×Spf O Y

0,sim(τ)
1 Φ-Modét,4

K ×Spf O Φ-Modét,1
K

ετ

εstd(τ)×εsim(τ)

https://stacks.math.columbia.edu/tag/04ZZ
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is cartesian, and the claim follows from [Le+a, Proposition 5.4.3].

Lemma 4.3.6. Let (M,N, α) ∈ Y [0,h],τ
Sym (R) and (M,N , ετ (α)) = ετ ((M,N, α)). If (β, γ) is an eigenbasis

of (M,N, α), there exists a basis (b, c) of (M,N , ετ (α)) determined by (β, γ) such that φ(j)
M with respect to

b is given by A(j)
M,βs

−1
j vµj+ηj .

Proof. The existence of b follows from [Le+a, Proposition 5.4.2]. Then there is a unique c such that (b, c) is
a basis of (M,N , ετ (α)).

Let a ≤ b be integers. There is a natural map

ι′z̃ :
∏
j∈J

(L[a,b]GSp4)Fz̃j → Φ-Modét,Sym
K

(A(j)z̃j)j∈J 7→ (M,N , α)

whereM (resp. N ) is a free rank 4 (resp. 1) étale ϕ-module such that φ(j)
M (resp. φ(j)

N ) with respect to the
standard basis is given by A(j)z̃j (resp. sim(A(j)z̃j)) and α is given by the matrix J with respect to the
standard basis ofM and its dual basis. We also define a closed subscheme

F̃l
[a,b]

J ,z̃ :=
∏
j∈J

(I1,F\(L[a,b]GSp4)Fz̃j) ⊂ F̃l
J
.

We denote by T∨,JF -conj a T∨,JF -action on F̃l
[a,b]

J ,z̃ given by

(Dj)j∈J · (I1,FA
(j)z̃j)j∈J = (DjI1,FA

(j)z̃jD
−1
j−1)j∈J

for (Dj)j∈J ∈ T∨,JF and (I1,FA
(j)z̃j)j∈J ∈ F̃l

[a,b]

J ,z̃ .

Proposition 4.3.7. Suppose that z̃ = σ−1tν+η where ν is (b − a + 1)-deep in C0. Then the morphism ι′z̃
induces a monomorphism

ιz̃ : [F̃l
[a,b]

J ,z̃ /T
∨,J
F -conj] ↪→ Φ-Modét,Sym

K .

Proof. By Lemma 4.3.3 and [Le+a, Lemma 5.4.4], the morphism ι′z̃ factors through a monomorphism

[
∏
j∈J

(L[a,b]GSp4)Fz̃j/ϕIF] ↪→ Φ-Modét,Sym
K ,

and the source is isomorphic to [F̃l
[a,b]

J ,z̃ /T
∨,J
F -conj] by Lemma 5.2.2 in loc. cit..

By combining Proposition 4.2.12, Lemma 4.3.6, and Proposition 4.3.7, we obtain the following result.

Proposition 4.3.8. Let a ≤ b, h ≥ 0 be integers and z̃ = σ−1tν+η ∈ W̃∨,J such that ν is (b− a+ 1)-deep
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in C0. Suppose that (Gr
[0,h],J
G,F )w̃∗(τ) ⊂ Fl

[a,b]
J ,z̃ . Then we have a commutative diagram

M̃J (≤ λ)F G̃r
[0,h],J
G,F F̃l

[a,b]

J ,z̃

[
F̃l

[a,b]

J ,z̃ /T
∨,J
F -conj

]

Y ≤λ,τSym,F Y
[0,h],τ
Sym,F Φ-Modét,Sym

K

rw̃∗(τ)

π(s,µ) ιz̃

ετ

where all hooked arrows are closed immersions.

4.4 Local models for potentially crystalline stacks

We have a canonical morphism ε∞ : Xn → Φ-Modét,n
K constructed in [EG23, Proposition 3.7.2] which cor-

responds to restricting GK-representations to GK∞ -representations when evaluated at complete Noetherian
finite local O-algebras. We have an induced map ε∞ : XSym → Φ-Modét,Sym

K .

Proposition 4.4.1. Suppose τ is (h+2)-generic. Then the map ε∞ : X [0,h],τ
Sym → Φ-Modét,Sym

K is a monomor-

phism.

Proof. This follows from [Le+a, Proposition 7.2.11] using the argument given in the proof of Proposition
4.3.5

We define X≤λ,τSym (resp. X≤λ,τSym,reg) to be the union of X λ
′,τ

Sym for all dominant (resp. regular dominant)
cocharacters λ′ ≤ λ. Similarly, we have X≤λ

′,τ ′

4 .
Recall the O-flat closed substack Y

[0,h],τ,∇∞
4 (resp. Y ≤λ,τ,∇∞4 ) of Y [0,h],τ

4 (resp. Y ≤λ,τ4 ) defined in
[Le+a, §7.2]. It’s key property is that if τ is (h + 2)-generic, then X [0,h],τ

4 → Φ-Modét,4
K factors through

Y
[0,h],τ,∇∞
4 and induces isomorphismsX [0,h],τ

4 ' Y [0,h],τ,∇∞
4 andX≤λ,τ4 ' Y ≤λ,τ,∇∞4 . We define Y [0,h],τ,∇∞

Sym

(resp. Y ≤λ,τ,∇∞Sym ) to be theO-flat part of Y [0,h],τ
Sym ×

Y
[0,h],τ
4

Y
[0,h],τ,∇∞
4 (resp. Y ≤λ,τSym ×

Y
≤λ,τ
4

Y ≤λ,τ,∇∞4 ). We
have the following result.

Proposition 4.4.2. Suppose that τ is (h+ 2)-generic. The map ε∞ factors through Y [0,h],τ,∇∞
Sym and induces

isomorphisms X [0,h],τ
Sym ' Y [0,h],τ,∇∞

Sym and X≤λ,τSym ' Y ≤λ,τ,∇∞Sym .

Proof. Since ε∞ and ετ are fully faithful, we have

X [0,h],τ
Sym '

(
(X [0,h],τ

4 ×X [0,2h],sim(τ)
1 )×Φ-Modét,4

K ×Φ-Modét,1
K

Φ-Modét,Sym
K

)
O-flat

Y
[0,h],τ,∇∞
Sym '

(
(Y

[0,h],τ,∇∞
4 × Y [0,2h],sim(τ)

1 )×Φ-Modét,4
K ×Φ-Modét,1

K
Φ-Modét,Sym

K

)
O-flat

where the subscript O-flat means taking O-flat part. Then the claim follows from the corresponding result
for GL4 ×GL1 in [Le+a, Prop 7.2.3].

We assume that τ is (h + 2)-generic until the end of this section. By using the previous Proposition, we
consider X [0,h],τ

Sym as a closed substack of Y [0,h],τ
Sym .

Before stating the main result of this section, we introduce some notations. Recall that Y ≤λ,τSym is the union
of Y ≤λ,τSym (z̃) for z̃ ∈ Adm∨(λ). We define

Y ≤λ,τ,∇∞Sym (z̃) ⊂ Y ≤λ,τ,∇∞Sym , X λ,τSym(z̃) ⊂ X λ,τSym, X
≤λ,τ
Sym,reg(z̃) ⊂ X≤λ,τSym,reg
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to be the open substacks obtained by taking intersection with Y ≤λ,τSym (z̃) inside Y ≤λ,τSym . We also define T∨,JO -
torsors

Ũ(z̃,≤ λ,∇τ,∞)→ Y ≤λ,τ,∇∞Sym (z̃), X̃ λ,τSym(z̃)→ X λ,τSym(z̃), X̃ λ,τSym,reg(z̃)→ X λ,τSym,reg(z̃)

by taking pullback along the T∨,JO -torsor Ũ(z̃,≤ λ)∧p → Y ≤λ,τSym (z̃).
We defineMJ ,reg(≤ λ,∇a) to be the union ofMJ (λ′,∇a) for all regular dominant cocharacters λ′ ≤ λ.

Note that MJ ,reg(≤ λ,∇a) is a closed subvariety of Mnv
J (≤ λ,∇a) which is in turn contained in MJ (≤ λ).

We define open subschemes

Unv(z̃,≤ λ,∇a) ⊂Mnv
J (≤ λ,∇a) and Ureg(z̃,≤ λ,∇a) ⊂MJ ,reg(≤ λ,∇a)

by taking intersection with the open subscheme U(z̃,≤ λ) ⊂MJ (≤ λ). We also define T∨,JO -torsors

Ũnv(z̃,≤ λ,∇a)→ Unv(z̃,≤ λ,∇a) and Ureg(z̃,≤ λ,∇a)→ Ũreg(z̃,≤ λ,∇a)

by taking pullback along the trivial T∨,JO -torsor Ũ(z̃,≤ λ)→ U(z̃,≤ λ).
To the lowest alcove presentation (s, µ) of τ , we associate tuples of integers aτ = (aτ,j′)j′∈J ′ ∈ (O3)J

′

given by aτ,j′ := (s′or,j′)
−1(a′)(j′)/(1 − pf ′). We remark that if j ∈ J and j ≡ j′ mod f , then aτ,j′ ≡

s−1
j (µj + ηj) mod $ (see [Le+a, Lemma 7.3.1]).

Theorem 4.4.3. 1. We have the following commutative diagram of p-adic formal algebraic stacks

X̃≤λ,τSym,reg(z̃) Ũ(z̃,≤ λ,∇τ,∞) Ũ(z̃,≤ λ)∧p Ũnv(z̃,≤ λ,∇aτ )∧p Ũreg(z̃,≤ λ,∇aτ )∧p

Y ≤λ,τ,∇∞Sym (z̃) Y ≤λ,τSym (z̃) U(z̃,≤ λ)∧p Unv(z̃,≤ λ,∇aτ )∧p .

T∨,JO T∨,JO T∨,JO T∨,JO

where the two parallelograms are cartesian, hooked arrows are closed immersions, and diagonal ar-

rows are T∨,JO -torsors. Moreover, there exists an integer Nsing = N({λj}j∈J ) only depending on

{λj}j∈J ⊂ Z3 such that if µ is Nsing-deep in C0, then the dotted arrows exist and are closed immer-

sions for all z̃ ∈ Adm∨(λ).

2. There exists a nonzero polynomial P = P{λj}j∈J (X1, X2, X3) ∈ Z[X1, X2, X3] depending only on

{λj}j∈J ⊂ Z3 and the ramification index e of O such that if µ is P -generic, then the longer dotted

arrow is an isomorphism. In particular, we obtain the following local model diagram

X̃≤λ,τSym,reg(z̃) ' Ũreg(z̃,≤ λ,∇aτ )∧p

X≤λ,τSym,reg(z̃) Ureg(z̃,≤ λ,∇aτ )∧p

T∨,JO T∨,JO .

Furthermore, for any tame ρ ∈ XSym(F) and regular dominant λ′ ≤ λ, the versal rings to X λ
′,τ

Sym at ρ

are domains (if is nonzero).
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For the proof of Theorem 4.4.3, we need the following Lemma. Its proof is given in §5.4.

Lemma 4.4.4. Suppose that τ is (h+ 16)-generic. Then X λ,τSym(z̃) 6= ∅ if and only if z̃ ∈ Adm∨(λ).

Proof of Theorem 4.4.3. Since the proof is completely analogous to that of [Le+a, Theorem 7.3.2], we briefly
sketch the proof.

1. Let Ũ(z̃,≤ λ)∧p = Spf R. By Proposition 7.1.6 in loc. cit., the composite Spf R→ Y ≤λ,τSym → Y ≤λ
′,τ ′

4

provides an ideal I∇∞ ≤ R such that Ũ(z̃,≤ λ,∇∞) = Spf R/I∇∞ . By Proposition 7.1.10 of loc. cit.,
there is an inclusion Ũ(z̃,≤ λ,∇τ,∞)×OSpecO/p ⊂ Ũnv(z̃,≤ λ,∇aτ ) of subschemes in Ũ(z̃,≤ λ).
As an application of Proposition 3.3.9 in loc. cit., we can lift the map

Ũ(z̃,≤ λ,∇τ,∞)×O SpecO/p→ Ũnv(z̃,≤ λ,∇aτ )→ Unv(z̃,≤ λ,∇aτ )

to SpecR/I∇∞ → Unv(z̃,≤ λ,∇aτ ) at the cost of a genericity assumption on µ. (The Proposition
3.3.9 in loc. cit., which uses Elkik’s approximation theorem, easily generalizes to our setup; its proof
only uses the fact that open charts of universal local models are affine and smooth after inverting v
which follows from Proposition 3.2.7 in our case.) We can also lift the map

Ũ(z̃,≤ λ,∇τ,∞)×O SpecO/p→ Ũnv(z̃,≤ λ,∇aτ )→ T∨,JO

to SpecR/I∇∞ → T∨,JO because of smoothness of T∨,JO . By combining with the previous map,
we obtain a map SpecR/I∇∞ → Ũnv(z̃,≤ λ,∇aτ ) which induces the shorter dotted arrow because
R/I∇∞ is p-adically complete. It is moreover a closed immersion because it is closed immersion
modulo p. Since X̃≤λ,τSym,reg(z̃) (resp. Ũreg(z̃,≤ λ,∇aτ )∧p ) is O-flat and equals to the union of top(=
1+7#J )-dimensional irreducible components of Ũ(z̃,≤ λ,∇τ,∞) (resp. theO-flat locus of Ũnv(z̃,≤
λ,∇aτ )), the longer dotted arrow is induced by the shorter dotted arrow.

2. Since both X̃≤λ,τSym,reg(z̃) and Ũreg(z̃,≤ λ,∇aτ )∧p are reduced O-flat p-adic formal schemes equidi-
mensional of dimension 1 + 7#J , the longer dotted arrow is an isomorphism if both X̃≤λ,τSym,reg(z̃) and
Ũreg(z̃,≤ λ,∇aτ )∧p have the same number of irreducible component. We apply Theorem 3.4.1 for
all regular dominant λ′ ≤ λ. Then there exists a polynomial P ∈ Z[X1, X2, X3] only depending
on {λj}j∈J and the ramification index e of O/Zp such that if P (aτ,j) 6= 0 mod p for all j ∈ J ,
U(z̃, λ′,∇aτ ) is unibranch at z̃ and U(z̃, λ′,∇aτ )∧p is irreducible for all regular dominant λ′ ≤ λ. By
Corollary 4.2.17. this implies that the number of irreducible component of Ũreg(z̃,≤ λ,∇aτ )∧p is at
most

#{λ′ ≤ λ | λ′ regular dominant, z̃ ∈ Adm∨(λ′)}.

On the other hand, Lemma 4.4.4 implies that the number of irreducible component of X̃≤λ,τSym,reg(z̃) is
at least

#{λ′ ≤ λ | λ′ regular dominant, z̃ ∈ Adm∨(λ′)}.

Thus the longer dotted arrow is an isomorphism.

Suppose that ρ ∈ XSym(F). For regular dominant λ′ ≤ λ, we let nλ′ be the number of minimal
primes in any versal ring to X λ

′,τ
Sym at ρ. If ρ ∈ X≤λ,τSym (F) is tame, it’s image in Y ≤λ,τSym (F) is a triple
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(Mρ,Nρ, αρ) where Mρ is a semisimple Breuil–Kisin module of some shape z̃ by [Le+a, Proposition
5.5.7]. Then Mρ ∈ Y ≤λ,τSym (z̃)(F) lifts to an element in T∨,J (F)z̃ ⊂ Ũ(z̃,≤ λ)(F). Thus, we can
take a versal ring to X≤λ,τSym at ρ which is also a versal ring to Ũreg(z̃,≤ λ′,∇aτ ) at z̃. By the previous
paragraph, the number of minimum primes of this versal ring is exactly∑

λ′≤λ

nλ′ = #{λ′ ≤ λ | λ′ regular dominant, z̃ ∈ Adm∨(λ′)}.

By induction on λ, we can show that nλ = 1 if and only if z̃ ∈ Adm∨(λ) and nλ = 0 otherwise.

4.5 Potentially crystalline stacks modulo p

Let λ ∈ X∗(T∨)J be a regular dominant cocharacter such that std(λ) ⊂ ([0, h]4)J . Let τ be a tame inertial
type with (h+ 2)-generic lowest alcove presentation (s, µ) which is λ-compatible with ζ ∈ X∗(Z)J . Recall
that both XSym,red and X λ,τSym,F are equidimensional algebraic stacks over F of dimension 4f . Thus X λ,τSym,F

is topologically a union of irreducible components of XSym,red, which are labelled by Serre weights.
Suppose that Cσ ⊂ X≤λ,τSym,F. We define algebraic stacks C̃σ and X̃≤λ,τSym,F by the following cartesian diagram

C̃σ X̃≤λ,τSym,F M̃J (≤ λ)F

Cσ X≤λ,τSym,F Y ≤λ,τSym,F.

π(s,µ) (4.5.1)

If µ is (2h − 2)-deep in C0, then the closed immersion X̃≤λ,τSym,F ↪→ M̃J (≤ λ)F factors through M̃nv
J (≤

λ,∇aτ )F by [Le+a, Proposition 7.1.10]. Recall that by Theorem 3.6.2, 7f -dimensional irreducible compo-
nents of M̃nv

J (≤ λ,∇aτ )F are exactly C̃ζσw̃(τ)∗ for all σ ∈ JH(W (φ−1(λ)− η)⊗ σ(τ)).
The following Theorem describes the underlying reduced substack of X≤λ,τSym,F.

Theorem 4.5.2. Let λ, τ be as above. We assume that µ is (h+ 16)-deep in C0. Then we have(
X≤λ,τSym,reg

)
red

=
(
X λ,τSym

)
red

=
⋃

σ∈JH(W (φ−1(λ)−η)⊗σ(τ))

Cσ.

We need the following Lemma, whose proof is given in §5.4.

Lemma 4.5.3. Suppose that µ is (h+ 16)-deep in C0. Then for each σ ∈ JH(W (φ−1(λ)− η)⊗ σ(τ)), we

have Cσ ⊂ X λ,τSym,F ⊂ X
≤λ,τ
Sym,F.

Proof of Theorem 4.5.2. Since µ is (h+16)-deep in C0, the Lemma 4.5.3 shows that X λ,τSym,F (resp. X̃ λ,τSym,F)
has at least #JH(W (φ−1(λ) − η) ⊗ σ(τ)) many irreducible components of dimension 4f (resp. 7f ). On
the other hand, the number of 7f -dimensional irreducible components of X̃≤λ,τSym,F is at most that of M̃nv

J (≤
λ,∇aτ )F, which is #JH(W (φ−1(λ)− η)⊗ σ(τ)) by Theorem 3.6.2. This proves our claim.

Theorem 4.5.4. Let (s, µ) be a (h+ 3)-generic lowest alcove presentation of τ which is (λ− η)-compatible

with ζ ∈ X∗(Z). If σ is a Serre weight such that Cσ ⊂ X λ,τSym, then σ ∈ JH(W (φ−1(λ)− η)⊗ σ(τ)) and we
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have a commutative diagram

C̃ζσ

C̃σ X̃≤λ,τSym,F M̃nv
J (≤ λ,∇aτ )F M̃J (≤ λ)F F̃l

[0,h]

J ,w̃∗(τ)

Cσ X≤λ,τSym,F Y ≤λ,τSym,F

[
F̃l

[0,h]

J ,w̃∗(τ)/T
∨,J
F -conj

]

Φ-Modét,Sym
K,F

'

T∨,JF T∨,JF

rw̃∗(τ)

T∨,JF
T∨,JF

where all rectangles are cartesian, all vertical arrows labelled by T∨,JF are T∨,JF -torsors, and all hooked

arrows are closed immersion. The bottom diagonal map is the composition of canonical morphisms Cσ ↪→
XSym,red

ε∞−−→ Φ-Modét,Sym
K,F . Furthermore, if (s, µ) is (h+ 16)-generic, then the above diagram holds for all

σ ∈ JH(W (φ−1(λ)− η)⊗ σ(τ)).

Proof. By Proposition 4.3.8 and (4.5.1), we get the diagram except the top diagonal arrow. The image of C̃σ in
M̃nv
J (≤ λ,∇aτ )F is a top dimensional irreducible component. By Theorem 3.6.2, it is equal to C̃ζσ′w̃

∗(τ)−1

for some σ′ ∈ JH(W (φ−1(λ)−η)⊗σ(τ)). We claim that σ′ = σ. Let (w̃, ω) be a lowest alcove presentation
of σ′ compatible with ζ. We write κ = π−1(w̃) · (ω − η) so that σ′ = F (κ). Note that κ is 3-deep in its
alcove by Proposition 2.5.6. Also, we write w̃ = tνww. We can and do choose a triple (w̃1, w̃2, s̃) such that
s̃ = tνss and

w̃1 = w̃, w̃2 = w̃hw̃1, s̃w̃
−1
2 (0) = ω, wjs

−1
j w−1

j−1 = 1.

Then Cζσ′ = S∇0

F (w̃1, w̃2, s̃) which contains a dense open subscheme Uζσ′ = S◦F(w̃1, w̃2, s̃)
∇0 . Let Ũζσ′ ⊂

C̃ζσ′ be the preimage of Uζσ′ . By [Le+a, Lemma 7.4.6], the image of Ũζσ′ in Φ-Modét,Sym
K consists of

(M,N , α) such that V∗K(M) has the form
χ1 ∗ ∗ ∗
0 χ2 ∗ ∗
0 0 χ3 ∗
0 0 0 χ4

 (4.5.5)

where χi =
∏
j∈J ω

(κj+ηj)i
K,σj

|IK∞ . On the other hand, C̃σ has an open dense subscheme Ũσ whose F-points
are maximally nonsplit of niveau 1 and of weight σ. Let ρ be an F-point in Ũσ ∩ Ũ ′ζσ w̃∗(τ)−1. Since ρ
is 3-generic, the GK∞ -stable standard flag of ρ|GK∞ given by (4.5.5) is also GK-stable ([Le+a, Lemma
7.2.10(4)]). Then the condition on χi and ρ being maximally nonsplit of niveau 1 and of weight σ imply that
σ′ = σ. The last assertion follows from Theorem 4.5.2.

Proposition 4.5.6. Let ρ be a 22-generic tame L-parameter over F. Let Wg(ρ) be a set of 3-deep Serre

weights σ such that ρ ∈ Cσ(F).

1. We have Wobv(ρ) ⊂Wg(ρ) ⊂W ?(ρ).
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2. Let (w̃1, ω) be a lowest alcove presentation of σ ∈ W ?(ρ) compatible with ζ. For each j ∈ J , let

Pw̃1,j
be the polynomial in Theorem 3.7.1. If Pw̃1,j

(ωj) 6= 0 mod p for all j ∈ J , then σ ∈Wg(ρ)

Proof. For any σ ∈ W ?(ρ|IQp ), we can use Lemma 2.5.14 and [Le+a, Remark 2.1.8] to find a tame inertial
L-parameter τ with a lowest alcove representation such that w̃(ρ|IQp , τ) ∈ Adm(η) and σ ∈ JH(σ(τ)).
Since ρ is 22-generic, such τ is 19-generic. By applying Theorem 4.5.4 to such τ , λ = η, and σ, we get
Wg(ρ) = W ζ

g (ρ). Then the claim follows from Theorem 3.7.2.



Chapter 5

Global setup

5.1 Some local Galois deformation rings

Let ĈO be the category of completed Noetherian local O-algebras with residue field F.
Let F be either a number field or a local field. Let ρ : GF → GSp4(F) be a continuous representation.

We letR�
ρ be the framed deformation ring representing the functorD�

ρ takingA ∈ ĈO to the set of GSp4(A)-
valued lifts ρ of ρ. If ψ : GF → O× is a character lifting sim(ρ), we write R�,ψ

ρ for the fixed similitude
deformation ring representing D�,ψ

ρ taking A ∈ ĈO to the set of GSp4(A)-valued lifts ρ with sim(ρ) =

ψ ⊗O A.

5.1.1 Local deformations: l = p

Suppose that F = K. Given a type (λ + η, τ), we denote by Rλ+η,τ
ρ the unique O-flat quotient of R�

ρ

whose A-points, for any O-flat A ∈ ĈO, are lattices in potentially crystalline representations with Hodge–
Tate weight λ + η and tame inertial type τ . We have its version with fixed similitude character Rλ+η,τ,ψ

ρ .
Note that Rλ+η,τ,ψ

ρ is non-zero only if ψ is potentially crystalline of type (sim(λ + η), sim(τ)). We record
the following Lemma relating a potentially crystalline deformation ring to its fixed similitude variants.

Lemma 5.1.2. Recall that p > 2. Twisting by the universal unramified twist

ur1+x : GK → OJXK

sending FrobK to 1 + x induces an isomorphism Rλ+η,τ
ρ ' Rλ+η,τ,ψ

ρ JXK.

Proof. This can be proven as [EG14, Lemma 4.3.1].

We also write Rλ+η,τ
std(ρ) to denote the potentially crystalline (GL4-)deformation ring of std(ρ) and type

(std(λ+ η), std(τ)).
We prove that certain potentially crystalline deformation ring of tame ρ : GK → GSp4(F) is nonzero

and a domain. We have the following necessary condition for Rλ+η,τ
ρ 6= 0 under a mild assumption on ρ and

τ .

Proposition 5.1.3. Let ρ : GK → GSp4(F) be a continuous representation and (λ+ η, τ) be a type.

1. If τ is not (hλ+η + 1)-generic and ρss is max{2hλ+η, 22}-generic, then Rλ+η,τ
ρ = 0.

71
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2. If τ has a lowest alcove presentation (s, µ) with µ (hλ+η + 1)-deep in C0 and Rλ+η,τ
ρ 6= 0, then ρss

has a φ−1(λ)-compatible lowest alcove presentation such that w̃(ρ, τ) ∈ Adm(φ−1(λ) + η).

Proof. By [Enn19, Lemma 5], if Rλ+η,τ
ρ 6= 0, then Rλ+η,τ

ρss 6= 0. Thus, we may assume that ρ = ρss.

1. Note that Rλ+η,τ
ρ = 0 if Rλ+η,τ

std(ρ) = 0. Then the latter follows from a mild strengthening of [Enn19,
Proposition 7] (as explained in the proof of [Le+a, Corollary 8.5.2]).

2. If Rλ+η,τ
ρ 6= 0, then Rλ+η,τ

std(ρ) 6= 0. Then the claim follows from the corresponding result for GL4

([Le+a, Corollary 5.5.8]) and Lemma 2.1.6.

There is a Coxeter length function l on W a which can be extended to W̃ ' W a o Ω by setting l(w̃δ) =

l(w̃) for w̃ ∈ W a and δ ∈ Ω. It is expected that if Rλ+η,τ
ρ 6= 0, the complexity of Rλ+η,τ

ρ increases
as the length of w̃(ρ, τ) decreases. In the special case that w̃(ρ, τ) has the maximal length, i.e. w̃(ρ, τ) ∈
W (φ−1(λ) + η), we can compute Rλ+η,τ

ρ explicitly under a genericity assumption.

Theorem 5.1.4. Let ρ : GK → GSp4(F) be a tame representation. Let (λ+ η, τ) be a type and (s, µ) be a

(2hλ+η + 1)-generic lowest alcove presentation of τ . If there is a lowest alcove presentation (sρ, µρ) of ρ|IK
such that w̃(ρ, τ) ∈ W (λ + η), then Rλ+η,τ

ρ is formally smooth over O with 4f + 11 variables. Moreover,

any ρ : GK → GSp4(O) of type (λ+ η, τ) lifting ρ is potentially diagonalizable.

An analogue of Theorem 5.1.4 for the group GLn and λ = 0 is proven in [LLL19, Theorem 3.4.1]. We
first prove the following generalization of loc. cit. for any dominant λ. Then Theorem 5.1.4 follows almost
immediately.

Theorem 5.1.5. Let ρ : GK → GLn(F) be a semisimple representation. Let (λ+ η, τ) be a type (for GLn)

and (s, µ) ∈ Wn ×X∗(Tn) be a (2hλ+η + 1)-generic lowest alcove presentation of τ . If there is a lowest

alcove presentation (sρ, µρ) of ρ|IK such that w̃(ρ, τ) ∈ Wn(λ+ η′), then Rλ+η′,τ
ρ is formally smooth over

O with n(n−1)f
2 + n2 variables. Moreover, any ρ : GK → GLn(O) of type (λ+ η, τ) lifting ρ is potentially

diagonalizable.

Proof. We first claim that ρ ∈ X≤λ+η′,τ
n (F). By [Le+a, Proposition 5.5.7], there exists M ∈ Y ≤λ+η′,τ

n (F),
semisimple of shape w̃(ρ, τ)∗ = w(λ+ η′) for some w ∈Wn, such that ρ|GK∞ ' T

∗
dd(M). Then the claim

follows from Proposition 7.2.3 in loc. cit..
Let β be a gauge basis for M. Then we have

A
(j)

M,β
= Dj(v + p)wj(λ+η′)

for some Dj ∈ T∨n (F). We let R≤λ+η′,τ,β

M
be the deformation ring that generalizes Rτ,β,∇

M
in [LLL19],

which parametrizes lifts of (M, β) of height bounded by η′ and satisfying the monodromy condition over the
generic fiber, by replacing η′ with λ + η′. Then R≤λ+η′,τ,β

M
is a versal ring to Y ≤λ+η′,τ,∇∞

n at M. As in
Proposition 3.4.8 in loc. cit., the universal partial Frobenius matrices has the form

A(j),univ,∇ = Duniv
j (v + p)wj(λ+η′)U (j),univ,∇

for j ∈ J whereDuniv
j ∈ Tn(R≤λ+η′,τ,β

M
) liftingDj andw−1

j U (j),univ,∇wj ∈ Un(R≤λ+η′,τ,β

M
). In addition,

for any root α < 0, (
w−1
j U (j),univ,∇wj

)
α

= vδwj(α)<0f (j)
α (v)
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where f (j)
α ∈ R≤λ+η′,τ,β

M
[v] is a polynomial of degree< −〈λ+η′, α∨〉 and is zero modulo the maximal ideal

ofR≤λ+η′,τ,β

M
. Moreover, as in the proof of Proposition 3.4.12 in loc. cit. (this is where we need (2hλ+η+1)-

genericity of (s, µ)), f (j)
α mod $ is determined by its top degree coefficient. In particular, this implies that

R≤λ+η′,τ,β

M
is a quotient of a power series ring over O in n(n+1)f

2 variables.
It follows from the diagram (3.16) in [LLL19] that there is an isomorphism

R≤λ+η′

ρ Jx1, . . . , xnf K ' R≤λ+η′,τ,β

M
Jy1, . . . , yn2K.

The former is of dimension n(n+1)f
2 + n2 + 1 where the latter is quotient of a power series ring over O in

n(n+1)f
2 + n2.This shows that R≤λ+η′

ρ is formally smooth over O of relative dimension n(n−1)f
2 + n2. We

have R≤λ+η′

ρ ' Rλ+η′

ρ as the universal partial Frobenius matrices A(j),univ,∇ has elementary divisor exactly
(v + p)λ+η′ .

Finally, we prove that any ρ : GK → GLn(O) of type (λ+ η′, τ) lifting ρ is potentially diagonalizable.
Let ρ′ : GK → GLn(O) be a lift of ρ of type (λ+η′, τ) whose associated Breuil–Kisin module is contained in
the locus of SpecR≤λ+η′,τ,β

M
given by the condition U (j′),univ,∇ = 1. Let K ′/K be an unramified extension

of degree n!. Then ρ′|GK′ is a sum of characters. Since Rλ+η′

ρ is a domain, this shows that ρ is potentially
diagonalizable.

Proof of Theorem 5.1.4. We can repeat the proof of Theorem 5.1.5 using Proposition 4.4.2 instead of the
diagram (3.16) in [LLL19]. The symplecticity of ρ implies the symplecticity of (M, β) (i.e. Dj ∈ T∨(F)

instead of T∨4 (F)). The appropriate symplectic deformation ring R≤λ+η,τ,β

M
of (M, β) can be obtained from

the GL4 case by imposing that A(j),univ,∇ is valued in GSp4, i.e. Duniv
j valued in T∨ and w−1

j U (j),univ,∇wj

valued in U . Then R≤λ+η,τ,β

M
is a quotient of power series ring over O with 7f variables. On the other hand,

Rλ+η,τ
ρ has dimension 4f + 11. Then we have an isomorphism

Rλ+η,τ
ρ Jx1, . . . , x3f K ' R≤λ+η,τ,β

M
Jy1, . . . , y11K

which proves the claim. The potential diagonalizability can be proven similarly using Example 4.1.12.

We also record a lifting result for certain non-tame ρ.

Lemma 5.1.6. Let κ ∈ X∗1 (T ) be 0-deep. Let ρ : GK → GSp4(F) be of maximally nonsplit of niveau 1 and

weight σ = F (κ). Let a be an integer and let k be the unique integer such that a − 2k =: b ∈ {3, 4}. Let

(λa + η, τa) be a type such that

λa =

{
k(1, 1; 2) if b = 3

(1, 0; 0) + k(1, 1; 2) if b = 4

and τa = τ(1, κ−φ−1(λa)). Then there is a potentially crystalline lift ρ : GK → GSp4(O) of ρ with Hodge

type λa + η and tame inertial type τa and of the form

ρ =


χ1 ∗ ∗ ∗
0 χ2 ∗ ∗
0 0 χ3 ∗
0 0 0 χ4
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where ⊕4
i=1χi = ελa+η

p

∏
j∈J ω

φ(κj)−λa,j
K,σj

.

Proof. It is clear that χi lifts χi. Since κ is 0-deep, for i < j, χiχ
−1
j 6= εp. Thus, χiχ−1

j 6= εp. Then
the existence of the lift ρ follows from the vanishing of cohomology H2(GK , χiχ

−1
j ) = 0. It is potentially

crystalline by [EG23, Lemma 6.3.1].

5.1.7 Local deformations: l 6= p

We record deformation problems for Ihara avoidance argument. Let l be a prime and l 6= p. Let F/Ql be
a finite extension with the ring of integers OF , a uniformizer $F , and the residue field kF of size qF . We
assume that qF ≡ 1 mod p. Let ρ : GF → GSp4(F) be a trivial representation and ψ : GF → O× be a
continuous character trivial modulo $.

Let ζ = (ζ1, ζ2) be a pair of continuous characters ζi : O×F → O× that are trivial modulo $. We let Dζ
ρ

be the functor taking A ∈ ĈO to the set of A-valued lifts ρ : GF → GSp4(A) such that for any σ ∈ IF , the
characteristic polynomial of ρ(σ) is

(X − ζ1(Art−1
F (σ)))(X − ζ2(Art−1

F (σ)))(X − ζ2(Art−1
F (σ)))−1(X − ζ1(Art−1

F (σ)))−1.

Then Dζ
ρ is a local deformation problem. We let Rζρ ∈ ĈO be an object representing Dζ

ρ. We record the
following results on Rζρ.

Proposition 5.1.8 (Proposition 7.4.7 and 7.4.8 in [Box+21]). 1. Suppose that ζ = 1 is the pair of trivial

characters. Then SpecR1
ρ is equidimensional of dimension 11 and every generic point has character-

istic zero. Moreover, every generic point of SpecR1
ρ/$ is the specialization of a unique generic point

of SpecR1
ρ.

2. Suppose that ζ1, ζ2 6= 1 and ζ1 6= ζ±1
2 . Then SpecRζρ is irreducible of dimension 11, and its generic

point has characteristic zero.

5.2 Congruent patching functors

Recall the finite étale Zp-algebra Op. It can be written as a finite product of finite étale local Zp-algebras∏
v∈Sp Ov . We write Fp = Op[1/p] '

∏
v∈Sp Fv . Let J = HomZp(Op,O).

Let ρ : GQp →
LG(F) be a tame L-parameter. We consider ψp : GQp →

L
Gm(O) lifting sim(ρ). Note

that ψp is equivalent to a collection {ψv : GFv → O×}v∈Sp . For the applications in §6, we only consider ψp
satisfying:

• ψp is potentially crystalline with tame descent data

• there exists an integer w such that HTσ(ψv) = {w} for all v ∈ Sp and σ ∈ HomQp(Fv, E); and

• ψvε−wp has finite image for all v ∈ Sp.

Note that the first and second conditions imply

ψpε
−w
p |IQp = [ρεp

−w|IQp ],

and the third condition implies ψpε−wp = [ρεp
−w].
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Definition 5.2.1. 1. We define Ψ(ρ) to be a set of ψp : GQp →
L
Gm(O) lifting sim(ρ) and satisfying

the above conditions. If ψp ∈ Ψ(ρ), we say ψp and ρ are compatible.

2. We say a type (λ+ η, τ) is compatible with ψp if sim(λj + ηj) = w for j ∈ J and

sim(τ)εwp |IQp = ψp|IQp .

Remark 5.2.2. It follows from the above discussion that given a tame L-parameter ρ and a type (λ + η, τ),
there exists at most one ψp ∈ Φ(ρ) that is compatible with (λ+ η, τ).

Let ψp ∈ Ψ(ρ). We define

R
ψp
ρ := ⊗̂v∈Sp,OR

�,ψv
ρv

, Rψp∞ := R
ψp
ρ ⊗̂OR

p

where Rp is a complete Noetherian equidimensional flat O-algebra. For a type (λ + η, τ) compatible with
ψp, we define

R
λ+η,τ,ψp
ρ := ⊗̂v∈Sp,OR

λv+ηv,τv,ψv
ρv

, Rλ+η,τ,ψp
∞ := Rψp∞ ⊗Rψpρ R

λ+η,τ,ψp
ρ .

Let Mod(R
ψp
∞ ) be the category of finitely generated modules over Rψp∞ and Rep

ψp
O (GSp4(Op)) be the

category of topological O[GSp4(Op)]-modules, which are finitely generated over O, with fixed central char-
acter given by ⊗v∈Sp(ψvε

3
p|IFv ) ◦ (ArtFv |OFv ).

Definition 5.2.3. A fixed similitude patching functor for ρ is a triple (ψp, R
ψp
∞ ,M

ψp
∞ ) where ψp ∈ Ψ(ρ), Rψp∞

is as above, and

Mψp
∞ : Rep

ψp
O (GSp4(Op))→ Mod(Rψp∞ )

is an exact covariant functor satisfying the following conditions:

(1) for a type (λ+η, τ) compatible withψp and a GSp4(Op)-stableO-lattice σ◦(λ, τ) in σ(λ, τ),Mψp
∞ (σ◦(λ, τ))

is a maximal Cohen–Macaulay module over Rλ+η,τ,ψp
∞ if it is nonzero; and

(2) for all σ ∈ JH(σ(λ, τ)), Mψp
∞ (σ) is a maximal Cohen–Macaulay module over Rλ+η,τ,ψp

∞ /$ if it is
nonzero.

Furthermore, we say that

(i) Mψp
∞ is minimal if Rp is formally smooth over O and Mψp

∞ (σ◦(λ, τ))[p−1] is locally free of rank at
most one over Rλ+η,τ,ψp

∞ [p−1]; and

(ii) Mψp
∞ is potentially diagonalizable if Mψp

∞ (σ◦(λ, τ)) is nonzero for all (λ + η, τ) such that ρv has
potentially diagonalizable lift of type (λv + ηv, τv) for each v ∈ Sp.

For the following definition, we let R∞ be a complete local Noetherian O-algebra with a surjection
R∞ → R

ψp
∞ for all ψp ∈ Φ(ρ). In the application, R∞ will be a completed tensor product of local deforma-

tion rings and Rψp∞ will be a quotient of R∞ with fixed similitude character.
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Definition 5.2.4. 1. We say a set

M∞ =
{

(ψp, R
ψp
∞ ,M

ψp
∞ ) | (ψp, Rψp∞ ,Mψp

∞ ) is a fixed similitude patching functor for ρ
}

is (or its elements are) congruent if the restrictions of Mψp
∞ to $-torsion objects

Mψp
∞ /$ : Rep

ψp
F (GSp4(Op))→ Mod(Rψp∞ /$) ↪→ Mod(R∞/$)

for all (ψp, R
ψp
∞ ,M

ψp
∞ ) ∈M∞ are equal.

2. We say that M∞ is minimal (resp. potentially diagonalizable) if all (ψp, R
ψp
∞ ,M

ψp
∞ ) ∈ M∞ are

minimal (resp. potentially diagonalizable).

3. A congruent family of fixed similitude patching functors for ρ is a congruent set of fixed similitude
patching functorsMΦ

∞ such that the map

MΦ
∞ → Φ(ρ)

(ψp, R
ψp
∞ ,M

ψp
∞ ) 7→ ψp

is a bijection. In other words,MΦ
∞ consists of exactly one fixed similitude patching functor for each

ψp ∈ Φ(ρ).

5.3 Algebraic automorphic forms

In this section, we recall the global setup in [EL, §4]. Let F be a totally real field. Suppose that [F : Q] is
even. We also assume that p is unramified in F . Let G be the F -group GU2(D) where D is a quaternion
algebra over F ramified at all infinite places and split at all finite places. Such a D exists because [F : Q]

is even. Then G is an inner form of GSp4. The center ZG is isomorphic to Gm, and G is compact modulo
center at infinity. Choose a maximal order OD of D. It defines an OF -structure on G. For each finite place
v, we fix an isomorphism OD,v 'M2(OFv ) which induces an isomorphism ιv : G/OFv → GSp4/OFv .

Let χ : AF /F× → C× be a Hecke character. We write χp,ι = ι−1 ◦ χ. Let U = UpU
∞,p ≤

G(Op)× G(A∞,pF ) be a compact open subgroup. For a finite place v of F , we write Iw(v) (resp. Iw1(v)) for
the (resp. pro-p) Iwahori subgroup of G(Fv) ' GSp4(Fv). Let W be an O-module with a continuous action
of Up. We define Sχ(U,W ) to be the O-module of functions f : G(F×)\G(A∞F )→W such that

f(zgu) = χp,ι(z)u
−1
p f(g) ∀g ∈ G(A∞F ), u ∈ U, z ∈ ZG(A∞F ).

Let U ≤ G(A∞F ) be a compact open subgroup. We assume that U is sufficiently small in the sense
that it contains no element of order p. For our local applications, we will fix a finite place v0 such that
qv0
6≡ 1 mod p and has residue characteristic > 5 and assume that Uv0

= Iw1(v0). In this case, the choice of
Uv0

ensures that U is sufficiently small. Let PU be the finite set of finite places of F at which U is ramified.
Let Sp be the set of places of F dividing p. For a finite set P , we define the universal Hecke algebra TP,univ

to be the polynomial ring over O generated by Sv, Tv,1, Tv,2 for each v /∈ P and v = v0 if v0 ∈ P . When P
contains Sp ∪ PU , there is a natural TP,univ-action on Sχ(U,W ) where Sv, Tv,1, Tv,2 act through the double
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coset operatorsUv

$v

$v

$v

$v

Uv
 ,

Uv

$v

$v

1

1

Uv
 ,

Uv

$2
v

$v

$v

1

Uv


respectively. We denote the image of TP,univ in EndO(Sχ(U,W )) by TPχ (U,W ).
Let ψ := χp,ιε

−3
p . Let r : GF → GSp4(F) be an absolutely irreducible continuous representation and

sim(r) = ψ mod $. When we have a fixed place v0, we assume that r|GFv0 is a sum of unramified characters
with no two eigenvalues of Frobv0 have ratio qv0 . In applications, we can always choose such v0 ([Box+21,
§7.7]). We write

r|GFv0 ' urc1urc2urc0 ⊕ urc1urc0 ⊕ urc2urc0 ⊕ urc0

for c1, c2, c0 ∈ F×. We denote by Pr the set of finite places either dividing p or at which r is ramified. For
any finite set P ⊃ Pr, we define a maximal ideal mPr,χ ≤ TP,univ with residue field F by demanding that

1. for each v /∈ P ,

Sv mod mPr,χ = ψ(Frobv)

and the characteristic polynomial of r(Frobv) in F[X] is given by

X4 − Tv,1X3 + (qvTv,2 + (q3
v + qv)Sv)X

2 − q3
vTv,1SvX + q6

vS
2
v mod mPr,χ,

2. for v = v0 (if v0 ∈ P ),

Sv mod mPr,χ = c0, Tv,1 mod mPr,χ = qv0c1, Tv,2 mod mPr,χ = q3
v0
c2

(cf. [Box+21, §2.4.7]; note mPr,χ is well-defined by symplecticity of r).

Definition 5.3.1. 1. We say that a pair (r, χ) as above is automorphic of weight µ ∈ (X∗(T )+)Sp and

level U if there is a finite set of finite places P containing PU ∪ Pr such that Sχ(U, V (µ)∨)mPr,χ 6= 0.

2. Let σ be a Serre weight ofG0(Fp). We say that r is modular of weight σ (and level U ), or equivalently,
σ is a modular weight of r (at level U ) if Sχ(U, σ∨)mPr,χ 6= 0 for some χ. Note that Sχ(U, σ∨)mPr,χ
does not depend on the choice of χ as long as χp,ιε−3

p mod $ = sim(r).

3. We let W (r) be the set of modular Serre weights of r.

We remark that (r, χ) is automorphic for some χ if and only if r is a mod p reduction of the Galois
representation attached to a regular algebraic cuspidal automorphic representation of G(AF ) (equivalently, of
GSp4(AF )); see [EL, Remark 4.2.4].

Let (r, χ) be automorphic of weight µ and level U and P be as above. Suppose that there is a subset
R ⊂ P disjoint from Sp such that for v ∈ R, Uv = Iw1(v), qv ≡ 1 mod p, and r|GFv is trivial. For each
v ∈ R, we choose a pair of characters ζv = (ζv,1, ζv,2) such that
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1. for i = 1, 2, ζv,i : O×v → O× is a continuous character trivial modulo $;

2. either ζv,1 = ζv,2 = 1, or ζv,1, ζv,2 6= 1 and ζv,1 6= ζ±1
v,2 .

Let Tder := ker(T
sim−−→ Gm). The projection to the first two diagonal entries induces an isomorphism

Tder ' G2
m. We write ζR for the induced character

ζR =
∏
v∈R

[ζv] :
∏
v∈R

Tder(kv)→ O×.

We let TPχ (U, V (µ))ζR to be the image of TP,univ in EndO(Sχ(U, V (µ))ζR) where the subscript ζR denotes
taking the ζR-coinvariant for the action of Πv∈RTder(kv).

Proposition 5.3.2. Keep the above notations and assumptions. We further assume that r : GF → GSp4(F)

is absolutely irreducible. Then there exists a unique continuous representation

rPχ,µ(U) : GF → GSp4(TPχ (U, V (µ))ζR,mPr,χ)

such that

1. rPχ,µ(U) lifts r;

2. sim(rP∪Qχ,µ (U(Q))) = ψ;

3. if v /∈ P ∪Q, then rPχ,µ(U) is unramified at v and the characteristic polynomial of rPχ,µ(U)(Frobv) in

TPχ (U, V (µ))ζR,mPr,χ [X] is equal to

X4 − Tv,1X3 + (qvTv,2 + (q3
v + qv)χv($v))X

2 − q3
vTv,1χv($v)X + q6

vχv($v)
2,

4. if v ∈ R, then the TPχ (U, V (µ))ζR,mPr,χ-point of R�
r|GFv

induced by rPχ,µ(U)|GFv factors through

Rζvr|GFv
;

5. if v0 ∈ P and v = v0, then

rPχ,µ(U)|GFv ' urTv,1urTv,2urSv ⊕ urTv,1urSv ⊕ urTv,2urSv ⊕ urSv ;

6. and for every O-algebra homomorphism f : TPχ (U, V (µ))ζR,mPr,χ → E′ where E′ is a finite extension

of E, the representation f ◦ rPχ,µ(U)|GFv is de Rham of Hodge–Tate weights µv + ηv for all v ∈ Sp.

Proof. This is proven in [EL, Proposition 4.2.6] except item (4) and (5). By the local-global compatibility
in [Mok14, Theorem 3.5], item (4) follows from Proposition 2.4.28 [Box+21] and item (5) follows from
Proposition 2.4.3, 2.4.4, and 7.4.2 in loc. cit..

5.4 Patching argument

In this section, we construct a congruent family of similitude patching functors in the global case (i.e. Op =

OF ⊗Z Zp) and in the local case (i.e. Op = OK).
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Definition 5.4.1. 1. We say that a continuous representation r : GF → GSp4(F) is odd if for each
infinite place v and corresponding choice of complex conjugation cv ∈ GF , sim(r)(cv) = −1.

2. We say that a continuous representation r : GF → GSp4(F) satisfies Taylor–Wiles conditions if r is
absolutely irreducible, odd, and vast and tidy (in the sense of [Box+21, §7.5]).

Theorem 5.4.2. 1. Let r : GF → GSp4(F) be a continuous representation. Let χ be a Hecke character

and ψ := χε−3
p . Suppose that r satisfies Taylor–Wiles conditions and (r, χ) is automorphic (of some

weight µ′ and level U ′). Then there exists a congruent family of fixed similitude patching functors for

rp.

2. Let ρ : GK → GSp4(F) be a 16-generic continuous representation. If ρ is either tame or maximally

nonsplit of niveau 1 and weight σ, there exists a congruent family of potentially diagonaliazable fixed

similitude patching functors for ρ. In the former case, it can be taken to be minimal.

Remark 5.4.3. 1. Let σ be a Serre weight of GSp4(OF /p). Let Mψp
∞ be a fixed similitude patching

functor in Theorem 5.4.2(1). It will be clear from the construction of Mψp
∞ that

(Mψp
∞ (σ)/m∞)∨ ' Sψ(U, σ∨)mPr,χ .

In other words, σ ∈W (r) if and only if Mψp
∞ (σ) 6= 0. Similarly, for a type (λ, τ) compatible with ψp,

we have

(Mψp
∞ (σ◦(λ, τ))/a∞)∨ = Sψ(U, σ◦(λ, τ)∨)mPr,χ .

In particular, if Mψp
∞ (σ◦(λ, τ)) 6= 0, then rp has a potentially crystalline lift of type (λ+ η, τ).

2. Let σ be a Serre weight of GSp4(k) and M
ψp
∞ be a fixed similitude patching functor in Theorem

5.4.2(2). It will be clear from the construction and Theorem 5.4.4 that if Mψp
∞ (σ◦(λ, τ)) 6= 0, then

σ ∈ W ?(ρ|IK ). Also, for a type (λ, τ) compatible with ψp, if Mψp
∞ (σ◦(λ, τ)) 6= 0, then ρ has a

potentially crystalline lift of type (λ+ η, τ) by Proposition 5.3.2.

Granting item (1) in Theorem 5.4.2, we prove the following weight elimination result. It will be used to
prove item (2) in Theorem 5.4.2.

Theorem 5.4.4. Let r : GF → GSp4(F), χ, and ψ be as in Theorem 5.4.2(1). Let σ ∈ W (r). We suppose

that either (r|GFv )ss is 22-generic for each v|p or σ is 7-deep and (r|GFv )ss is 16-generic for each v|p. Then

σ ∈W ?(rss
p ).

Proof. By Theorem 5.4.2(1), there exists a congruent family of fixed similitude patching functors {Mψp
∞ }

for rp. Let σ = F (λ) be a modular Serre weight for r. By the exactness of patching functors and Remark
5.4.3, rp has a potentially crystalline lift of type (η, τ) for any 1-generic tame inertial type τ such that
σ ∈ JH(σ(τ)).

Suppose that λ is 12-deep. For each s ∈ W , let τs = τ(s, w̃h · λ + η) be a 9-generic tame inertial
L-parameter. Since F (λ) ∈ JH(σ(τs)), for the unique ψp ∈ Φ(rp) compatible with (η, τs), we have

Mψp
∞ (σ◦(τs)) 6= 0.
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Since Mψp
∞ (σ◦(τs)) is supported on SpecR

η,τs,ψp
∞ , r|GFv admits a potentially crystalline lift with Hodge

type ηv and tame inertial type (τs)v for v|p. By Proposition 5.1.3, there exists a lowest alcove presentation
of rss

v (which does not depend on s by Remark 2.5.13) such that w̃(rss
v , τs) ∈ Adm(η). By Lemma 2.5.12,

F (λ) ∈W ?(rss
p ).

Suppose that λ is not 12-deep but 7-deep. Then the tame type τe = τ(e, w̃h · λ+ η) is 4-generic but not
12-generic by [LLL19, Proposition 2.2.16] and its proof. Also, F (λ) ∈ JH(σ(τe)). Then std(rp) does not
admit a potentially crystalline lift of type T (η, τe) by Proposition 3.3.2 in loc. cit.. This contradicts the first
paragraph of this proof.

Finally, suppose that λ is not 7-deep and (r|GFv )ss is 22-generic for each v|p. For v|p, std(r|GFv ) does not
have a potentially crystalline lift of type (η′, std(τ(e, λ))) by [Enn19, Theorem 8] as explained in the proof
of [LLL19, Corollary 4.2.4]. Thus, r|GFv does not have a potentially crystalline lift of type (η, τ(e, λ)). This
contradicts the assumption on F (λ).

Granting item (2) in Theorem 5.4.2, we prove Lemma 4.4.4 and 4.5.3 (thus finishing the proofs of Theo-
rem 4.4.3 and 4.5.4). We first prove the following partial converse of Proposition 5.1.3.

Proposition 5.4.5. Suppose that a tame ρ : GK → GSp4(F) is 16-generic. Let (λ + η, τ) be a type with a

(hλ + 1)-generic lowest alcove presentation of τ . If ρ has a λ-compatible lowest alcove presentation such

that w̃(ρ, τ)∗ ∈ Adm∨(λ+ η), then Rλ+η,τ
ρ 6= 0.

Proof. By Theorem 5.4.2(2), there exists a congruent family of potentially diagonalizable minimal fixed
similitude patching functors {Mψp

∞ } for ρ. Choose a 16-generic lowest alcove presentation of ρ λ-compatible
with τ . For each s ∈ W , there exists a tame inertial type τs with 13-generic lowest alcove presentation
compatible with ρ and w̃(ρ, τs) = s−1(η). By Lemma 2.5.11, we have

JH(σ(τs)) ∩W ?(ρ|IK ) = {Fρ(s)}.

Note that any element in JH(σ(τs)) is 10-deep by Proposition 2.5.6.
On the other hand, ρ admits a potentially diagonalizable lift of type (η, τs) by Theorem 5.1.4. Then for

ψp ∈ Φ(ρ) compatible with (η, τs), Mψp
∞ (σ◦(τs)) 6= 0. By Theorem 5.4.4, JH(σ(τs)) ∩W (r) is nonempty

and contained in W ?(ρ|IK ). Therefore, Mψp
∞ (Fρ(s)) 6= 0 and {Fρ(s)}s∈W = Wobv(ρ). For (λ + η, τ) as

in the statement, JH(σ(λ, τ)) ∩Wobv(ρ) 6= ∅ by [Le+a, Proposition 2.6.6]. Thus Mψp
∞ (σ◦(λ, τ)) 6= 0 and

Rλ+η,τ
ρ 6= 0.

Proof of Lemma 4.4.4. Suppose that z̃ ∈ Adm∨(λ). There exists a tame ρ ∈ XSym(F) with a 16-generic
lowest alcove presentation such that w̃(ρ, τ)∗ = z̃. By Proposition 5.4.5, ρ ∈ X λ,τSym(F). Furthermore, ρ is in
X λ,τSym(z̃) because ε∞(ρ) is equal to the image of z̃ in Φ-Modét,Sym

K under ι′z̃ . Conversely, if X λ,τSym(z̃) 6= ∅,
then Y ≤λ,τSym (z̃) 6= ∅. This implies z̃ ∈ Adm∨(λ) by Corollary 4.2.17.

Proof of Lemma 4.5.3. Let (w̃, ω) be a lowest alcove presentation of σ λ-compatible with τ . We also set
κ = π−1(w̃) · (ω − η) so that σ = F (κ). Then σ is 16-deep, which implies ω is 13-deep. Let ρ : GK →
GSp4(F) be maximally nonsplit of niveau 1 and weight σ. Let w̃ = tηww. Note that ηw is dominant
and 3-small. Then a direct computation shows that ρss|IK admits a 10-generic lowest alcove presentation
(π−1(w)−1w,ω+π−1(w)−1(ηw)). Similarly, a tame inertial L-parameter τ(e, κ) admits a 10-generic lowest
alcove presentation (π−1(w)−1w,ω + π−1(w)−1(ηw − η)). By Lemma 5.1.6, ρ admits a potentially diago-
nalizable lift of type (η, τ(e, κ)). Since w̃(ρss, τ(e, κ)) = tη , we have W ?(ρss) ∩ JH(σ(τ(e, κ))) = {σ} by
Proposition 2.5.11. Note that any element in JH(σ(τ(e, κ))) is 7-deep by Proposition 2.5.6.
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By Theorem 5.4.2(2), Mψp
∞ (σ(τ(e, κ)) 6= 0 for the unique ψp ∈ Φ(ρ) compatible with (η, τ(e, κ)), and

by Theorem 5.4.4, Mψp
∞ (σ(τ(e, κ)))/$ = M

ψp
∞ (σ). Then for any type (λ+η, τ) such that σ ∈ JH(σ(λ, τ))

and the unique ψ′p ∈ Φ(ρ) compatible with (λ+η, τ),M
ψ′p
∞ (σ(λ, τ)) 6= 0. Since it is supported onR

λ+η,τ,ψ′p
∞ ,

ρ ∈ X λ,τSym,F(F). Since such ρ are dense in Cσ , this implies that Cσ ⊂ X λ,τSym,F.

5.4.6 Construction of fixed similitude patching functors

We first provide a general construction of a fixed similitude patching functor by extending the construction
in [EL, §4.4], which is based on [Car+16] and [Box+21]. Then we explain how the construction applies to
particular cases.

Let F and r be as in Theorem 5.4.2(1). Given ψp ∈ Ψ(rp), there exists a continuous character ψ : GF →
O× lifting sim(r) and ψ|GFv = ψv for all v ∈ Sp ([EL, Lemma 4.4.3]). Let χ be a Hecke character such that
χp,ι = ψε3p. We assume that (r, χ) is automorphic of weight µ and sufficiently small level U .

Let Sp be the set of places of F dividing p and S be a finite set of finite places containing Sp. We define

q = h1(FS/F, ad(r)(1)), g = 2q − 4[F : Qp] + |S| − 1.

For T ⊂ S, we define TT := OJy1, . . . , y11|T |−1K. We also define S∞ := TSJZ2q
p K. Viewing S∞ as an

augmented O-algebra, we let a∞ denote the augmentation ideal of S∞.
Suppose that S contains Sr ∪ SU . Let R be a subset of S disjoint from Sp. We assume that for each

v ∈ R, Uv = Iw1(v), qv ≡ 1 mod p, and r|GFv is trivial. The presence of R is necessary for the “Ihara
avoidance” argument and is not necessary for applications to the Breuil–Mézard conjecture or the weight part
of Serre’s conjecture. For each v ∈ R, we choose a pair of characters ζv = (ζv,1, ζv,2) as in §5.3 which
induce a character ζR :

∏
v∈R Tder(kv)→ O×.

For each v ∈ S, let Dv ⊂ D
�,ψ|GFv
v be a local deformation problem represented by Rv ∈ ĈO. If v ∈ R,

we take Dv = Dζvv . We consider a global deformation problem

S = (S, {Dv}v∈S , ψ).

If T is a subset of S, we write DTS for the functor of T -framed deformations of type S. Since r is absolutely
irreducible, DS (resp. DTS ) is represented by RS (resp. RTS ) in ĈO. The choice of a universal lift rS : GF →
GSp4(RS) gives an isomorphism RS ⊗O TT ' RTS . Let RT,loc

S := ⊗̂v∈TRv . Then there exists a natural
map RT,loc

S → RTS .
Given a Taylor–Wiles datum (Q, (αv,1, . . . , αv,4)v∈Q) ([EL, Definition 4.4.6]), we define the augmented

deformation problem

SQ = (S ∪Q, {Dv}v∈S ∪ {D
�,ψ|GFv
v }v∈Q, ψ).

For each v ∈ Q, let ∆v = k×v (p)2 where k×v (p) is the maximal p-power quotient of k×v . Set ∆Q =
∏
v∈Q ∆v .

Let aQ denote the augmentation ideal of O[∆Q]. Then there is a canonical local ring homomorphism
O[∆Q] → RSSQ such that RSSQ/aQ ' RSS . Since r is odd and vast, [Box+21, Corollary 7.6.3] shows
that for each n ≥ 1, there exists a Taylor–Wiles datum Qn disjoint from S such that

• |Qn| = q;

• qv ≡ 1 mod pn for each v ∈ Qn;
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• there exists a local O-algebra surjection

ϕψpn : RS,loc
S Jx1, . . . , xgK � RSSQn

with g := 2q − 4[F : Q] + |S| − 1.

We define open compact subgroups Up1 (Qn) of G(A∞,pF ) by setting Up1 (Qn)v = Upv if v /∈ Q ∪ S and
Up1 (Qn)v = Iw1(v) if v ∈ Q. We define a G(Op)-patching datum in the sense of [EL, Definition 4.3.5]

(
S∞, R

ψp
∞ , (R

ψp
n , ϕψpn , {Mψp

r (H)n}r≥1,H≤c.o.G(Op), α
ψp
n )n≥1, {Mψp

r (H)0}r≥1,H≤c.o.G(Op)

)
by setting

• Rψp∞ := RS,loc
S JX1, . . . , XgK;

• Rψpn := RSSQn with S∞-algebra structure induced by S∞ � O[∆Qn ]⊗O TS → RSSQn ;

• Mψp
r (H)0 := [Sχ(H · Up,O/$r)mSr,χ,ζR ]∨ where the subscript ζR denotes that we take the ζR-

coinvariants for the action of
∏
v∈R Tder(k(v)); and

• for n ≥ 1,

Mψp
r (H)n := [Sχ(H · Up1 (Qn),O/$r)mS∪Qnr,χ ,mQn ,ζR

]∨ ⊗RSQn R
ψp
n

αψpn : Mψp
r (H)n/a∞ 'Mψp

r (H)0

where mQn is the kernel of ⊗v∈QnO[T (Fv)/T (Ov)1]→ F sending

T (Ov)/T (Ov)1 7→ 1, β0($v) 7→ χv($v), β1($v) 7→ αv,1, and β2($v) 7→ αv,1αv,2,

and the isomorphism α
ψp
n follows from [Box+21, §2.4.29].

Fix a nonprincipal ultrafilter F ⊂ 2N. By [EL, Lemma 4.3.9],

Mψp
∞ := lim←−

r,H

UF ({Mψp
r (H)n ⊗S∞ S∞/m

r
S∞}n≥1)

is a finitely generated projective S∞JGSp4(Op)K-module with compatible S∞[GSp4(Fp)]-action and the
action of S∞ factors through the map S∞ → R

ψp
∞ induced by S∞ → R

ψp
n . We also let Mψp

∞ denote the
covariant functor

Rep
ψp
O (GSp4(Op))→ Mod(Rψp∞ )

V 7→ HomO[GSp4(Op)](M
ψp
∞ , V ∨)∨.

Proposition 5.4.7. The triple (ψp, R
ψp
∞ ,M

ψp
∞ ) is a fixed similitude patching functor for rp.

Proof. Since Mψp
∞ is projective over OJGSp4(Op)K, Mψp

∞ is an exact functor. Let (λ+ η, τ) be a type (λ+

η, τ) compatible with ψp and σ ∈ JH(σ(λ, τ)). It follows from [BG19, Theorem A] and [Box+21, Proposi-
tion 7.4.7, 7.4.8] that dimS∞ = dimR

λ+η,τ,ψp
∞ . Then the maximal Cohen–Macaulayness ofMψp

∞ (σ◦(λ, τ))

over Rλ+η,τ,ψp
∞ follows from the usual commutative algebra argument (e.g. [Car+16, Lemma 4.18]). The

maximal Cohen–Macaulayness of Mψp
∞ (σ) over Rλ+η,τ,ψp

∞ /$ follows similarly.
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Proof of Theorem 5.4.2. We first prove item (1). Let ψp ∈ Ψ(rp). We can assume that the level U ′ is
sufficiently small by shrinking it if necessary. We apply the above construction for given r, ψp, S = Sr ∪SU ,

R = ∅, and Dv = D
�,ψ|GFv
v for each v ∈ S. We can and do choose Taylor–Wiles datum Qn for each n ≥ 1

and the nonprincipal ultrafilter F independent of ψp. Then all objects in the G(Op)-patching datum reduced
modulo $ in the construction in §5.4.6 are independent of ψp. Thus the set {Mψp

∞ }ψp∈Φ(rp) is a congruent
family of fixed similitude patching functors for rp by [EL, Lemma 4.3.4].

Suppose that we are in the setup of item (2). When ρ is tame, we call it the tame case, and when ρ is
maximally nonsplit of niveau 1 and weight σ, we call it the maximally nonsplit case. In both cases, we apply
[EL, Lemma 4.4.4] and the existence of potentially diagonalizable lifts (Theorem 4.1.14) to obtain a totally
real field F , a continuous representation r : GF → GSp4(F), and a Hecke character χ such that

• Fv ' K for all v|p;

• r|GFv ' ρ;

• r is unramified at all finite places not dividing p;

• r satisfies Taylor–Wiles conditions; and

• (r, χ) is potentially diagonalizably automorphic of level unramified outside p.

Since r is vast and tidy, there exists a place v0 /∈ Sp such that qv0 6≡ 1 mod p, no two eigenvalues of
r(Frobv0) has ratio qv0 , and the residue characteristic of v0 is> 5 ([Box+21, §7.7]). We take Up ≤ G(A∞,pF )

by setting Uv = G(Ov) for v 6= v0 and Uv0 = Iw1(v0).
Fix a place w|p of F . Let ψw ∈ Ψ(ρ). Then there exists a unique ψp ∈ Ψ(rp) such that ψv ' ψw for

each v ∈ Sp as a character of GFv ' GK . We apply the construction in §5.4.6 by taking S = Sp ∪ {v0},
R = ∅, and Dv = D�,ψv

v for each v ∈ S. Again by choosing Taylor–Wiles datum and the nonprincipal
ultrafilter independent of ψp, {Mψp

∞ }Ψ(ρ) is a congruent set of fixed similitude patching functors for rp.
Let a be an integer such that HTj(ψw) = a for all j ∈ J . There exists a unique integer k such that

a = 2k + b where b ∈ {3, 4}. For each a, we can and do choose a type (λa, τa) such that

λa =

{
k(1, 1; 2) if b = 3

(1, 0; 0) + k(1, 1; 2) if b = 4

and w̃(ρss, τa) = tλa+η (using Lemma 5.1.6 in the maximally nonsplit case). We take the ring Rp in §5.2 to
be

(⊗̂v∈Sp\{w}R
λa+η,τa,ψv
r|GFv

)⊗̂ORv0
Jx1, . . . , xgK.

Note that in the tame case, Rp is formally smooth overO by Theorem 5.1.4 and [Box+21, Proposition 7.4.2].
Set Rψw∞ = R�,ψw

ρ ⊗̂ORp. We define a functor

Mψw
∞ : RepO(GSp4(OK))→ Mod(Rψw∞ )

V 7→ HomO[GSp4(Op)](M
ψp
∞ , ((⊗v∈Sp\{w},Oσ

◦(λa, τa))⊗O V )∨)∨

and claim that {Mψw
∞ }ψw∈Φ(ρ) is a congruent family of potentially diagonalizable minimal fixed similitude

patching functors for ρ.
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For a type (λ+η, τ) (resp. a Serre weight σ), the maximal Cohen–Macaulay property of Mψw
∞ (σ◦(λ, τ))

(resp. Mψw
∞ (σ)) follows from Proposition 5.4.7.

By Lemma 2.5.11, we have

JH(σ(λa, τa)) ∩W ?(ρss|IK ) = {Fρ(e)}.

For V ∈ RepψwF (GSp4(OK)), Theorem 5.4.4 implies

Mψw
∞ (V ) = HomO[GSp4(Op)](M

ψp
∞ , (⊗v∈Sp\{w}σ(λ0, τ0))∨ ⊗O V ∨)

= HomO[GSp4(Op)](M
ψp
∞ /$, (⊗v∈Sp\{w}Fρ(e))

∨ ⊗F V
∨).

Since {Mψp
∞ }Ψ(ρ) is a congruent set of fixed similitude patching functors, this shows that

{
Mψw
∞
}
ψw∈Ψ(ρ)

is
a congruent family of fixed similitude patching functors for ρ. In the tame case, Rλa+η,τa,ψw

∞ [1/p] is regular
and thus Mψw

∞ (σ◦(λ, τ))[1/p] is locally free over its support. Moreover, it has rank one; this can be checked
at finite level, which follows from the multiplicity one assertion in Theorem 2.4.1, the choice of v0 and Hecke
operators at v0, and [Box+21, Proposition 2.4.3, 2.4.4]. This proves that

{
Mψw
∞
}
ψw∈Ψ(ρ)

is minimal in the
tame case.

Finally, we show that Mψw
∞ is potentially diagonalizable. Note that, for each v ∈ Sp\{w}, there exists a

potentially diagonalizable lift of r|GFv of type (λa + η, τa). If ρ is a potentially diagonalizable lift of ρ of
type (λ + η, τ) compatible with ψw, we can apply [PT21, Theorem 3.4] to find a potentially diagonalizable
lift r of r with sim(r) = ψ. By [EL, Lemma 4.4.4], r is automorphic, which implies that Mψw

∞ (σ◦(λ, τ)) is
nonzero.

5.4.8 Ihara avoidance patching functors

We construct congruent patching functors for “Ihara avoidance” argument. We apply this to the modularity
lifting result in §6.3.

Let r : GF → GSp4(F) be a continuous representation and χ be a Hecke character. We assume that

1. r satisfies Taylor–Wiles conditions;

2. r is unramified at all finite places not dividing p; and

3. (r, χ) is automorphic.

We apply the construction in §5.4.6 to two different setups: we let S to be a finite set containing Sp∪{v0}
and takeR = S\(Sp∪{v0}). For each v ∈ R, we take ζv = (ζv,1, ζv,2) to be either a pair of trivial characters
for all v ∈ R, which we call the trivial case, or a pair of continuous characters such that ζv,1, ζv,2 6= 1

ζv,1 6= ζ±1
v,2 for all v ∈ R, which we call the non-trivial case. In the trivial case (resp. the non-trivial case),

we obtain the following data

1. a global deformation problem S1 (resp. Sζ) and a ring RS1 (resp. RSζ ) representing it;

2. a fixed similitude patching functor (ψp, R
1,ψp
∞ ,M

1,ψp
∞ ) (resp. (ψp, R

ζ,ψp
∞ ,M

ζ,ψp
∞ )) for rp;

3. a O[G(Op)]-module

M1,ψp := lim←−
H≤G(Op)

(Sχ(H · Up(R),O)mSr,ψ,1)∨ (resp. Mζ,ψp := lim←−
H≤G(Op)

(Sχ(H · Up(R),O)mSr,ψ,ζR)∨).
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Proposition 5.4.9. We continue using the notation above.

1. The fixed similitude patching functors (ψp, R
1,ψp
∞ ,M

1,ψp
∞ ) and (ψp, R

ζ,ψp
∞ ,M

ζ,ψp
∞ ) are congruent.

2. The following diagrams of S∞-algebras commute

R
1,ψp
∞ EndS∞(M

1,ψp
∞ ) R

ζ,ψp
∞ EndS∞(M

ζ,ψp
∞ )

RS1
EndO(M1,ψp) RSζ EndO(Mζ,ψp)

mod a∞ mod a∞ mod a∞ mod a∞

where the top rows modulo a∞ are isomorphic to the corresponding bottom rows.

3. The isomorphismM
1,ψp
∞ /$ 'Mζ,ψp

∞ /$ reduced modulo a∞ is the natural isomorphismM1,ψp/$ '
Mζ,ψp/$.

Proof. Since all objects in the G(Op)-patching data in the trivial and non-trivial cases are congruent modulo
$, item (1) follows immediately. Item (2) and (3) follow from the construction.



Chapter 6

Applications

6.1 The Breuil–Mézard conjecture

We first state the geometric and versal Breuil–Mezard conjectures for GSp4 following [Le+a, §8.1].
Recall that the algebraic stack XSym,red is equidimensional of dimension 4f and its irreducible compo-

nents are labeled by Serre weights of GSp4(k). We write Z[XSym,red] for the free abelian group generated
by irreducible components of XSym,red. We call elements in Z[XSym,red] cycles and Cσ ∈ Z[XSym,red] for a
Serre weight σ an irreducible cycle. A cycle is effective if it is a sum of irreducible cycles with non-negative
coefficients.

For a type (λ + η, τ), we define a cycle Zλ,τ :=
∑
σ µσ(X λ+η,τ

Sym,F)Cσ ∈ Z[XSym,red] where µσ(X λ+η,τ
Sym,F)

is the multiplicity of Cσ as an irreducible component of X λ+η,τ
Sym,F in the sense of [Stacks, Tag 0DR4].

Conjecture 6.1.1 (Geometric Breuil–Mezard conjecture for GSp4). Let S be a set of types. For each σ ∈
JH(σ(S)) := ∪(λ+η,τ)∈SJH(σ(λ, τ)), there exists an effective cycle Zσ ∈ Z[XSym,red] such that for all

(λ+ η, τ) ∈ S,

Zλ,τ =
∑

σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Zσ.

Let ρ ∈ XSym(F). We fix a versal ring Rver
ρ for XSym at ρ. For example, we can take Rver

ρ = R�
ρ the

framed deformation ring. For a type (λ+ η, τ), we define

Spf Rver,λ+η,τ
ρ := Spf Rver

ρ ×XSym
X λ+η,τ

Sym

Spf Ralg
ρ := Spf Rver

ρ ×XSym
XSym,red.

Note that the versal map Spf Ralg
ρ → XSym,red is effective and arises from a map iρ : SpecRalg

ρ → XSym,red.
The map iρ induces a surjective map from the set of irreducible components of SpecRalg

ρ to the set of
irreducible components of XSym,red containing ρ ([Stacks, Tag 0DRB]). Define Z[SpecRalg

ρ ] as the free
abelian group generated by irreducible components of SpecRalg

ρ . We interpret Z[XSym,red] and Z[SpecRalg
ρ ]

as spaces of functions on sets of irreducible components. Then we have a pullback

i∗ρ : Z[XSym,red]→ Z[SpecRalg
ρ ].

86

https://stacks.math.columbia.edu/tag/0DR4
https://stacks.math.columbia.edu/tag/0DRB
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We defineZλ,τ (ρ) := i∗ρ(Zλ,τ ). The cycleZλ,τ (ρ) is equal to the cycle corresponding to SpecRver,λ+η,τ
ρ /$

([Stacks, Tag 0DRD]).

Conjecture 6.1.2 (Versal Breuil–Mezard conjecture for GSp4). Let S be a set of types. For each σ ∈
JH(σ(S)), there exists an effective cycle Zσ(ρ) ∈ Z[SpecRalg

ρ ] such that for all (λ+ η, τ) ∈ S,

Zλ,τ (ρ) =
∑

σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Zσ(ρ).

Let Λ ⊂ X∗(T
∨) be a finite set of dominant cocharacters containing 0. We define SΛ as the set of types

(λ′+ η, τ) where λ′ ≤ λ and τ is Pλ+η,eP22+hλ+η
-generic for some λ ∈ Λ. The following is the main result

of this section.

Theorem 6.1.3. Let ρ be a 22-generic semisimple L-homomorphism. For each Serre weight σ, there exists

an effective cycle Zσ(ρ) ∈ Z[SpecRalg
ρ ] such that

Zλ,τ (ρ) =
∑

σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Zσ(ρ).

for all (λ+ η, τ) ∈ SΛ.

Before we prove the Theorem, we discuss about cycles in the fixed similitude deformation ring. Suppose
that C is an irreducible component in SpecR

λ+η,τ,ψp
ρ /$ for a type (λ + η, τ) and ψp ∈ Φ(ρ). By Lemma

5.1.2, unramified twists of C give an irreducible component C̃ ⊂ SpecRλ+η,τ
ρ /$. Its image in SpecR�

ρ /$

is independent of the choice of (λ+ η, τ) and ψp.
Let Z[Rp-crys

ρ ] be a free abelian group generated by 4[K : Qp] + 10-dimensional cycles in SpecR�
ρ /$

supported in the union of SpecR
λ+η,τ,ψp
ρ /$ for all choices of a dominant character λ ∈ X∗(T ), a (possibly

trivial) tame inertial L-parameters τ , and the unique character ψp ∈ Ψ(ρ) compatible with (λ, τ). By the
previous paragraph, there is a natural injective group homomorphism

(̃·) : Z[Rp-crys
ρ ] ↪→ Z[SpecRalg

ρ ] (6.1.4)

such that Z̃(R
λ+η,τ,ψp
ρ /$) = Zλ,τ (ρ) for all λ, τ , and ψp as above.

Let R be a Noetherian F-algebra. Given a R-module M , we let Z(M) denote the cycle∑
C
µC(M)C ∈ Z[SpecR]

where C ranges over irreducible components of SpecR, and µC(M) denotes the length of the module MpC

over RpC for the prime ideal pC corresponding to C.

Proof of Theorem 6.1.3. By Theorem 5.4.2, there is a congruent family of minimal fixed similitude patching
functors {Mψp

∞ }ψp∈Ψ(ρ) for ρ. For a Serre weight σ, we define Zσ(ρ) := Z̃(M
ψp
∞ (σ)) for some choice of

ψp ∈ Φ(ρ). Note that this is independent of the choice of ψp. For any (λ+ η, τ) ∈ SΛ, Rλ+η,τ
ρ is domain by

Theorem 4.4.3. Let ψp ∈ Φ(ρ) be the unique character compatible with (λ+ η, τ). By [EG14, Lemma 2.2.7,
2.2.10] and the definition of (6.1.4), we have Z̃(M

ψp
∞ (σ(λ, τ))) = Zλ,τ (ρ) and

Z̃(Mψp
∞ (σ(λ, τ))) =

∑
σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Z̃(Mψp
∞ (σ)).

https://stacks.math.columbia.edu/tag/0DRD
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We explain how one can interpolate Theorem 6.1.3 to prove a version of geometric Breuil–Mezard con-
jecture. We follow the axiomatic argument of [Le+a, §8.3]. Let Pss be the set of ρ ∈ XSym(F) such that ρ|IK
is 22-generic tame inertial type forK over F. Note that Theorem 6.1.3 holds for ρ ∈ Pss and (λ+η, τ) ∈ SΛ.
We define a set ŜΛ to be a union of SΛ and a set of types of the form (η, τ) where τ is 6-generic. We also
define a set ŜΛ,elim to be the union of ŜΛ and the set of types (η, τ).

Definition 6.1.5. Let ρ ∈ Pss. We say that a Serre weight σ is (ρ, ŜΛ,elim)-irrelevant if there exists a type
(λ+ η, τ) ∈ ŜΛ,elim such that σ ∈ JH(σ(λ, τ)) and Rλ+η,τ

ρ = 0.

Lemma 6.1.6. Any σ /∈W ?(ρ|IK ) is (ρ, ŜΛ,elim)-irrelevant.

Proof. Note that any Serre weight in W ?(ρ|IK ) is 19-deep by Proposition 2.5.8. If σ ' F (λ) and λ is not
12-deep, the third and the last paragraphs of the proof of Theorem 5.4.4 shows that σ is (ρ, ŜΛ,elim)-irrelevant.
Suppose that σ ' F (λ) is 12-deep and not (ρ, ŜΛ,elim)-irrelevant, i.e. Rλ+η,τ

ρ 6= 0 for (λ + η, τ) ∈ ŜΛ,elim

such that σ ∈ JH(σ(λ, τ)). For each s ∈ W , let τs = τ(s, w̃h · λ + η) be a 9-generic tame inertial L-
parameter. Since F (λ) ∈ JH(σ(τs)), we have Rη,τs∞ 6= 0. Then Proposition 5.1.3 and Lemma 2.5.12 imply
that F (λ) ∈W ?(rss

p ) (as explained in the first paragraph of the proof of Theorem 5.4.4).

Lemma 6.1.7. 1. Suppose Cσ ⊂ X λ+η,τ
Sym,F for some (λ + η, τ) ∈ SΛ. Then there exists ρ ∈ Pss such that

ρ ∈ Cσ .

2. Let Z[C(SΛ)] be the Z-span of all irreducible components in X λ+η,τ
Sym,F for some (λ+ η, τ) ∈ SΛ. Then

the map

i∗Pss,SΛ
:=

∏
ρ∈Pss

i∗ρ|Z[C(SΛ)] : Z[C(SΛ)]→
∏
ρ∈Pss

Z[SpecRalg
ρ ]

is injective. Moreover, Z ∈ Z[C(SΛ)] is effective if and only if i∗ρ(Z) is effective for all ρ ∈ Pss.

Proof. 1. By Theorem 4.5.2, Cσ ⊂ X λ+η,τ
Sym,F for some (λ+ η, τ) ∈ SΛ implies that σ ∈ JH(σ(λ, τ)). By

Proposition 4.5.6, it suffices to find ρ ∈ Pss such that σ ∈ Wobv(ρ|IK ). This can be proven as [Le+a,
Lemma 8.4.9].

2. This easily follows from (1) (see Lemma 8.2.2 in loc. cit.).

Lemma 6.1.8. For any Serre weight σ, there exists integers nσλ,τ such that

[σ]−
∑

(λ+η,τ)∈ŜΛ

nσλ,τ [σ(λ, τ)]

is supported only at (Pss, ŜΛ,elim)-irrelevant Serre weights. In other words, ŜΛ is (Pss, ŜΛ,elim)-Breuil–

Mézard system in the sense of [Le+a, Definition 8.3.3].

Proof. This can be proven as [Le+a, Lemma 8.4.4] using Lemma 6.1.6.

Lemma 6.1.7 shows that for each σ as above, if there exists Zσ ∈ Z[C(SΛ)] such that i∗ρ(Zσ) = Zσ(ρ)

for all ρ ∈ Pss, then Conjecture 6.1.1 for S = SΛ follows from Theorem 6.1.3. Due to Lemma 6.1.8, one
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may hope to define Zσ by ∑
(λ+η,τ)∈ŜΛ

nσλ,τZλ,τ .

However, the condition i∗ρ(Zσ) = Zσ(ρ) may not hold in this case. This is because Theorem 6.1.3 does not
apply to (λ+ η, τ) ∈ ŜΛ\SΛ. This motivates the following definitions.

Definition 6.1.9 (cf. Definition 8.3.3 in [Le+a]). Let σ ∈ JH(σ(ŜΛ)) be a Serre weight.

1. We say that σ ŜΛ-covers σ′ if for (λ+ η, τ) ∈ ŜΛ such that σ ∈ JH(σ(λ, τ)), Cσ′ lies in X λ+η,τ
Sym,F .

2. We say that σ is (SΛ, ŜΛ)-generic if for all Serre weights σ′ such that σ ŜΛ-covers σ′, Cσ′ does not lie
in X λ+η,τ

Sym,F for any (λ+ η, τ) ∈ ŜΛ\SΛ.

Lemma 6.1.10. Suppose σ and σ′ are 9-deep Serre weights, and σ ŜΛ-covers σ′. Then σ′ ↑ σ.

Proof. Let τ be a 6-generic tame inertial L-parameter such that σ ∈ JH(σ(τ). Since σ ŜΛ-covers σ′,
Cσ′ ⊂ X η,τSym,F. By Theorem 4.5.2, we have σ′ ∈ JH(σ(τ)). In particular, σ covers σ′ in the sense of [Le+a,
Definition 2.3.10], i.e.

σ′ ∈
⋂

τ 6-generic

σ ∈ JH(σ(τ))

JH(σ(τ)).

Then our claim follows from the equivalence between item (1) and (4) in Proposition 2.3.12 in loc. cit. using
9-deepness of σ and σ′. (Note that in our setup, if w̃ ∈ W̃+ and w̃1 ↑ w̃ for some w̃ ∈ W̃+

1 , then w̃1 ∈ W̃+
1 .

Thus L(π−1(w̃1) · (ω − η))|G in item (4) in loc. cit. is equal to F (π−1(w̃1) · (ω − η)) = F(w̃1,ω) and
F(w̃1,ω) ↑ F(w̃,ω).)

Let SPss,Λ ⊂ SΛ be the subset consisting of (λ+η, τ) such that all σ ∈ JH(σ(λ, τ)) are (SΛ, ŜΛ)-generic.
For σ ∈ JH(σ(ŜΛ)), we define trσ,ŜΛ

an idempotent endomorphism of Z[XSym,red] which maps Cσ′ to it-
self if σ ŜΛ-covers σ′ and to 0 otherwise. The following Lemma shows that trσ,ŜΛ

eliminates the contribution
of types that Theorem 6.1.3 does not apply to.

Lemma 6.1.11. If σ is (SΛ, ŜΛ)-generic, we have trσ,ŜΛ
(Zλ,τ ) = 0 for any (λ+ η, τ) ∈ ŜΛ\SΛ.

Proof. This follows from the definition of trσ,ŜΛ
.

For ρ ∈ Pss and (SΛ, ŜΛ)-generic σ, there is an unique idempotent endomorphism trσ,ŜΛ
(ρ) of Z[SpecRalg

ρ ]

satisfying the following condition (see [Stacks, Tag 0DRB, Tag 0DRD])

i∗ρ ◦ trσ,ŜΛ
= trσ,ŜΛ

(ρ) ◦ i∗ρ. (6.1.12)

Then we have the following equality (see, [Le+a, Lemma 8.3.7])

trσ,ŜΛ
(ρ)(Zσ(ρ)) = Zσ(ρ). (6.1.13)

https://stacks.math.columbia.edu/tag/0DRB
https://stacks.math.columbia.edu/tag/0DRD
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Theorem 6.1.14. For each (SΛ, ŜΛ)-generic σ in JH(σ(SPss,Λ)), there exists a unique effective cycle Zσ in

Z[XSym,red] with the support contained in {Cκ|κ ↑ σ} and for each ρ ∈ Pss, i∗ρ(Zσ) = Zσ(ρ). Moreover, for

(λ+ η, τ) ∈ SPss,Λ, we have

Zλ,τ =
∑

σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Zσ.

In particular, Conjecture 6.1.1 holds for S = SPss,Λ.

Proof. We define

Zσ := trσ,ŜΛ

 ∑
(λ+η,τ)∈ŜΛ

nσλ,τZλ,τ

 .

For each ρ ∈ Pss, choose a fixed similitude patching functor (ψρ, R
ψρ
∞ ,M

ψρ
∞ ). We have

Zσ(ρ) = Z̃(Mψρ
∞ (σ))

=
∑

(λ+η,τ)∈ŜΛ

nσλ,τ Z̃(Mψρ
∞ (σ(λ, τ)))

=
∑

(λ+η,τ)∈ŜΛ

nσλ,τ trσ,ŜΛ
(ρ)(Z̃(Mψρ

∞ (σ(λ, τ))))

=
∑

(λ+η,τ)∈SΛ

nσλ,τ trσ,ŜΛ
(ρ)(Z̃(Mψρ

∞ (σ(λ, τ))))

=
∑

(λ+η,τ)∈SΛ

nσλ,τ trσ,ŜΛ
(ρ)(Zλ,τ (ρ))

= i∗ρ(Zσ)

where the first equality is by definition, second equality follows from Lemma 6.1.8 and 6.1.6, the third
equality follows from (6.1.13), the fourth equality follows from Lemma 6.1.11, the fifth equality follows
from the proof of Theorem 6.1.3, and the final equality follows from the definition of Zσ and (6.1.12). Now
the uniquiness and effectivity of Zσ , as well as the claimed equality, follow from Lemma 6.1.7.

Remark 6.1.15. If there is a Breuil–Mezard system Ŝ ′ containing ŜΛ such that ŜΛ is a (Pss, Ŝ ′)-Breuil–
Mezard system and Conjecture 6.1.1 holds for Ŝ ′, then the cycles constructed in Theorem 6.1.14 conincide
with those in Conjecture 6.1.1 for Ŝ ′ (cf. [Le+a, Theorem 8.3.5(4)]).

Although the set SPss,Λ is not characterized by genericity conditions, there is a smaller subset that is
characterized by genericity conditions. Given a polynomial f ∈ Z[X1, X2, X3] and ω ∈ X∗(T ) ' Z3,
define

fω(X1, X2, X3) :=
∏

ν=(ν1,ν2;ν3)∈Conv(ω)

f(X1 − ν1, X2 − ν2, X3 − ν3)

We also define

PPss,Λ,e =
∏
λ∈Λ

(Pλ+η,e

∏
j∈J

P̃ (λ+η−w0(η))j
η,e ).
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The following Lemma is a straightforward generalization of [Le+a, Lemma 8.4.11, 8.5.1].

Lemma 6.1.16. 1. If τ is a tame inertial type for K with lowest alcove presentation (s, µ − η) with

PPss,Λ,e-generic µ, then (λ+ η, τ) ∈ SPss,Λ for any λ ∈ Λ.

2. If ρ is a tame inertial type for K over F with a lowest alcove presentation (s, µ − η) with PPss,Λ,e-

generic µ, then for any tame inertial τ type forK with a lowest alcove presentation such that w̃(ρ, τ) ∈
Adm∨(λ+ η), then (λ+ η, τ) ∈ SPss,Λ for any λ ∈ Λ.

Corollary 6.1.17. For each Serre weight σ, there exists an effective cycle Zσ in Z[XSym,red] with the support

contained in {Cκ|κ ↑ σ} such that for any λ ∈ Λ and a tame inertial type τ for K with a lowest alcove

presentation (s, µη) with PPss,Λ,e-generic µ,

Zλ,τ =
∑

σ∈JH(σ(λ,τ))

[σ(λ, τ) : σ]Zσ.

Proof. By Lemma 6.1.16, for any λ and τ as above, all σ ∈ JH(σ(λ, τ)) is (SΛ, ŜΛ)-generic. Then the claim
follows from Theorem 6.1.14.

Finally, we can use Corollary 6.1.17 to prove versal Breuil–Mézard conjectures for (not necessarily tame)
ρ with polynomial genericity.

Corollary 6.1.18. Let ρ : GK → GSp4(F) be a continuous representation. Suppose that ρss|IK has a lowest

alcove presentation (s, µ− η) with PPss,Λ,eP22-generic µ. Then for each Serre weight σ, there exists a cycle

Zσ(ρ) ∈ Z[SpecRalg
ρ ] such that for any λ ∈ Λ and any tame inertial type τ for K,

Z(Rλ+η,τ
ρ /$) =

∑
σ

[σ(λ, τ) : σ]Zσ(ρ).

Proof. If σ is (SΛ, ŜΛ)-generic, we define Zσ(ρ) := i∗ρ(Zσ) with Zσ as in Theorem 6.1.14. Otherwise, we
define Zσ(ρ) = 0. If (λ + η, τ) ∈ SPss,Λ, then all σ ∈ JH(σ(λ, τ)) are (SΛ, ŜΛ)-generic, and the claim
follows from Theorem 6.1.14.

If (λ + η, τ) /∈ SPss,Λ, we have w̃(ρ, τ) /∈ Adm∨(λ + η) by Lemma 6.1.16. Then Proposition 5.1.3
shows that Rλ+η,τ

ρ = 0. It remains to show that Zσ(ρ) = 0 for all σ ∈ JH(σ(λ, τ)). If σ is not (SΛ, ŜΛ)-
generic, this is automatic. Suppose that σ is (SΛ, ŜΛ)-generic and Zσ(ρ) 6= 0. Then the support of the
cycle Zσ contains the point ρ ∈ XSym,red(F). This implies that ρss is in the support of Zσ . In particular,
Zσ(ρss) = Z̃(M

ψρ
∞ (σ)) 6= 0. However, this implies that Rλ+η,τ

ρss 6= 0. Then w̃(ρ, τ) ∈ Adm(λ + η)

by Proposition 5.1.3(2). By Lemma 6.1.16(2), this contradicts our assumption (λ + η, τ) /∈ SPss,Λ. This
concludes the proof.

6.2 The weight part of a Serre’s conjecture

Let F, χ, r be as in §5.3. We further assume that r is automorphic of some weight µ and level U . Recall
that W (r) is the set of modular Serre weights of r. The following conjecture is due to Gee–Herzig–Savitt
([GHS18]).

Conjecture 6.2.1. If r|GFv is tame and sufficiently generic at v|p, then W (r) = W ?(rp|IQp ).
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Following [Le+a, §9.1], we formulate a version of this conjecture without the tameness hypothesis.
We say that a Serre weight σ is generic if σ is (S{0}, Ŝ{0})-generic. Note that if σ is generic, then it is

(SΛ, ŜΛ)-generic for any finite set of dominant cocharacters Λ ⊂ X∗(T∨) (cf. [Le+a, Lemma 8.4.8]). We let
Wgen(r) be the subset of generic Serre weights in W (r).

Definition 6.2.2. Let ρ : GQp →
LG(F) be an L-parameter. We defineWBM

gen (ρ) to be a set of σ = ⊗v∈Spσv
where σv is a generic Serre weight such that ρv is contained in the support of Zσv defined in Theorem 6.1.14.

Using this recipe, we can formulate a generalization of Conjecture 6.2.1 for r not necessarily tame at
places above p.

Conjecture 6.2.3. The set Wgen(r) is equal to WBM
gen (rp).

We also define Wg(rp) = {σ = ⊗v∈Spσv | σv ∈ Wg(rp|GFv )}, a set of Serre weights of GSp4(OF /p),
where Wg(rp|GFv ) is the set defined in Proposition 4.5.6. Note that any σ ∈Wg(rp) is 3-deep.

Let XSym,Fp :=
∏
v∈Sp,O XSym,Fv . By Theorem 4.1.10, there is a bijection between irreducible compo-

nents in the underlying reduced substackXSym,Fp,red and isomorphism classes of Serre weights of GSp4(OF /p).
If σ = ⊗v∈Spσv is a Serre weight of GSp4(OF /p), we denote its corresponding irreducible component by
Cσ :=

∏
v∈Sp,O Cσv .

Lemma 6.2.4. Let σ ∈Wg(rp). Let Rrp := ⊗̂v∈SpR�
r|GFv

with a versal morphism

ιrp : Rrp → XSym,Fp .

If rp|IQp is 22-generic, then ι∗rp(Cσ) is an irreducible cycle corresponding to an irreducible subscheme

Cσ(rp) ⊂ SpecRrp/$. Moreover, if Cσ ⊂
∏
v∈Sp,O X

λv+ηv,τv
Sym,Fv,F

, then Cσ(rp) is contained in SpecRλ+η,τ
rp

/$.

Proof. By Proposition 4.5.6, Wg(rp) ⊂ W ?(rp|IQp ). By Lemma 2.5.14 and [Le+a, Remark 2.1.8], there
is a tame inertial L-parameter τ with a lowest alcove representation such that w̃(ρ|IQp , τ) ∈ Adm(η) and
σ ∈ JH(σ(τ)). Since ρ is 22-generic, such τ is 19-generic. Then the first claim follows from Theorem 4.5.4
and Proposition 3.7.3. The second claim follows from the definition of Cσ(rp).

The following is the main result of this section.

Theorem 6.2.5. There exists a polynomial P (X1, X2, X3) ∈ Z[X1, X2, X3] independent of p such that if

r : GF → GSp4(F) is automorphic, satisfies Taylor–Wiles conditions, and for each v|p, r|GFv is tame with

a lowest alcove presentation (sv, µv − η) with P -generic µv , then the Conjecture 6.2.1 and 6.2.3 hold for r.

Proof. We claim that there exists a polynomialQ(X1, X2, X3) such that if µv isQ-generic, thenW ?(rp|IQp ) =

Wg(rp). It follows from Proposition 4.5.6(1) that Wg(rp) ⊂W (r). Let

Q(X1, X2, X3) :=
∏

w̃∈W̃+
1 /X

0(T )

∏
w̃2↑w̃,w̃2∈W̃+

∏
w∈W

Pw̃(X + ww̃−1
2 (0)).

with the polynomial Pw̃ in Proposition 4.5.6. Let σ ∈ W ?(rp|IQp ) with a lowest alcove presentation (w̃, ω)

compatible with (s, µ− η). If µv is Q-generic, then ωv is Pw̃ (this can be checked directly using Proposition
2.5.8). Thus, Proposition 4.5.6(2) implies that W ?(rp|IQp ) = Wg(rp).

We take P to be the product P22P2η,eP
η0
η,eQ and assume that µv is P -generic.
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Step 1. We first show thatW (r)∩Wobv(rp|IQp ) is nonempty. Let τ be the tame inertial L-parameter with
a lowest alcove presentation η-compatible with that of rp and w̃(τ) = w̃(rp)t−η−w0η (note that this condition
and P2η,eP22-genericity of µv imply that τ is P2η,eP22-generic). By [Le+a, Lemma 2.6.7], W ?(rp|IQp ) ⊂
JH(σ(η, τ)). For the unique ψp ∈ Ψ(rp) compatible with (2η, τ) and a fixed similitude patching functor
M

ψp
∞ for rp (which exists by Theorem 5.4.2), the automorphy of r implies that Mψp

∞ (σ◦(η, τ)) 6= 0. By
Theorem 4.4.3 and P2η-genericity of τ , Mψp

∞ (σ◦(η, τ)) has full support on SpecR
2η,τ,ψp
rp

. By Lemma 6.2.4,
we have Cσ(rp) ⊂ SpecR2η,τ

rp
/$ for any σ ∈ W ?(rp|IQp ). Then there exists σ′ ∈ W ?(rp|IQp ) such

that Z̃(M
ψp
∞ (σ′)) is supported on Cσ(rp). Since the support of Z̃(M

ψp
∞ (σ′)) = Zσ′(ρ) is contained in

{Cκ|κ ↑ σ′}, this in particular implies that σ ↑ σ′. Take σ ' F (λ) ∈ Wobv(rp|IQp ) such that λ is in the
highest p-restricted alcove. Then σ ↑ σ′ implies that σ = σ′, and σ is also contained in W (r).

Step 2. We show that Wobv(rp|IQp ) ⊂ W (r). Let σ ∈ Wobv(rp|IQp ). We can write σ = Fρ(w
−1) for

some w ∈ W . We take τ to be 19-generic tame inertial type such that w̃(rp, τ) = tw(η). By Lemma 2.5.11,
σ ∈ JH(σ(τ)).

There exists a unique ψp ∈ Ψ(rp) compatible with (η, τ) and a fixed similitude patching functor Mψp
∞

for rp. By the previous step, we can choose σ ∈ Wobv(rp|IQp ) ∩W (r). Then we have Mψp
∞ (σ◦(τ0)) 6= 0.

Thus, there exists a lift r0 of r such that is potentially crystalline of type (ηv, τ0,v) at v|p. By Theorem 5.1.4,
this shows that r is potentially diagonalizably automorphic. For an arbitrary σ ∈ Wobv(rp|IQp ), we can
apply Theorem 5.1.4, [Boo19, Theorem 1.1], and [PT21, Theorem 3.4] to find a lift r of r that is potentially
diagonalizable of type (ηv, τv) at v|p. By [EL, Lemma 4.4.4], r is automorphic and Mψp

∞ (σ◦(τ)) 6= 0. By
reducing modulo p, Mψp

∞ (σ) 6= 0 and thus σ ∈W (r).
Step 3. We show thatW (r) = W ?(rp|IQp ). Let σ ∈W ?(r|IQp ) and τ be the type satisfying conditions in

Lemma 2.5.14. Since JH(σ(τ))∩W ?(r|IK ) is nonempty if and only if JH(σ(τ))∩Wobv(r|IK ) is nonempty,
the previous step implies that Mψp

∞ (σ◦(τ)) 6= 0 and it has full support on SpecRη,τrp , by Theorem 4.4.3 and
the P η0

η,e-genericity of µ. Since Cσ(rp) ⊂ SpecRη,τrp by Lemma 6.2.4, there exists σ′ ∈ JH(σ(τ)) such that

M
ψp
∞ (σ′) is supported on Cσ(rp). As we argued at the end of Step 1, we have σ ↑ σ′, which implies σ = σ′

by Lemma 2.5.14 and thus σ ∈W (r). Thus the Conjecture 6.2.1 holds for r.
Step 4. It remains to prove that Wgen(r) = WBM

gen (rp). Let σ be a generic Serre weight. Then σ is
(SΛ, ŜΛ)-generic. Let Mψp

∞ be a fixed similitude patching functor for rp constructed in Theorem 5.4.2(1).
ThenMψp

∞ (σ) 6= 0 if and only if σ ∈W (r). On the other hand, σ ∈WBM
gen (rp) is equivalent to rp ∈ ι∗rp(Zσ),

which is equivalent to Mψp
∞ (σ) 6= 0 by the construction of Zσ . Thus the Conjecture 6.2.3 holds for r.

6.3 Modularity lifting in generic tamely potentially crystalline case

We prove the following modularity lifting result.

Theorem 6.3.1. Let r : GF → GSp4(E) be a continuous representation satisfying following conditions:

1. r is unramified at all but finitely many places;

2. r|GFv is potentially crystalline of type (λv + ηv, τv) with a lowest alcove presentation (sv, µv − ηv)
with Pλ+η,e-generic µv;

3. r satisfies Taylor–Wiles hypothesis;

4. r|GFv is tame at v|p; and
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5. r ' rπ,p,ι for some cuspidal automorphic representation π of GSp4(AF ) of weight λ and central

character χ such that σ(τv) is a K-type for π at v|p.

Then r ' rπ̃,p,ι for some cuspidal automorphic representation π̃ of GSp4(AF ) of weight λ central character

χ such that σ(τv) is a K-type for π̃ at v|p.

The Theorem follows from the following Lemma and base change argument.

Lemma 6.3.2. Let r : GF → GSp4(E) be a continuous representation satisfying following conditions:

1. r is unramified at all but finitely many places;

2. if r is ramified at a place v - p, then r|GFv is trivial, r|GFv has only unipotent ramification, and

qw = 1 mod p;

3. r|GFv is potentially crystalline of type (λv + ηv, τv) with a lowest alcove presentation (sv, µv − ηv)
with Pλ+η,e-generic µv;

4. r satisfies Taylor–Wiles hypothesis;

5. r|GFv is tame at v|p; and

6. r ' rπ,p,ι for some cuspidal automorphic representation π of GSp4(AF ) of weight λ central character

χ such that σ(τv) is a K-type for π at v|p and for all finite places v of F , (πv)
Iw(v) 6= 0.

Then r ' rπ̃,p,ι for some cuspidal automorphic representation π̃ of GSp4(AF ) of weight λ central character

χ such that σ(τv) is a K-type for π̃ at v|p.

Proof. We apply Proposition 5.4.9 to F , χ, S = Sr ∪ {v0}. By the assumptions on r, it gives an E-
point of SpecRS1

. On the other hand, rπ,p,ι gives an E-point of SpecRSζ . Thus the module Mχ,ψp is
nonzero. By Theorem 4.4.3, Pλ+η,e-genericity of µ, [Box+21, Proposition 7.4.2], and Proposition 5.1.8(2),
M

ζ,ψp
∞ (σ◦(λ, τ)) has full support overRζ,λ+η,τ,ψp

∞ . By the congruence betweenM1,ψp
∞ andMζ,ψp

∞ ,M1,ψp
∞ (σ(λ, τ))

has full support over R1,λ+η,τ,ψp
∞ /$. Then by Proposition 5.1.8(1), M1,ψp

∞ (σ◦(λ, τ)) has full support over
R

1,λ+η,τ,ψp
∞ . This proves the claim.

Proof of Theorem 6.3.1. There exists a solvable extension of totally real fields F ′/F satisfying the following
conditions:

1. F ′/F is linearly disjoint from F ker r;

2. any place v|p of F splits completely in F ′;

3. if r|GF ′ is ramified at a place w of F ′ lying over a place v - p of F , then r|GF ′w is trivial, r|GF ′w has
only unipotent ramification, and qw = 1 mod p;

4. there is a cuspidal automorphic representation π′ of GSp4(AF ′) of weight λ′ = (λw), where λw = λv

for a place v of F andw|v, which is a base change of π, and for all finite placesw of F ′, (π′w)Iw(w) 6= 0

(here we use [Mok14, Proposition 4.13]).

Then by [Box+21, Lemma 8.3.2] (which easily generalizes to our setup), it suffices to show that there exists
a cuspidal automorphic representation π̃′ of GSp4(AF ′) of weight λ′ such that for a place w|p of F ′ above a
place v of F , σ(τv) is a K-type for π at w, and r|GF ′ ' rπ̃′,p,ι. This follows from Lemma 6.3.2.



Appendix A

Torus fixed points of certain affine
Springer fibers

In this chapter, we explain how the main result of [Boi] generalizes to the group GSp4. Let FlC be the
affine flag variety over C whose C-points are given by GSp4(C((v)))/IC, where IC ⊂ GSp4(CJvK) is
the Iwahori subgroup. Let a ∈ Lie GSp4(C) be a regular semisimple element. We consider the affine
Springer fiber Flva associated to the element va ∈ Lie GSp4(C((v))). The C-points of FlC correspond
to Iwahori subalgebras inside the loop algebra Lie GSp4(C((v))), i.e. GSp4(C((v)))-conjugates of the Lie
algebra of the Iwahori subgroup. Under this correspondence, the C-points of Flva are characterized as
Iwahori subalgebras containing the element vs. If g ∈ GSp4(C((v))), then its image in FlC(C) is in Flva if
and only if va ∈ gL+MCg

−1, or equivalently, g−1ag ∈ 1
vL

+MC.
Recall that FlC admits T -action induced by the left multiplication on LGSp4. The T -fixed points of

FlC are given by the image of the map W̃ → FlC(C) sending wtλ to φ(w)v−φ(λ)IC. Note that this is a
composition of the map (−)∗ : W̃ → W̃∨, taking inverse on W̃∨, and the natural embedding of W̃∨ into
FlC(C). For simplicity, we write the image of w̃ under this map by w̃−∗. We want to further understand
which of these T -fixed points are contained in Flva. Let w̃ ∈ W̃ . We define

Flva(w̃) := GSp4(CJvK)w̃−∗IC/IC ∩ Flva.

By [Boi, Proposition 2.1], if w̃ ∈ W̃+
1 , then Flva(w̃) is irreducible of dimension 4. Let Flva,w̃ be the closure

of Flva(w̃) inside Flva.

Remark A.1. Suppose that w̃ ∈ W̃ is equal to w̃′δ for some w̃′ ∈Wa and δ ∈ Ω. Since δ−∗ normalizes IC,
we have Flva,w̃ = Flva,w̃′δ.

Remark A.2. Note that we use the right quotient by Iwahori to define the affine flag variety FlC, as opposed
to the left quotient in the body of this thesis. These conventions can be compared by taking inverse at the
level of LGSp4. This also explains the difference between the embedding of the affine Weyl group W̃ into
the loop group LGSp4 in this appendix and the body of this thesis (which are differed by taking inverse).

Theorem A.3. The set of T -fixed points of Flva,w̃ is given by

FlTva,w̃ = {z̃−∗ | z̃ ∈ W̃ , z̃ ≤ w0w̃}.

95
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Proof. We follow the proof of [Boi, Theorem 3.1] with minor modifications.
By Remark A.1, it suffices to consider w̃ ∈ Wa. Let w be an element of W∨. By noting that wFlva,w̃ =

Flvw(a),w̃, z̃−∗ ∈ Flva,w̃ if and only if wz̃−∗ ∈ Flvw(a),w̃. Thus, it suffices to show that

{z̃−∗ | z̃ ∈ W̃+,∨, z̃ ≤ w̃} ⊂ FlTva,w̃.

Let w̃′ := T (w̃). Recall that there exists a 6-dimensional affine subvariety M w̃′ inside L+U4 defined in
[Boi, Appendix B.2]. We define M w̃ := M w̃′ ∩ L+GSp4. By Lemma B.2 in loc. cit., we have

M w̃w̃−∗IC/IC ⊂ Flva,w̃.

Note thatM w̃w̃−∗IC/IC is contained in the lower triangular Iwahori orbit, which is locally closed and affine
by [GKM06, Theorem 0.2]. Since both are 4-dimensional affine spaces, they have to be the same. Moreover,
since Flva,w̃ is also 4-dimensional, M w̃w̃−∗IC/IC is open (and dense) in Flva,w̃.

For z̃ ∈ W̃ , there exists a neighborhood Uz̃ = z̃−∗L−UIC/IC ⊂ FlC such that z̃−∗ is in Flvs,w̃ if and
only if Uz̃ ∩M w̃w̃∗IC/IC is non-empty (see Lemma 3.1 in loc. cit.).

It remains to prove that the intersection M w̃w̃−∗IC/IC ∩ Uz̃ is nonempty for z̃ ∈ W̃ such that z̃ ≤ w̃.
Indeed, we prove a slightly stronger statement. Let w̃0 ∈ Wa be the element corresponding to the highest
restricted alcove. We show that

M w̃0w̃−∗IC/IC ∩ Uz̃ 6= ∅. (A.4)

As explained in Appendix B.3 of loc. cit.(also, see Lemma B.1), this follows from a non-vanishing of certain
matrix determinant. To explain this, we introduce some notation.

We view FlC as a subset of affine flags in a 4-dimensional C((v))-vector space. Let e1, . . . , e4 be the
standard basis of the C((v))-vector space. For vectors v1, . . . , v4, we let 〈v1, . . . , v4〉 be the CJvK-span of
v1, . . . , v4 and 〈v1, . . . , v4〉v−1 be the C[1/v]-span of v1, . . . , v4. Then (A.4) holds if and only if

M w̃0w̃−∗〈e1, . . . , el, vel+1, . . . , ve4〉 ∩ z̃−∗〈v−1e1, . . . , v
−1el, el+1, . . . , e4〉v−1 = 0 (A.5)

for all 0 ≤ l ≤ 3. In our case, we can check these conditions directly.
We have

M w̃0 =


1

vc12A21 1

c13A31 + vc123A21A32 c23A32 1

v(c14A41 + c124A21A42 + c134A31A43) + v2c1234A21A32A43 c24A42 + vc234A32A43 vc34A43 1


where the condition on GSp4 implies

c34A43 = −c12A21

c24A42 = c13A31

c123A21A32 = c234A32A43.

We can write down the matrix representation of M w̃0 with respect to vkej for all k ∈ Z, 1 ≤ j ≤ 4.
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However, to check (A.5), we only need to consider finitely many vkej’s. Let ωl = (1, . . . , 1, 0, . . . , 0) be the
cocharacter of GL4 whose first l entries are 1 and the remaining entries are 0. Note that w̃〈e1, . . . , el, vel+1, . . . , ve4〉
contains v1−w̃(ωl)4〈e1, . . . , e4〉which is stabilized byM w̃0 . Similarly, z̃−∗〈v−1e1, . . . , v

−1el, el+1, . . . , e4〉v−1

contains v−z̃
−∗(ωl)1〈e1, . . . , e4〉v−1 . Thus, we can only consider vkej’s whose image under M w̃0 is not con-

tained in the union of v1−w̃(ωl)4〈e1, . . . , e4〉 and v−z̃
−∗(ωl)1〈e1, . . . , e4〉v−1 , and there are only finitely many

of them.
Now we compute a block matrix whose ij-th block, for 1 ≤ i ≤ (1 − w̃(ωl)4) − (−z̃−∗(ωl)1) − 1

and 1 ≤ j ≤ (1 − w̃(ωl)4) − (1 − w̃(ωl)1), is a matrix representation of M w̃0 with respect to the linearly
independent vectors

v(1−w̃(ωl)1)+j−1e1, . . . , v
(1−w̃(ωl)1)+j−1erlij in the domain

v(−z̃−∗(ωl)1)+ie1, . . . , v
(−z̃−∗(ωl)1)+ieslij in the codomain,

where rlij is the maximal integer such that v(1−w̃(ωl)1)+j−1erlij ∈ w̃〈e1, . . . , el, vel+1, . . . , ve4〉 and slij
is the maximal integer such that v(−z̃−∗(ωl)1)+ieslij /∈ z̃−∗〈v−1e1, . . . , v

−1el, el+1, . . . , e4〉v−1 . Then (A.5)
holds if and only if this block matrix has a trivial kernel after specializing allAmn’s to some complex numbers
satisfying the required relations.

For simplicity, we check this for w̃ = w̃0 and z̃ = e, and the remaining cases will be a straightforward
computation. When l = 0, the block matrix is given by

0 1 0 0
c12A21 0 1 0

c123A21A32 c13A31 c23A32 1
c14A41 + c124A21A42 + c134A31A43 0 c24A42 0

 .

(Note that in this case and the cases l = 1, 2 below, the first row of blocks is empty.) One can easily see that
the determinant has a non-zero term c14A41 (which is not affected by the condition imposed by GSp4).

When l = 1, the block matrix is given by 0 1
c12A21 0 1

c123A21A32 c13A31 c23A32


whose determinant obvious does not vanish everywhere.

When l = 2, the block matrix is given by

0 1 0
c12A21 0 1

0 0 0 1 0 0
0 c12A21 0 0 1 0
0 c123A21A32 0 c13A31 c23A32 1

c1234A21A32A43 c14A41 + c124A21A42 + c134A31A43 c234A32A43 0 c24A42 0


.

In this case, one can observe that the determinant has a non-zero monomial c14A41, which is not affected by
the condition imposed by GSp4. Thus the determinant does not vanish everywhere.
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Finally, when l = 3, the block matrix is given by
1 0

0 0 1
c12A21 0 0 1

c123A21A32 0 c13A31 c23A32 1
c14A41 + c124A21A42 + c134A31A43 c234A32A43 0 c24A42 0


and its determinant is equal to −c234A32A43 which does not vanish everywhere.
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