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Abstract

We develop a theory of equivariant factorization algebras on varieties with an action of

a connected algebraic group G, extending the definitions of Francis-Gaitsgory [FG11] and

Beilinson-Drinfeld [BD04] to the equivariant setting. We define an equivariant analogue

of factorization homology, valued in modules over H•G(pt), and in the case G = (C×)n

we prove an equivariant localization theorem for factorization homology, analogous to the

classical localization theorem [AB95]. We establish a relationship between C× equivariant

factorization algebras and filtered quantizations of their restrictions to the fixed point sub-

variety. These results provide a model for predictions from the physics literature about the

Ω-background construction introduced in [Nek03], interpreting factorization En algebras as

observables in mixed holomorphic-topological quantum field theories.

We give an account of the theory of factorization spaces, categories, functors, and al-

gebras, following the approach of [Ras15a]. We apply these results to give geometric con-

structions of factorization En algebras describing mixed holomorphic-topological twists of

supersymmetric gauge theories in low dimensions. We formulate and prove several recent

predictions from the physics literature in this language:

We recall the Coulomb branch construction of [BFN18] from this perspective. We prove

a conjecture from [CG18] that the Coulomb branch factorization E1 algebra A(G,N) acts

on the factorization algebra of chiral differential operators Dch(Y ) on the quotient stack

Y = N/G. We identify the latter with the semi-infinite cohomology of Dch(N) with respect

to ĝ, following the results of [Ras20b]. Both these results require the hypothesis that

Y admits a Tate structure, or equivalently that Dch(N) admits an action of ĝ at level

κ = −Tate.
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We construct an analogous factorization E2 algebra F(Y ) describing the local observables

of the mixed holomorphic-B twist of four dimensional N = 2 gauge theory. We identify S1

equivariant structures on F(Y ) with Tate structures on Y = N/G, and prove that the

corresponding filtered quantization of ι!F(Y ) is given by the two-periodic Rees algebra

of chiral differential operators on Y . This gives a mathematical account of the results

of [BLL+15]. Finally, we apply the equivariant cigar reduction principle to explain the

relationship between these results and our account of the results of [CG18] described above.
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Chapter 1

Introduction

1.1 From quantum fields and strings to mathematics

The results of this thesis are motivated by a family of surprising connections between

theoretical high energy physics and pure mathematics, which relate physical theories of

quantum fields and strings with a variety of interconnected topics in the mathematics canon.

Perhaps the most striking aspect of these connections has been the partial reversal of the

flow of information between math and physics. Historically, mathematics has functioned as

a language for the quantitative sciences, so that ideas from mathematics are applied in the

study of physics towards a better understanding of physics itself. In contrast, ideas from

quantum field theory and string theory have led to advances in areas of pure mathematics

of completely independent interest and historical motivation.

Another fascinating feature of this family of ideas is their interconnectedness. There is

a large variety of physical models of quantum fields, which satisfy a complex network of

relations with one another. The relations between these physical models are reflected in

an analogous network of relations between the various corresponding mathematical objects,

leading to many surprising links between seemingly disparate areas of pure mathematics.

The following are a few such interconnected examples of relations between physics and

mathematics that motivate the results of this thesis, on which we will later elaborate:

� Quantum groups, affine Lie algebras, and knot invariants from Chern-Simons theory

� Mirror symmetry from 2d N = (2, 2) supersymmetric sigma models

� Symplectic duality from 3d N = 4 supersymmetric sigma models

� Geometric Langlands from 4d N = 4 supersymmetric gauge theory

� Differential topology of four manifolds from 4d N = 2 supersymmetric gauge theories

� Enumerative geometry of sheaves on algebraic surfaces and threefolds from type II

superstring theory and M theory

1
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We now give a heuristic explanation of the physical theories of quantum fields and

strings, and outline the basic mechanism that connects these physical ideas with various

topics of interest in mathematics. In the following section, we will give a more mathemat-

ically detailed explanation of this mechanism, and return to discuss the examples listed

above from this perspective.

A quantum field theory is a model for a physical universe, which specifies the types of

elementary particles that can exist in the universe and the ways in which they propagate

and interact. The primary motivation for the development of quantum field theory was to

study one particular model, called the standard model of particle physics, that describes the

behaviour of the elementary particles in our own universe with unprecedented precision; it

is widely considered one of the most successful predictive scientific theories in history. The

theory was developed to describe the behaviour of particles at extremely small scales, such

that quantum mechanical effects are prevalent, and simultaneously at high energies, such

that relativistic corrections are also required.

A description of quantum field theories as a general class of mathematical models has

been notoriously elusive, and the standard model of particle physics itself is an intricate and

surprisingly arbitrary example which has been especially difficult to analyze mathematically;

several of the most important qualitative observed phenomenon which are expected to be

emergent predictions of the standard model still do not admit a proof, though this is also

due to the general mathematical inaccessibility of quantum field theory. However, there

are many simplified quantum field theory models which describe theoretical universes that

are much less complex than our own, but have more mathematically tractable descriptions.

These more general quantum field theories can be helpful as toy models to gain intuition

about the real-world physics of the standard model itself, but they can also be used as tools

to probe aspects of the mathematical structures with which they are constructed.

The input data required to specify a general quantum field theory consists of an un-

derlying spacetime in which particles could propagate, and some additional data which

determines the types of particles that exist and the ways in which they can interact. For

example, the standard model of particle physics is a quantum field theory with underlying

spacetime given by four dimensional flat space R4, with 17 types particles that can combine

or decay into each other according to a complex list of allowed fundamental interactions.

Alternatively, we will often consider quantum field theories with only one or two types of

elementary particles, which interact in a relatively limited number of fundamental ways.

From this perspective, we can plainly describe the basic mechanism by which quantum

field theories can be used to study mathematics: the input data required to define a given

quantum field theory can be formalized as a collection of mathematical objects, and thus

the various physical predictions of the resulting quantum field theory can tautologically

be understood as family of interconnected invariants of these inputs. For example, the

underlying spacetime of a theory is typically required to be a smooth manifold or algebraic
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variety, and thus the results of any calculations done in the quantum field theory can be

understood as invariants associated to that space. Similarly, the particle contents and

allowed interactions of a theory are typically specified by either a Lie group and a collection

of representations or an auxiliary space equipped with some geometric structure, and thus

calculations in the resulting quantum field theories (called gauge theories or sigma models,

respectively) can also be thought of as invariants of these mathematical objects.

Finally, we give a brief description of the role of string theory in the link between

quantum field theory and mathematics. Different quantum field theories, even with distinct

underlying spacetimes, are often related to one another in a variety of interesting ways, and

one large source of examples of this phenomena is string theory. String theories are even

more elusive physical concepts, which in principle describe the quantized dynamics of closed

curves called strings, as opposed to point particles, propagating in some underlying space

called the background of the string theory.

String theories also contain objects called membranes, supported along submanifolds of

the string theory background, between which the strings can stretch. The crucial property

of string theories is that the dynamics of the endpoints of the strings on a given membrane

are approximated by a quantum field theory with spacetime given by the support of the

membrane. Thus, string theory naturally leads to considering configurations of various

quantum field theories along different manifolds which are in some way related, and such

configurations often give rise to interesting relationships between the corresponding math-

ematical objects. Further, the quantum field theories that arise this way provide a class of

‘God-given’ examples, which correspond to certain canonical mathematical objects.

Another feature of string theories that plays a prominent role in their relation to math-

ematics is the notion of duality. It often happens that two different string theories with

distinct backgrounds and configurations of membranes in each are physically equivalent to

each other in surprising ways. As a result, the collections of mathematical objects and rela-

tions between them corresponding to the configurations of quantum field theories induced

by each of the string theory configurations are expected to be analogously equivalent. Thus,

string theory gives rise to many very surprising mathematical predictions, which are often

highly interconnected with similar results about other related objects.

1.2 Quantization of solutions to equations of motion and al-

gebraic structures on categories of defects

We now begin a more detailed physical description of quantum field theories, and explain

the types of mathematical objects to which they are typically related. However, we first

need to recall the notion of classical field theory, which we seek to quantize.

A classical field theory is a classical mechanical system in which the space of possible

physical configurations is given by a space of functions, or some generalization thereof, on
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an underlying manifold N . The configuration spaces of such systems are typically infinite

dimensional, and a single configuration defined over the entire space N is called a field. The

equations which determine the time evolution of such fields, or equivalently their extension

over spacetime M = N×R, are required to be differential equations on the fields. Moreover,

these differential equations are required to be of Euler-Lagrange type: letting E denote the

space of field configurations over spacetime M , this means that the equations must describe

the critical locus {dS = 0} ⊂ E of a local functional

S : E→ R defined by S(ϕ) =

∫
M

L(ϕ) ,

the integral of a polydifferential Lagrangian density L ∈ PDiff(E, ...,E; ΩdM
M ); the resulting

differential equations are called the equations of motion of the classical field theory.

The prototypical example of a classical field theory is the theory of electromagnetism

describing the behaviour of the electric and magnetic fields, considered as vector fields

E,B ∈ Γ(N,TN ) on a three dimensional Riemannian manifold N which are subject to

Maxwell’s equations

∇× E = −∂tB and ∇×B = ∂tE .

In fact, there is a slight redundancy in this parameterization of the fields, and the equations

can be written equivalently in terms of an electromagnetic potential 1-form A ∈ Ω1(M),

such that E and B are the non-zero components of its curvature F (A) ∈ Ω2(M). In these

terms, Maxwell’s equations are equivalent to the Yang-Mills equation d ∗ F (A) = 0 for A

considered as a u(1) connection, which describe the critical points of the local functional

S(A) =

∫
M
F (A) ∧ ∗F (A) .

Another closely related example is Chern-Simons theory, which can be considered on an

underlying spacetime given by an arbitrary smooth three manifold, and requires the input

data of a compact Lie group G with a non-degenerate, invariant bilinear pairing on its Lie

algebra g. The space of fields of the theory is given by the space of g-connections on M , and

the equations of motion specify that the connection be flat, which is equivalent to being a

critical point of the local functional

S(A) =

∫
M

Tr(A ∧ dA+
2

3
A ∧A ∧A) .

Quantum field theories are meant to be the quantum mechanical counterparts of these

infinite dimensional classical mechanics systems; the elementary particles whose behaviour

they describe are the quanta of excitations of the given fields. For example, photons in the

standard model of particle physics are described by quantum excitations of the gauge field
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A ∈ Ω1(M) which is the potential for the electric and magnetic fields in classical electrody-

namics. We now outline some of the mathematical objects associated with quantum field

theories:

The first main mathematical output of a quantum field theory is its algebra of observ-

ables. Classically, these are just algebras of functions on the spaces of solutions to the

equations of motion of the field theory, which are interpreted as measuring the values of

the fields at points in spacetime. For example, a measurement of the first component of

the electic field at a particular point x ∈ M defines a classical observable in the theory of

electromagnetism, given by

Ox(A) = F (A)01(x) .

In the quantum theory, the general expectation is that the commutative product on the al-

gebra of observables should be deformed in some sense, though the exact algebraic structure

of such deformations is not well understood in general.

However, the example of Chern-Simons theory has the very special property that it does

not depend on the choice of metric on the underlying spacetime. As a result, any symmetry

of the underlying smooth manifold naturally extends to all calculations in the field theory,

and examples with this type of symmetry, which are called topological field theories, lead

to much more tractable corresponding mathematical structures. In particular, the expected

algebraic structure on the quantized observables is well understood for such theories: they

should define algebras over the little n-disks operad En. Heuristically, this means that

the observables admit n compatible associative algebra structures, which correspond to

the directions in which two different observables can limit toward one another to define a

topological operator product expansion.

Another feature which can be more easily understood in topological field theories are

observables that are local to positive dimensional submanifolds of the spacetime, which are

sometimes called defect operators. For example, given a representation V of the gauge group

G of the Chern-Simons theory, there is a natural function on the space of solutions to the

equations of motion which is local to a given closed curve γ : S1 →M , defined by

Oγ(A) = TrV (Pγ(A))

where Pγ(A) ∈ End(V ) is the parallel transport along γ of the flat G connection defined by

A, and TrV denotes its trace in the representation V . The fact that the connection A is flat

implies that this observable only depends on the homotopy class of the loop γ, and thus the

physical correlations of such observables for a collection of closed curves define a topological

invariant of the underlying link; this was studied in Witten’s seminal paper [Wit89], where

it was shown that this procedure calculates the Jones polynomial and some of its variants.

In fact, in a topological field theory the collection of one dimensional defects, also called

line operators, defines not a vector space, but a category: given two line operators, the
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space of homomorphisms between them is given by the space of local operators which

naturally interpolate between the two given lines. Similarly, in general the collection of

defects supported on a k-dimensional plane in a topological field theory is expected to be a

k-category.

In the example at hand, the above assignment V 7→ Oγ identifies the underlying cat-

egory of line operators in Chern-Simons theory with the category Rep(G) of G represen-

tations. However, one also expects an E2 (or equivalently, braided) monoidal structure on

the category of line operators, which corresponds heuristically to the potential braiding

and topological operator product expansion of parallel line operators in the two transverse

directions. It turns out that this corresponds to the well-known braided deformation to the

category Repq(G) of representations of the quantum group; thus, we see that the additional

algebraic structure on the category of defects in this example is equivalent to the data of

the non-cocommutative quasi-triangular deformation of the enveloping algebra Ug.

More generally, the category of k dimensional defects in an n dimensional topological

field theory is expected to be an En−k monoidal k-category, corresponding to the topolog-

ical operator product expansion of k-dimensional defect operators in the transverse n − k
directions. In principle, this structure is determined for 0 ≤ k ≤ n − 1 by the single n − 1

category C of boundary conditions for the n-dimensional field theory: the E1 monoidal

n− 1 category of codimension 1 defects is defined as the endomorphism category of C, and

the category of codimension k defects is defined inductively as the endomorphisms of the

monoidal unit in the category of codimension k − 1 defects.

For example, the two dimensional B model is a topological sigma model, with space of

solutions to its equations of motion given by Maps(Σ, T∨[1]Y ) the space of maps from a two

manifold Σ to the shifted cotangent bundle of an algebraic variety Y . As a two dimensional

topological quantum field theory, it is determined by the category of boundary conditions

QCoh(Y ) ∈ DGCat, so that its category of line defects is given by the monoidal category

QCoh(Y × Y ) ∈ AlgE1
(DGCat) under convolution, and its local observables are thus given

by the Hochschild cochains CH•(Y ) ∼= O(T∨[1]Y ) ∈ AlgE2
(Vect). The two dimensional

A model to a symplectic manifold X should in principle be defined similarly, in terms of

the Fukaya category Fuk(X), whose Hochschild cochains define the quantum cohomology

algebra of X; note however that the construction of these latter objects is generally very

difficult and typically only worked out on a case by case basis.

Another very well behaved example is provided by the three dimensional B model

to a contangent bundle, which has analogous space of solutions to its equations of mo-

tion Maps(M,T∨[2]Y ) given by maps from a three manifold M to the 2-shifted cotan-

gent bundle of Y . The 2-category of boundary conditions is given by that of quasico-

herent sheaves of categories ShvCat(Y ) ∈ DGCat2, so that its categories of surface de-

fects and line operators are analogously given by ShvCat(Y × Y ) ∈ AlgE1
(DGCat2) and

QCoh(Y ×Y×Y Y ) ∈ AlgE2
(DGCat). Also analogously, its algebra of local observables is
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isomorphic to O(T∨[2]Y ) ∈ AlgE3
(Vect). There is an analogue of the A model in three

dimensions as well, but it is again much more subtle to define: there is not even a gen-

eral expectation formulated for the appropriate two category of boundary conditions which

defines it as an extended topological field theory.

Thus, we arrive at a very natural question which is at the crux of our proposal to use

ideas from physics to gain insight into mathematics:

Question 1.2.0.1. Is it possible to construct higher categories of defects and their monoidal

structures from first principles physical analysis?

Unfortunately, there is no hope for a positive answer to this question in general, but we

will explain the extent to which one can achieve this procedurally in certain examples of

interest.

The most accessible information about a general quantum field theory is typically its

equations of motion, so one formulation of the preceding question is to try to reconstruct the

categories of defects from this information. It turns out that in the very simplest examples,

this is sometimes possible.

Consider the examples of the two and three dimensional B model described above: the

local observables in each case are given by functions on a shifted cotangent bundle, and the

defining categories of boundary conditions are given by the (2-)categories of quasicoherent

sheaves (of 1-categories). This also extends the pattern of usual geometric quantization,

where the space of functions on the usual cotangent bundle T∨Y is quantized to give the

Hilbert space O(Y ), and can also be continued inductively to higher categories in the natural

way:

T∨Y 7→ O(Y ) ∈ Vect

T∨[1]Y 7→ QCoh(Y ) ∈ DGCat

T∨[2]Y 7→ ShvCat(Y ) ∈ DGCat2

T∨[3]Y 7→ ShvCat2(Y ) ∈ DGCat3

...
...

...

This is the prototypical example of the procedure of shifted geometric quantization, which

is explained in [Saf20].

Towards studying more intricate field theories, for which we may not be able to describe

the category of boundary conditions itself, we now rephrase the calculations of the categories

of defects in the two and three dimensional B models in a way that does not explicitly

reference the higher categories of boundary conditions: in each case, reducing the theory

on the link of the support of the defects of which we are trying to construct the category

yields a shifted symplectic stack whose geometric quantization directly yields the desired

category. For example, the category of line operators in the three dimensional B model can
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be calculated as the quantization of

Maps(S1, T∨[2]Y ) ∼= T∨[1]Maps(S1, Y ) ∼= T∨[1] (Y ×Y×Y Y ) QCoh(Y ×Y×Y Y ) ,

which yields the same category calculated above, but without reference to the 2-category

of boundary conditions ShvCat(Y ). This provides a partial answer to the question posed

above: in cases when the equations of motion of the theory after reducing on the link of the

support of the defects are described by a shifted cotangent bundle, there is a natural guess

for the category of such defects phrased in terms of quasicoherent sheaves (of categories).

The preceding strategy was used to determine the appropriate category of line operators

describing the three dimensional A model to a space Y in the forthcoming work of [HY]:

The space of solutions to the equations of motion is given by

T∨[−1]Maps(N × C, Y )dR

the shifted cotangent stack to the de Rham stack of the space of mixed holomorphic-

topological maps from a one manifold N product a smooth complex curve C to the target

space Y . In particular, the equations of motion on the link of a topological line N × {x}
are given by

T∨[1]Maps(D◦x, Y )dR

and thus the line operator category is conjected to be the category of D modules on the

algebraic loop space

D(Y (K)) = QCoh(Y (K)dR) .

As we recall in the main body of the text, this in particular implies that the algebra of local

operators in the three dimensional A model is given by the Coulomb branch construction

of [BFN18], exactly as expected. Moreover, a first example of the conjectural categorical

formulation of three dimensional mirror symmetry has been worked out in the forthcoming

paper [HR], which explain that it is equivalent to an analogue of the results of Tate’s thesis

in the de Rham setting.

Another interesting example which is studied in the forthcoming paper [GY] is the twist

of complexified four dimensional maximally supersymmetric gauge theory with gauge group

G. The space of solutions to the equations of motion for this theory is given by

Maps(Σ× C, T∨[3]BG)dR ,

the space of mixed holomorphic-topological maps from a smooth two manifold Σ product

a smooth complex curve C to the 3-shifted cotangent stack of the classifying stack of the

gauge group. In particular, the equations of motion on the link of a topological surface
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Σ× {x} are given by

T∨[2]Maps(D◦x,BG)dR

and thus the category of surface defects is given by

G(K)-Mod(DGCat) = ShvCat(BG(K)dR)

the 2-category of DG categories together with a strong action of the group indscheme G(K),

which features in the statement of the 2-categorical local geometric Langlands conjecture

[ABC+18].

One feature of the procedure outlined in the preceding three examples is that the geom-

etry of the space of solutions to the equations of motion on the link of the defect encodes

the desired En−k monoidal structure: consider the initial example where we constructed

the category of line operators QCoh(Y ×Y×Y Y ) ∈ DGCat from the space of solutions

to equations of motion on the circle in the three dimensional B model. We expect this

category to carry an E2 monoidal structure corresponding to the braiding and topological

operator product expansion of lines, which is manifest from its initial construction in terms

of ShvCat(Y ). However, the topological loop space Y ×Y×Y Y itself caries the information

of the E2 structure, via the canonical correspondence

LY(3) := Y ×Y×Y Y ×Y×Y Y
π13 //

π12

��

π23

**

Y ×Y×Y Y

Y ×Y×Y Y Y ×Y×Y Y

;

the expectation is that this correspondence induces the desired E2 monoidal structure on

QCoh(Y ×Y×Y Y ) by convolution.

However, there is one subtlety in the latter two examples which is a central point of

this thesis. The topological field theories considered in these examples are only topological

in a somewhat weak sense which still has the potential to retain some algebraic infor-

mation about the underlying curve (analogous to the distinction between spaces of flat

connections and local systems). In particular, the resulting categories of defects are not

expected to be E2-monoidal in the usual sense, but instead carry the more general struc-

ture of a factorization category over the relevant complex algebraic curve C. Factorization

categories are the natural categorical variant of chiral factorization algebras, and in turn

vertex algebras, rather than E2 algebras, which describe the structure on local operators

or (higher) categories of defects which are supported along topological directions but have

some transverse directions in which the field theory has only a holomorphic symmetry. The

systematic study of this broader class of algebraic structures on categories of defects in

mixed holomorphic-topological field theories in one the main goals of this thesis, and we

will recall some historical background and motivation for these ideas in the next subsection.
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In summary, we will pursue the ’bottom-up’ approach of constructing algebras of observ-

ables and categories of line operators from shifted geometric quantization of the equations of

motion of the corresponding physical theories, in situations where a full extended topologi-

cal field theory description is not expected or available. In particular, we will give geometric

arguments for the existence of the desired factorization and/or En−k-monoidal structures

on algebras of observables and categories of defects, independent of their potential higher

categorical realizations.

1.3 Factorization algebras, representation theory, and quan-

tum field theory

Factorization algebras were introduced by Beilinson and Drinfeld in [BD04] as a model for

algebras of observables in two dimensional chiral conformal quantum field theories, defined

in the language of algebraic geometry. Factorization algebras in this setting generalize vertex

algebras to global objects defined over algebraic curves, vaguely analogous to sheaves on

them. A generalization of the theory of factorization algebras to higher dimensional varieties

was also given in [FG11], analogously modeling holomorphic quantum field theories in higher

dimensions, which by definition generalize the holomorphic behaviour of observables in chiral

conformal field theories in two real dimensions. From the beginning, the development of

this theory was motivated by the essential connection between chiral conformal field theory

and representation theory of affine Lie algebras.

An analogue of factorization algebras defined over smooth manifolds in the language of

algebraic topology was proposed by Lurie in [Lur08], as an example of a class of extended

topological field theories in the mathematical sense defined therein, and pursued by Ayala,

Francis, Lurie, and collaborators in [AF15, AFR15, AFT16, Lur09a, Lur12]. Factorization

algebras in the topological setting analogously generalize algebras over the little n-discs

operad, and again describe the algebras of observables in topological quantum field theories

of dimension n. In the case n = 1 these are equivalent to usual (homotopy) associative

algebras, a central topic of study in classical representation theory.

Thus, there is a natural dictionary between predictions of quantum field theory or string

theory, and statements in representation theory phrased in terms of factorization algebras.

This dictionary is both a primary motivation and a main source of new ideas in this thesis.

The work of Costello [Cos11] and Costello-Gwilliam [CG16] established such a dictio-

nary in a more analytic context, constructing a variant of factorization algebras defined over

smooth manifolds in terms of the differential geometric input data of a Lagrangian classical

field theory satisfying certain ellipticity requirements together with a choice of renormaliza-

tion scheme. These ideas were very influential for this thesis, and have led to many other

developments following this paradigm [Cos13, CS15, BY16, GW18, ES19, SW19, ESW20].

This thesis also closely follows the program of Ben-Zvi, Nadler, and collaborators, which
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gives approaches to many facets of geometric representation theory in terms of extended

topological field theory and derived algebraic geometry [BZN09, BZFN10, BZN13, BZG17,

BZN18]. In particular, the use of sheaf theory in constructing extended topological field

theories from geometry is a central theme of this thesis, which is borrowed from loc. cit..

Further, the derived stacks and sheaf theories defined on them which are relevant for our

constructions can often be predicted from statements about the shifted symplectic geometry

of the spaces of solutions to the Euler-Lagrange equations in the relevant classical field the-

ories. This relies on a family of ideas about functoriality of shifted geometric quantization,

closely related to those in loc. cit., which I learned from Pavel Safronov [Saf20].

Finally, the circle of ideas and mathematical technology around the local geometric

Langlands correspondence [ABC+18], derived geometric Satake correspondence [BF08],

and Coulomb branch construction [BFM05, BFN18, BFN19b], provided a collection of

mathematically well-understood examples and established techniques which were crucial

for the technical underpinning for this thesis. In particular, we follow the sheaf theory

foundations given in [GR14a, GR14b, Gai15, GR17a, GR17b, Ras15a, Ras15b, Ras20b]

and references therein. These ideas can naturally be interpreted in certain holomorphic-

topological twists of supersymmetric quantum field theories, as we explain below. These

interpretations have also been studied in a more mathematical context, for example in

[EY18, BZN18, EY19, EY20, RY19], and I have benefited greatly from ongoing discussions

with Justin Hilburn and Philsang Yoo about these ideas. In particular, the forthcoming

papers [HY], [GY], and [HR] will also contain some of their ideas that we follow in the

present work.

In terms of the various perspectives we have just discussed, we can summarize an un-

derlying structural goal of this thesis as follows:

We develop a dictionary between factorization algebras and quantum field theory in the

mixed holomorphic-topological setting, using a synthesis of the chiral and topological vari-

ants of factorization algebras; examples of interest are given by factorization compatible

sheaf theory constructions, motivated by shifted geometric quantization of spaces of so-

lutions to equations of motion in supersymmetric gauge theories, and using tools from

geometric representation theory and derived algebraic geometry.

1.4 Holomorphic-topological twists of supersymmetric quan-

tum field theories and Ω-backgrounds

The more broad goal of the general direction of research undertaken in this thesis is to use

the preceding dictionary to formulate and prove results from a particular family of inter-

connected predictions of string theory, at the intersections of affine representation theory

[KW07, GW09, Gai18, BPRR15], enumerative geometry [AGT10, Nek16, NP17, GR19],

low-dimensional topology [GGP16, DGP18, Wit12], and integrable systems [Nek03, NS10,
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NW10]. These ideas are centred around the six dimensional N = (2, 0) superconformal field

theory, sometimes called “theory X”, which is an elusive, non-Lagrangian quantum field

theory that morally describes fluctuations of M5 branes in M theory (which we remind the

reader are geometric objects supported on six dimensional spaces). This theory is consid-

ered on a spacetime of the form C ×M , for C a smooth algebraic curve and M a smooth

four manifold, and this gives rise to natural predictions relating chiral factorization algebras

over the curve C with the differential topology of the four manifold M , or the enumerative

geometry of sheaves in the case M = S is a smooth algebraic surface over C.

As an intermediate step, we establish analogous predictions from three and four di-

mensional gauge theories following [BDG17, CG18, BLL+15], which correspondingly relate

to the representation theory of classical Lie algebras, and of quantizations of symplectic

singularities more generally [BDGH16], as well as to more classical aspects of enumerative

geometry [BDG+18] and integrable systems [NS09, CWY18].

Similar ideas have been studied extensively in mathematics already in both of the above

contexts, often explicitly motivated by the same physics considerations; for example [FG06,

Ara18, Bra04, SV13, MO19, BFN14, Neg17, RSYZ19, FG20, BD99, BFN18, BZG17, Cos13]

are a few which have been influential in our understanding of this family of ideas, ordered

roughly corresponding to the physics references above.

The preceding predictions are nominally phrased in terms of string theory and super-

symmetric quantum field theory, which are notoriously difficult to understand and often

not yet defined mathematically, but an important common feature of these results from

the physical perspective is that they often factor through mixed holomorphic-topological

twists of the relevant quantum field theories. As a result, these theories are expected to

be amenable to descriptions in terms of algebraic geometry and topology, and in particular

the algebras of observables of these theories are expected to correspond to objects in the

synthesis of chiral and topological factorization algebras mentioned above that we study in

the present work. This is the fundamental reason for the effectiveness of the mathematical

tools considered in the present work in the relevant physics context.

However, there is another salient feature of many of the physical constructions and

corresponding mathematical interpretations mentioned above, which has not been codified

mathematically in our explanation so far: in the seminal paper [Nek03], Nekrasov introduced

a construction in quantum field theory called an Ω-background, an additional structure on a

partially topological quantum field theory which (when it exists) deforms the given theory

in a way that enforces rotational equivariance with respect to a fixed S1 action on the

underlying spacetime. A primary consequence is that cohomological calculations in Ω-

deformed topological field theories are given by the analogous calculations in equivariant

cohomology.

Moreover, motivated by the localization theorem in equivariant cohomology, we ex-

pect these calculations should in some sense localize to the fixed points of the under-
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lying S1 action, after passing to an appropriate localization K[ε][f−1] of the base ring

K[ε] := H•S1(pt;K). In fact, calculations in the algebras of observables of the Ω-deformed

theories localize to calculations in (families over K[ε][f−1] of) algebras of observables over

the fixed point locus. Furthermore, such families of algebras of observables have been ob-

served in [NS09, NW10] to define filtered quantizations of the algebra specialized at the

central fibre over K[ε].

1.5 Summary of main results

In Chapter 3 of this thesis, we establish the foundations of the theory of equivariant fac-

torization algebras in the mixed chiral-topological setting. Moreover, in this language we

give an account of the equivariant localization and quantization phenomena associated with

the Ω-background construction in holomorphic-topological quantum field theory described

above. We give a detailed overview of these results in Subsection 1.5.2 below.

In Chapters 4 and 5, we develop methods for constructing examples of equivariant factor-

ization algebras corresponding to holomorphic-topological twists of supersymmetric gauge

theories, and apply the results of Part I in these examples. These results are summarized

in subsections 1.5.3 and 1.5.4, respectively.

1.5.1 Overview of Chapter 2

The first chapter recalls the basics of the theory of algebraic factorization algebras and its

relation to vertex algebras, following [BD04] and [FG11]. None of this material is original,

but we hope that the relatively concrete summary given here will help make the subject

more accessible for the reader. We postpone a detailed overview until Section 2.1.

1.5.2 Overview of Chapter 3

In Chapter 3, we begin by establishing the elementary foundations of the theory of equiv-

ariant factorization algebras A ∈ Algfact(X)G on algebraic varieties X with the action of a

connected algebraic group G. There is a key vector space valued invariant of factorization

algebras called factorization homology, which defines a functor∫
X

: Algfact(X)→ Vect ,

analogous to sheaf cohomology. The factorization homology of factorization algebras gener-

alizes the spaces of conformal blocks of vertex algebras and Hochschild homology of associa-

tive algebras. In Section 3.4, we define an equivariant analogue of factorization homology∫ G

X
: Algfact(X)G → H•G(pt)-Mod ,
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and in the case G = (C×)n, we prove an equivariant localization theorem in this context:

Theorem 1.5.2.1. Let A ∈ Algfact(X)G be an equivariant factorization algebra. The natural

map ∫ G

XG

ι!A
∼=−→
∫ G

X
A

induces an equivalence over the localization H•G(pt)[f−1
k ].

Once correctly formulated, the proof of this statement follows straightforwardly from the

results of [GKM97]. Nonetheless, it provides an important link between higher dimensional

factorization algebras on X, which are often subtle to understand algebraically due to their

homotopical nature, and lower dimensional factorization algebras on XG, which can be

identified with more familiar objects such as associative algebras or vertex algebras.

Next, we carry out a basic study of the algebraic structure of equivariant factorization

algebras in the simplest examples, explain relations to algebras over variants of the framed

little n-disks operad, and give an account in this language of the relationship to deformation

quantization predicted in the physics literature, as described above. The latter proceeds as

follows:

In general, the restriction of an equivariant factorization algebra

ι!A ∈ Algfact(XG)G ∼= Algfact(XG)/H•G(pt)

defines a family of factorization algebras on XG parameterized by H•G(pt), since G acts

trivially on XG. The case when G = C× corresponds to the usual Ω-background construc-

tion, and we show that a C× equivariant factorization algebra A ∈ Algfact(X)C
×

induces a

family of factorization algebras ι!A ∈ Algfact(XC×)/K[ε] over K[ε] = H•C×(pt), which defines

a filtered quantization of the central fibre. For simplicity, we consider factorization algebras

which are Ga equivariant, or equivalently topological, along A1

Algfact(X × A1)Ga ∼= Algfact
E2

(X) so that Algfact(X × A1)GaoGm ∼= Algfact

ES1
2

(X)

(1.5.2.1)
the additional Gm equivariance is equivalent to a framed, or S1 equivariant, enhancement

of the E2 structure.

In Section 3.9, we explain an application of the Goresky-Kottwitz-MacPherson Koszul

duality result [GKM97] to equivariant operads, in the sense of [SW03]. In this example, it

gives an equivalence between S1 equivariant E2 algebras and algebras over (a two-periodic

variant of) the zeroth Beilinson-Drinfeld operad BDu0

AlgES1
2

(PerfK) ∼= AlgBDu0 (Db
fg(K[u])) and similarly AlgES1

n+2
(PerfK) ∼= AlgBDun(Db

fg(K[u])) ,

(1.5.2.2)

where K[u] = H•S1(pt). In general, algebras over the operad BDun define graded quantizations

of Pn+2 algebras to En algebras, over the base ring K[u]. A similar result was announced in
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[BBZB+20] as to appear in [BZN]. The preceding equivalences also extend to factorization

objects, so that in summary we have:

Theorem 1.5.2.2. There are equivalences of categories

Algfact(X × A1)GaoGm ∼= Algfact

ES1
2

(X) ∼= Algfact
BDu0 (X) ,

such that the latter intertwines the functors of forgetting the ES1

2 structure and taking the

homology P2 algebra, with restriction to the generic and central fibres {u = 1} and {u = 0},
respectively.

The latter category is equivalent to that of (two-periodic) filtered quantizations of (shifted)

Coisson algebras to chiral factorization algebras on X, by the chiral Poisson additivity

theorem of Rozenblyum. Thus, equivariant factorization algebras A ∈ Algfact(X×A1)GaoGm

induce quantizations ι!A ∈ Algfact(X)/K[ε].

Finally, we explain the manifestation in this language of the physical principle of equiv-

ariant cigar reduction, which plays a central role in our applications of interest in Part II

[But20b], as we explain below.

Consider an S1 equivariant factorization E2 algebra

A ∈ Algfact

ES1
2

(X) and define A0 := oblvE0

ES1
2

A ∈ Algfact(X) .

Note that A0 is canonically a module over A in the E2 sense, so that there is a module

structure

A0 ∈ CH•(A)-Mod(Algfact(X)) or equivalently a map CH•(A)→ CH•(A0)

(1.5.2.3)

in the category Algfact
E1

(X) of factorization E1 algebras. In these terms, we have the following

additional structure relating the factorization ES1

2 algebra and the corresponding factoriza-

tion BDu0 algebra, which has a geometric interpretation in physics as the equivariant cigar

reduction principle, pictured in Figure 1.1:

Proposition 1.5.2.3. The family of factorization algebras Au ∈ Algfact(X)/K[u] underlying

the factorization BDu0 algebra corresponding to A ∈ Algfact

ES1
2

(X) under Theorem 1.5.2.2,

admits a canonical module structure

Au ∈ CC−• (A)-Mod(Algfact(X)/K[u]) such that Au|{u=0} = A0 ∈ CH•(A)-Mod(Algfact(X)) ,

its restriction to the central fibre agrees with the module structure of Equation 1.5.2.3, where

CC−• (A) ∈ Algfact
E1

(X)/K[u] denotes the negative cyclic chains on A, considered as a family

of factorization E1 algebras over K[u] = H•S1(pt) with central fibre CH•(A) ∈ Algfact
E1

(X) .

As we explain below, the preceding proposition provides an explanation of the relationship

between the construction of chiral algebras corresponding to four dimensional N = 2 su-
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CC−• (A) ∈ Algfact
E1

(X)/K[u]

�

Au ∈ Algfact(X)/K[u]

X × R2
u X × R≥0

X

Algfact

ES1
2

(X) 3 A

Algfact
BDu0 (X) 3 Au Au ∈ Algfact(X)/K[u]

Figure 1.1: The equivariant cigar reduction principle

perconformal field theories in [BLL+15], which we give a mathematical account of in terms

of equivariant factorization algebras, and the construction of boundary chiral algebras for

(holomorphic-)topological twists of three dimensional N = 4 theories following [CG18],

which is the other central topic of Chapter 5.

1.5.3 Overview of Chapter 4

There are two overarching goals which are accomplished in Chapters 4 and 5, respectively:

1. We develop tools to give geometric constructions of factorization En algebras.

2. We apply the theory of equivariant factorization algebras, as developed in the prequel

[But20a], in examples that describe holomorphic-topological twists of supersymmetric

gauge theories, constructed as in the preceding chapter. In this language, we formu-

late and prove several variants of predictions from the physics literature about these

quantum field theories.

We now give a more detailed overview of these chapters:

Chapter 4 is of a primarily technical nature: we review the notions of factorization

categories and functors, as well as factorization spaces and maps of such, following the

main construction of [Ras15a]. Moreover, we explain various linearization constructions

which use sheaf theory to produce the former from the latter. In particular, in Section 4.7,

we give a construction of factorization En algebras in terms of spaces that are equipped

with a compatible factorization and convolution structure. This construction is the main

source of the examples in Chapter 5.



1.5. SUMMARY OF MAIN RESULTS 17

1.5.4 Overview of Chapter 5

In Chapter 5, we study various examples of equivariant factorization En algebras correspond-

ing to holomorphic-topological twists of supersymmetric gauge theories equipped with an

Ω background. We begin with a breif review of the constructions of the E2 and E3 algebras

corresponding to the two and three dimensional topological B model, as a warm up for the

more involved examples which are the primary focus of the present work.

In sections 5.4 and 5.5, we recall the construction of the factorization algebra corre-

sponding to the three dimensional A model, following [BFN18]: Let C be a smooth alge-

braic curve, D the formal disk, G an affine, reductive algebraic group with Lie algebra g,

and N a finite dimensional G representation. The Coulomb branch construction introduced

in loc. cit. gives a factorization algebra on C with compatible associative (or E1) algebra

structure, defined by

A(G,N) := CBM
• (YO ×YK YO) ∈ Algfact

E1
(C) ∼= AlgE1

(Algfact(C)) , (1.5.4.1)

where Y = N/G as a stack, YO = Maps(D, Y ), YK = Maps(D◦, Y ), and CBM
• are the

Borel-Moore chains. The factorization E1 algebra A(G,N) ∈ Algfact
E1

(C) describes the local

observables of the three dimensional A model gauge theory on C × R with gauge group G

and matter representation T∨N . Equivalently, we can think of this theory as a sigma model

with target space the cotangent stack T∨Y .

In [BFN18], it is explained that this construction also gives a filtered quantization of

a graded Poisson algebra, which in good cases describes a quantization of the symplectic

singularity which is dual to T∨Y in the sense of symplectic duality [BLPW14], or three

dimensional mirror symmetry [IS96]; this was the original motivation for the construction.

The relationship between these results is an example of the equivalence of Theorem 1.5.2.1:

Theorem 1.5.4.1. [BFN18] For C = A1 the factorization E1 algebra defined above

A(G,N) ∈ Algfact
E1

(A1)GaoGm ∼= AlgES1
3

(VectK) ∼= AlgBDu1 (D(K[u]))

admits a canonical GaoGm equivariant structure and thus, under the equivalence Theorem

1.5.2.1, defines a filtered quantization of a (2-shifted) Poisson algebra to an associative (or

E1) algebra.

Concretely, passing to Gm equivariant (with respect to loop rotation) Borel-Moore homology

in the expression from Equation 1.5.4.1 gives a quantization of the homology P3 algebra,

viewed as a graded commutative algebra with Poisson bracket of degree −2, as in [BFN18].

We also explain an analogous construction of the three dimensional B model in [But20b],

which gives a filtered quantization of T∨Y itself by this mechanism.

In sections 5.6, 5.7, 5.8 and 5.9, we study the factorization algebra on C of chiral

differential operators Dch(Y ) ∈ Algfact(C) on Y = N/G, and their relationship to the three
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dimensional A model above, culminating in a proof in this language of a prediction of

Costello-Gaiotto from [CG18].

On a smooth curve C, the factorization algebra of chiral differential operators on a

scheme Y is defined, following [GMS00, BD04, KV06], by

Dch(Y ) := HomD(YK)(DYK , ι∗ωYO) ∼= Γ(YK, oblv ι∗ωYO) ∈ Algfact(C)

where oblv : D(YK) → IndCoh(YK) denotes the forgetful functor from D modules to co-

herent sheaves. In the case that Y = N/G is a quotient stack, we show that the chiral

differential operators are given by

Dch(Y ) ∼= C
∞
2 (ĝ, gO, GO;Dch(N))

the GO-equivariant semi-infinite cohomology, or BRST reduction, of Dch(N) ∈ Algfact(C)

with respect to the Lie algebra ĝ. The approach to sheaf theory on the relevant infinite

dimensional varieties and stacks, as well as the identification with semi-infinite cohomology,

follows [Ras15b, Ras20b] and references therein.

Remark 1.5.4.2. For Y a scheme this construction requires a trivialization of the determi-

nant gerbe [KV06], which for Y = N/G we identify with a lift of the GO action on Dch(N)

to an action of ĝ at level −Tate. Physically, this corresponds to the requirement that the

corresponding four dimensional N = 2 theory is superconformal.

Under the hypothesis of the preceding remark, we prove the prediction of Costello-Gaiotto

[CG18]:

Theorem 1.5.4.3. The chiral differential operators on Y = N/G admits a canonical module

structure

Dch(Y ) ∈ A(G,N)-Mod(Algfact(C))

over the factorization E1 algebra A(G,N) ∈ Algfact
E1

(C) on C constructed in [BFN18].

Dch(Y ) ∈ Algfact(C)

�A(G,N) ∈ Algfact
E1

(C)

C × R≥0

This result corresponds to the statement that

the three dimensional A model to Y admits a chi-

ral boundary condition, so that the algebra of local

observables A(G,N) of the three dimensional the-

ory on C ×R≥0 acts on the chiral algebra Dch(Y ) of

boundary observables on C, as pictured on the right.

The preceding theorem is equivalent to the exis-

tence of a map A(G,N) → HC•(Dch(Y )) of factor-

ization E1 algebras, where the latter denotes the Hochschild cochains (or derived centre)

of the factorization algebra Dch(Y ). It was suggested in [CG18] that this is often an iso-

morphism, and since Dch(G,N) is manifestly independent of the Lagrangian splitting of

V = T∨N , we obtain:
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Corollary 1.5.4.4. In such situations, A(G,N) is canonically independent of the choice of

splitting V = T∨N .

A related construction which also implies this corollary was suggested independently by

Raskin.

In Section 5.10, we also construct a family of factorization E1 algebras C(Y )~ ∈ Algfact
E1

(X)/K[~]

over K[~], with generic fibre C(Y )~|{~=1} = A(Y ) the factorization E1 algebra of the three

dimensional A model, and central fibre that of the holomorphic-B twist. Moreover, we show

that the module structure on Dch(Y ) over A(Y ) given above extends to a module structure

over C(Y )~,

Dch(Y )~ ∈ C(Y )~-Mod(Algfact(C)/K[~]) , (1.5.4.2)

where Dch(Y )~ ∈ Algfact(C)/K[~] is the filtered quantization of chiral differential operators

to Y .

Finally, in Section 5.11, we use the theory of equivariant factorization algebras developed

in Part I to give a mathematical account of the construction of chiral algebras corresponding

to 4d N = 2 gauge theories introduced in [BLL+15]. Further, we explain the relation of this

construction with our formulation of the predictions of [CG18] explained above.

Let Z(Y ) = YO×YKYO be the stack underlying the construction of A(G,N) from [BFN18]

recalled above. The category IndCoh(Z(Y )) ∈ Catfact
E1,un(C) of (ind)coherent sheaves on

Z(Y ), studied in [CW19] for Y = BG, defines a factorization E1 category, with unit factor-

ization algebra u•OYO ∈ Algfact
E1

(IndCoh(Z(Y ))), so that

F(Y ) = HomIndCoh(Z(Y ))(u•OYO ,u•OYO) ∈ Algfact
E2

(C)

defines a factorization E2 algebra on C, which describes the local operators of the four

dimensional mixed holomorphic-B model on C × R2, which occurs as the corresponding

mixed twist of four dimensional N = 2 gauge theory. For Y satisfying the hypotheses of

Remark 1.5.4.2, we have:

Theorem 1.5.4.5. There is a canonical S1 equivariant structure on F(Y ) such that

F(Y ) 7→ Dch(Y )u under the equivalence Algfact

ES1
2

(C) ∼= Algfact
BDu0 (C)

of Theorem 1.5.2.2, where Dch(Y )u ∈ Algfact
BDu0 (X) is the (two-periodic) filtered quantization

of the factorization algebra of chiral differential operators to Y .

Let C(Y )u ∈ Algfact
E1

(C)/K[u] denote (the two-periodic variant of) the family of factoriza-

tion E1 algebras claimed above, which describes the deformation from the holomorphic to

the A twist of 3d N = 4 gauge theory. The following result identifies this with the equiv-

ariant reduction on S1 of holomorphic-B twisted 4d N = 2 gauge theory, and thus relates

the results of [CG18] and [BLL+15] via their fomulations in the present work:
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C(Y )u ∈ Algfact
E1

(X)/K[u]

�

Dch(Y )u ∈ Algfact(X)/K[u]

X × R2
u X × R≥0

X

Algfact

ES1
2

(X) 3 F(Y )

Algfact
BDu0 (X) 3 F(Y )u Dch(Y )u ∈ Algfact(X)/K[u]

Figure 1.2: The equivariant cigar reduction principle relates the four dimensional
holomorphic-B model to the three dimensional A model

Theorem 1.5.4.6. There is an equivalence of families of factorization E1 algebras on X

CC−• (F(Y ))
∼=−→ C(Y )u ∈ Algfact

E1
(C)/K[u] ,

such that under the equivalence of Theorem 1.5.4.5, the module structure of the preceding

proposition

F(Y )u ∈ CC−• (F(Y ))-Mod(Algfact(C)/K[u]) identifies with Dch(Y )u ∈ C(Y )u-Mod(Algfact(C)/K[u]) ,

equipped with the module structure recalled in Equation 1.5.4.2 above.

In fact, the preceding theorem does more than just identify the equivariant S1 reduction

CC−• (F(Y )) of the holomorphic-B twist of four dimensional N = 2 gauge theory with the

deformation from the holomorphic-B twist to the A twist of three dimensional N = 4 gauge

theory. It also identifies the canonical family of modules over the former corresponding

to the family of boundary condition induced by the ‘cigar tip’ as in Proposition 1.5.2.3,

with the family of boundary conditions for the latter whose observables form the filtered

quantization of the factorization algebra of chiral differential operators explained above.

The reader should compare Figure 1.2 above with the general case illustrated in Figure 1.1

of the preceding section.

1.5.5 Preview of future directions

The other main intended application of the results developed in the present work is to estab-

lish a variant of the AGT conjecture in the factorization setting, and construct an approxi-
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mation to the conjectural vertex algebras VOA[M4] introduced in [GGP16, DGP18, FG20]

via factorization homology. Analogous to the ES1

2 enhancement of the chiral differential

operators claimed in Theorem 1.5.4.5 above, we expect the following:

Proposal 1.5.5.1. There is a canonical ES
1×S1

4 enhancement of the principal affine W-algebra

W̃(glr) ∈ Algfact(C × A2)G
2
aoG2

m ∼= Algfact

ES1×S1

4

(C)

as a factorization algebra on any smooth algebraic curve C.

The structures on Gm equivariant factorization algebras outlined above and established in

the present work are thus expected for W(glr) in two distinct, compatible ways; Figure 1.3

is the analogue of Figure 1.1 in this setting.

In fact, we expect that W(glr) ∈ Algfact
Efr

4
(X) is framed, and assuming this we can make

the following definitions:

Definition 1.5.5.2. Let M4 and N3 be oriented manifolds of dimensions 4 and 3. We define

W(M4, glr) =

∫
M4

W̃(glr) ∈ Algfact(C) and A(N3, glr) =

∫
N3

W̃(glr) ∈ Algfact
E1

(C) .

By the tensor excision theorem for factorization homology proved in [Lur09a, AF15], these

factorization algebras would necessarily satisfy the following ‘gluing construction’:

Corollary 1.5.5.3. For M4 = M−4 ∪M
+
4 a collar-gluing presentation with M−4 ∩M

+
4
∼= N3×R

we have

W(M−4 , glr),W(M+
4 , glr) ∈ A(N3, glr)-Mod(Algfact(C))

and moreover there is a canonical equivalence

W(M−4 , glr) ⊗
A(N3,glr)

W(M+
4 , glr)

∼=−→W(M4, glr) . (1.5.5.1)

C × R2
ε × R2

δ C × R×2
≥0

C × R≥0

C × R≥0

C

Figure 1.3: The S1 × S1 equivariant E4 enhancement of W(glr)
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Remark 1.5.5.4. The vertex algebras W(M4, glr) are an approximation to the conjectural

algebras VOA[M4] proposed in [GGP16, DGP18, FG20], which are meant to encode rich

information about the differential topology of M4 (or the enumerative geometry of sheaves

on S, in the case that M4 is given by a smooth algebraic surface S). In general, we expect

there is a map

W(M4, glr)→ VOA[M4, glr] ,

but the latter is typically much larger: in the setting of the preceding corollary, an analogous

gluing construction has been conjectured for VOA[M4], but with the tensor product replaced

by a ‘vertex algebra extension’, of which the tensor product formula of Equation 1.5.5.1 gives

only the first summand. On M4 = R4 both constructions give the principal affine W algebra,

but its more exotic gluing construction makes VOA[M4] a much more interesting invariant

in general.

From the perspective of the more common constructions of W algebras associated to

algebraic surfaces in terms of enumerative geometry, this discrepancy corresponds to the fact

that the algebra of modes W(M, glr)
as is built from Hecke modifications on the moduli of

instantons (or torsion free sheaves in the case of an algebraic surface S) supported at points,

while the conjectural VOA[M4] should also encode modifications along two dimensional

submanifolds (or algebraic curve classes).

For S a smooth, toric algebraic surface, the equivariant localization formula for factor-

ization homology given in Theorem 1.5.2.1 applied to calculate W(S, glr) gives the following:

Corollary 1.5.5.5. The natural map defines an equivalence⊗
s∈SG

W(glr)εs,δs
∼=−→W(S, glr)ε,δ as modules over K[ε, δ][f−1

k ]. (1.5.5.2)

This is illustrated in Figure 1.4 below in the case that S = P2 with the usual (C×)2 action.

Moreover, toric surfaces S are equivariantly formal [GKM97], and for such spaces there

W(P2, glr)ε,δ

W(glr)ε,δ

W(glr)−δ,ε−δ

W(glr)δ−ε,−ε

Figure 1.4: Equivariant localization formula for W(P2, glr)
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is a refinement of the classical localization theorem [CS74, GKM97]. The goal of our in

progress project is to use an analogous enhancement in factorization homology to calculate

W(S, glr), refining the description of Equation 1.5.5.2 above. In fact, we also have a proposal

for a similar construction (and partial generalization) of the full VOA[M4] in the case that

M4 = S is a smooth toric algebraic surface occuring as a reduced divisor in a toric Calabi-

Yau threefold, though this is the topic of a separate project.

1.6 Conventions

1.6.1 General conventions and notation

The required notations are introduced, together with the relevant definitions, in the many

appendices to the present work. In this subsection, we briefly recall some of the most

commonly used notation.

We fix a base field K of characteristic zero, which we occasionally assume to be given

by the complex numbers K = C. We typically use X to denote a smooth algebraic variety

over K of dimension dX . In such cases, we let OX denote the sheaf of regular functions, DX

the sheaf of differential operators, and ωX = ΩdX
X [dX ] the dualizing sheaf of X

Moreover, we let D(X) denote the category of D modules on X; the theory of such is

reviewed in Appendix A.1.2. In particular, given a map f : X → Y of algebraic varieties,

there are induced functors, denoted by

f∗ : D(X)→ D(Y ) and f ! : D(Y )→ D(X) ,

given by the pullback and pushforward of D modules. We also follow the convention of

[BD04] by using f• and f• for the standard pullback and pushforward of quasicoherent

sheaves.

We let D(A) denote the derived category of modules over an algebra A, and similarly

Db(A), D+(A), and Dfg(A) its bounded, bounded above, and finitely generated variants.

We let Op(C) denote the category of (by default symmetric) operads internal to a

symmetric monoidal category C; the theory of such is reviewed in Appendix A.3.1. For

O,O′ ∈ Op(C), we let AlgO(O′) = HomOp(C)(O,O
′) denote the category of O algebras inter-

nal to the operad O′. We let Ass, Comm, Lie, and P1 denote the associative, commutative,

Lie, and Poisson operads. Further, we let En denote the little n-disks operad, Pn the cor-

responding shifted Poisson operad, and BDn the Beilinson-Drinfeld operad, as recalled in

appendices A.3.4, A.3.5, and A.3.6, respectively.

Throughout, whenever possible we work in the framework of cocomplete DG categories

and stable infinity categories, following [Lur12] for example.

Warning 1.6.1.1. We often fall short of a complete explanation at the level of homotopical

precision typical in the study of such categories. This thesis is ultimately about concrete
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objects, like vector spaces or sheaves, and the algebraic structures they carry, and we care-

fully establish our results along these lines. However, for the purposes of exposition we

occasionally use more categorical language in situations where we have not established a

precise enough setting for their careful interpretation. We hope that this will not be a cause

of confusion for the reader, and we have included many similar warnings throughout the

text.

1.6.2 Notation around partitions and diagonal embeddings

We record here various notations related to certain index categories of finite sets, which are

used throughout the text.

Let fSet denote the category of (possibly empty) finite sets with arbitrary maps of sets

π : I → J , and fSetsurj denote the category of non-empty finite sets with surjective maps

π : I � J .

Remark 1.6.2.1. The category fSetsurj parameterizes a diagram whose colimit defines the

moduli space of non-empty finite subsets RanX of a space X, while the category fSet is

used analogously to describe the moduli space of possibly empty finite subsets RanX,un of

a space X; see definitions 2.2.1.2 and 2.2.3.1.

These conventions are also be used in a closely related way in the definition of operads,

recalled in Appendix A.3.1; the relation is for example apparent in the results of Section

3.6.

We identify a surjective map π : I � J , a morphism in fSetsurj, with a J-coloured

partition of I, given by

I =
⊔
j∈J

Ij where Ij := π−1(j) .

A general map π : I → J , a morphism in fSet, is similarly equivalent to a J-coloured

partition of I, given by

I =
⊔
j∈J

Ij =
⊔

j∈im(π)

Ij t
⊔
j∈Iπ

Øj where Ij := π−1(j) and Iπ = J \ im(π) .

Here the subsets of I corresponding to certain colours j ∈ J are allowed to be empty, while

still recorded in this combinatorial model. We also encode this data equivalently by the

induced surjection

απ := π × 1Iπ : I t Iπ � im(π) t Iπ = J .

For each π : I → J , we define a corresponding diagonal map

∆(π) : XJ → XI (xj)j∈J 7→ (xπ(i))i∈I .
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If π : I � J is a surjection, then ∆(π) : XJ ↪→ XI is a closed embedding, while if π : I ↪→ J

is injective, ∆(π) : XJ � XI is smooth over XI . In general, ∆(π) is smooth over its image

with fibre XIπ . In the case π : I → {pt}, we use the notation ∆(I) = ∆(π) : X → XI for

the small diagonal embedding.

For each surjection π : I � J we define a corresponding diagonal complement

j(π) : U(π) ↪→ XI U(π) = {(xi)i∈I |xi 6= xj if π(xi) 6= π(xj)} .

For example, for π : I → {pt} this gives U(π) = XI , while for π = 1I : I � I this gives

U(π) equal to the complement of all partial diagonals in XI . Note that U(π) is not in

general complementary to the image of ∆(π).

In the case π = 1I : I → I, we use the notation U (I) = U(1I) and j(I) = j(1I) :

U (I) ↪→ XI for the complement to the union of all partial diagonals in XI .
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Chapter 2

Factorization algebras, chiral

algebras, and vertex algebras

2.1 Overview of Chapter 2

In this chapter, we review the theory of factorization algebras in the setting of algebraic

geometry, following [BD04, FG11, Ras15a], and explain the relationship of these objects to

vertex algebras. We also give an exposition of a few more specialized topics in the theory

of chiral factorization algebras which will be required in this series of papers. None of this

material is original, but we hope that the relatively concrete summary given here will help

make the subject more accessible for the reader.

2.1.1 General Overview: Local observables, the Ran space, and factor-

ization algebras

Recall from Section 1.3 that factorization algebras are algebraic objects defined over alge-

braic varieties or manifolds, vaguely analogously to sheaves on them, which describe the

algebras of observables of quantum field theories defined on these spaces. Factorization

algebras can be defined in the language of algebraic geometry or topology, and the resulting

objects generalize vertex algebras and usual (associative) algebras, respectively. Indeed,

these can be interpreted as the algebras of observables of chiral conformal field theories in

real dimension two, or topological field theories in real dimension one, respectively.

Higher dimensional factorization algebras on algebraic varieties describe the local ob-

servables of holomorphic field theories, which by definition generalize the holomorphic be-

haviour of observables in chiral conformal field theories in two real dimensions. Similarly,

higher dimensional topological factorization algebras generalize algebras over the little n-

disks operad En, which are reviewed in Appendix A.3.4. The results of this paper emphasize

applications using factorization algebras in the setting of algebraic geometry, which we will

sometimes call the chiral setting. We now give a heuristic overview of the definition of

27
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factorization algebras in the context of algebraic geometry:

The starting point for the definition of factorization algebras on an algebraic variety

X is a space RanX called the Ran space of X, which is by definition the moduli space of

non-empty, finite subsets {xi} ⊂ X, which we record heuristically as

RanX = { {xi} ⊂ X } .

A factorization algebra is meant to describe the algebra of local operators of a quantum

field theory, and this data can naturally be interpreted as defining a sheaf over the space

RanX : to each point x = {xi} ∈ RanX corresponding to a finite subset {xi} ⊂ X, assign

the vector space

A{xi} := { observables local to the collection of points {xi} } .

In particular, on the copy of X ↪→ RanX corresponding the singleton subsets {x} ⊂ X, the

vector spaces Ax := A{x} are just the usual family of vector spaces describing the spaces

of local operators over each point x ∈ X, which defines the vector space underlying the

corresponding vertex algebra in the case that X is of complex dimension one.

The fact that these vector spaces glue together to define a sheaf over RanX encodes the

condition that given two distict points x0, x1 ∈ X, as x1 approaches x0 there should be a

gluing map

A{x0,x1}  Ax0 .

As we will see, the correct data to prescribe this sheaf over RanX is not a map of the

underlying vector spaces, but rather a meromorphic family of products with poles concen-

trated along the diagonal x0 = x1, as expected from operator product expansions in two

dimensional chiral conformal field theories.

There is one more natural condition to impose on this sheaf A on RanX , called factor-

izability, which corresponds to the notion of locality in quantum field theory: for distinct

points x0 6= x1 away from the diagonal, the space of observables local to the set {x0, x1}
should be equivalent to the tensor product

A{x0,x1}
∼= Ax0 ⊗Ax1 ,

of the space of observables local to x0 with the space of observables local to x1. In the

limit as x1 approaches x0, we can combine this identification with the gluing map above to

obtain a map

Yx0 : Ax0 ⊗Ax0  Ax0

which describes the operator product expansion of observables in an infinitesimal neigh-

bourhood of each point x0 ∈ X. In the case that X is of complex dimension one, this will
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recover the usual vertex operator structure map of a vertex algebra.

The first several sections of this chapter are devoted to filling in the mathematical

content of this heuristic description, carefully identifying the resulting algebraic structures,

and comparing them with the more concrete structures in the theory of vertex algebras.

The latter sections treat more specialized topics which will be required in the present work

and its sequel Part II [But20b].

2.1.2 Summary

We now give a summary of each of the sections in this chapter. None of the results of this

chapter are new: we follow [BD04] and [FG11] throughout.

The Ran space and the category D(RanX)

In Section 2.2, we give a more mathematically detailed description of the space RanX , and

define the category of D modules D(RanX) on RanX , which is the appropriate variant of

sheaf on RanX to define factorization algebras corresponding to usual holomorphic field

theory.

Monoidal structures on D(RanX)

In Section 2.3, we recall several monoidal structures on the category of D modules on RanX

and their basic properties.

Factorization algebras

In Section 2.4, we recall the definition of factorization algebras in terms of the monoidal

structures of the preceding section.

Chiral algebras

In Section 2.5, we recall the definition of chiral algebras in terms of the monoidal structures

of Section 2.3. These are equivalent to factorization algebras, as we recall in Section 2.12

below.

Chiral algebras and vertex algebras

In Section 2.6 we recall the equivalence between weakly Ga equivariant chiral algebras on

A1 and vertex algebras.
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OPE algebras

In Section 2.7 we recall the notion of OPE algebras, which gives the most direct generaliza-

tion of the operator product expansion map of vertex algebras to a global operation defined

over algebraic curves. Further, we recall that these are equivalent to chiral algebras.

Chiral algebras and topological associative algebras

In Section 2.9, we recall the ‘algebra of modes’ construction, which from a chiral algebra A

defines a topological associative algebra Aas
x at each point x ∈ X.

Lie∗, Comm!, and Coisson algebras

In Section 2.8 we recall the analogues of Lie algebras, commutative algebras, and Poisson

algebras in the chiral setting, under the analogy that chiral algebras correspond to usual

associative algebras. Further, in the weakly Ga equivariant case on A1, we identify these with

vertex Lie algebras, commuative vertex algebras, and vertex Poisson algebras, respectively.

Chiral enveloping algebras

In Section 2.10, we recall the analogue of the universal enveloping algebra construction in the

chiral setting, which for a Lie∗ algebra L constructs a chiral algebra Uch(L) which satisfies

the analogous universal property. We also explain the translation of this construction to

the vertex algebra setting. We also recall a variant of the construction that is twisted by

an appropriate notion of central extension of the Lie∗ algebra L, and its analogue in the

vertex algebra setting. This allows us to recover many familiar examples such as the affine

Kac-Moody and Virasoro vertex algebras.

BRST reduction of chiral algebras and vertex algebras

In Section 2.11, we outlined the theory of BRST reduction of chiral algebras following

[BD04], and relate it to the notion of BRST reduction of vertex algebras described in

[FBZ04].

Francis-Gaitsgory chiral Koszul duality

In Section 2.12, we give a concrete explanation of the equivalence of chiral algebras and

factorization algebras in complex dimension one, and outline the general proof of this fact

given in [FG11].
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2.2 The Ran space and the category D(RanX)

Let X ∈ SchK be a scheme over K; we will primarily be interested in the case when X is a

smooth, finite type variety over K = C.

2.2.1 The Ran space

Following the heuristic descriptions in Subsection 2.1.1, we wish to define the moduli space

of non-empty finite subsets of X, called the Ran space RanX of X. The basic idea for

constructing RanX is that it should be glued together from various powers XI of X as

follows: it should contain a copy of X corresponding to the space of one point subsets of

X, glued diagonally into a copy of Sym2X corresponding to the space of two point subsets,

which is further glued diagonally into a quotient of Sym3X (which identifies e.g. (x, x, y)

with (x, y, y), as both are representatives of {x, y} ⊂ X) corresponding to the space of three

point subsets, and so on. We summarize this gluing procedure in the putative definition

RanX = colim

 X ∆ // X2

S2




////// X3


 



S3


 ////////// . . .

 . (2.2.1.1)

We now formalize this construction:

Recall from 1.6.2 that fSetsurj denotes the category with objects given by non-empty

finite sets I and morphisms given by surjections π : I � J . There is a natural fSetsurj,op

diagram in Schft, given by

X• : fSetsurj,op → Sch by

I 7→ XI

[π : I � J ] 7→ [∆(π) : XJ ↪→ XI ]
, (2.2.1.2)

where ∆(π) : XJ → XI is the corresponding diagonal embedding, defined in 1.6.2.

Remark 2.2.1.1. The bijections in fSetsurj,op induce an Sn automorphism group at each

object I with |I| = n.

We now state the formal definition of the space RanX . We encourage the reader not familiar

with the technical notions mentioned to ignore them; as we explain in Remark 2.2.1.4 below,

our exposition in the remainder of the text is formally independent of the actual definition

of RanX .

Definition 2.2.1.2. The Ran space of X is the pseudo indscheme presented by

RanX = colim
I∈fSetsurj,op

XI = colim

[
. . .←XI ∆(π)←−−− XJ← . . .

]
,
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the colimit of the diagram in Equation 2.2.1.2, evaluated after composing with the Yoneda

embedding Sch ↪→ PreStk.

Remark 2.2.1.3. A pseudo indscheme is a prestack presented as a (not necessarily filtered)

colimit of schemes under closed embeddings. The maps in the diagram of Equation 2.2.1.2

are evidently closed embeddings, but the index category fSetsurj,op is not filtered, so RanX

does not define an ind scheme in the usual sense.

Remark 2.2.1.4. The category D(RanX) will be defined in 2.2.2.1 below, without explicit

reference to the preceeding definition of RanX ; see remarks 2.2.2.2 and 2.2.2.4. In general,

the foundational definitions and results in this paper will be stated in terms of the category

D(RanX), in a way that is similarly formally independent of the definition of the underlying

space RanX .

Remark 2.2.1.5. There exist canonical maps ∆I : XI → RanX with images RanX,≤n for

|I| = n that define a filtration of RanX by finite dimensional subschemes, and corresponding

stratification of RanX by subschemes RanX,n parameterizing subsets of X of cardinality n.

2.2.2 The category D(RanX) of D modules on RanX

Following further the discussion in 2.1.1, our initial object of interest is the category of D

modules on the Ran space RanX of X. In terms of the heuristic summarized in Equation

2.2.1.1, a D module A ∈ D(RanX) on RanX should be specified by:

� a D module A ∈ D(X) on X;

� a D module A2 ∈ D(X2) on X2, an S2 equivariant structure on A2, and an isomor-

phism ∆!A2
∼= A;

� a D module A3 ∈ D(X3) on X3, an S3 equivariant structure on A3, and isomorphisms

∆(π)!A3
∼= A2 for each ∆(π) : X2 ↪→ X3 corresponding to π : {1, 2, 3} � {1, 2};

and so on. Thus, following [BD04] and [FG11], we make the following definition:

Definition 2.2.2.1. An object A ∈ D(RanX) is an assignment

I 7→ AI ∈ D(XI) [π : I � J ] 7→ [∆(π)!AI
∼=−→ AJ ]

defined for each finite set I ∈ fSet and surjection π : I � J .

A morphism f : A→ B between A,B ∈ D(RanX) is given by an assignment

I 7→ [fI : AI → BI ] [π : I � J ] 7→

∆(π)!AI //

∆(π)!(fI)
��

AJ

∼

w�
fJ

��
∆(π)!BI // BJ
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defined for each finite set I ∈ fSet and surjection π : I � J .

An object A ∈ D(RanX) is called coherent, regular holonomic, ... if AI ∈ D(XI) is such

for each I ∈ fSet.

Remark 2.2.2.2. The preceding definition is evidently independent of the definition of RanX

in 2.2.1.2, in keeping with Remark 2.2.1.4.

Remark 2.2.2.3. The preceding definition of the category of D modules on RanX can be

formalized

D(RanX) = lim
I∈fSetsurj

D!(XI) = lim

[
. . .→ D(XI)

∆(π)!

−−−→ D(XJ)→ . . .

]
,

where D! : Schop → DGCatcont is as defined in Appendix A.6.6.

Remark 2.2.2.4. In [Gai12] and [Ras15a], the pseudo indscheme RanX is defined as above,

and the definition of its D module category is given in terms of a general definition of the

category of D modules on such spaces. A proof of the equivalence of this approach with

the above is given in Section 8 of [Ras15a], for example.

Remark 2.2.2.5. There are canonical functors

∆I,! : D(RanX)→ D(XI) and ∆I
∗ : D(XI)→ D(RanX) ,

which correspond heuristically to pullback and pushforward along the diagonal embedding

∆I : XI ↪→ RanX , as the notation suggests.

Remark 2.2.2.6. The functors of 2.2.2.5 for |I| = 1 are denoted ∆main := ∆I . In this case,

the functors ∆main
∗ ,∆main,! define inverse equivalences D(X) ∼= D(RanX)X , by Kashiwara’s

lemma, where D(RanX)X denotes the full subcategory on D modules supported on the

main diagonal.

Example 2.2.2.7. There is a canonical object ωRanX ∈ D(RanX) defined by the assignment

I 7→
(
ωXI ∈ D(XI)

)
[π : I � J ] 7→

[
∆(π)!ωXI

∼=−→ ωXJ

]
.

2.2.3 Unital D modules on RanX

We introduce a ‘unital’ variant of the above notion of D module on RanX . The additional

data of the unital structure will be used to define the notion of unital factorization algebra,

and this data will correspond to the the unit of a vertex algebra under the equivalence of

Section 2.6, and similarly the unital structure on the En operad under the equivalence of

Section 3.6.
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Definition 2.2.3.1. An object A ∈ D(RanX,un) is an assignment

I 7→ AI ∈ D(XI) [π : I → J ] 7→ [∆(π)!AI → AJ ]

defined for each (possibly empty) finite set I ∈ fSet and map π : I → J , such that the maps

corresponding to surjections π : I � J are isomorphisms.

A morphism f : A→ B between A,B ∈ D(RanX) is given by an assignment

I 7→ [fI : AI → BI ] [π : I → J ] 7→

∆(π)!AI //

∆(π)!(fI)
��

AJ

∼

w�
fJ

��
∆(π)!BI // BJ

defined for each I ∈ fSet and π : I → J .

Remark 2.2.3.2. For a non surjective map π : I → J , the factorization

I
π̄−→ im(π) ↪→ J induces an identification ∆(π)!AI = ∆(π̄)!AI � ωXIπ .

In particular, for π : I ↪→ J injective, or further in particular for π : Ø→ J , the assignment

of the preceding definition is required to give maps

AI � ωXIπ → AJ and ωXJ → AJ , (2.2.3.1)

respectively.

Remark 2.2.3.3. The structure maps which are not necessarily invertible are evidently not

interpretable as gluing data for a sheaf on a usual space. However, we will describe an

analogous geometric interpretation of D(RanX,un) as the category of D modules on a lax

prestack RanX,un in Section 4.1.2, following [Ras15a].

Remark 2.2.3.4. There is evidently a natural forgetful functor D(RanX,un) → D(RanX)

defined by restricting the above assignments along the inclusion fSetsurj ↪→ fSet.

Example 2.2.3.5. There is a canonical object ωRanX,un
∈ D(RanX,un) defined by the assign-

ment

I 7→
(
ωXI ∈ D(XI)

)
[π : I → J ] 7→

[
∆(π)!ωXI

∼=−→ ωXJ

]
.

2.3 Monoidal structures on D(RanX) and operad structures

on D(X)

2.3.1 The ⊗! monoidal structure

The ⊗! monoidal structure on D(RanX) is in principle just the symmetric monoidal struc-

ture defined on D(Y ) for any scheme Y as Definition A.1.2.6; in keeping with Remark
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2.2.1.4, we make the following formal definition:

Definition 2.3.1.1. The ⊗! monoidal structure on D(RanX) is defined by

⊗! :D(RanX)×2 → D(RanX) (A,B) 7→ (A⊗! B)I = AI ⊗! BI ∈ D(XI) ,

⊗!
j∈J : D(RanX)J → D(RanX) (Aj) 7→ (⊗!

j∈JA
j)I = ⊗!

j∈JA
j
I ∈ D(XI) .

together with the coherence isomorphisms given by the analogous product of those for A

and B.

Proposition 2.3.1.2. The functors ∆I,! : D(RanX) → D(XI) of 2.2.2.5 are symmetric

monoidal with respect to the ⊗! monoidal structure on each category.

Proof: Follows immediately from the definitions.

Corollary 2.3.1.3. The functor ∆main,! : D(RanX) → D(X) defines a natural symmetric

monoidal equivalence D(X)! ∼= D(RanX)!
X .

2.3.2 The ⊗∗ monoidal structure

The space RanX is naturally a commutative monoid object under the operation ∪ : Ran×2
X →

RanX of union of finite subsets; this structure is discussed more formally in Section 4.1.3,

but only motivational in this section. The union map equips D(RanX) with an additional

monoidal structure, as follows:

The ⊗∗ monoidal structure on D(RanX) is defined geometrically by push forward along

the union map of the exterior product

∪∗ ◦� : D(RanX)×2 → D(RanX) ,

and similarly for higher arity monoidal products. The union map is presented as the colimit

of maps RanX,≤n1 ×RanX,≤n2 → RanX,≤n1+n2 on bounded cardinality subsets, induced by

the maps XI ×XJ → XItJ . In keeping with Remark 2.2.1.4, we make the following formal

definition:

Definition 2.3.2.1. The monoidal structure ⊗∗ : D(RanX)×2 → D(RanX) and its higher

arity components ⊗∗ : D(RanX)J → D(RanX) are presented by the functors

D(XI1)×D(XI2)→ D(XI1tI2) (MI ,MJ) 7→MI �MJ ,

×j∈JD(XIj )→ D(XI) (MIj ) 7→ �j∈JMIj .

It is difficult to write an explicit expression for the above monoidal product in general.

However, we have the following partial descriptions:
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Proposition 2.3.2.2. For each A,B,Aj ∈ D(RanX), there are canonical maps⊕
π:I � {1,2}

AI1�BI2 → (A⊗∗ B)I and
⊕

π:I � J

�j∈JA
j
Ij
→ (⊗∗j∈JAj)I .

Proof: See Subsection 2.3.2 in [FG11].

Proposition 2.3.2.3. Let A,B ∈ D(RanX). Then there is a canonical equivalence

j(I)∗(A⊗∗ B)I ∼= j(I)∗

 ⊕
I=I0∪I1

∆!
I0,I1(AI0�BI1)

 ,

where j(I) : U (I) → XI is the complement of the union of all partial diagonals, and

∆I0,I1 : XI ↪→ XI0 ×XI1 is the diagonal embedding corresponding to the union map I0 t
I1 � I0 ∪ I1 = I. The analogous statement also holds for higher arity tensor products.

Proof: See Remark 5.5.17 in [GL19].

Remark 2.3.2.4. The essential image D(RanX)X of the inclusion ∆∗ : D(X) → D(RanX)

is evidently not closed under ⊗∗, so that ⊗∗ does not restrict to a monoidal structure on

D(X). However, it restricts to define an operad (or ‘pseudo tensor’, in the language of

[BD04]) structure on D(X), as in Example A.3.1.11.

Definition 2.3.2.5. The⊗∗ operad structure onD(X) is defined by the inclusionD(X) ↪→ D(RanX)∗,

as in Example A.3.1.11.

Corollary 2.3.2.6. The functors ∆main
∗ : D(X)→ D(RanX) and ∆main,! : D(RanX)→ D(X)

of Remark 2.2.2.5 define an equivalence of operads between D(RanX)∗X and D(X)∗.

Example 2.3.2.7. The multilinear operations in D(X)∗ are given by

HomD(X)∗({Mi}, L) = HomD(XI)(�i∈IMi,∆
I
∗L) .

For b ∈ HomD(X)∗({L,L}, L), the composition b ◦ (b ⊗ 1) ∈ HomD(X)∗({L,L,L}, L) is

defined by

L�L�L
b�1−−→ ∆∗L�L ∼= ∆12,3

∗ (L�L)
∆12,3
∗ (b)−−−−−→ ∆12,3

X ∆
(2)
∗ L = ∆

(3)
∗ L ,

where ∆12,3 : X2 → X3 is defined by (x, y) 7→ (x, x, y).

2.3.3 The ⊗ch tensor structure

The space RanX has an additional monoid structure in the correspondence category, cor-

responding to the operation of disjoint union of finite subsets

Ran×2
X

jdisj←−− (Ran×2
X )disj

t−→ RanX ;
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again, this structure is discussed more formally in Section 4.1.3, but only motivational in

this section. The disjoint union correspondence equips D(RanX) with an another additional

tensor structure.

The ⊗ch tensor structure is defined geometrically as the exterior product, pulled back

along jdisj, and pushed forward along t, so that we define t∗ ◦ j!
disj ◦ � : D(RanX)×2 →

D(RanX), and similarly for higher arity tensor products. This composition can again be

presented as the colimit of maps of the finite cardinality subspaces, induced by maps on

powers of X. Thus, as in the discussion preceeding Definition 2.3.2.1 and in keeping with

Remark 2.2.1.4, we make the following definition:

Definition 2.3.3.1. The tensor structure ⊗ch : D(RanX)×2 → D(RanX) and its higher arity

components ⊗ch : D(RanX)J → D(RanX) are presented by the functors

D(XI1)×D(XI2)→ D(XI1tI2) (MI ,MJ) 7→ j∗j
!(MI �MJ) ,

×j∈JD(XIj )→ D(XI) (MIj ) 7→ j(π)∗j(π)!(�j∈JMIj ) ,

where j : U ↪→ X2 is the compliment of the diagonal, and j(π) : U(π) ↪→ XI is the partial

diagonal complement determined by π : I � J as defined in Section 1.6.2.

Remark 2.3.3.2. The functors j! = j∗ are canonically equivalent, and always defined for

open embeddings. We use the notation j∗ throughout for the various open embeddings in

this setting, in keeping with the notation of [BD04] and [FG11].

Proposition 2.3.3.3. For each A,B,Aj ∈ D(RanX), there are canonical equivalences

(A⊗chB)I ∼=
⊕

π:I � {1,2}

j(π)∗j(π)∗(AI1�BI2) and (⊗ch
j∈JA

j)I ∼=
⊕

π:I � J

j(π)∗j(π)∗(�j∈JA
j
Ij

) .

Proof: See Lemma 2.3.4 in [FG11].

Remark 2.3.3.4. Note that any n-fold tensor product vanishes when restricted to XI for

|I| < n.

Proposition 2.3.3.5. For each A,B,Aj ∈ D(RanX) there are natural maps

A⊗∗ B→ A⊗ch B and ⊗∗j∈J Aj → ⊗ch
j∈JA

j ,

so that the identity defines an oplax symmetric monoidal functor D(RanX)∗ → D(RanX)ch.

Proof: The unit 1→ j∗j
∗ of the (j∗, j∗) adjunction for the open embedding j : (Ran×2

X )disj ↪→ Ran×2
X

induces the desired maps after restricting to each finite cardinality stratum of RanX .

Remark 2.3.3.6. As for ⊗∗, the essential image D(RanX)X of the inclusion ∆∗ : D(X) →
D(RanX) is evidently not closed under ⊗ch, so that ⊗ch does not restrict to a monoidal

structure on D(X), but still defines an operad structure on D(X), as in Example A.3.1.11.
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Definition 2.3.3.7. The⊗ch operad structure onD(X) is defined by the inclusionD(X) ↪→ D(RanX)ch,

as in Example A.3.1.11.

Corollary 2.3.3.8. The functors ∆main
∗ : D(X)→ D(RanX) and ∆main,! : D(RanX)→ D(X)

of 2.2.2.5 define an equivalence of operads between D(RanX)ch
X and D(X)ch.

Example 2.3.3.9. The multilinear operations in D(X)ch are given by

HomD(X)ch({Mi}, L) = HomD(XI)(j
(I)
∗ j(I),∗(�i∈IMi),∆

(I)
∗ L) ,

where j(I) : U (I) ↪→ XI is the compliment of the union of all partial diagonals, as defined

in 1.6.2.

For µ ∈ HomD(X)ch({L,L}, L), the composition µ ◦ (µ⊗ 1) ∈ HomD(X)ch({A,A,A}, A)

is defined by

j
(3)
∗ (j(3))∗(A�A�A) = j12,3

∗ j12,3∗(j∗j
∗(A�A)�A)

j12,3
∗ j12,3∗(µ�1)−−−−−−−−−−→ j12,3

∗ j12,3∗(∆∗(A)�A)

= ∆12,3
∗ (j∗j

∗(A�A))
∆12,3
∗ (µ)−−−−−→ ∆12,3

∗ ∆
(2)
∗ A = ∆

(3)
∗ A

where ∆12,3 : X2 → X3 is defined by (x, y) 7→ (x, x, y), U12,3 = {(x, y, z)|x, y 6= z} and

j12,3 : U12,3 ↪→ X3.

Remark 2.3.3.10. There is a natural map of operads D(X)∗ → D(X)ch which is the identity

on objects and arity 1 morphisms, and defined on higher arity morphisms by the maps

HomD(XI)(�i∈IMi,∆
(I)
∗ L)→ HomD(XI)(j

(I)
∗ j(I),∗(�i∈IMi),∆

(I)
∗ L)

induced by

�i∈IMi → j
(I)
∗ j(I),∗(�i∈IMi) ,

where the latter are given by the unit of the (j(I),∗, j
(I)
∗ ) adjunction. These are intertwined

with the maps of Remark 2.3.3.5 via the equivalences of Corollaries 2.3.2.6 and 2.3.3.8.

2.4 Factorization algebras

Following the discussion in Section 2, a factorization algebra is given by the data of

� A sheaf A ∈ D(RanX) on RanX , and

� an isomorphism j(I)∗AI ∼= j(I)∗A�I1 for each I ∈ fSet.

Evidently, we should require compatibility of the latter isomorphisms with the gluing maps

∆(π)!AI ∼= AJ , but some care is required to carefully state the homotopy coherence data

in this heuristic definition. In this section, we give a formal definition of (non-unital)

factorization algebra, following [FG11].
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Example 2.4.0.1. A non-unital cocommutative coalgebra object A ∈ CoCommnu(D(RanX)ch)

is an object A ∈ D(RanX), together with a map A→ A⊗ch A and a compatible collection

of higher arity analogues. Concretely, the data of the map µ must be specified compatibly

over XI for each I: For |I| = 1 there is no data as (A ⊗ch A){1} = 0, but for |I| = 2, the

required map is

A2 → j∗j
∗(A1�A1) or equivalently j∗A2 → j∗(A1�A1) .

More generally, the required maps A→ ⊗ch
j∈JA are specified over each stratum by maps

AI → j(π)∗j(π)∗(�j∈JAIj ) or equivalently j(π)∗AI → j(π)∗(�j∈JAIj )

for each I, J and π : I � J .

Note that for π = 1I , these are maps of the type required in the heuristic definition of

factorization algebra above, except that they are not necessarily equivalences. Thus, we

make the following definition:

Definition 2.4.0.2. A non-unital factorization algebra on X is a non-unital cocommutative

coalgebra object A ∈ D(RanX)ch such that the induced maps

j(π)∗AI
∼=−→ j(π)∗(�j∈JAIj ) (2.4.0.1)

are equivalences for each I, J and π : I � J .

A unital factorization algebra on X is an object A ∈ D(RanX,un) with a non-unital

factorization algebra structure on its image in D(RanX), and compatibility data with the

unital structure on A; see Remark 2.4.0.3.

Let Algfact(X) denote the category of non unital factorization algebras, defined as the full

subcategory of CoCommnu(D(RanX)ch). Similarly, let Algfact
un (X) denote the category of

unital factorization algebras.

Remark 2.4.0.3. The precise statement of the compatibility data is slightly involved, so we

defer the formal definition of the category of unital factorization algebras to Example 4.1.4.4.

For now, we give the following example of the compatibility data: we require commutativity

of the diagram

A1 � ωX

��

// j∗j
∗(A1 � ωX)

��
A2

// j∗j
∗(A1 �A1)

(2.4.0.2)

and its higher arity analogues, where the vertical arrows are those from Equation 2.2.3.1.
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Example 2.4.0.4. The dualizing sheaf ωRanX ∈ D(RanX) of Example 2.2.2.7 defines a non-

unital factorization algebra ωRanX ∈ Algfact(X), with structure maps

ωXI → j(π)∗j(π)∗(�j∈JωXIj )

given by the unit of the (j∗, j∗) adjunction under the identification ωXI�ωXJ
∼= ωXItJ .

Similarly, the dualizing sheaf ωRanX,un
∈ D(RanX,un) of Example 2.2.3.5 defines a non-

unital factorization algebra ωRanX,un
∈ Algfact

un (X).

Proposition 2.4.0.5. The⊗! monoidal structure onD(RanX,un) induces a symmetric monoidal

structure on Algfact
un (X), such that ωRanX,un

is the tensor unit.

Proof: We postpone the proof until that of Proposition 4.5.0.7, which is the first place it is

essentially used.

Let Algfact
un (X)⊗! denote the symmetric monoidal category of unital factorization algebras

in the ⊗! monoidal structure.

Definition 2.4.0.6. A non unital factorization algebra A ∈ Algfact(X) is called commutative

if the inverse of the equivalence 2.4.0.1 extends to a map

�j∈JAIj → AI

for each I, J and π : I � J . A unital factorization algebra A ∈ Algfact
un (X) is called

commutative if it is commutative as a non unital factorization algebra.

2.5 Chiral algebras

In this section we define the category of chiral algebras, which is equivalent to the category

of factorization algebras, as we recall in Section 2.12. A chiral algebra is more closely

analogous to a global analogue of the notion of vertex algebra, and in Section 2.6 we exhibit

an equivalence of categories between weakly translation invariant, unital chiral algebras on

A1 and vertex algebras. Again, we follow the approach of [FG11], and in turn [BD04],

throughout this section.

Example 2.5.0.1. A Lie algebra object L ∈ D(RanX)ch is an object L, together with a map

µ : L⊗ch L→ L and its higher arity analogues. Concretely, the data of µ must be specified

compatibly over XI for each I. For |I| = 1 there is no data since (L⊗ch L){1} = 0, but for

|I| = 2 the required map is

µ : j(π)∗j(π)∗(L1�L1)→ L2 .
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More generally, for each J we require maps µJ : ⊗ch
j∈JL→ L which are specified on XI by

maps

µ(π) : j(π)∗j(π)∗(�j∈JLIj )→ LI

for each I, J and π : I � J .

Definition 2.5.0.2. A (non-unital) chiral algebra onX is a Lie algebra object L ∈ Lie(D(RanX)ch)

such that underlying object L ∈ D(RanX)X is supported on the image of the main diagonal

∆main : X → RanX .

A unital chiral algebra onX is an object L ∈ D(RanX,un) with a non unital chiral algebra

structure on its image in D(RanX), and compatibility data with the unital structure on L;

see Remark 2.5.0.5.

Let Algch(X) denote the category of chiral algebras, defined as the full subcategory of

Lie(D(RanX)ch). Similarly, let Algch
un(X) denote the category of unital chiral algebras.

Remark 2.5.0.3. Concretely, the condition L ∈ D(RanX)X is the requirement that

LI = ∆
(I)
∗ A for some A ∈ D(X)

for each I ∈ fSet, where ∆(I) : X ↪→ XI is the small diagonal embedding, as defined in

Section 1.6.2.

Evidently, for such objects the data of the chiral Lie algebra structure maps are given

by maps

µ(π) : j(π)∗j(π)∗(�j∈J∆
(Ij)
∗ A)→ ∆

(I)
∗ A (2.5.0.1)

for each I, J and π : I � J . This is essentially the same statement as Corollary 2.5.0.7

below.

Warning 2.5.0.4. We change notation and write A ∈ Algch(X) instead of denoting it by

the underlying object L = ∆main
∗ A ∈ D(RanX)X .

Remark 2.5.0.5. Again, the precise definition of the unit compatibility data is not given

here. In Example 4.1.4.4, we give the formal definition of a unital factorization algebra,

and we formally define a unital structure on a chiral algebra to correspond to that on a

factorization algebra under the equivalence Algfact(X) ∼= Algch(X) of Section 2.12. For now,

we give the following example of the compatibility data: we require commutativity data for

the diagram

j∗j
∗(A� ωX) //

��

∆∗A

j∗j
∗(A�A) // ∆∗A

(2.5.0.2)

and its higher arity analogues, where the vertical map is that induced by the unit map of

Equation 2.2.3.1.
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Proposition 2.5.0.6. The forgetful functor Algch
un(X) → Algch(X) admits a left adjoint,

defined on the underlying D module by the functor A 7→ ωX ⊕A.

Proof: See Subsection 3.3.3 in [BD04].

The resulting unital chiral algebra A⊕ωX ∈ Algch
un(X) is called the free unital chiral algebra

on A.

The following is a formal consequence of the definition of chiral algebra:

Corollary 2.5.0.7. A non unital chiral algebra is equivalent to a Lie algebraA ∈ AlgLie(D(X)ch)

internal to the operad D(X)ch, by Corollary 2.3.3.8.

Remark 2.5.0.8. In particular, we can summarize the above maps 2.5.0.1 in terms of the

Lie algebra structure maps

µI ∈ HomD(X)ch({A}i∈I , A) = HomD(XI)(j
(I)
∗ j(I),∗(�i∈IA),∆

(I)
∗ A) .

Definition 2.5.0.9. A non unital chiral algebra A ∈ Algch(X) is called commutative if the

composition

�j∈J∆
(Ij)
∗ A→ j(π)∗j(π)∗(�j∈J∆

(Ij)
∗ A)

µ(π)−−−→ ∆
(I)
∗ A

vanishes for each I, J ∈ fSet and π : I � J , where the first map is the unit of the (j∗, j∗)-

adjunction and the second is the chiral algebra structure map µ(π) from equation 2.5.0.1.

A unital chiral algebra A ∈ Algch
un(X) is called commutative if it is commutative as a non

unital chiral algebra.

Remark 2.5.0.10. In terms of the corresponding Lie algebra operad D(X)ch, this is equiva-

lent to the vanishing of the composition

�i∈IA→ j
(I)
∗ j(I),∗(�i∈IA)→ ∆

(I)
∗ A

for each I ∈ fSet.

2.6 From chiral algebras to vertex algebras

Warning 2.6.0.1. Throughout this section, all of the objects will be of cohomological degree

zero (in the heart of the relevant t-structure) and all the functors non-derived, in contrast

with our general conventions.

Let X = An be n dimensional affine space and let G = Gn
a act on An by translation.

Fix global coordinates xi on An and note the resulting identification of the algebra of

differential operators and its translation invariant subalgebra Γ(An, DAn) ∼= K[xi, ∂xi ] and

Γ(An, DAn)G
n
a ∼= K[∂xi ]. We work with the left D module model for D(X) throughout this

section and the next.
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Consider the category D(An)G
n
a ,w of weakly translation equivariant D modules on An;

see Section 3.1 for a breif review of equivariant D modules.

Remark 2.6.0.2. For each M ∈ D(An)G
n
a ,w the space of translation invariant sections

Γ(An,M)G
n
a is naturally a module for the translation invariant differential operators Γ(An, DAn)G

n
a .

The original object M can be recovered from this data as

M = Γ(An,M)G
n
a ⊗Γ(An,DAn )G

n
a Γ(An, DAn) .

Remark 2.6.0.3. Given a choice of closed point ι0 : 0 ↪→ An, there is a natural identification

M0 := ι!0M
∼= Γ(An,M)G

n
a

given by extending the element of the fibre to a translation invariant section over An; such

a section exists and is unique since An is a Gn
a torsor.

In particular, there is a canonical trivialization of M as an O module, such that the

action of differential operators is given by the usual action on functions OAn together with

the K[∂xi ] module structure on M0:

M ∼= M0 ⊗K[∂xi ]
K[xi, ∂xi ]

∼= M0 ⊗K K[xi] where ∂xi(m⊗ f) = ∂xim⊗ f +m⊗ ∂xif

for each m ∈M0 and f ∈ K[xi].

In summary, we have the following:

Proposition 2.6.0.4. There is an equivalence of categories

D(An)G
n
a ,w

∼= // K[∂xi ]-Modoo defined by M 7→M0 V⊗KK[xi]←[ V . (2.6.0.1)

Proof: Follows from the preceding discussion.

Now, we consider the case when X = A1 and state the main result of this section,

following Chapter 3.6 of [BD04]; see Definition 3.3.0.6 for the notion of weakly equivariant

chiral algebra.

Theorem 2.6.0.5. There is an equivalence of categories between the category of weakly

translation equivariant chiral algebras on A1 and that of vertex algebras

Algch
un(A1)Ga,w

∼= // VOAKoo defined by A 7→ A0 V⊗K K[x]←[ V,

where A ∈ D(A1)Ga,w is such that ∆main
∗ A = L ∈ D(RanA1)Ga,wA1 and A0 = ι!0A, as above.

Proof: Let L ∈ Algch(A1)Ga,w be a weakly translation equivariant chiral algebra, A ∈
D(A1)Ga,w be such that ∆main

∗ A = L ∈ D(RanA1)Ga,w, and let A = V ⊗K K[x] for V ∈
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D(K[∂]) the corresponding complex of K[∂] modules under the equivalence of Proposition

2.6.0.1 above.

The underlying vector space V ∈ VectK defines the state space of our putative vertex

algebra, and the module structure ρ : K[∂] → EndK(V) is equivalent to the action of the

generator T := ρ(∂) ∈ End(V) defines the translation operator. The unit map ωA1 → L

defines a distinguished vector Ø ∈ V such that T (Ø) = 0, which defines the unit for the

vertex algebra V.

It remains to identify the weakly equivariant chiral algebra structure map

µ ∈ HomD(A1)(Ga,w),ch({A,A}, A) = HomD(A2)Ga,w(j∗j
∗(A�A),∆∗A)

with a vertex operator map Y (·, z) : V⊗2 → V((z)) satisfying the conditions in the definition

of vertex algebra, recalled in Definition A.5.1.3. The chiral algebra structure map can be

written explicitly in coordinates as a map

V⊗2 ⊗K K[x, y, (x− y)−1]
b // V⊗K K[x]⊗K δx−y

which intertwines the action of K[x, y, ∂x, ∂y] on each side. Here δx−y ∼= (x−y)−1K[(x−y)−1]

is the delta function D module on the diagonal.

Now, we apply Proposition 2.7.1.4 of the next subsection, just as in Example 2.7.2.9

but in the special case X = A1, which implies there exist natural maps µ̄, µ̃ such that the

following commutes

V⊗2 ⊗K K[x, y]

ι
��

µ̃ // V⊗K[x]⊗K K((x− y))

q

��
V⊗2 ⊗K K[x, y, (x− y)−1]

µ̄
44

µ // V⊗K K[x]⊗K δx−y

, (2.6.0.2)

and moreover each of the three maps µ, µ̄, µ̃ is uniquely determined by the others; this is

just the diagram of Equation 2.7.2.2 in the case X = A1.

The maps µ, µ̄, µ̃ are all maps of weakly Ga equivariant D modules, and in particular µ̃

is determined by its restriction to (0, 0) ∈ A2, which defines

Y : V⊗2 → V⊗K K((z))

for z = (x− y), as desired. Moreover:

� The commutativity of the diagram 2.5.0.2 and its analogue with the arguements ωX

and A interchanged are equivalent to the conditions Y (Ø, z) = 1V and Y (a, z)(Ø) ∈
V [[z]] with Y (a, z)(Ø)|z=0 = a.

� The fact that µ̃ is a map of D modules is equivalent to the condition that [T, Y (a, z)] =
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∂zY (a, z).

� The Jacobi identity for the chiral Lie bracket µ is equivalent to the mutual local-

ity or ‘associativity’ condition of the vertex algebra; writing the Jacobi identity in

coordinates in terms of the identifications above gives the well-known Jacobi type

formulation of the associativity axiom of vertex algebras.

Alternatively, the Theorem 2.7.2.10 of the following subsection in the case of X = A1,

restricted to the subcategories of Ga equivariant objects, implies these results.

2.7 Operator product expansions

In this section we summarize the results of Section 3.8 of [BD04], a special case of which is

recalled in the preceding section.

Warning 2.7.0.1. Throughout this section, all of the objects will be of cohomological degree

zero (in the heart of the relevant t-structure) and all the functors non-derived, in contrast

with our general conventions.

2.7.1 Abstract preliminaries

We begin by recalling some abstract preliminary material, which we recommend the reader

skip, and return to only as necessary.

Let P a smooth algebraic variety. A DP -sheaf is a (not neccesarily quasi coherent) sheaf

of modules for DP over P in the etale topology. Let M̄(P ) = Det(P )♥ denote the abelian

category of DP -sheaves, in which D(P )♥ is a full subcategory.

Construction 2.7.1.1. Let i : Z ↪→ P be a closed embedding of a smooth subvariety with

J ⊂ OP the corresponding ideal sheaf. There is a functor ι∗ : M̄(P ) → M̄(Z) defined by

ι∗F = ι·(F/J · F ), with DZ module structure defined as usual.

The functor ι∗ admits a right adjoint ι̂∗ : M̄(Z)→ M̄(P ). This functor is exact and fully

faithful, and its image is the full subcategory on objects which are complete along Z ↪→ P .

The analogue of the usual functor

ι∗ : M̄(Z)→ M̄(P ) is defined by ι∗G = ι̂∗G⊗ (ι∗ωZ)l .

This functor is exact, fully faithful, and agrees with the usual direct image functor when

restricted to Dl(X). Its image is the full subcategory on objects such that each local section

is annihilated by some power of J .

Construction 2.7.1.2. Let j : U ↪→ P denote the complementary open embedding to ι :

Z ↪→ P , and define

ι̃∗ : M̄(Z)→ M̄(P ) by ι̃∗G = ι̂∗G(·)⊗ j∗OU .
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For Z of codimension 1 in P , the short exact sequence

OP ↪→ j∗j
∗OP � ι∗ι

∗(OP ) reduces to OP ↪→ j∗(OU ) � ι∗(OZ)

so that for each G ∈ M̄(Z) we obtain the exact sequence

ι̂∗G ↪→ ι̃∗G � ι∗G . (2.7.1.1)

Example 2.7.1.3. Let Z be a smooth algebraic curveX, P = X×X, and ι = ∆ : X → X×X.

Then

∆̂∗G ∼= p−1
0 G⊗p−1

0 OX
(p−1

0 OX ⊗K K[[x− y]]) ∼= G0 ⊗K K[[x− y]] ∼= G1 ⊗K K[[x− y]]

where x, y are local coordinates on X, Gi = p−1
i G, and similarly

∆̃∗G ∼= G0 ⊗K K((x− y)) ∼= G1 ⊗K K((x− y)) (2.7.1.2)

In particular, for Z = A1 we have ∆̂∗G ∼= G ⊗K[x] K[x][[x − y]] ∼= G1 ⊗K K[[x − y]] ∼=
G2 ⊗K K[[x− y]] and ∆̃∗G.

We now state the key lemma which is used in the comparision of chiral structure of

equation 2.5.0.1 and the operator product expansion maps of Definition 2.7.2.1 below. The

latter is used in the definition 2.7.2.8 of OPE algebras, which generalizes the notion of vertex

algebras to global curves, and is essentially equivalent to the notion of a bundle of vertex

algebras in [FBZ04]. This comparison is used in the proof of Theorem 2.7.2.10 below, which

generalizes Theorem 2.6.0.5 of the previous section.

Proposition 2.7.1.4. Let G ∈ M̄(Z), F ∈ M̄(P ) and suppose Z is codimension 1. Then the

natural maps

Hom(F⊗j∗OU , ι̃∗G) � Hom(F, ι̃∗G) and Hom(F⊗j∗OU , ι̃∗G) ↪→ Hom(F⊗j∗OU , ι∗G) ,

are isomorphisms, where the former is given by precomposition with i and the latter by

postcomposition with q, as summarized in the diagram

F

i
��

ϕ̃ // ι̃∗G

q

��
F ⊗ j∗OU

ϕ̄
99

ϕl // ι∗G

(2.7.1.3)

where ϕ̃ and ϕl are the images of ϕ̄ under the two equivalences.

Proof: See Lemma 3.5.4 in [BD04].
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2.7.2 Operator product expansions

We now restict our attention again to the case that X is a smooth algebraic curve.

Definition 2.7.2.1. Let {Fi}, G ∈ M̄(X). The space of operator product expansion (OPE)

operations is defined as

OI({Fi}, G) = Hom(�iFi, ∆̃
(I)
∗ (G)) ,

where ∆̃
(I)
∗ := ∆̂

(I)
∗ (·) ⊗ j

(I)
∗ OU(I) : M̄(X) → M̄(XI), and ∆̂

(I)
∗ = (∆(I))̂∗ as defined in

2.7.1.1.

Remark 2.7.2.2. Note that ∆̃
(I)
∗ 6= (∆

(I)
∗ )̃∗ unless |I| = 2, where the latter is as defined in

2.7.1.2.

Proposition 2.7.2.3. For each π : J � I, there are natural composition maps⊗
i∈I

OJi({Hj}, Fi)⊗OI({Fi}, G)→ Hom(�j∈JHj , ∆̃
({I,J})
∗ G)

for any {Hj
i }, {Fi}, G ∈M(X), where ∆̃({I,J}) = (∆̂(π)∗ ◦ ∆̃

(J)
∗ (·))⊗ j(π)∗OU(π).

Proof: See Subsection 3.5.8 in [BD04].

Remark 2.7.2.4. These maps do not define an operad stucture on D(X)♥ with multilinear

maps defined by OPE operations, as the composition of two OPE operations may fail to

define another OPE operation.

Remark 2.7.2.5. The above composition maps are still associative in the appropriate sense:

there is no ambiguity in preforming itterated compositions, although such compositions are

valued in generalizations of the spaces of operations, as in the preceeding proposition.

Remark 2.7.2.6. There is a natural inclusion ∆̃
(J)
∗ G ↪→ ∆̃({I,J})G giving an inclusion

OJ({Hj}, G) = Hom(�j∈JHj , ∆̃
(J)
∗ G) ↪→ Hom(�j∈JHj , ∆̃

({I,J})
∗ G) (2.7.2.1)

Definition 2.7.2.7. A collection of OPE operations γ ⊗ (⊗iδi) ∈
⊗

i∈I OJi({Hj}, Fi) ⊗
OI({Fi}, G) compose nicely if γ(δi) is in the image of the inclusion.

Definition 2.7.2.8. Let µ̃ ∈ O2({G,G}, G) a binary ope operation. Then

� µ̃ is called associative if both µ̃⊗ (µ̃⊗1G) and µ̃⊗ (1G⊗ µ̃) compose nicely, and their

values in O3({G,G,G}, G) coincide.

� µ̃ is called commutative if it invariant under the natural transposition of factors iso-

morphism on O2({G,G}, G).
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An associative and commutative binary ope operation µ̃ ∈ O2({G,G}, G) is called an

ope algebra structure on G, and (G, µ̃) is called an OPE algebra.

A unit 1 for an ope algebra (G, µ̃) is a horizontal section 1 ∈ G such that for each a ∈ G
we have µ̃(1�a), µ̃(a�1) ∈ ∆̂∗G ⊂ ∆̃∗G, and both project to a ∈ G under ∆̂∗G → G the

cokernel of the inclusion J∆ · ∆̂∗G ↪→ ∆̂∗G.

Example 2.7.2.9. Applying proposition 2.7.1.4 in the case P = X ×X, Z = X and ι = ∆

with F = Ll1�L
l
2 and G = M l, we obtain an isomorphism

O2(L1, L2;M) = Hom(L1�L2, ∆̃∗M) ∼= Hom(j∗j
∗(Ll1�L

l
2),∆∗M

l)⊗Kλ2 = HomD(X)ch(L1, L2;M)⊗Kλ2 ,

where λ2 = Ksign ∈ K[S2]-Mod is the sign representation. More generally there is a canonical

embedding, which is not an equivalence in keeping with Remark 2.7.2.4 above,

OI({Lli},M l) = Hom(�iL
l
i, ∆̃

(I)
∗ M l) ↪→ Hom(j

(I)
∗ j(I)∗(�iL

l
i),∆

(I)
∗ M l)⊗λI = HomD(X)ch({Li},M)⊗λI

where λI = ω�IX ⊗ ω
−1
XI , recalling j∗j

∗(F ) ∼= F ⊗ j∗OU for F ∈ M̄(X).

In the case of interest when Ll1 = Ll2 = M l = Al, the analogue of the diagram 2.7.1.3 is

given by

A�A

i
��

µ̃ // ∆̃∗A

q

��
j∗j
∗(A�A)

µ̄
99

µ // ∆∗A

. (2.7.2.2)

Now, the main result of Chapter 3.8 of [BD04] is the following:

Theorem 2.7.2.10. The isomorphism

O2({Al, Al}, Al) ∼= P ch
2 ({A,A}, A)

gives a bijection between the set of ope algebra structures on Al and the set of non-unital

chiral algebra structures on A, such that a flat section 1 ∈ Al defines a unit for an ope

structure if and only if it defines a unit for the corresponding chiral algebra.

2.8 From Lie∗, Comm! and Coisson to Lie, commutative, and

Poisson vertex algebras

In Section 2.9, we recall that chiral algebras are closely related to topological associative al-

gebras, following Section 3.6 of [BD04]. In this section, we recall the chiral analogues of Lie,

commutative, and Poisson algebras, called Lie∗, Comm!, and Coisson algebras, respectfully.

Further, we show that on X = A1 in the Ga equivariant setting, such objects are equivalent

to Lie, commutative, and Poisson vertex algebras, respectively, in analogy with the results

of Section 2.6. We follow sections 2.3, 2.5, and 2.6 of [BD04] throughout.



2.8. LIE, COMMUTATIVE, AND POISSON VERTEX ALGEBRAS 49

2.8.1 Overview

Recall that there are canonical maps of operads

Lie→ Ass→ Comm and corresponding functors AlgComm(O)→ AlgAss(O)→ AlgLie(O)

(2.8.1.1)

on algebras internal any operad O ∈ Op(VectK). These functors are just the inclusion of

commutative algebras as a full subcategory of associative algebras, and the forgetful functor

from associative to Lie algebras given by remembering only commutators, respectfully.

This sequence is ‘left exact’, in the sense that the functor AlgComm(O) → AlgAss(O) is the

inclusion of the full subcategory on objects whose image under AlgAss(O)→ AlgLie(O) have

trivial Lie structure maps.

Poisson algebras also arise naturally in this setting: given a one parameter family of asso-

ciative algebras A~ ∈ AlgAss(D(K[~])) with central fibre A0 = A~|{~=0} ∈ AlgComm(VectK)

a commutative algebra, there is a canonical lift A0 ∈ AlgP1
(VectK) of A0 to a Poisson

algebra. By definition, a Poisson algebra is a commutative algebra with a Lie bracket

{·, ·} : A0 ⊗K A0 → A0 that acts as a bi-derivation of the product, which in the setting at

had is defined by

{·, ·} =
1

~
[·, ·]~|{~=0} (2.8.1.2)

where [·, ·]~ : A~ ⊗K A~ → A~ is the commutator in A~.

In the following, we define the categories Lie∗(X), Comm!(X) and Cois(X) of Lie∗,

Comm! and Coisson algebras on a variety X. Further, we define functors

Comm!(X)→ Algch(X)→ Lie∗(X) (2.8.1.3)

analogous to those of Equation 2.8.1.1: The former will be the inclusion of Comm!(X)

as the full subcategory of Algch(X) on objects whose image under the latter functor have

trivial Lie∗ structure maps, which are precisely the commutative chiral algebras of Definition

2.5.0.9.

Similarly, Coisson algebras are by definition Comm! algebras with an analogously com-

patible Lie∗ bracket. Further, given a one parameter family of chiral algebras A~ ∈
Algch(X)/K[~] with central fibre A0 = A~|{~=0} ∈ Comm!(X) commutative, there is a canon-

ical lift A0 ∈ Cois(X) of A0 to a Coisson algebra, with Lie∗ bracket defined analogously as

the first order approximation to the associated family of Lie∗ algebras.

2.8.2 Lie∗ algebras

To begin, we recall the rudiments of the theory of Lie∗ algebras.

Definition 2.8.2.1. A Lie∗ algebra on X is a Lie algebra object in the operad D(X)∗ of D

modules on X with the ∗ operad structure of Definition 2.3.2.5.
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Let Lie∗(X) = AlgLie(D(X)∗) denote the category of Lie∗ algebras on X.

Remark 2.8.2.2. Concretely, a Lie∗ algebra on X is given by a D module L ∈ D(X) together

with iterated Lie bracket maps

bI : �i∈IL→ ∆
(I)
∗ L ,

in D(XI) for each I ∈ fSet.

Example 2.8.2.3. Suppose that L = L̃D := L̃ ⊗OX DX ∈ D(X) is an induced D module

on L̃ ∈ QCoh(X). Then a Lie∗ structure on L is equivalent to a skew-symmetric bidiffer-

ential operator b ∈ PDiff(L̃, L̃; L̃) satisfying the Jacobi identity with respect to the usual

composition of polydifferential operators.

Example 2.8.2.4. Let g be a finite type Lie algebra. Then L = g⊗KDX = g⊗KOX⊗OXDX ∈
Lie∗(X) is naturally a Lie∗ algebra under the DX linear extension of the Lie bracket map

on g. The corresponding bidifferential operator in this example is the OX linear extension

of the Lie bracket to L̃ = g⊗K OX .

Example 2.8.2.5. Let θX be the tangent sheaf ofX. Then the Lie bracket b ∈ PDiff(θX , θX ; θX)

is a bidifferential operator which defines a Lie∗ structure on θX,D = θX ⊗OX DX .

Remark 2.8.2.6. By Remark 2.3.3.10, there is a natural functor Algch(X)→ Lie∗(X). Con-

cretely, it is the identity on the underlying D module on X, and sends the chiral structure

map

j
(I)
∗ j(I),∗(�i∈IA)

µI−→ ∆
(I)
∗ A to the composition �i∈IA→ j

(I)
∗ j(I),∗(�i∈IA)

µI−→ ∆
(I)
∗ L .

This is the desired analogue of the forgetful functor AlgAss → AlgLie, as outlined in Equation

2.8.1.3. Given a chiral algebra A ∈ Algch(X), we denote its associated Lie∗ algebra by

ALie ∈ Lie∗(X).

2.8.3 Comm! algebras

We now recall the elementary definitions for the chiral analogue of the theory of commutative

algebras.

Definition 2.8.3.1. A Comm! algebra on X is a commutative algebra object in the symmetric

monoidal category D(X)! of D modules on X with the ⊗! tensor structure of Definition

A.1.2.6.

Let Comm!(X) = AlgComm(D(X)!) denote the category of Comm! algebras on X.
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Remark 2.8.3.2. Concretely, a Comm! algebra on X is given by a D module A ∈ D(X)

together with commutative multiplication maps

mi : ⊗!
i∈IAi → A

in D(X) for each I ∈ fSet.

Remark 2.8.3.3. For each A ∈ Algch(X), the natural excision exact triangle

A�A
i−→ j∗j

∗(A�A)
q′−→ ∆∗∆

!(A�A)[1] induces

A�A

i
��

b

''
j∗j
∗(A�A)

µ //

q′

��

∆∗A

∆∗(A⊗! A)[1]

m

88 .

(2.8.3.1)

Thus, we see that the chiral product map µ factors through a map m : A ⊗! A → A as

indicated if and only if the induced Lie∗ bracket map b vanishes. This is precisely the

condition in the definition 2.5.0.9 of commutative chiral algebra.

In particular, this defines an equivalence Comm!(X)
∼=−→ Algch(X)Comm between the

category of Comm! algebras and that of commutative factorization algebras on X. Together

with the above discussion, this yields the desired proposition:

Proposition 2.8.3.4. The category Comm!(X) is equivalent to the full subcategory of Algch(X)

on objects whose image under the forgetful functor to Lie∗(X) have trivial Lie∗ structure

maps.

Proof: The proof follows immediately from the preceding discussion.

2.8.4 Coisson algebras and filtered quantizations

Next, we recall the definition of Coisson algebra and the notion of a filtered quantization of

a Coisson algebra to a chiral algebra.

Definition 2.8.4.1. A Coisson algebra R ∈ Cois(X) on X is a Comm! algebra together

with a Lie∗ bracket {·, ·} : R � R → ∆∗R which is a derivation of the Comm! product

m : R⊗! R→ R.

Given a one parameter family of chiral algebras A~ ∈ Algch(X)/K[~] with central fibre

given by A0 = A~|{~=0} ∈ Comm!(X) a commutative chiral algebra, there is a canonical

Coisson structure on A0, defined by

{·, ·} :=
1

~
(b~)|{~=0} , (2.8.4.1)
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where b~ : A0 � A0 → ∆∗A~ is defined using the induced family of Lie∗ brackets, as the

composition

A0 �A0 ↪→ A~ �A~
ι~−→ j∗j

∗(A~ �A~)
µ~−→ ∆∗A~ .

The composition vanishes to first order in ~, so that the expression in Equation 2.8.4.1 is

indeed well defined; this follows immidiately from commutativity of A0.

Definition 2.8.4.2. A family of chiral algebras A~ ∈ Algch(X)/K[~] with central fibre A0 ∈
Comm!(X) commutative is called a filtered quantization of the associated Coisson algebra.

2.8.5 Lie, commutative, and Poisson vertex algebras

Now, as in Section 2.6, we restrict to the case X = A1 and describe the objects of the

preceding subsection in the weakly Ga equivariant.

Warning 2.8.5.1. Throughout this section, all of the objects will be of cohomological degree

zero (in the heart of the relevant t-structure) and all the functors non-derived, in contrast

with our general conventions.

Recall the diagram of Equation 2.7.2.2 and the surrounding discussion in Example

2.7.2.9, which establishes the equivalence between the chiral product map

µ : j∗j
∗(A�A)→ ∆∗A and the map µ̃ : A�A→ ∆̃∗A ,

which is the global generalization of the operator product expansion of a vertex algebra. In

particular, the diagram of Equation 2.6.0.2 which specializes that of Equation 2.7.2.2 in the

special case X = A1, together with the discussion in the proof of Theorem 2.6.0.5, explains

the equivalence between the chiral product map and the usual vertex algebra operator

product structure map.

We now extend the vertical arrows of each of the diagrams in equations 2.7.2.2 and

2.6.0.2 by both of the short exact sequences of equations 2.8.3.1 and 2.7.1.1, which yields

the following:

∆̂∗A

i′

��

V⊗K K[x]⊗K K[[x− y]]

i′

��
A�A

i

��

µ̃ //

m̃

99

∆̃∗A

q

��

V⊗2 ⊗K K[x, y]

m̃

44

i
��

µ̃ // V⊗K[x]⊗K K((x− y))

q

��
j∗j
∗(A�A)

µ //

q′

��

∆∗A V⊗2 ⊗K K[x, y, (x− y)−1]
µ //

q′

��

V⊗K K[x]⊗K δx−y

∆∗(A⊗! A)

m

99

V⊗2 ⊗K K[x]⊗K δx−y

m

44

.

(2.8.5.1)
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These diagrams summarize the interaction of the relations between chiral, Lie∗ and Comm!

algebras discussed in the preceding subsection, and the passage from chiral algebras to

vertex algebras. In particular, we use them to deduce the analogues of Theorem 2.6.0.5 in

the commutative and Lie case: applying the equivalence of Proposition 2.6.0.4 to weakly

Ga equivariant Comm! and Lie∗ algebras, we find the categories of such are equivalent to

commutative vertex algebras and vertex Lie algebras, respectfully:

Proposition 2.8.5.2. There is an equivalence of categories between the category of weakly

translation equivariant commutative chiral algebras on A1 and the category of commutative

vertex algebras

Algch
un(A1)Comm,(Ga,w)

∼= // VOAComm
Koo defined by A 7→ A0 V⊗K K[x]←[ V,

where A ∈ D(A1)Ga,w is such that ∆main
∗ A = L ∈ D(RanA1)Ga,wA1 and A0 = ι!0A, as in

Proposition 2.6.0.4.

Outline of proof: We apply the proof of Theorem 2.6.0.5 in the commutative case: From

the commutative diagram 2.8.5.1, we see that the condition of commutativity of the chiral

algebra µ◦ι = 0 is equivalent to the condition q◦µ̃ = 0. Since the operator product structure

map Y : V⊗2 → V ⊗K K((z)) is just the data of such a map µ̃ in the Ga equivariant case,

q ◦ µ̃ = 0 if and only if the operator product structure map is nonsingular. This latter

condition is precisely the definition of a commutative vertex algebra.

Remark 2.8.5.3. Alternatively, the category Comm!(X) is equivalent to the category of

affine D schemes on X. In the case X = A1, the Ga equivariant D schemes are by definition

commutative algebra objects in D(A1)!,(Ga,w). Applying Proposition 2.6.0.4, we obtain

an equivalence with the category of commutative algebra objects in K[∂]-Mod, which is

equivalent to the category of commutative vertex algebras by Proposition A.5.2.2.

Proposition 2.8.5.4. There is an equivalence of categories between the category of weakly

translation equivariant Lie∗ algebras on A1 and the category of vertex Lie algebras

Lie∗(A1)Ga,w
∼= // VLAKoo defined by L 7→ L0 V⊗K K[x]←[ V,

where L ∈ D(A1)Ga,w is the D module underlying the Lie∗ algebra and L0 = ι!0L, as in

Proposition 2.6.0.4.

Outline of proof: Again, the proof is essentially the same as that of Theorem 2.6.0.5. The

bracket map

b : V⊗2⊗KK[x, y]→ V⊗KK[x]⊗Kδx−y is determined on generators by Y− : V⊗2 → V⊗Kδx−y ,
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by translation invariance. The latter is precisely the vertex Lie structure map, as desired.

The remaining properties are checked as in the proof of Theorem 2.6.0.5, though the com-

putation appears to be more involved to match the particular conventions from [FBZ04]

which are listed in Definition A.5.3.1.

Remark 2.8.5.5. From the diagram of Equation 2.8.5.1 together with the above discussion,

it is apparent that the forgetful functor Algch(X) → Lie∗(X) corresponds to remembering

only the singular part of the OPE, which is the usual forgetful functor from vertex algebras

to vertex Lie algebras.

Example 2.8.5.6. Suppose L = L̃D an induced D module on a translation invariant OX

module L̃ over X = A1, with fibre L̃0 at the point 0 ∈ A1. Then we have

L0 = L̃0 ⊗K K[∂]

is a free K[∂] module, so that the bracket map is determined on L̃0 by a map

b̃ : L̃⊗2
0 → L̃0 ⊗K[∂]⊗ δx−y .

This is equivalent to the data of a translation invariant bidifferential operator b̃0 ∈ PDiff(L̃, L̃; L̃)Ga,w,

as follows from Example 2.8.2.3.

Example 2.8.5.7. Let L̃0 = g a finite dimensional Lie algebra with Lie bracket bg : g⊗2 → g.

Then the map

b̃0 = bg ⊗ 1 : L̃⊗2
0 → L̃0 ⊗ 1⊗ δ(0)

x−y ↪→ L̃0 ⊗K[∂]⊗ δx−y

defines a vertex Lie algebra, which corresponds to the Lie∗ algebra g ⊗K DX ∈ Lie∗(X) of

Example 2.8.2.4 under Proposition 2.8.5.4. Rewritten in terms of the vertex Lie structure

map Y− : L⊗2
0 → L0 ⊗K δx−y, this reads

Y−(Ja−1, z)(J
b
−1) =

J
[a,b]
−1

z
(2.8.5.2)

where Ja−1 = a ⊗ 1 ∈ g ⊗K K[∂] = L0 for each a ∈ g, recalling δx−y ∼= z−1K[z−1] so that

δ0
x−y 7→ z−1.

Example 2.8.5.8. Let L̃ = θX be the tangent sheaf of X = A1. The Lie bracket of vector

fields defines a bidifferential operator b̃ ∈ PDiff(θX , θX ; θX) so that L = θX,D defines a Lie∗

algebra on X.

For X = A1, we have θX ∼= K[x] · ∂x so that the fiber of L̃ over a fixed point L̃0 = K is

one dimensional. The Lie bracket is given by

b̃ : K[x]⊗2 → K[x]⊗K[∂]⊗ δx−y f ⊗ g 7→ ((∂xf)g − f(∂yg))⊗ δx−y
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Now, applying the usual vertex algebra convention of fixing coordinates (x, x − y) on X2,

as in Example 2.7.1.3, we have

∂x 7→ ∂x + ∂x−y ∂y 7→ −∂x−y so that ∂x − ∂y 7→ ∂x + 2∂x−y

and thus the corresponding vertex Lie structure map is given by

Y−(l−2, z)(l−2) =
l−3

z
+

2l−2

z2
, (2.8.5.3)

where l−2 = 1 ∈ L0
∼= K[∂] and l−3 = ∂ ∈ L0; this is chosen to match the usual notation

for the Virasoro algebra generator l−2 and its image under the translation operator l−3.

We can also combine the above results to deduce the analogous relation between Coisson

algebras and Poisson vertex algebras:

Proposition 2.8.5.9. There is an equivalence of categories between the category of weakly

translation equivariant Coisson algebras on A1 and the category of Poisson vertex algebras

Cois(A1)Ga,w
∼= // PVAKoo defined by R 7→ R0 V⊗K K[x]←[ V,

where R ∈ D(A1)Ga,w is the D module underlying the Coisson algebra and R0 = ι!0R, as in

Proposition 2.6.0.4.

Outline of proof: The proof again follows that of Theorem 2.6.0.5. In particular, Proposi-

tions 2.8.5.2 and 2.8.5.4 provide the underlying commutative vertex algebra and vertex Lie

bracket required in the definition of Poisson vertex algebra.

2.9 From Chiral algebras to topological associative algebras

In this section, together with the complementary Appendix A.4, we summarize the results

of Chapter 3.6 of [BD04] and the closely related paper [Bei07].

Warning 2.9.0.1. Throughout this section, all of the objects will be of cohomological degree

zero (in the heart of the relevant t-structure) and all the functors non-derived, in contrast

with our general conventions.

2.9.1 Modifications and topologies at a point on D modules

In this subsection, we summarize the results of Section 2.1.13 of [BD04]. Throughout, let

X be an algebraic curve, x ∈ X(K) a smooth, closed point inducing the complementary

closed and open embeddings

ιx : {x} ↪→ X j : Ux ↪→ X where Ux = X \ {x} ,
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and let M ∈ D(X)♥ be a D module.

Definition 2.9.1.1. Define the space Ξx(M) of modifications of M ∈ D(X)♥ at the point

x ∈ X(K) by

Ξx(M) = {Mξ ↪→ M a DX submodule | supp(M/Mξ) = {x}} .

Following [BD04], we let h = dR0 : D(X)♥ → Shc(X) denote the zeroth cohomology of

the de Rham sheaf functor, as in Definition A.1.4.4, and hx = ι!x : D(X)♥ → K-Mod, so

that hx(M) = ι!xh(M) = h(M)x.

Proposition 2.9.1.2. For each ξ ∈ Ξx(M), we have a short exact sequence

h(Mξ)x ↪→ h(M)x � h(M/Mξ)x .

Proof: This follows from the vanishing of H−1
dR(M/Mξ) and H1

dR(ι!xMξ).

Definition 2.9.1.3. The Ξ topology is the topology on h(M)x with basis of neighbourhoods

of 0 given by the subspaces h(Mξ)x ⊂ h(M) for each ξ ∈ Ξx(M).

Let ĥx : D(X; Topx) → K-ModTop denote the functor taking M to the completion

of h(M)x in the Ξ topology. See Appendix A.4 for a review and conventions regarding

functional analysis.

Remark 2.9.1.4. The completion of h(M)x in the Ξ topology is given by

ĥx(M) = lim
ξ∈Ξx(M)

h(M)x/h(Mξ)x ∼= lim
ξ∈Ξx(M)

h(M/Mξ)x ,

by Proposition 2.9.1.2.

Proposition 2.9.1.5. Let V ∈ K-Mod ↪→ K-ModTop be a discrete vector space. Then

HomK-ModTop
(ĥx(M), V ) = HomD(X)(M, ιx∗V ) .

Proof: A continuous map out of ĥx(M) in the pro-finite topology to a discrete vector space

must factor through the quotient h(M/Mξ)x for some ξ. Since M/Mξ is supported at x,

this determines a map M → ι∗V . The converse follows from the fact that the kernel of a

map M → ι∗V defines a subobject of M with cokernel supported at x.

Definition 2.9.1.6. A topology on M at x is defined to be a topology Ξ?
x(M) on h(M)x that

is coarser than the Ξ topology.

Let D(X; Topx) denote the category of D modules M ∈ D(X)♥ together with a choice of

topology Ξ?
x(M) on M at x, with morphisms given by maps of D modules inducing continu-

ous maps on the corresponding completed topological vector spaces. Let ĥx : D(X; Topx)→
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K-ModTop denote the functor of taking the completion ĥ?
x(M) ∈ K-ModTop of h(M)x with

respect to Ξ?
x(M).

Remark 2.9.1.7. As in remark 2.9.1.4, we have

ĥ?
x(M) = lim

ξ∈Ξ?
x(M)

hx(M/Mξ) .

2.9.2 From chiral algebras to topological associative algebras

We now recall the main result facilitating the construction of topological associative algebras

from chiral algebras, and its variants for Lie∗, Comm! and Coisson algebras.

Proposition 2.9.2.1. The functor ĥx : D(X; Topx) → K-ModTop that assigned to M the

completion of h(M)x in the Ξ topology lifts to maps of operads

ĥx : D(X; Topx)∗ → K-Mod∗Top

ĥx : D(X; Topx)! → K-Mod!
Top

ĥx : D(X; Topx)ch → K-Modch,s
Top

where the three operad structures on K-ModTop are as defined in remarks A.4.2.2, A.4.2.11,

and Definition A.4.2.8, respectively.

Proof: See Section 1.6 in [Bei07].

The desired result follows from the preceding proposition:

Corollary 2.9.2.2. Let A ∈ Algch(X) be a chiral algebra on X, and let

Ξas
x (A) = {Aξ ↪→ A a chiral subalgebra | supp(A/Aξ) = {x}} .

Then Aas
x := ĥx(A,Ξas

x ) ∈ AlgAss(K-Modch,s
Top) defines a topological associative algebra with

respect to the ⊗ch tensor structure.

We now state the analogues for Lie∗, Comm! and Coisson algebras:

Corollary 2.9.2.3. Let L ∈ Lie∗(X) be a Lie∗ algebra on X, and let

ΞLie
x (L) = {Lξ ↪→ L a Lie∗ subalgebra | supp(L/Lξ) = {x}} .

Then LLie
x := ĥx(A,ΞLie

x ) ∈ AlgLie(K-Mod∗Top) defines a topological Lie algebra with respect

to the ⊗∗ tensor structure.

Corollary 2.9.2.4. Let R ∈ Comm!(X) be a Comm! algebra on X, and let

ΞComm
x (R) = {Rξ ↪→ R a Comm! subalgebra | supp(R/Rξ) = {x}} .
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Then RComm
x := ĥx(R,ΞComm

x ) ∈ AlgAss(K-Mod!
Top) defines a topological associative algebra

with respect to the ⊗! tensor structure.

2.10 Chiral enveloping algebras of Lie∗ algebras

In Section 2.8, we recalled the notion of Lie∗ algebra on X, and explained that there was a

forgetful functor

Algch(X)
(·)Lie

−−−→ Lie∗(X) analogous to the functor AlgAss(O)
(·)Lie

−−−→ AlgLie(O)

from associative to Lie algebras given by remembering only commutators; these are de-

fined naturally internal to an ambient operad O, which we take to be VectK with its usual

symmetric monoidal structure for the remaining discussion.

The universal enveloping algebra of a Lie algebra can be understood as providing a

left adjoint U : AlgLie(VectK)→ AlgAss(VectK) to the above forgetful functor; for any as-

sociative algebra A ∈ AlgAss(VectK), and Lie algebra g ∈ AlgLie(VectK), there are natural

isomorphisms

HomAlgLie(VectK)(g, A
Lie)

∼=−→ HomAlgAss(VectK)(U(g), A) .

In this subsection, we recall the chiral enveloping algebra functor Uch : Lie∗(X)→ Algch(X),

as well as its unital and twisted variants, which satisfy the analogous adjunction

HomLie∗(X)(L,A
Lie)

∼=−→ HomAlgch(X)(U
ch(L), A) ,

naturally for each A ∈ Algch(X) and L ∈ Lie∗(X).

Definition 2.10.0.1. Let L ∈ Lie∗(X) be a Lie∗ algebra on X. The non-unital chiral en-

veloping algebra Uch(L) ∈ Algch(X) of L is the non-unital chiral algebra corresponding to

the non-unital factorization algebra

C̃CE,⊗∗
• (∆main

∗ L) ∈ Algfact(X) where C̃CE,⊗∗
• : AlgLie(D(RanX)∗)→ CoAlgCommnu(D(RanX)∗)

denotes the reduced Chevalley-Eilenberg chains object internal to D(RanX)∗, and ∆main
∗ L ∈

AlgLie(D(RanX)∗X) is the Lie algebra object corresponding to L ∈ Lie∗(X).

The (unital) chiral enveloping algebra Uch
un(L) ∈ Algch

un(X) of L is the unitalization of

the above non-unital variant, in the sense of Proposition 2.5.0.6.

Remark 2.10.0.2. The object C̃CE,⊗∗
• (∆main

∗ L) ∈ D(RanX) carries a natural non-unital,

cocommutative coalgebra structure internal to D(RanX)∗ as it is the reduced Chevalley-

Eilenberg chains on a Lie algebra object, which induces such a structure internal toD(RanX)ch

by applying the forgetful functor on coalgebras given by Proposition 2.3.3.5. The fact
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that the resulting cocommutative coalgebra in the chiral tensor structure is factorizeable is

demonstrated in the proof of Theorem 6.4.2 in [FG11].

Remark 2.10.0.3. The D module on X underlying the chiral algebra Uch(L) is given by

Uch(L) = ∆main,!C̃CE,⊗∗
• (∆main

∗ L)[−1] ∼=
⊕
k∈Z>0

∆main!
Symk,⊗∗(∆main

∗ L) ∼=
⊕
k∈Z>0

Symk
! (L)

where the first isomorphism follows from Proposition 2.3.2.3, and Symk
! denotes the sym-

metric power of L ∈ D(X)!. Similarly, the D module underlying the unital chiral enveloping

algebra is given by

Uch
un(L) ∼= Sym•! (L) .

We now state the anticipated universal property, which is proved in [BD04] and [FG11]:

Proposition 2.10.0.4. There is a natural equivalence

HomLie∗(X)(L,A
Lie)

∼=−→ HomAlgch(X)(U
ch(L), A) ,

for each A ∈ Algch(X) and L ∈ Lie∗(X). The analogous statement holds for Uch
un(L) ∈

Algch
un(X).

Proof: See Proposition 3.7.11 in [BD04].

Example 2.10.0.5. Suppose L = L̃D = L̃⊗OX DX ∈ Lie∗(A1)Ga,w an induced D module on

a translation invariant OX module L̃ over X = A1, as in Example 2.8.5.6, so that the fibre

at the point 0 ∈ A1 is given by L0 = L̃0 ⊗K K[∂].

The vertex algebra corresponding to the translation invariant chiral enveloping algebra

A = Uch
un(L) ∈ Algch

un(A1)Ga,w under Theorem 2.6.0.5 has underlying vector space given by

V = A0 = ι!0(Sym•! (L)) ∼= Sym•K(L̃0 ⊗K K[∂]) ∼= Sym•K(L̃0 ⊗K z
−1K[z−1]) .

Example 2.10.0.6. Let g be a finite type Lie algebra over K and L = gD ∈ Lie∗(X) be the

induced Lie∗ algebra, as in Example 2.8.5.7. The untwisted affine chiral algebra A0(g) =

Uch
un(L) ∈ Algch

un(X) is defined as the chiral enveloping algebra of L. In particular, the

corresponding vertex algebra is given by

V0(g) = Sym•K(z−1g[z−1]) with Y (Ja−1, z)(J
b
−1) =

J
[a,b]
−1

z

as the singular part of the operator product map, where Ja−1 = a ⊗ z−1 ∈ V0(g) is the

usual generator corresponding to a ∈ g. The defining property of the chiral envelope is that

it is freely generated subject to the relations imposed by the fixed singular terms, so the

preceeding expression follows by definition from Equation 2.8.5.2.
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Example 2.10.0.7. Let L = θX,D ∈ Lie∗(X) be the Lie∗ algebra given by the induced D

module on the tangent sheaf θX under Lie bracket of vector fields, as in Example 2.8.5.8.

The untwisted Virasoro chiral algebra A = Uch
un(L) ∈ Algch

un(X) is defined as the chiral

enveloping algebra of L. In particular, the corresponding vertex algebra is given by

Vir0 = Sym•K(z−1K[z−1]) with Y (l−2, z)(l−2) =
l−3

z
+

2l−2

z2

as the singular part of the operator product map, where l−2 = z−1 and l−3 = −2z−2 are

the usual Virasoro generators. As in the preceding example, this follows from the analogous

Equation 2.8.5.3.

2.10.1 ωX extensions of Lie∗ algebras and twisted chiral enveloping alge-

bras

We now recall the variant of the results of the preceding subsection twisted by a central

extension of the relevant Lie algebra object.

Definition 2.10.1.1. Let L ∈ Lie∗(X) be a Lie∗ algebra on X. An ωX extension of L is a Lie∗

algebra L[ ∈ Lie∗(X) fitting into a short exact sequence of Lie∗ algebras ωX ↪→ L[ � L.

Remark 2.10.1.2. An ωX -extension is necessarily central, as the canonical map

HomD(X)∗(L,L;L[)
∼=−→ HomD(X)∗(L

[, L[;L[)

is an equivalence.

Definition 2.10.1.3. Let L ∈ Lie∗(X) be a Lie∗ algebra on X with ωX extension L[ ∈
Lie∗(X) and let 1[ ∈ H0

dR(L[) be the unit section of ωX ↪→ L[. The twisted chiral envelope

A = Uch
tw(L) ∈ Algch

un(X) is the unital chiral algebra quotient of Uch
un(L[) with kernel the

ideal generated by 1− 1[ ∈ H0
dR(Uch

un(L[)), where 1 is the unit section of Uch
un(L[).

Remark 2.10.1.4. The D modules underlying A = Uch
un(L) and Uch

tw(L) are isomorphic,

though not canonically unless the extension is trivial.

The following is the corresponding universal property of the twisted chiral enveloping

algebra construction:

Proposition 2.10.1.5. There is a natural equivalence

{ϕ ∈ HomLie∗(X)(L
[, ALie) | ϕ(1[) = 1A}

∼=−→ HomAlgch(X)(U
ch
tw(L), A) ,

for each A ∈ Algch(X) and L ∈ Lie∗(X), and ωX extension

Proof: This follows from the analogous Proposition 2.10.0.4 above; see Subsection 3.7.20 in

[BD04].
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Example 2.10.1.6. Let g be a finite type Lie algebra with non-degenerate, ad-invariant

bilinear form κ : g⊗2 → K, and let L = gD ∈ Lie∗(X) be the induced Lie∗ algebra, as in

Example 2.8.5.7. There is a canonical ωX extension of L, called the Kac-Moody extension,

and we define the affine Kac-Moody chiral algebra by Ac(g) = Uch
tw(L) ∈ Algch

un(X) as the

twisted chiral enveloping algebra corresponding to the ωX extension determined by c ·κ for

c ∈ K; see e.g. 2.5.9 in [BD04].

On X = A1, the corresponding vertex algebra has the same underlying vector space as

in the case c = 0, which reduces to Example 2.10.0.6; we have

Vc(g) = Sym•K(g⊗K z
−1K[z−1]) with Y (Ja−1, z)(J

b
−1) =

J
[a,b]
−1

z
+
c κ(a, b)

z2

as the singular part of the operator product map.

Example 2.10.1.7. Let h be a finite type, abelian Lie algebra with non-degenerate bilinear

form κ : h⊗2 → K. In this case, the affine Kac-Moody chiral algebra is called the Heisenberg

algebra Heisc(X, h) ∈ Algfact
un (X), and its corresponding vertex algebra is given by

Heisc(h) = Sym•K(h⊗K z
−1K[z−1]) with Y (Ja−1, z)(J

b
−1) =

c κ(a, b)

z2

as the singular part of the operator product map.

Example 2.10.1.8. Let L = θX,D ∈ Lie∗(X) be the Lie∗ algebra induced from the tangent

sheaf θX under Lie bracket of vector fields, as in Example 2.8.5.8. There is a canonical ωX

extension of L, called the Virasoro extension, and we define the Virasoro chiral algebra by

Virc(X) = Uch
tw(L) ∈ Algch

un(X) as the twisted chiral enveloping algebra corresponding to

the ωX extension determined by c · κ; see e.g. 2.5.10 in [BD04].

On X = A1, the corresponding vertex algebra has the same underlying vector space as

in the case c = 0, which reduces to Example 2.10.0.7; we have

Virc = Sym•K(z−1K[z−1]) with Y (l−2, z)(l−2) =
l−3

z
+

2l−2

z2
+

1
2c

z4

as the singular part of the operator product map.

Example 2.10.1.9. Let X be a smooth curve, ω
1
2
X be a spin structure on X, and V be a

symplectic vector space. Consider the D module V ⊗K ω
1
2
X ⊗OX DX ∈ D(X) as defining an

abelian Lie∗ algebra LV ∈ Lie∗(X). Then the bidifferential operator

ωV ⊗K (−) ∧ (−) ∈ PDiff(ω
1
2
X ⊗K V, ω

1
2
X ⊗K V ;ωX) ,

given by applying the symplectic form ωV : V ⊗2 → K together with the multiplication of

algebraic densities, defines an ωX extension of LV .
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The chiral Weyl algebra Wch(X,V ) = Uch
tw(LV ) is defined as the twisted chiral enveloping

algebra corresponding to this ωX extension; see e.g. 3.8.1 in [BD04].

On X = A1, the corresponding vertex algebra is given by

Wch(V ) = Sym•K(V ⊗K z
−1K[z−1]) with Y (ϕv−1; z)ϕw−1 =

ωV (v, w)

z

as the singular part of the operator product map, where ϕv−1 = v ⊗ z−1 ∈W(V ).

Example 2.10.1.10. For V = T ∗N = N ⊕ N∨ a cotangent vector space with its canonical

symplectic form, a variant of the chiral Weyl algebra of the previous example can be defined

independent of a choice of spin structure. Consider instead the trivial Lie∗ algebra LN =

L̃N,D induced from L̃N = (N ⊗K OX)⊕ (N∨ ⊗K ωX) together with the evident analogue of

the above ωX extension.

The resulting chiral algebra Wch(X,N,N∨) ∈ Algch
un(X) is called the ‘β-γ system on N ’

or ‘linear chiral differential operators on N ’. On X = A1, the corresponding vertex algebra

is given by

Wch(N) = Sym•K(
[
N ⊗K z

−1K[z−1]
]
⊕
[
N∨ ⊗K z

−1K[z−1]
]
·dz) with Y (ϕn−1; z)ϕ∗,ξ0 =

ξ(n)

z
,

(2.10.1.1)

and similarly with the roles of n and ξ exchanged, as the singular part of the operator

product map, where ϕn−1 = n⊗ z−1, ϕ∗,ξ0 = ξ ⊗ z−1 ∈W(V ) for n ∈ N and ξ ∈ N∨.

More generally, a chiral algebra Wch(X,M) ∈ Algch
un(X) can be defined for any coher-

ent D module M , by taking LN = M ⊕M◦ together with the canonical duality pairing

〈·, ·〉M ∈ HomD(X)∗(M,M◦;ωX), where M◦ = DM ∈ D(X) is the dual D module. The D

module underlying this chiral algebra is given by

Wch(X,M) ∼= Sym•! (M ⊕M◦) ∼= Sym•! (M)⊗! Sym•! (M◦) .

The previous construction corresponds to the special case M = N ⊗K DX so that M◦ =

N∨ ⊗K ωX ⊗OX DX .

2.11 BRST reduction of chiral algebras and vertex algebras

In this section, we again restrict to the case where X is a smooth algebraic curve.

Warning 2.11.0.1. Throughout this section, all of the objects will be of cohomological degree

zero (in the heart of the relevant t-structure) and all the functors non-derived, in contrast

with our general conventions.

Let L ∈ Lie∗(X) be a Lie∗ algebra on X such that the underlying D module of L

is coherent, and let L◦ = DL ∈ D(X) denote the dual of the underlying D module. For
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simplicity, we also assume L is torsion-free as an OX module, as this holds in all our examples

of interest.

Definition 2.11.0.2. The chiral Clifford algebra Clch(X,L) = Wch(X,L[1]) ∈ Algch(X) is

defined as the (graded) chiral Weyl algebra on the D module L[1].

Remark 2.11.0.3. The D module underlying this chiral algebra is given by

Wch(X,L[1]) ∼= Sym•! (L[1]⊕ L◦[−1]) ∼= Sym•! (L[1])⊗! Sym•! (L◦[−1]) . (2.11.0.1)

Example 2.11.0.4. For L = L̃D on X = A1 an induced D module on a translation invariant

OX module L̃ with fibre L̃0 at 0 ∈ A1, as in Example 2.10.0.5, the corresponding vertex

algebra is given by

Clch(L)0 = Sym•K(
[
L̃0 ⊗K z

−1K[z−1]
]

[1]⊕
[
L̃∨0 ⊗K z

−1K[z−1]
]

[−1]·dz) with Y (ψa−1; z)ψ∗,ξ0 =
ξ(a)

z
,

and similarly with the roles of a and ξ exchanged, as the singular part of the operator

product map, where ψa−1 = a⊗ z−1, ψ∗,ξ0 = ξ ⊗ z−1 ∈ Clch(L)0 for a ∈ L̃0 and ξ ∈ L̃∨0 .

Following [BD04], we denote by Clch(L)ji the cohomological degree j summand of the ith

PBW filtration step of Clch(L). Note this conflicts with the notation Clch(L)0 used above

for the corresponding vertex algebra, but we will not refer to the latter object again until

Example 2.11.0.18 at the end of this section.

Definition 2.11.0.5. Let M ∈ Dc(X) be a coherent D module on X which is torsion free as

an OX module. The Tate extension gl(M)[ ∈ Lie∗(X) is the ωX extension

ωX ↪→ gl(M)[ � gl(M) of gl(M) = HomD(X)∗(M,M) = M ⊗! M◦ ∈ Lie∗(M)

the endomorphism Lie∗ algebra gl(M) ∈ Lie∗(M), defined by

gl(M)[ := ∆!Cone

[
M �M◦[1]

ι⊕〈·,·〉M−−−−−→ j∗j
∗(M �M◦)⊕∆∗ωX

]
where ι : M�M◦ → j∗j

∗(M�M◦) is the unit of the (j∗, j
∗) adjunction, and 〈·, ·〉M :

M �M◦ → ∆∗ωX is the ⊗∗ duality pairing.

Remark 2.11.0.6. The usual excision short exact sequence induces the sequence

∆∗ωX ↪→ Cone

[
M �M◦[1]

ι⊕〈·,·〉M−−−−−→ j∗j
∗(M �M◦)⊕∆∗ωX

]
� ∆∗(M ⊗! M◦)

so that gl(M)[ is an ωX extension of gl(M), by Kashiwara’s lemma

The Tate extension L[ ∈ Lie∗(X) of L ∈ Lie∗(X) is the ωX extension of L pulled back

from the extension of gl(L)[ defined above under the adjoint action map of Lie∗ algebras

L→ gl(L).



64 CHAPTER 2. FACTORIZATION ALGEBRAS, CHIRAL ALGEBRAS, AND VERTEX ALGEBRAS

Remark 2.11.0.7. By construction, the adjoint action extends to a map of Lie∗ algebras

L[ → gl(L)[.

Remark 2.11.0.8. Agreement with usual Tate extension on topological Lie algebras

Proposition 2.11.0.9. The restriction of the Lie∗ bracket on Clch(L)Lie to Clch(L)0
2 ∈ Lie∗(X)

defines an ωX extension given by

Clch(L)0
0 = ωX ↪→ Clch(L)0

2 � Clch(L)0
2/Cl

ch(L)0
0
∼= L⊗ L◦ .

Moreover, Clch(L)0
2 = gl(L)[ ∈ Lie∗(X) is canonically equivalent to the Tate extension.

Proof: See Subsection 3.8.5 in [BD04].

Corollary 2.11.0.10. There is a natural morphism of Lie∗ algebras β : L[ → Clch(L)Lie given

by the composition L[ ↪→ gl(L)[ ∼= Clch(L)0
2 ↪→ Clch(L).

Throughout the remainder of this section, let A ∈ Algch
un(X) be a chiral algebra on X.

Definition 2.11.0.11. A BRST datum for A with respect to L is a map α : L[ → ALie of

Lie∗ algebras on X such that α(1[) = −1A.

Remark 2.11.0.12. Let α : L[ → ALie be a BRST datum for A with respect to L. Then

there is a morphism of Lie∗ algebras

l0 := α+ β : L→ A⊗ Clch(L)

where the sum descends to L since α(1[) +β(1[) = 0; we also abuse notation throughout by

omitting the superscript Lie where we have applied the forgetful functor (·)Lie : Algch(X)→
Lie∗(X). The image im(l0) ⊂ Clch(L)0 is concentrated in cohomological degree 0.

The map of D modules

l−1 : L[1]→ A⊗ Clch(L) defined by L[1] ↪→ 1A ⊗ Clch(L)−1
1 ↪→ A⊗ Clch(L)

extends l0 above to a map of Lie∗ algebras

l = l−1 ⊕ l0 : L[1] o L→ A⊗ Clch(L)

where the former is the semidirect product of L with the abelian Lie∗ algebra L[1].

Remark 2.11.0.13. Note that the tensor factor Sym•! (L◦[−1]) of the D module underlying

Clch(L), as in Equation 2.11.0.1, can be identified with the underlying D module of the

Chevalley-Eilenberg cochains C•CE(L) ∈ Comm!(X) on L ∈ Lie∗(X), and in particular is

equipped with a canonical differential

δCE : Sym•! (L◦[−1])→ Sym•! (L◦[−1])[1] defined by δCE|L◦[−1] = b◦ ∈ HomD(X)!(L◦[−1];L◦[−1], L◦[−1])1
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the cohomological degree 1, arity one-to-two operation in the cooperad D(X)!,op, corre-

sponding to the two-to-one operation b ∈ HomD(X)∗(L,L;L) underlying the Lie∗ bracket.

Now, we construct the so-called BRST charge as follows: Let

χ̃ = µ ◦ (l0 ⊗ 1L◦[−1])− µ ◦ (l−1 ⊗ δCE|L◦[−1]) ∈ HomD(X)ch(L,L◦;A⊗ Clch(L)1[1])

denote the arity two chiral operation defined by the given composition. We have the fol-

lowing key lemma from 3.8.9 in [BD04]:

Lemma 2.11.0.14. The following arity two operations in the operad D(X)∗ agree:

b ◦ (l0 ⊗ 1L◦[−1]) = b ◦ (l−1 ⊗ δCE|L◦[−1]) ∈ HomD(X)∗(L,L
◦[−1];A⊗ Clch(L)1) .

Proof: See Subsection 3.8.9 in [BD04].

The preceding lemma implies that χ̃ induces an arity two operation in the operad D(X)!

χ ∈ HomD(X)!(L,L◦;A⊗ Clch(L)1[1]) = HomD(X)(L⊗ L◦;A⊗ Clch(L)1[1]) .

This allows us to make the following key definition:

Definition 2.11.0.15. The BRST charge corresponding to the BRST datum α is defined by

dα := χ(1L) ∈ ΓdR(X,A⊗ Clch(L)1[1]) .

Further, the BRST differential corresponding to α is defined by

dα := b(χ(1L)⊗ (·)) : A⊗ Clch(L)→ A⊗ Clch(L)[1] .

Theorem 2.11.0.16. The BRST charge satisfies b(dα, dα) = 0 and thus d2
α = 0.

Proof: See Theorem 3.8.10 in [BD04].

Definition 2.11.0.17. The BRST reduction of A by L via the BRST datum α is the DG

chiral algebra

CBRST(L;A) := (A⊗ Clch(L), dα) .

Example 2.11.0.18. Concretely, suppose that X = A1 and all the objects in the construction

are weakly Ga equivariant, as in sections 2.6 and 2.8.5. Then A is equivalent to a vertex

algebra V, L is equivalent to a vertex Lie algebra L0, and the vertex algebra corresponding

to Clch(L) is given by

Clch(L)0 = Sym•K(
[
L̃0 ⊗K z

−1K[z−1]
]

[1]⊕
[
L̃∨0 ⊗K z

−1K[z−1]
]

[−1] · dz) ,
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as in Example 2.11.0.4. Further, suppose for simplicity that L0 is as in Example 2.8.5.7,

defined by L̃0 = g a finite type Lie algebra.

Then the the BRST charge dα is given concretely by

Qα =
∑
i

ei−1 ⊗ ψ
∗,i
0 −

1

2

∑
i,j,k

1⊗ cijk ψ
∗,i
0 ψ∗,j0 ψk,−1 ,

where i, j, k are indices labelling a basis for g and ψa−1 = a⊗z−1, ψ∗,ξ0 = ξ⊗z−1 ∈ Clch(L)0 for

a ∈ L̃0 and ξ ∈ L̃∨0 . Heuristically, this is computed by making the following identifications:

µ ◦ (l0 ⊗ 1L◦[−1])(1L) =
∑
i

ei−1 ⊗ ψ
∗,i
0 + singular terms , and

µ ◦ (l−1 ⊗ δCE|L◦[−1])(1L) =
1

2

∑
i,j,k

1⊗ cijk ψ
∗,i
0 ψ∗,j0 ψk,−1 + singular terms ,

where the singular terms in each of the above expressions are equal so that the difference

constitutes a non-singular section, in keeping with Lemma 2.11.0.14.

2.12 Francis-Gaitsgory chiral Koszul duality: Algfact(X) ∼=
Algch(X)

2.12.1 Overview

In this section, we explain the correspondence between factorization algebras A ∈ Algfact(X)

and chiral algebras A ∈ Algch(X), following [BD04] and [FG11] throughout. The main idea

is that the D module A underlying the chiral algebra is defined by

A[1] = A1 = ∆main,!A ∈ D(X)

the restriction of A ∈ D(RanX) to the first stratum of the Ran space of X, and the chiral

product µ : j∗j
∗A�2 → ∆∗A is equivalent to the data required to extend A1 to a factorizable

sheaf A on RanX . We begin with an outline of the equivalence in geometric terms, before

describing the more structured algebraic perspective that facilitates the proof.

The data of the D module on RanX underlying a factorization algebra A ∈ Algfact(X)

is almost completely specified by A1 = ∆main,!A, since the factorization data gives an

identification of the restriction of A2 = ∆{1,2},!A to the complement of the diagonal with

that of A�2
1 :

j∗(A2) ∼= j∗(A�2
1 ) , (2.12.1.1)

and similarly on higher cardinality products. From the excision sequence for A2,

∆∗∆
!A2 → A2 → j∗j

∗A2 ,
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we see that the additional information required to reconstruct A2 from A1 is equivalent to

the boundary map

j∗j
∗(A�2)[2] ∼= j∗j

∗A2 → ∆∗∆
!A2[1] ∼= ∆∗A[2] ,

which is precisely the desired chiral product map

µ : j∗j
∗(A�2)→ ∆∗A

after identifying the restrictions of A2 to the diagonal and its complement with their de-

scriptions in terms of A as shown. Indeed, we can recover A2 as

A2 = ker
[
j∗j
∗(A�2)[2]→ ∆∗A[1][1]

]
. (2.12.1.2)

Moreover, as we explain below, this sheaf extends coherently to A3 ∈ D(X3) satisfying the

required gluing and factorizability conditions if and only if µ satisfies the Jacobi identity.

2.12.2 Cocommutative-Lie Koszul duality for D(RanX)ch

We now explain the more structured algebraic perspective on this equivalence. Chiral

algebras and factorization algebras are formally defined as certain Lie and cocommutative

coalgebra objects internal to the category D(RanX)ch of D modules on the Ran space of

X with respect to the chiral tensor structure ⊗ch, respectively. For a general well-behaved

symmetric monoidal category C⊗, there is a canonical equivalence between Lie algebra and

cocommutative coalgebra objects in it, given by the Chevalley-Eilenberg chains functor

C•(·) : AlgLie(C
⊗)→ AlgCoComm(C⊗) L 7→ C•(L) = (Sym•(L[1]), dCE)

where the differential dCE is generated by the map L[1] ⊗ L[1] → L[1][1] given by the Lie

bracket.

In [FG11] it is shown that the category D(RanX)ch satisfies the hypotheses required to

construct such an equivalence, and moreover that the resulting functor induces an equiva-

lence between the full subcategories of chiral algebras and factorization algebras:

Theorem 2.12.2.1. [FG11] The Chevalley-Eilenberg chains functor on D(RanX)ch induces

equivalences

Algch(X)
∼= //

��

Algfact(X)

��
AlgLie(D(RanX)ch)

∼= // AlgCoComm(D(RanX)ch)

such that the preceding diagram commutes.

Outline of proof: We outline the proof of the Theorem, emphasizing that the resulting
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equivalence reproduces the geometric arguements given in the overview above. Let L ∈
AlgLie(D(RanX)ch) be a Lie algebra object with respect to the chiral tensor product. The

free graded cocommutative coalgebra object in D(RanX) generated by L is given by the Sn

coinvariants of

C̃•(L) =
⊕
n∈N

L[1]⊗n .

For notational simplicity, we describe the construction omitting the Sn coinvariants through-

out. In the case at hand, recall from Proposition 2.3.3.3 that

(⊗ch
j∈JL)I =

⊕
π:I � J

j(π)∗j(π)∗(�j∈JLIj ) so that

C•(L)I =
⊕
n∈N

(L[1]⊗n)I =

|I|⊕
n=0

(L⊗n)I [n] =
⊕

[π:I � S]∈fSetI/

j(π)∗j(π)∗(�s∈SLIs)[|S|] .

The Chevalley-Eilenberg differential on C•(L) is defined over each I as follows: Fix π ∈
HomfSetI/(T, S), that is, πT : I � T, πS : I � S and π : T � S and such that πS = π ◦ πT .

We are interested in the case |T | = |S|+ 1, so for concreteness say π(t0) = π(t1) = s1 and

π(ti) = si for i = 2, ..., |S|. Then we have a map

j(πT )∗j(πT )∗(�t∈TLIt) = j(πT )∗j(πT )∗
(
(LIt0�LIt1 )�(�s 6=s1LIs)

)
∼= j(πS)∗j(πS)∗

(
j(π̃))∗j(π̃)∗(LIt0�LIt1 )�(�s 6=s1LIs)

)
→ j(πS)∗j(πS)∗(�s∈SLIs)

where π̃ : It0 t It1 → {1, 2} and the map is given by j(πS)∗j(πS)∗(b(π̃)�1), where

b(π̃) : j(π̃))∗j(π̃)∗(LIt0�LIt1 )→ LIs1

is the chiral Lie algebra structure map. For fixed π : I → T , summing over all such

π : T � S defines the component of the Chevalley-Eilenberg differential on the summand

j(πT )∗j(πT )∗(�t∈TLIt) of C•(L)I .

Now, suppose L ∈ Algch(X), so that there exists A ∈ D(X) such that L = ∆main
∗ A ∈

D(RanX), or equivalently

LI = ∆
(I)
∗ A ,

for each I ∈ fSetsurj. Then we have

j(π)∗j(π)∗(�s∈SLIs) = j(π)∗j(π)∗(�s∈S∆
(Is)
∗ A) ∼= j(π)∗j(π)∗∆(π)∗A

�|S| ∼= ∆(π)∗j
(S)
∗ j(S)∗A�|S|

so that

C•(L)I =
⊕

[π:I � S]∈fSetI/

∆(π)∗j
(S)
∗ j(S)∗A�|S|[|S|] . (2.12.2.1)
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On the first stratum X ↪→ RanX of the Ran space, we have the desired equality

A1 := C(L)1 = A[1] ,

since the tensor powers of arity greater than one with respect to the chiral tensor structure

vanish when restricted to the main diagonal, by Remark 2.3.3.4. Similarly, over X2 there

are two non-vanishing terms in the expression of Equation 2.12.2.1 for the homological

Chevalley-Eilenberg complex, given by

A2 := C(L)2 =
[
j∗j
∗(A�2)[2]→ ∆∗A[1]

]
,

in agreement with Equation 2.12.1.2 from our geometric explanation. Finally, over X3 the

Chevalley-Eilenberg complex is given by

A3 := C(L)3 =

j{1,2,3}∗ j{1,2,3},∗(A�3)[3]→
⊕
i 6=j

i,j=1,2,3

∆
xi=xj
∗ j∗j

∗(A�2)[2]→ ∆∗A[1]

 .

This construction manifestly defines A3 ∈ D(X3) compatibly extending A2 ∈ D(X2) as

defined above, and the requirement that the differential squares to zero so that it gives a

complex of D modules is equivalent to the Jacobi identity for the chiral product map µ.
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Chapter 3

Equivariant factorization algebras

and the localization theorem

In this chapter, we develop an analogous theory of equivariant factorization algebras, as

outlined in Section 1.5.2 of the introduction.

3.1 A review of equivariant D modules

We begin with a brief overview of the theory of equivariantD modules, paralleling the theory

of equivariant constructible sheaves recalled in Appendix A.2.1. LetG be an algebraic group,

X a finite type scheme over K, and fix an action of G on X. Let m : G × G → G denote

the multiplication map, a : G ×X → X the action map, pX : G ×X → X the projection

to X and pG : X ×G→ G the projection to G.

Definition 3.1.0.1. A G equivariant structure on F ∈ QCoh(X) is an isomorphism α :

a•F
∼=−→ p•XF in QCoh(G×X), together with commutativity data for the diagram in

QCoh(G×G×X) defined by

(a ◦ (1G × a))•M
∼= //

(1G×a)•α∼=
��

(a ◦ (m× 1X))•M

(m×1X)•α∼=
��

(1G × a)•p•XM
1QCoh(G)�α

∼=
// p̃•XM

, (3.1.0.1)

where p̃X : G×G×X → X is the projection to X, and its higher arity analogues.

Definition 3.1.0.2. A weak G equivariant structure on M ∈ D(X) is an isomorphism α :

a!M
∼=−→ p!

XM of complexes of OG�DX modules, together with commutativity data for the

analogue of the diagram 3.1.0.1 in the category of complexes of OG×G �DX modules.

Let D(X)G,w denote the category of weakly G equivariant D modules on X.

71
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Remark 3.1.0.3. Heuristically, a weak equivariant structure on a D module is an equivariant

structure on the underlying OX module such that for each g ∈ G, the induced equivalence

αg : a!
gM

∼=−→M lifts to an isomorphism in D(X).

Definition 3.1.0.4. A (strong) G equivariant structure on M ∈ D(X) is an isomorphism

α : a!M
∼=−→ p!

XM in D(G×X), together with commutativity data for the analogue of the

diagram 3.1.0.1 in the category D(G×G×X).

Let D(X)G denote the category of (strongly) G equivariant D modules on X.

Remark 3.1.0.5. Heuristically, a strong equivariant structure on a D module is a weak

equivariant structure such that the induced equivalences αg : a!
gM

∼=−→ M in D(X) are

locally constant along G. For G connected, the equivariant structure appears to be uniquely

determined by the local constancy condition, since it is fixed by the requirement αe = 1M , so

that strong equivariance is a property of the underlying D module, rather than a structure.

This statement is true for a strict D module, but not for a complex, as we explain more

carefully below.

Example 3.1.0.6. There is evidently a forgetful functor D(X)G → D(X)G,w coming from the

forgetful functor D(G)→ QCoh(G). The additional data required to lift a weak equivariant

structure to a strong equivariant structure is as follows:

Let M ∈ D(X)G,w and define the Lie derivative of M with respect to the G equivariant

structure

L(·) : g→ EndSh(X)(M) by LX(m) = ∂tαexp(tX)(m)|t=0

for each m ∈M .

Let da : g → Γ(X,TX) denote the infinitesimal action map and ∇M : Γ(X,TX) →
EndSh(X)(M) the connection underlying the D module structure, which compose to define

a map

∇da(·) : g→ EndSh(X)(M) .

For M ∈ D(X)♥,(G,w) a weakly G equivariant D module concentrated in a single co-

homological degree, the weak equivariant structure defines a strong equivariant structure if

L(·) = ∇da(·). The map ∇da(·) is defined independent of the G equivariant structure, and

the G equivariant structure necessarily integrates the map L(·), so that a strong equivariant

structure on M ∈ D(X)♥ is unique for G connected. The condition of its existence is the

integrability of the representation L(·) : g→ EndSh(X)(M).

Now, for a general object M ∈ D(X)G,w, let (M•, dM ) denote the underlying complex of

D modules. Then a lift to a strong G equivariant structure on M is equivalent to a homotopy

trivializing the difference of these endomorphisms, that is, a map h : g → End−1
D(X)(M

•)

such that L(·) −∇da(·) = [h, dM ]. Note that the difference L(·) −∇da(·) ∈ EndD(X)(M).



3.1. A REVIEW OF EQUIVARIANT D MODULES 73

Example 3.1.0.7. The dualizing sheaf ωX ∈ Dr(X)G and the constant sheaf ωX [−2dX ] ∈
Dr(X)G admit canonical strong G equivariant structures for any action of G on X, given

by the identifications a!ωX = ωG×X = p!
XωX .

Under the quasiisomorphism ωX [−2dX ] ∼= Ω•X,D of Proposition A.1.4.2, the induced

strong equivariant structure on Ω•X,D ∈ Dr(X) is given by

h = ιda(·) : g→ End−1
Dr(X)(Ω

•
X,D) ∼= Diff(Ω•X ,Ω

•
X [−1]) where

da : g→ Γ(X,TX)

ι(·) : Γ(X,TX)→ End−1(Ω•X,D)

are the infinitesimal action map and the interior product operation. The compatibility

follows from the Cartan formula, as the endomorphism LX − ∆da(·) is given by the usual

Lie derivative.

Example 3.1.0.8. For X = A1 we have ωX = K[x] and

Ω•A1,D = K[x, ∂x]
m∂x−−−→ K[x, ∂x][−1] ,

where m∂x denotes the left multiplication map. For the action of G = Ga, the homotopy is

given by h = 1 : K[x, ∂x][−1] → K[x, ∂x] the identity map. For the action of G = Gm, the

homotopy is given by h = mx : K[x, ∂x][−1]→ K[x, ∂x].

Example 3.1.0.9. The category D(pt)G is the category of complexes of G representations

(V, d) ∈ Rep(G) together with a homotopy h : g→ End−1(V ) trivializing the infinitesimal

action dρ : g→ EndVectK(V ), that is, such that [d, h] = dρ. There is a natural functor

D(pt)G → H•G(pt)-Mod defined by (V, d, h) 7→ (V⊗KSym•(g∨[−2]))G , du = d⊗1g∨+hξi⊗mui

where ui ∈ g∨[−2] are some choice of linear generators of cohomological degree 2, and ξi ∈ g

are the corresponding dual basis.

Warning 3.1.0.10. As we explain in Appendix A.2.4, the Koszul duality functor of the

preceding example is not continuous as a functor on the DG category D(BG), as defined

in the general setting of D modules on stacks such as that of [DG13]. Thus, it is necessary

to use a ’renormalized’ variant of the category of equivariant D modules, which we recall

in Definition A.2.4.3, to obtain our desired Koszul duality equivalence in the DG category

setting. For the remainder of this chapter, all statements about equivariant D modules

should be understood in the renormalized setting, so that in particular the category of

equivariant D modules is understood as D(X)G = D(X/G)ren.

In the terminology of the preceding warning, we thus have:

Proposition 3.1.0.11. The Koszul duality functor

D(pt)G = D(BG)ren ∼=−→ H•G(pt)-Mod = QCoh(Ag)
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is a symmetric monoidal equivalence of categories.

Proof: See Example A.2.4.2 and references therein.

Definition 3.1.0.12. The G equivariant cochains functor is defined by C•G = π∗ : D(X)G →
D(pt)G. The G equivariant chains functor is defined by CG• = π! : D(X)G → D(pt)G. The

G equivariant (Borel-Moore) de Rham (co)chains and cohomology are defined as in A.2.1.4

and A.2.1.7.

Example 3.1.0.13. Computing C•G(X) in terms of the de Rham model as in Example A.1.4.3

and Example 3.1.0.7, we find its image under the equivalence of Proposition 3.1.0.11 is

C•G(X) = (Ω•X ⊗K Sym•(g∨[−2])G , d = ddR ⊗ 1 + ιξi ⊗mui .

This is the usual Cartan model for equivariant cohomology of X. In this case, the homotopy

h corresponds to the Λ = H•(G;K) module structure on C•dR(X;K), and the complex

C•G(X;K) above is equivalent to the image of C•dR(X;K) under the functor of Remark

A.2.2.3.

More generally, C•G(X;A) is computed by the Cartan model with coefficients in the

complex of equivariant D modules A ∈ D(X)G.

Example 3.1.0.14. Suppose G acts on X trivially. Then following Example A.2.4.8, we have

that

D(X)G = D(X)⊗D(pt)G = D(X)⊗QCoh(Ag) .

3.2 The category D(RanX)G

In this section, we define the category D(RanX)G of G equivariant D modules on RanX , and

breifly outline the analogues of various structures on D(RanX) in the equivariant setting.

For each I ∈ fSet there is a diagonal action of G on XI , and for each π : I � J the

corresponding diagonal embedding ∆(π) : XJ ↪→ XI is a morphism of G varieties.

Remark 3.2.0.1. The equivariance of the diagonal embeddings under G implies that the

diagram defining RanX can be understood in the category of G schemes, and thus the

colimit RanX has a natural action of G. Heuristically, this is simply the action of G on the

space of finite subsets of X by g · {xi}i∈I = {g · xi}, which is evidently modelled by the

diagonal action as above.

In analogy with Definition 2.2.2.1 and the discussion of that section, we make the following

definition:

Definition 3.2.0.2. An object A ∈ D(RanX)G is an assignment

I 7→ AI ∈ D(XI)G [π : I � J ] 7→ [∆(π)!AI
∼=−→ AJ ]
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defined for each finite set I ∈ fSet and surjection π : I � J , where the isomorphism

∆(π)!AI
∼=−→ AJ is required to be in D(XJ)G.

A morphism f : A→ B between A,B ∈ D(RanX)G is given by an assignment

I 7→ [fI : AI → BI ] [π : I � J ] 7→ ∆(π)!AI //

∆(π)!(fI)
��

AJ
∼=

w�
fJ

��
∆(π)!BI // BJ

defined for each finite set I ∈ fSet and surjection π : I � J , where all required morphisms

are in D(XI)G.

An object A ∈ D(RanX,un)G and morphism of such is defined similarly, analogously

following Definition 2.2.3.1.

An object A ∈ D(RanX)G is called coherent, holonomic, ... if AI ∈ D(XI)G is so for

each I ∈ fSet.

Remark 3.2.0.3. Following Remark 2.2.2.4, the category D(RanX)G can be equivalently

defined as the category G equivariant D modules on the pseudo indscheme RanX .

Remark 3.2.0.4. The definition 3.2.0.2 is stated exactly as in Definition 2.2.2.1 by replacing

all the objects and morphisms with their G equivariant analogues. This is possible because

all of the underlying geometric maps involved are G equivariant so that there are natural

lifts of the resulting functors to the G equivariant category. In what follows, we list the

various structures induced on D(RanX)G following this pattern:

Remark 3.2.0.5. The category D(RanX)G,w is defined as in definitions 2.2.2.1 and 3.2.0.2,

mutatis mutandis, with the D module AI ∈ D(XI)G,w weakly G equivariant for each I ∈
fSet and all required morphisms in the relevant weakly equivariant categories.

Remark 3.2.0.6. As in Remark 2.2.2.5, there are canonical functors ∆I
∗ : D(XI)G // D(RanX)G : ∆I,!oo

for each I ∈ fSet. For I = {pt} these functors induce an equivalence D(X)G ∼= D(RanX)GX .

Example 3.2.0.7. The object ωRanX ∈ D(RanX) naturally lifts to ωRanX ∈ D(RanX)G, as

there is a canonical equivariant structure ωXI ∈ D(XI)G for each I ∈ fSet, as in Example

3.1.0.7.

Definition 3.2.0.8. The monoidal structures ⊗!,⊗∗,⊗ch : ×j∈JD(RanX)G → D(RanX)G

are presented by

×j∈JD(XIj )G → D(XI)G (MIj ) 7→ ⊗!(∆
Ij
∗ MIj )I

×j∈JD(XIj )G → D(XI)G (MIj ) 7→ �j∈JMIj

×j∈JD(XIj )G → D(XI)G (MIj ) 7→ j(π)∗j(π)!(�j∈JMIj ) ,

defined for each π : I � J .
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Remark 3.2.0.9. The the monoidal structures of Definition 3.2.0.8 are the natural lifts of

the definitions 2.3.1.1 ,2.3.2.1, and 2.3.3.1 to the G equivariant category, in keeping with

Remark 3.2.0.4 above.

Definition 3.2.0.10. The⊗!, ⊗∗, and⊗ch operad structures onD(X) are defined byD(X)G ↪→ D(RanX)G,

where the latter is equipped with the corresponding monoidal structure, following Example

A.3.1.11.

Corollary 3.2.0.11. The functors ∆main
∗ : D(X)G → D(RanX)G and ∆main,! : D(RanX)G →

D(X)G of 2.2.2.5 define an equivalence of operads between D(RanX)GX and D(X)G under

⊗!, ⊗∗ or ⊗ch.

3.3 Equivariant factorization algebras and equivariant chiral

algebras

In this section, we define equivariant factorization algebras and equivariant chiral algebras,

closely following the usual definition of factorization algebras in [BD04, FG11].

Definition 3.3.0.1. A non-unital factorization algebra on X is a non-unital cocommutative

coalgebra object A ∈ D(RanX)G,ch such that the induced maps

j(π)∗AI
∼=−→ j(π)∗(�j∈JAIj )

are equivalences in D(U(π))G for each I, J and π : I � J .

A unital factorization algebra on X is an object A ∈ D(RanX,un)G with a non-unital

factorization algebra structure on its image in D(RanX)G, and compatibility data with the

unital structure on A, as in Definition 2.2.2.1.

Let Algfact(X)G denote the category of non unital G equivariant factorization algebras,

defined as the full subcategory of CoCommnu(D(RanX)G,ch). Similarly, let Algfact
un (X)G

denote the category of unital G equivariant factorization algebras.

Example 3.3.0.2. The dualizing sheaf ωRanX ∈ D(RanX)G of Example 3.2.0.7 defines a G

equivariant factorization algebra, with structure maps given by the natural G equivariant

lifts of those of Example 2.4.0.4.

Definition 3.3.0.3. A (non-unital) chiral algebra on X is a Lie algebra object in L ∈
Lie(D(RanX)G,ch) such that underlying object L ∈ D(RanX)GX is supported on the im-

age of the main diagonal ∆main : X → RanX .

A unital chiral algebra on X is an object L ∈ D(RanX,un)G with a non unital chiral

algebra structure on its image in D(RanX), and compatibility data with the unital structure

on L, as in Definition 2.2.3.1.



3.4. EQUIVARIANT FACTORIZATION HOMOLOGY AND THE LOCALIZATION THEOREM 77

Let Algch(X)G denote the category of non unital G equivariant chiral algebras, defined as

the full subcategory of Lie(D(RanX)ch,G). Similarly, let Algch
un(X)G denote the category of

unital G equivariant chiral algebras.

Corollary 3.3.0.4. A non unital, G-equivariant chiral algebra is equivalent to a Lie algebra

object L ∈ Lie(D(X)G,ch) internal to the operad D(X)G,ch, by Corollary 3.2.0.11.

Example 3.3.0.5. In particular, the equivariant chiral algebra structure maps are given by

bI ∈ HomD(X)G,ch({L}i∈I , L) = HomD(XI)G(j
(I)
∗ j(I),∗(�i∈IL),∆

(I)
∗ L) .

There is also a weakly equivariant analogue of these definitions, which is used in Section

2.6 to relate chiral algebras to vertex algebras.

Definition 3.3.0.6. The category of weakly G equivariant chiral algebras Algch(X)G,w is the

full subcategory of Lie(D(RanX)ch,(G,w)) on algebras with underlying objectA ∈ D(RanX)G,wX

supported on the main diagonal X ↪→ RanX ; see also Remark 3.2.0.5.

The main result of [FG11], recalled in Section 2.12, generalizes to the G equivariant

setting, by the same arguement used in the proof of loc. cit. lifted to the G equivariant

category:

Corollary 3.3.0.7. There is a canonical equivalence of categories Algfact(X)G ∼= Algch(X)G

between G equivariant factorization algebras and chiral algebras.

Example 3.3.0.8. Suppose G acts trivially on X. Then applying Example 3.1.0.14 to XI

for each I ∈ fSet, we obtain a canonical equivalence Algfact(X)G
∼=−→ Algfact(X)/Ag

from G

equivariant factorization algebras on X to quasicoherent families of factorization algebras

over Ag, or equivalently factorization algebras over the base ring S = H•G(pt).

3.4 Equivariant factorization homology and the localization

theorem

In this section, we define equivariant factorization homology, as well as the pullback of fac-

torization algebras, and prove an analogue of the classical equivariant localization theorem

in the setting of factorization homology.

3.4.1 Factorization homology

Factorization homology is one of the primary invariants of factorization algebras, analo-

gous to sheaf cohomology of sheaves, which generalizes (the dual space to) the spaces of

conformal blocks of vertex algebras; it was originally introduced in [BD04]. We now give

the definition of factorization homology of equivariant factorization algebras, following the
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standard definition given in [FG11]. In summary, the functor of factorization homology is

given by the composition

Algfact(X)G
oblv−−→ D(RanX)G

pRanX∗−−−−−→ D(pt)G

where oblv denotes the forgetful functor to G equivariant D modules on RanX , pRanX :

RanX → pt is the unique such map and pRanX∗ denotes the induced pushforward functor

on equivariant D modules defined below. In particular, taking G = {e} to be the trivial

group, this gives the usual definition of factorization homology.

Remark 3.4.1.1. Recall from Remark 2.2.2.3 that the category of (G equivariant) D modules

on RanX can be defined formally as

D(RanX)G = lim
I∈fSetsurj

D!(XI)G = lim

[
. . .→ D(XI)G

∆(π)!

−−−→ D(XJ)G → . . .

]
,

so that an object A ∈ D(RanX)G is given, as in Definition 3.2.0.2, by an assignment

I 7→ AI ∈ D(XI)G [π : I � J ] 7→ [∆(π)!AI
∼=−→ AJ ]

defined for each finite set I ∈ fSet and surjection π : I � J . Alternatively, passing to left

adjoints yields the description

D(RanX)G = colim
I∈fSetsurj

D∗(XI)G = colim

[
. . .←D(XI)G

∆(π)∗←−−−− D(XJ)G← . . .

]
;

concretely, applying the (∆(π)∗,∆(π)!) adjunctions to the equivalences

∆(π)!AI
∼=−→ AJ gives maps ∆(π)(!)AJ ∼= ∆(π)(!)∆(π)!AI → AI (3.4.1.1)

for each π : I � J .

From the latter description in the preceding remark, the functor pRanX∗ : D(RanX)G →
D(pt)G is induced by the system of equivariant de Rham cohomology functors

pI∗ : D(XI)G → D(pt)G noting pI∗∆(π)∗ = pJ∗ : D(XJ)G → D(pt)G .

Concretely, for A = (AI)I∈fSetsurj ∈ D(RanX)G presented in terms of the limit description,

we have

pRanX∗A = colim
I∈fSetsurj

pI∗AI with diagram structure maps pJ∗AJ = pI∗∆(π)∗AJ → pI∗AI ,

given by the image under pI∗ of the maps of Equation 3.4.1.1 above.
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Definition 3.4.1.2. The functor of equivariant factorization homology over X is defined by∫ G

X
(·) := pRanX∗◦oblv : Algfact(X)G → D(pt)G A 7→

∫ G

X
A = pRanX∗A = colim

I∈fSetsurj
pI∗AI .

3.4.2 Pullback of factorization algebras

Towards the statement of the equivariant localization theorem in factorization homology,

we need to formulate the notion of pullback of factorization algebras. Let f : X → Y be

an equivariant map of smooth algebraic varieties with G action, and let f I : XI → Y I and

Ran(f) : RanX → RanY be the induced maps on products and on Ran spaces.

Definition 3.4.2.1. The pullback of equivariant D modules on the Ran space

Ran(f)! : D(RanY )G → D(RanX)G is defined by A = (AI)I∈fSetsurj 7→ Ran(f)!A = ((f I)!AI)I∈fSetsurj ,

with gluing data for Ran(f)!A ∈ D(RanX)G given by

∆X(π)!(Ran(f)!A)I = ∆X(π)!(f I)!AI ∼= (fJ)!∆Y (π)!AI
∼=−→ (fJ)!AJ = (Ran(f)!A)J ,

where the arrow is given by the image of the gluing data ∆Y (π)!AI
∼=−→ AJ for A under

(fJ)!.

Now, suppose A ∈ Algfact(Y )G is an equivariant factorization algebra on Y , with fac-

torization structure maps

AI → j(π)∗j(π)∗(�j∈JAIj )

for each I, J and π : I � J . Further, suppose f : X → Y is a closed embedding, and note

that the commutative diagram

UX(π)
jX(π) //

fI

��

XI

fI

��
UY (π)

jY (π) // Y I

is cartesian for f injective. Then we have:

Proposition 3.4.2.2. The pullback Ran(f)!A ∈ Algfact(X)G is canonically an equivariant

factorization algebra on X.

Proof: The structure maps are given by

(f I)!AI → (f I)!jY (π)∗jY (π)∗(�j∈JAIj )

∼= jX(π)∗(f
I)!jY (π)∗(�j∈JAIj )

∼= jX(π)∗jX(π)∗(fJ)!(�j∈JAIj )

= jX(π)∗jX(π)∗(�j∈J(f Ij )!AIj )
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where the arrow is given by the image of the structure maps for A under (f I)!. These

commutative coalgebra structure maps satisfy the factorization property since the map

which is required to be a homotopy equivalence is given by

jX(π)∗(f I)!AI ∼= (f I)!jY (π)∗AI −→ (f I)!jY (π)∗(�j∈JAIj ) ∼= jX(π)∗(�j∈J(f Ij )!AIj )

where the arrow is given by the image of the equivalence j(π)∗AI → j(π)∗(�j∈JAIj ) under

(f I)!.

Remark 3.4.2.3. Throughout the remainder of the text we will denote the pullback factor-

ization algebra Ran(f)!A ∈ Algfact(X)G by simply f !A.

Finally, in preparation for the statement of the localization theorem, we note the fol-

lowing property of the pullback of factorization algebras:

Proposition 3.4.2.4. Let f : X → Y be an equivariant, closed embedding of smooth G

varieties, and A ∈ Algfact(X)G an equivariant factorization algebra on Y . There is a

canonical map∫ G

X
f !A→

∫ G

Y
A of objects in D(pt)G ∼= H•G(pt)-Mod.

Proof: For each I ∈ fSet, the (f I∗ , (f
I)!) adjunction gives a canonical map

f I∗ (f !A)I = f I∗ (f I)!AI → AI and thus pXI∗(f
!A)I ∼= pY I∗f

I
∗ (f !A)I = pY I∗f

I
∗ (f I)!AI → pY I∗AI .

(3.4.2.1)

These maps are evidently compatible with the structure maps for the colimit over I ∈ fSetsurj

and thus induce the desired map∫ G

X
f !A = colim

I∈fSetsurj
pXI∗(f

!A)I → colim
I∈fSetsurj

pY I∗AI =

∫ G

Y
A .

3.4.3 The equivariant localization theorem for factorization homology

We now formulate and prove the analogue of the equivariant localization theorem for factor-

ization homology. Let G be a connected, reductive algebraic group, X a smooth G variety,

and ι : XG ↪→ X the inclusion of the variety of G-fixed points XG.

For A ∈ Algfact
un (X)G, its restriction to the fixed point locus

ι!A ∈ Algfact
un (XG)G ∼= Algfact(XG)/Ag

is equivalent to a family of factorization algebras onXG parameterized by Ag = Spec H•G(pt),

following Example 3.3.0.8. In particular, its equivariant factorization homology corresponds
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to the fibrewise factorization homology of the family under the equivalence D(pt)G
∼=−→

H•G(pt)-Mod of Proposition 3.1.0.11.

Following Appendix A.2.3, we restrict to the case that G = T = (C×)n is given by

an algebraic torus, and choose {fi ∈ H•G(pt)} generators of an ideal whose corresponding

subvariety contains the union of the stabilizer subalgebras tx ↪→ t over all non-fixed points

x ∈ X \XG, under the identification t[2] = Spec H•G(pt).

Theorem 3.4.3.1. Let A ∈ Algfact(X)G be an equivariant factorization algebra on X. The

canonical map of Proposition 3.4.2.4 induces an isomorphism∫ G

XG

ι!A
∼=−→
∫ G

X
A of objects in H•G(pt)[f−1

i ]-Mod.

Proof: First, we note that for each I ∈ fSet the fixed points (XI)G = (XG)I in XI are

given by the I-fold product of the fixed points variety XG, and no additional fixed points

can occur in the partial colimits RanX,≤n, since G is connected. Moreover, the collection

of stabilizer subtori Gx ↪→ G of points x ∈ XI is exhausted by those occuring in X itself.

Thus, for each I ∈ fSet, we can apply Theorem A.2.3.1 to the map of Equation 3.4.2.1

to conclude

p(XG)I∗(ι
!A)I = p(XI)G∗ι

!
IAI

∼=−→ pXI∗AI is an isomorphism over H•G(pt)[f−1
i ] ,

where ιI : (XI)G ↪→ XI is the inclusion of the G fixed points in XI . It follows that the

map induced on colimits as in Proposition 3.4.2.4 is itself an isomorphism, as claimed.

3.5 Equivariant and topological vertex algebras

In this section, we define equivariant topological vertex algebras in terms of equivariant

chiral algebras, and recover the notion of topological vertex algebra in [Hua94] in the case

of Gm equivariant vertex algebras in dimension 1.

Let X = An be n dimensional affine space, let G act linearly on An by a : G×An → An,

and let a = Lie(Gn
a) ∼= An so that we can interpret the infinitesimal action as da : g →

EndK(a).

Definition 3.5.0.1. An n dimensional vertex algebra V is a weakly Gn
a equivariant chiral

algebra A ∈ Algch
un(An)G

n
a ,w on An.

A topological vertex algebra is an n dimensional vertex algebra V together with a lift of

the weak Gn
a equivariant structure on the corresponding chiral algebra A ∈ Algch

un(An)G
n
a ,w

to a strong Gn
a equivariant structure.

A G equivariant topological vertex algebra is an n dimensional vertex algebra V together

with a lift of the weak Gn
a equivariant structure to a strong G n Gn

a equivariant structure

A ∈ Algch
un(An)GoGna .
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A framed topological vertex algebra is a Gn
a o so(2n;K) equivariant vertex algebra.

Remark 3.5.0.2. In terms of the vertex algebra data underlying the n dimensional vertex

algebra V ∈ VOAn, a G equivariant structure gives the following data:

� The weak GnGn
a equivariant structure yields a G representation ρV : G→ AutK(V),

such that

dρV ◦ T = T ◦ dρV + T ◦ da as maps g× a→ EndK(V) (3.5.0.1)

where dρV : G → EndK(V) is the corresponding Lie algebra representation, T : a →
EndK(V) is the translation operator and da : g→ EndK(a) is the infinitesimal action

map.

� The strong Gn
a equivariant structure yields a Lie algebra map

g−1 : a→ Der−1
VOAn

(V) such that [dV, g−1] = T : a→ DerVOAn(V) .

This is interpreted as a homotopy trivializing the translation operator.

� The compatible strong G equivariant structure yields a Lie algebra map

hV : g→ End−1
K (V) such that [dV, hV] = dρV : g→ EndK(V) .

This is interpreted as a homotopy trivializing the infinitesimal action dρV : g →
EndK(V). The endomorphisms dρV and hV do not act by vertex algebra derivations,

as is apparent from equation 3.5.0.1, but act by derivations twisted by T ◦ da.

Example 3.5.0.3. Concretely, a topological vertex algebra in dimensional 1 is just a DG

vertex algebra (V, d) together with a degree −1 derivation g−1 : Der−1(V) trivializing the

translation operator, that is, such that [d, g−1] = T . This is equivalent to a particular subset

of the structure of a strong topological vertex algebra in [Hua94], as we explain in Example

3.5.0.4 below. See also Section 3.6 below for the relation to E2n algebras.

Example 3.5.0.4. A framed topological vertex algebra in dimension 1 is a graded DG ver-

tex algebra (V, d) together with degree −1 endomorphisms g0, g−1 ∈ End−1(V) of graded

degrees 0 and 1, such that

� [d, g−1] = T ,

� [d, g0] = L0,

� [T, g−1] = 0 and moreover g−1 acts by derivations of V, and

� [T, g0] = −g−1 and moreover g0 acts by twisted derivations of V.

This agrees with the notion of topological vertex algebra in [Hua94].
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3.6 Gn
a equivariant factorization algebras on An and E2n alge-

bras

In this section, we sketch a proof of the folklore result that translation invariant factorization

algebras on An over K = C are equivalent to E2n algebras. Let X = AnC be n dimensional

complex affine space and let G = Gn
a act on An by translation. The action of Gn

a on An is

free and transitive, so we have an equivalence of categories

D(An)G
n
a

// VectKoo defined by M 7→ C•dR(An,M) V ⊗ ωAn ←[ V . (3.6.0.1)

Proposition 3.6.0.1. There is an equivalence of categories

Algch
un(AnC)G

n
a
∼=−→ AlgE2n

(VectK) defined by A 7→ C•dR(An, A) .

Proof: Let A ∈ Algch
un(An)G

n
a and recall from Warning 2.5.0.4 that this notation refers to the

underlying object A ∈ D(An). Then A = ωAn ⊗ V where V = C•dR(An, A), and we exhibit

an equivalence between the chiral algebra structure maps on A and E2n algebra structure

maps on V , natural in A ∈ D(An)G
n
a and correspondingly V ∈ VectK.

The data of a chiral algebra structure on A is given by compatible structure maps

bI ∈ HomD(X)ch({A}i∈I , A)G
n
a defined by maps bI : j

(I)
∗ j(I),∗(�i∈IA)→ ∆

(I)
∗ A

(3.6.0.2)

in D(XI)G
n
a as in Example 3.3.0.5. Applying the equivalence of Equation 3.6.0.1 above, we

find

HomD(X)ch({A}i∈I , A)G
n
a ∼= HomD(XI)G

n
a (j

(I)
∗ j(I),∗ωXI ,∆

(I)
∗ ωX)⊗K HomVectK(V ⊗I , V )

Moreover, we have

HomD(XI)G
n
a (j

(I)
∗ j(I),∗ωXI ,∆

(I)
∗ ωX) ∼= C•c (ConfI(An)) .

Thus, the required structure maps of Equation 3.6.0.2 are equivalent to structure maps

V ⊗I → V⊗KC
•
c (ConfI(An)) or equivalently C•(ConfI(An);K)→ HomVectK(V ⊗I , V ) .

defining V ∈ AlgE2n
(VectK). Similarly, one checks that morphisms in Algch

un(An)G
n
a of such

chiral algebras are equivalent to maps of the corresponding E2n algebras.

Example 3.6.0.2. Consider the arity 2 chiral structure map

µ2 : j∗j
∗(A�2)→ ∆∗A ,
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where ∆ : An → A2n is the diagonal embedding and j : A2n\∆→ A2n is the complementary

open embedding, and the map is in the category DG(A2n). Then applying

Hom(·,∆∗A) : D(A2n)→ VectK to the exact triangle A�2 ↪→ j∗j
∗(A�2) � ∆∗A[1]

induces cochain maps to HomVectK(V ⊗2, V ) from the exact sequence

C•(pt) ↪→ C•c (An\{0})[1] � C•c (An)[1] or concretely Km ↪→ Km⊕Kπ[2n−1] � Kπ[2n−1] .

Thus, we see that the data of the Lie∗(X) algebra underlying a chiral algebra, which also

determines the Poisson vertex structure on the associated graded, corresponds to the shifted

Poisson bracket of the corresponding homology Pn algebra, and that the induced Comm!(X)

structure coming from the necessarily non-singular chiral bracket corresponds to the com-

mutative multiplication underlying the Pn algebra. Recall that these structures on a chiral

algebra were discussed in Section 2.8 and summarized in the diagram of Equation 2.8.5.1,

and the relevant descriptions of the En and Pn operads are summarized in appendices A.3.4

and A.3.5.

Example 3.6.0.3. Let (V, dV, T, g−1) be a topological vertex algebra as in Definition 3.5.0.1.

The corresponding translation invariant chiral algebra A ∈ Algch
un(A1)Ga is given by

A ∼= V⊗K (K[x, ∂x]⊕K[x, ∂x][−1]) , d = dV ⊗ 1 + 1⊗ ddR

with h = g−1 ⊗ 1 + 1 ⊗ ι∂x ; see also Example 3.1.0.8. The above gives an equivalence

V 7→ C•dR(An, A) between topological vertex algebras of dimension n and E2n algebras.

3.7 Equivariant and semidirect product operads

In this section, we recall the formalism of equivariant and semidirect product operads fol-

lowing [SW03]. Similar results are discussed in [Wes07] in the homotopy setting. Let C

be a cartesian symmetric monoidal category, G ∈ Grp(C) be a group object of C, and let

G-Mod(C) denote the category of objects C ∈ C with an action of G on C and morphisms

those in C equipped with G equivariant structure.

Remark 3.7.0.1. The category G-Mod(C) is naturally symmetric monoidal with respect to

the underlying monoidal structure on C, under the diagonal action.

Example 3.7.0.2. Let C = Top be the category of spaces. A group object G ∈ Grp(Top)

is a topological group and G-Mod(C) = TopG is the category of G spaces. Similarly,

for C = SchK the categoy of schemes, a group object is an algebraic group over K and

G-Mod(SchK) is the category of G schemes.
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Example 3.7.0.3. Let C = CoComm(VectK) be the category of cocommutative coalgebras

in VectK. The structure maps of a group object G ∈ Grp(C) define a compatible prod-

uct, unit, and antipode on G, so that G itself is naturally a cocommutative Hopf algebra

Λ ∈ Hopfco(VectK). There is a natural equivalence G-Mod(C) ∼= Λ-Mod(CoComm(VectK))

and the induced symmetric monoidal structure on G-Mod(C) is that corresponding to the

coproduct on Λ.

Proposition 3.7.0.4. Let F : C→ C′ be a symmetric monoidal functor of cartesian categories.

Then F induces a functor F : Grp(C) → Grp(C′), and for each G ∈ Grp(C) a symmetric

monoidal functor FG : G-Mod(C)→ F (G)-Mod(C′).

Proof: The symmetric monoidal structure on F transfers the required relations for the

structure maps of a group object G ∈ Grp(C) to the same relations on the induced maps

on F (G) ∈ C′, and similarly for the structure maps of a module object M ∈ G-Mod(C).

Example 3.7.0.5. The functor C•(·;K) : Top → CoComm(VectK) of Remark A.3.2.7 is

symmetric monoidal. Thus, each group object G ∈ Top defines a cocommutative Hopf

algebra Λ = C•(G;K), and the induced symmetric monoidal functor C•(·;K) : TopG →
Λ-Modren(CoComm(VectK)) restricts to that implied by Remark A.2.2.2.

Definition 3.7.0.6. A G equivariant operad in C is an operad in the category G-Mod(C)

with its induced symmetric monoidal structure.

Let OpG(C) = Op(G-Mod(C)) denote the category of G equivariant operads.

Definition 3.7.0.7. Let O ∈ OpG(C) be a G operad. The semidirect product operad OoG ∈
Op(C) is defined by

col (OoG) = col O (OoG)({ci}, d) = O({ci}, d)⊗G⊗|I|

together with composition maps for each π : I → J given by⊗
j∈J

O({ci}i∈Ij , dj)⊗G⊗|Ij | ⊗ O({dj}j∈J , e)⊗G⊗|J | → O({cI}i∈I , e)⊗G⊗|I|

(3.7.0.1)

⊗j(βj , (gi)i∈Ij )⊗ (α, (gj)j∈J) 7→ ⊗j(gj · βj) ◦ α, (gi · gπ(i))i∈I

(3.7.0.2)

and units defined by 1
G
c = 1c ⊗ e ∈ O(c, c)⊗G, for e : uC → G the identity structure map.

Proposition 3.7.0.8. Let O ∈ OpG(C) be a G operad. There is a natural symmetric monoidal

equivalence

AlgOoG(C)
∼=−→ AlgO(G-Mod(C)) .
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Proof: The composition O → O oG → C⊗ defines an object of AlgO(C). The composition

maps for OoG define a lift to a map O→ G-Mod(C)⊗ in Op(C). The associativity data for

the composition law in OoG defines equivariance data lifting the map O→ G-Mod(C)⊗ to

Op(G-Mod(C)).

Note that although we have used the language of C⊗ ∈ Op(C) which can only be in-

terpretted literally for C closed, the arguement extends naturally to the general setting via

hom tensor adjunction.

3.8 The K equivariant little d-cubes operad EKd
In this section, we recall the construction of the K equivariant little d-cubes operad, fol-

lowing Section 5.4.2 of [Lur12], and references therein. Throughout, let K be a connected

topological group and Top(d) = AutTop(Rd) denote the topological automorphism group of

Rd, which naturally defines Top(d) ∈ Grp(Top) a topological group.

The action of Top(d) on Rd induces an action on ConfI(Rd) for each finite set I, so

that the little d-cubes operad Ed ∈ Op(Top(d)-Mod(Top)) is naturally a Top(d) equivariant

operad in Top. More generally, for any map of topological groups ρ : K → Top(d), we

obtain the structure of a K equivariant operad in Top on Ed ∈ Op(K-Mod(Top)).

Definition 3.8.0.1. The K equivariant little d-cubes operad EKd = EdoK ∈ Op(Top) is the

semidirect product of Ed with K under the action of ρ.

Remark 3.8.0.2. More concretely, the K equivariant little d-cubes operad EKd is presented

by

EKd (I) = ConfI(Rd)×KI with (×j∈JConfIj (Rd)×KIj )×ConfJ(Rd)×KJ → ConfI(Rd)×KI

specified up to homotopy equivalence by group multiplication along π : I � J in the K

factors, together with the (homotopy equivalence class of) composition map on the Conf(Rd)
factors determined by the operad structure on Ed, twisted by the action of K on the

configuration spaces according to the formula 3.7.0.2. A strict model for this operad is

given by the skew little cubes operad of [DHK18], for example.

Remark 3.8.0.3. The little d-cubes operad together with the K equivariant structure above

defines

Cρ• (Ed) ∈ Op(H•(K)-Modren(CoComm(VectK))) ,

by Example 3.7.0.5. We abuse notation and denote by Cρ• (Ed) ∈ Op(H•(K)-Modren) its

image under the forgetful functor to H•(K)-Modren.

Example 3.8.0.4. Let K = SO(d) and ρ : SO(d) → Top(d) the canonical inclusion. The

operad Efr
d = ESO(d)

d is the framed or oriented little d-cubes operad.
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Example 3.8.0.5. The framed little 2-cubes operad ES1

2 ∈ Op(Top) was introduced in

[Get94a]. The operad ES1

2 is formal [GS10], and its homology operad H•(ES
1

2 ) is the

Batalin-Vilkovisky operad BV ∈ Op(VectZ) [Get94a], which is generated in arity 1 and

2 by

BV(1) = K∆[−1]〈1〉 BV(2) = P2(2)

subject to the usual relations of the P2 operad, as in Definition A.3.5.1, together with the

additional relation

∆ ◦m−m ◦ (∆⊗ 1)−m ◦ (1⊗∆) = π , (3.8.0.1)

where m : A⊗2 → A, and π : A⊗2 → A[−1] are the commutative multiplication and Poisson

bracket structure maps.

The category Λ-Mod of modules over Λ = H•(S
1) = C[ε]/ε2 is equivalent to the category

of mixed complexes. The conclusion of Proposition 3.7.0.8 in this example is that there is

an equivalence between BV algebras A ∈ AlgBV(VectK) and P2 algebras in the category of

mixed complexes A ∈ AlgP2
(Λ-Mod) such that the mixed differential ∆ = ρ([S1]) : A →

A[−1] satisfies the relation 3.8.0.1 above. This was observed previously in [Get94b], for

example.

The Dunn additivity Theorem, recalled in Theorem A.3.4.9, admits the following equiv-

ariant enhancement, which was established in Remark 5.4.2.14 following Theorem 5.1.2.2

in [Lur12]:

Theorem 3.8.0.6. There is a natural equivalence of operads

EKd ? EK
′

d′
∼= EK×K

′

d+d′ .

3.9 Goresky-Kottwitz-MacPherson Koszul duality for equiv-

ariant operads

In this section, we explain an application of the Goresky-Kottwitz-MacPherson result de-

scribing equivariant cohomology in terms of Koszul duality, in the context of equivari-

ant operads following Section 3.7. Let C = CoComm(VectK) as in Example 3.7.0.3, so

that G ∈ Grp(C) naturally defines Λ ∈ Hopfco(VectK) and we identify G-Mod(C) ∼=
Λ-Mod(CoComm(VectK)). In this case, the Proposition 3.7.0.8 gives for each O ∈ OpG(C)

a natural a symmetric monoidal equivalence

AlgOoG(CoComm(VectK)) ∼= AlgO(Λ-Modren(CoComm(VectK))) .



88 CHAPTER 3. EQUIVARIANT FACTORIZATION ALGEBRAS

In particular, this equivalence identifies algebras in the essential images of the free functor

to CoComm(VectK), inducing an equivalence

AlgOoG(VectK) ∼= AlgO(Λ-Modren) . (3.9.0.1)

Now, for simplicity we restrict to bounded, finitely generated, derived categories as in the

statements of the summary theorem A.2.2.4. Then applying the results of loc. cit. together

with the above discussion, we obtain:

Proposition 3.9.0.1. Let G be a connected Lie group, and consider the graded algebras

Λ = H•(G;K) and S = H•G(pt;K). Further, let O ∈ Op(Λ-Modren(CoComm(VectK))) be

a G equivariant operad in CoComm(VectK). Then there are natural symmetric monoidal

equivalences

AlgOoΛ(VectK)
∼=−→ AlgO(Λ-Modren)

∼=−→ Algt(O)(S-Mod) (3.9.0.2)

where t : Λ-Modren → S-Mod is the Koszul duality functor of Equation A.2.4.1 extended as

in Proposition A.3.1.14.

In particular, if O ∈ Op(G-Mod(Top)) is a G equivariant operad in Top, there are

natural symmetric monoidal equivalences

AlgC•(O)oΛ(VectK)
∼=−→ AlgC•(O)(Λ-Modren)

∼=−→ AlgCG• (O)(S-Mod) (3.9.0.3)

where CG• (O) = t(C•(O)) ∈ Op(S-Mod) denotes the G equivariant chains on O, as in

Definition 3.9.0.2 below.

Proof: The first equivalence of Equation 3.9.0.2 is just that of Equation 3.9.0.1 above. The

second equivalence follows from applying Proposition A.3.1.14 to the symmetric monoidal

equivalence of Equation A.2.4.1.

Definition 3.9.0.2. Let O ∈ Op(G-Mod(Top)) be an equivariant operad. Then equivariant

chains operad on O is the operad

CG• (O) ∈ Op(S-Mod) defined by CG• (O)(I) = CG• (O(I)) .

Example 3.9.0.3. Let ρ : K → Top(d) and Cρ• (Ed) ∈ Op(Λ-Modren) as in Definition 3.8.0.1

and Remark 3.8.0.3. Then the preceding proposition gives an equivalence between K framed

Ed algebras A ∈ AlgC•(EKd )(VectK) and algebras A ∈ AlgCK• (Ed)(S-Mod) over the operad

CK• (Ed) ∈ Op(S-Mod) given by CK• (Ed)(I) = CK• (ConfI(Rd)) .

Example 3.9.0.4. In particular, consider the framed little 2-cubes operad ES1

2 ∈ Op(Top),

and let S = H•S1(pt) ∼= K[u] where u is the cohomological degree 2 generator. The corre-
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sponding equivariant chains operad

BDu0 := CS
1

• (E2) ∈ Op(K[u]-Mod)

defines a 2 periodic analogue of the operad BD~
0 ∈ Op(K[~]-Mod) of Definition A.3.6.2. In

particular, BDu0 interpolates between the P2 operad and the E0 operad: it is generated in

degree 2 by

BDu0(2) := CS
1

• (E2)(2) ∼=
[
K[u]m

mu−−→ K[u]π[1]〈1〉
]
∈ K[u][S2]-Mod

where K[u]m is the trivial representation and K[u]π is the sign, subject to the relations

of the P2 operad of Definition A.3.5.1 extended linearly to K[u]. This can be understood

explicitly via formality by applying the Koszul duality functor of Example A.2.2.3 to the

explicit presentation from Definition A.3.5.1 of the P2 operad.

Thus, applied to this example, Proposition 3.9.0.1 yields a symmetric monoidal equiva-

lence

AlgES1
2

(VectK) ∼= AlgBDu0 (K[u]-Mod) . (3.9.0.4)

Motivated by the strong Poisson additivity theorem of Rozenblyum, we also make the

following definition:

Definition 3.9.0.5. The operad BDun ∈ Op(K[u]-Mod) is defined as

BDun := En ? BDu0 ∈ Op(K[u]-Mod)

the Boardman-Vogt tensor product of the operad BDu0 ∈ Op(K[u]-Mod) defined in Example

3.9.0.4 above, with the operad En ∈ Op(Vect) of Definition A.3.4.2.

3.10 Gn
a oG equivariant factorization algebras on An and EK2n

algebras

In this section, we extend the identification of Section 3.6 to identify Gn
a o G equivariant

factorization algebras on complex affine space with equivariant E2n algebras for K the

maximal compact of G. Let X = AnC be n dimensional complex affine space and let G = Gn
a

act on An by translation. Let G be a complex reductive group with maximal compact

subgroup K, and ρ : G→ Aut(AnC) a linear action of G on AnC. Then we have:

Proposition 3.10.0.1. There is an equivalence of categories

Algch
un(AnC)G

n
aoG

∼=−→ AlgEK2n
(VectK) defined by A 7→ C•dR(An, A) .

Proof: Following the proof of Proposition 3.6.0.1, the data of a Gn
a o G equivariant chiral
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algebra structure on A is given by compatible structure maps

bI ∈ HomD(X)ch({A}i∈I , A)G
n
aoG . (3.10.0.1)

Applying the equivalence of Equation 3.6.0.1 above, we find

HomD(X)ch({A}i∈I , A)G
n
aoG ∼= HomD(XI)G

n
aoG(j

(I)
∗ j(I),∗ωXI ,∆

(I)
∗ ωX)⊗K HomVectK(V ⊗I , V )

Moreover, we have

HomD(XI)G
n
aoG(j

(I)
∗ j(I),∗ωXI ,∆

(I)
∗ ωX) ∼= C•G,c(ConfI(An)) .

Thus, the required structure maps of Equation 3.6.0.2 are equivalent to structure maps

V ⊗I → V⊗KC
•
G,c(ConfI(An)) or equivalently CG• (ConfI(An);K)→ HomVectK(V ⊗I , V ) .

defining V ∈ AlgEK2n
(VectK), as desired.

3.11 Deformation quantization in the Ω background

In this section, we explain the relationship between Gm equivariant factorization algebras

and deformation quantization, as outlined in the introduction.

3.11.1 Quantization of En algebras

To begin, we explain the interpretation of the equivalence in Equation 3.9.0.4 of Example

3.9.0.4 as relating S1 equivariance data on En+2 algebras to ‘two-periodic graded quan-

tizations’ of their homology Pn+2 algebras to En algebras. Throughout, we again let

K[u] = H•S1(pt) denote the S1 equivariant cohomology of the point.

The main result of this subsection is the following:

Proposition 3.11.1.1. There is an equivalence of categories

AlgES1
n+2

(VectK)
∼=−→ AlgBDun(K[u]-Mod) ,

intertwining the functor of taking homology H• : AlgES1
n+2

(VectK) → AlgPn+2
(VectK) and

the specialization to the central fibre (·)|{0} : AlgBDun(K[u]-Mod)→ AlgPn+2
(VectK), the two

periodic analogue of the functor of Proposition A.3.6.10.

Remark 3.11.1.2. A similar result was obtained by explicit calculation in [BBZB+20] in the

case n = 1, and the analogous statement for general n was announced there as to appear

in [BZN].



3.11. DEFORMATION QUANTIZATION IN THE Ω BACKGROUND 91

Proof: Applying the equivariant Dunn-Lurie theorem [Lur12], recalled in Theorem 3.8.0.6,

there is an equivalence

AlgES1
n+2

(VectK)
∼=−→ AlgEn(AlgES1

2
(VectK)) .

Further, the equivalence of Equation 3.9.0.4 induces an equivalence

AlgEn(AlgES1
2

(VectK))
∼=−→ AlgEn(AlgBDu0 (K[u]-Mod)) .

The strong Poisson additivity theorem of Rozenblyum gives the final desired equivalence

AlgEn(AlgBDu0 (K[u]-Mod))
∼=−→ AlgBDun(K[u]-Mod) .

Remark 3.11.1.3. The BDun operad controls two-periodic graded quantizations of Pn+2 al-

gebras to En algebras, in the sense of Proposition A.3.6.10. Thus, the above gives a cor-

respondence between S1 equivariant structures on a En+2 algebra and two-periodic graded

quantizations of its homology Pn+2 algebra.

Remark 3.11.1.4. Concretely, for A ∈ AlgES1
d+2

(VectK) an algebra over the little n disks

operad equipped with an S1 equivariant structure, we obtain t(A) ∈ AlgBDun(K[u]-Mod)

such that the central fibre t(A)|{0} ∼= H•(A) ∈ AlgPn+2
(VectK) is equivalent to the homology

Pn+2 algebra of A. Thus, we can interpret the S1 equivariance data on A as defining a

deformation t(A) of H•(A) to an En algebra t(A)|{1} ∈ AlgEn(VectK).

Example 3.11.1.5. The special case n = 1 of the above gives an equivalence

AlgES1
3

(VectK)
∼=−→ AlgBDu1 (K[u]-Mod) .

Heuristically, this result identifies S1 equivariant structures on an E3 algebra with deforma-

tion quantizations of its homology P3 algebra to an E1 algebra. Subsections 5.3.3 and 5.5.5

explain examples of this phenomenon.

3.11.2 The equivariant cigar reduction principle for En algebras

Example 3.11.2.1. Let A ∈ AlgEn+2
(VectK) be an En+2 algebra in VectK, and consider its

image

A0 = oblvEn
En+2

(A) ∈ AlgEn(VectK) under oblvEn
En+2

: AlgEn+2
(VectK)→ AlgEn(VectK)

the forgetful functor of Example A.3.4.12. Then A0 is canonically a module over A in the

E2 sense, that is, the pair (A,A0) canonically define a Diskfr
n⊂n+2-algebra in the sense of
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[AFT17]. Equivalently, by Proposition 4.8 of [AFT16], A0 is canonically a module over the

Hochschild chains algebra CH•(A) in the E1 sense, that is, there is a canonical map

CH•(A)→ CH•(A0) in the category AlgEn+1
(VectK) . (3.11.2.1)

In terms of the Dunn additivity equivalence

A ∈ AlgEn+2
(VectK) ∼= AlgE2

(AlgEn(VectK)) ,

the map in Equation 3.11.2.1 encodes the fact that A is canonically a module over itself

(in the E2 sense) internal to AlgEn(VectK), and A0 is the underlying object of this module.

Equivalently, analogously identifying

CH•(A) ∈ AlgEn+1
(VectK) ∼= AlgE1

(AlgEn(VectK)) ,

the object A0 admits a canonical module structure

A0 ∈ CH•(A)-Mod(AlgEn(VectK)) .

Further, we have:

Example 3.11.2.2. The negative cyclic chains defines a canonical deformation

CC−• (A) ∈ AlgEn+1
(K[u]-Mod)

with central fibre

CC−• (A)|{0} = CH•(A) ∈ AlgEn+1
(VectK)

the Hochschild chains algebra.

Now, we let A ∈ AlgEn+2
(VectK) and A0 = oblvEn

En+2
(A) ∈ AlgEn(VectK) be as in Example

3.11.2.1 above, and state the main result of this subsection:

Proposition 3.11.2.3. An S1 equivariant structure on A in the E2 direction, that is, a lift to

A ∈ AlgES1
2

(AlgEn(VectK)) ,

determines a deformation

Au ∈ CC−• (A)-Mod(AlgEn(K[u]-Mod))

such that the central fibre

Au|{0} = A0 ∈ CH•(A)-Mod(AlgEn(VectK))
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is equivalent to A0 equipped with the CH•(A) module structure of Example 3.11.2.1 above.

Proof: The proof follows from the preceding discussion, recalling that the deformation of

the Hochschild chains CH•(A) to the negative cyclic chains CC−• (A) corresponds to taking

homotopy S1 fixed points with respect to the action on CH•(A) induced from its interpre-

tation as topological factorization homology over S1.

Remark 3.11.2.4. The results of Subsection 5.3.4 provide an example of the above phe-

nomenon.

3.11.3 Quantization of factorization En algebras

We now give the analogue of the above discussion for factorization En algebras on X, in the

sense defined in Section 4.6, which describes quantization in the Ω-background for mixed

holomorphic-topological field theories:

Proposition 3.11.3.1. There is a natural equivalence of categories

Algfact

ES1
n+2,un

(X)
∼=−→ Algfact

BDun,un(X) ,

intertwining the functor of taking homology H• : Algfact

ES1
n+2,un

(X) → Algfact
Pn+2,un(X) and the

specialization to the central fibre (·)|{0} : Algfact
BDun,un(X)→ Algfact

Pn+2,un(X).

Proof: The proof follows directly from Proposition 3.11.1.1, via the equivalence of Proposi-

tion 4.5.0.7.

Remark 3.11.3.2. Concretely, for A ∈ Algfact

ES1
n+2,un

(X) a factorization En+2 algebra equipped

with an S1 equivariant structure, we obtain t(A) ∈ Algfact
BDun,un(X), so that the central fibre

t(A)|{0} ∈ Algfact
Pn+2,un(X) is a factorization Pn+2 algebra, which is identified with an (n+1)-

shifted Coisson algebra by the chiral Poisson additivity theorem of Rozenblyum. Thus, we

can interpret the S1 equivariance data on A as defining a deformation t(A) of this shifted

Coisson algebra to a factorization En algebra t(A)|{1} ∈ Algfact
En,un(X).

Example 3.11.3.3. The special case n = 0 of the above gives an equivalence

Algfact

ES1
2 ,un

(X)
∼=−→ Algfact

BDu0 ,un(X) .

The strong chiral Poisson additivity theorem of Rozenblyum identifies the latter category

with that of (two-periodic) filtered quantizations of factorization algebras, in the sense of

Definition 2.8.4.2. Thus, this result interprets S1 equivariant structures on a factorization E2

algebra as two-periodic graded quantizations of the corresponding shifted Coisson algebra.

The results of subsection 5.11.3 are an example of this phenomenon.
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CC−• (A) ∈ Algfact
E1

(X)/K[u]

�

Au ∈ Algfact(X)/K[u]

X × R2
u X × R≥0

X

Algfact

ES1
2

(X) 3 A

Algfact
BDu0 (X) 3 Au Au ∈ Algfact(X)/K[u]

Figure 3.1: The equivariant cigar reduction principle pictured in the case n = 0

3.11.4 The equivariant cigar reduction principle for factorization En al-

gebras

We now state the analogues of the results of Subsection 3.11.2 above for factorization En
algebras. The main result, Proposition 3.11.4.3 below, is illustrated in Figure 3.1.

As in Example 3.11.2.1, we have:

Example 3.11.4.1. Let A ∈ Algfact
En+2,un(X) be a factorization En+2 algebra on X, and

A0 = oblvEn
En+2

A ∈ Algfact
En,un(X) .

Then by the equivalence induced by Dunn additivity together with Corollary 4.6.1.8, we

have

A ∈ Algfact
En+2,un(X) ∼= AlgE2

(Algfact
En,un(X)) ,

and analogously for the Hochschild chains algebra

CH•(A) ∈ Algfact
En+1,un(X) ∼= AlgE1

(Algfact
En,un(X)) .

Moreover, A0 admits a canonical module structure

A0 ∈ CH•(A)-Mod(Algfact
En,un(X)) .

Further, as in Example 3.11.2.2, we have:

Example 3.11.4.2. The negative cyclic chains define a canonical deformation

CC−• (A) ∈ Algfact
En+1,un(X)/K[u]

∼= AlgE1
(Algfact

En,un(X)/K[u])
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with central fibre given by the Hochschild chains algebra

CC−• (A)|{0} = CH•(A) ∈ Algfact
En+1,un(X) .

Now, we let A ∈ Algfact
En+2,un(X) and A0 = oblvEn

En+2
A ∈ Algfact

En,un(X) be as in Example

3.11.4.1 above, and state the main result of this subsection:

Proposition 3.11.4.3. An S1 equivariant structure on A in the E2 direction, that is, a lift to

A ∈ Algfact

ES1
n+2,un

(X) ,

determines a deformation

Au ∈ CC−• (A)-Mod(Algfact
En,un(X)/K[u])

such that the central fibre

Au|{0} = A0 ∈ CH•(A)-Mod(Algfact
En,un(X))

is equivalent to A0 equipped with the CH•(A) module structure of Example 3.11.4.1 above.

Proof: The proof again follows from the analogous Proposition 3.11.2.3 above, via the equiv-

alence of Proposition 4.5.0.7.

Remark 3.11.4.4. The results of Subsection 5.11.3 provide an example of the above phe-

nomenon.
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Chapter 4

Factorization Objects

4.1 Factorization objects

4.1.1 Overview

In this section we outline a construction that defines uniformly a large class of factorization

objects, including factorization algebras, spaces, and categories. The construction was im-

plicitly introduced in [Ras15a] in order to give a homotopy coherent definition of the latter,

and we thank Sam Raskin for many helpful discussions about this material; of course, any

inaccuracies or errors in the present work are a result of the Author’s misunderstanding of

the material.

Warning 4.1.1.1. There are certain 2-categorical details required in the main construction

of this section, especially in its application to factorization categories and their variants,

which are treated in [Ras15a]. We will omit this subtlety throughout the general discussion

of the present section, but in each of the applications in the following sections we give the

definitions and results following the careful treatment of loc. cit..

The minimal input data for the definition of factorization object is a lax symmetric

monoidal functor F : Schop
aff → C, where C = Cat× or some variant thereof and Schaff is

considered in the cartesian monoidal structure. For an affine scheme S ∈ Schaff, the object

F(S) ∈ C is interpreted as the category of ‘F-objects on S’. For example, if F = QCoh :

Schop
aff → DGCatcont then F(S) = QCoh(S) ∈ DGCat is the DG category of quasicoherent

sheaves on S, or if F = ShvCat : Schop
aff → DGCatcont then F(S) = ShvCat(S) is the

(2-)category of quasicoherent sheaves of categories on S.

The condition that F is lax symmetric monoidal is interpreted as the existence of a

notion of exterior product of F-objects

� : F(S)⊗ F(T )→ F(S × T )

given by the usual exterior product operation in the previous examples. The requirement of

97
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functoriality from Schop is interpreted as the existence of a ‘pullback functor on F-objects’

f∗ := F(f) : F(S)→ F(T ) for each f : T → S .

We take the right Kan extension of F to define F : PreStkop → C which is again symmetric

monoidal with respect to the cartesian monoidal structure, so that in particular we obtain

a category F(RanX) ∈ C of F-objects on RanX .

Recall from the introduction to Subsection 2.3.3 that the operation of disjoint union of

finite subsets defines a correspondence of prestacks

Ran×2
X

jdisj←−− (Ran×2
X )disj

t−→ RanX ,

which underlies the definition of the chiral tensor structure on D(RanX), and in turn the

definition of factorization algebra. More generally, this will be the primary structure on

RanX used in the definition of factorization F-objects.

We can now give the heuristic definition of a non-unital factorization F object:

Tentative Definition 4.1.1.2. A factorization F-object Ψ on X is:

� an object Ψ ∈ F(RanX), and

� an isomorphism α : j∗disjΨ
�2
∼=−→ t∗Ψ of objects in F((Ran×2

X )disj).

The isomorphism α encodes the factorization structure maps for the object Ψ. In

particular, in the case F := D! : Schop
aff → DGCatcont as in Definition A.6.6.3, the preceding

definition agrees with the definition 2.4.0.2 of non-unital factorization algebra.

Unital structures and lax prestacks

In order to define unital factorization objects, an additional technical generalization is

required: the structure maps

∆(π)!AI → AJ for each π : I → J

required in the definition 2.2.3.1 of a unital D module A ∈ D(RanX,un) on RanX are only

required to be isomorphisms in the case π : I � J is a surjection, and otherwise are typically

not equivalences unless A = ωRanX,un
is the unit factorization algebra. As such, these maps

can not be encoded as the gluing data for a geometric object (in this case, a D module)

over the moduli space RanX t{Ø} of (possibly empty) subsets of X, viewed as an ordinary

prestack.

To address this issue, [Ras15a] employs the notion of lax prestack, which is essentially

just a functor Y : Schop
aff → Cat valued in Cat rather than Grpd; it is explained in loc. cit.

that a functor F : Schop
aff → C as above can also be appropriately Kan extended to lax
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prestacks, so that we can define a category F(Y) ∈ C of F-objects on a lax prestack Y, such

that the gluing data for an object in F(Y) can require structure morphisms which are not

necessarily invertible.

Moreover, loc. cit. constructs a lax prestack RanX,un ∈ PreStklax which encodes the

moduli space of (possibly empty) finite subsets of X together with the additional data of

inclusion relations between subsets, in such a way that for F = D! as above, the category

D(RanX,un) of D modules on RanX,un agrees with the same-denoted category of Definition

2.2.3.1.

The corresponding heuristic definition of a unital factorization F object is as follows:

Tentative Definition 4.1.1.3. A unital factorization F-object Ψ on X is:

� an object Ψ ∈ F(RanX,un),

� an isomorphism α : j∗disjΨ
�2
∼=−→ t∗Ψ of objects in F((Ran×2

X,un)disj), and

� an isomorphism β : uF(pt)

∼=−→ ι∗ØΨ of objects in F(pt),

where ιØ : pt ↪→ RanX,un is the map of lax prestacks corresponding to the inclusion of the

empty set, and uF(pt) ∈ F(pt) is the unit for the canonical symmetric monoidal structure

on F(pt).

4.1.2 F-Objects on lax prestacks

Let C = Cat⊗pres, Cat×, or DGCat⊗cont equipped with the indicated symmetric monoidal

structure; see the conventions in Section 1.6. Fix a lax symmetric monoidal functor F :

Schop
aff → C, interpretted as assigning to Y ∈ Schaff the category F(Y ) ∈ C of F-objects on

Y.

Example 4.1.2.1. The functor F = QCoh• : Schop
aff → DGCat⊗cont of quasicoherent sheaves

under usual pullback is lax symmetric monoidal via the usual exterior product of quasico-

herent sheaves.

Example 4.1.2.2. The functor F = D! : Schop
aff → DGCat⊗cont of D modules under usual

pullback is lax symmetric monoidal with respect to the usual exterior product of D modules;

see Definition A.6.6.2.

Example 4.1.2.3. The functor F = PreStk/(·) : Schop
aff → Cat× which assigns to S ∈ Schaff

the category PreStk/S of prestacks over S is lax symmetric monoidal with respect to the

product of prestacks

× : PreStk/S × PreStk/T → PreStk/T×S .

See Appendix A.6.1 and references therein for background on prestacks.
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Example 4.1.2.4. The functor F = ShvCat : Schop
aff → Cat× which assigns to S ∈ Schaff the

category

ShvCat(S) := QCoh(S)-Mod(DGCat⊗cont)

of (quasicoherent) sheaves of (DG) categories on S. This functor is lax symmetric monoidal

with respect to the exterior product of sheaves of categories, which is a direct generalization

of that of quasicoherent sheaves; some background on sheaves of categories is included in

Appendix A.7, following [Gai15] and Appendix A in [Ras15a].

Remark 4.1.2.5. Although we require only the stated hypotheses on F : Schop
aff → C in order

to define the notion of factorization F object below, several further properties of the functor

F will be necessary in order to implement non-trivial constructions with factorization F

objects. For example, several of the above functors are part of a (partially defined) six

functors formalism in the sense of Subappendix A.1.3, and this structure will play a crucial

role in most applications. This structure can be homotopy coherently summarized by the

requirement that the functors naturally extend to variants of the correspondence category

Schaff
corr in a way that encodes the six functors compatibilities; this perspective is explained

in detail in [GR17a].

Warning 4.1.2.6. In the following sections we carry out several constructions under hy-

potheses of the type discussed in the preceeding remark. Although we will indicate which

properties are begin used in each case, we do not give a systematic, homotopy coherent

treatment in terms of the formalism of correspondence (2-)categories developed in loc. cit..

Recall there is a canonical functor Schaff ↪→ PreStklax; see Appendix A.6.1 and references

therein for a review of prestacks.

Definition 4.1.2.7. The functor F : (PreStklax)op → C assigning to a lax prestack Y the

category F(Y) of F-objects on Y is defined by right Kan extension of F : Schaff
op → C along

Schop
aff ↪→ (PreStklax)op.

Remark 4.1.2.8. Concretely, by pointwise evaluation of the opposite left Kan extension as

a weighted colimit, an object of M ∈ F(Y) is given by an assignment

S 7→ [(·)∗(M) : Maps(S,Y) // F(S)

“ [f : S → Y] � // f∗(M)“

] [ϕ : S → T ] 7→
Maps(T,Y)

(·)∗(M)//

(·)◦ϕ
��

F(T )

ϕ∗

��
Maps(S,Y)

(·)∗(M)// F(S)

,

defined for each S ∈ Schaff and each morphism ϕ : S → T of affine schemes. Note that

Maps(S,Y) ∈ Cat can contain non-invertible morphisms; this is the primary additional

generality provided by the use of lax prestacks here, as explained above.
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4.1.3 Multiplicative F-objects on commutative monoids in lax prestacks

Let PreStkcorr be the category of lax prestacks under correspondences. The cartesian

monoidal structure on PreStk extends canonically to PreStkcorr to define a symmetric

monoidal structure. The disjoint union operation on RanX underlying the definition of

factorization objects, as outlined in the overview of this section, as well as the geomet-

ric structure on RanX,un underlying the unital variant, are encoded in terms of a (unital)

monoid structure on RanX (RanX,un) in the correspondence category. The factorization

structure on an F-object on RanX is then encoded as ‘multiplicativity’ data with respect

to this monoid structure.

Let Comm(PreStklax
corr) denote the category of commutative monoid objects in lax prestacks

under correspondences.

Remark 4.1.3.1. Concretely, a commutative monoid object Y ∈ Comm(PreStklax
corr) in lax

prestacks is given by an underlying prestack Y, together with correspondences of such

multY
m1

{{

m2

!!

unitY
e1

}}

e2

!!
Y×2 Y pt Y

,

and compatible higher arity analogues of the multiplication map, satisfying the relations of

a unital commutative monoid.

Example 4.1.3.2. The unital Ran space RanX,un ∈ Comm(PreStklax
corr) is a commutative

monoid in lax prestacks, with structure maps given by

(Ran×2
X,un)disj

jdisj

xx

t

&&

pt

��

ιØ

""
Ran×2

X,un RanX,un pt RanX,un

,

where ιØ : pt ↪→ RanX,un is the map corresponding to the inclusion of the empty set.

Toward giving the formal definition of a multiplicative object on a commutative lax

prestack, we give a heuristic recollection of the main construction from Section 5 of [Ras15a].

Definition 4.1.3.3. Let I ∈ Cat be an abstract index category and F : Iop → C. Define the

correspondence Grothendieck construction Grothcorr(F) ∈ Cat of F as the category with:

� objects ob(Grothcorr(F) ∈ Cat) given by pairs i ∈ I and Ψi ∈ F (i), and

� maps HomGrothcorr(F)∈Cat((i,Ψi), (j,Ψj)) from ((i,Ψi) to (j,Ψj)) given by correspon-
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dences

h

α

��

β

��
i j

together with a map α∗(Ψi)→ β∗(Ψj) in F (j).

Remark 4.1.3.4. There is a natural forgetful functor Grothcorr(F)→ I defined by (i,Ψi) 7→ i.

Proposition 4.1.3.5. Suppose I is symmetric monoidal and that F : I→ C is lax monoidal.

Then there is a natural symmetric monoidal structure

Grothcorr(F)×Grothcorr(F)→ Grothcorr(F) defined on objects by ((i,Ψi), (j,Ψj)) 7→ (i⊗j,Ψi�Ψj)

where i ⊗ j denotes the monoidal structure on I and Ψi � Ψj denotes the lax monoidal

structure map.

Proof: See Subsection 5.15 in [Ras15a].

Corollary 4.1.3.6. Under the hypotheses of the preceeding proposition, the functor Grothcorr(F)→
I of Remark 4.1.3.4 is symmetric monoidal.

Let I = PreStklax be the category of lax prestacks, F : PreStkop
lax → C be lax monoidal,

and PreStklax,F
corr = Grothcorr(F ) denote the symmetric monoidal category given by the

correspondence Grothendieck construction above.

Definition 4.1.3.7. Let Y ∈ Comm(PreStklax
corr) be a commutative monoid in lax prestacks

under correspondences. A weakly multiplicative F-object Ψ on Y is a commuative monoid

object (Y,Ψ) ∈ Comm(PreStklax,F
corr ) with image under the forgetful functor of Remark 4.1.3.4

given by Y ∈ Comm(PreStklax
corr).

Let Fmult,w(Y) denote the category of weakly multiplicative F-objects on Y. Throughout, we

will abuse notation and refer to the underlying object Ψ ∈ F(Y) as the weakly multiplicative

object over Y.

Remark 4.1.3.8. Concretely, for Y ∈ Comm(PreStklax
corr) with structure maps denoted as in

Remark 4.1.3.1, a weakly multiplicative F-object Ψ on Y is given by

� An object Ψ ∈ F(Y),

� a multiplication map ηm : m∗1Ψ�2 → m∗2Ψ, and

� a unit map ηe : e∗1uF(pt) → e∗2Ψ,

together with compatible higher arity analogues of the multiplication map, satisfying the

relations of a unital commutative monoid, where uF(pt) ∈ F(pt) is the unit for the canonical

symmetric monoidal structure on F(pt).
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Definition 4.1.3.9. Let Y ∈ Comm(PreStklax
corr). A multiplicative F-object on Y is a weakly

multiplicative F-object Ψ ∈ Fmult,w(Y) such that the unit map ηe, multiplication map ηm,

and its higher arity analogues, are isomorphisms.

Let Fmult(Y) denote the category of multiplicative F-objects on Y.

4.1.4 Factorization F-objects

We can now state the main definition of this section:

Definition 4.1.4.1. Let F : Schop
aff → C be lax monoidal. A (unital) factorization F-object

Ψ on X is a multiplicative F-object Ψ ∈ Fmult(RanX,un) on the unital Ran space RanX,un

with respect to the commutative monoid structure of Example 4.1.3.2.

Similarly, a non-unital factorization F-object is a (non-unital) multiplicative F-object

on RanX .

Although we will not discuss it further until Section 4.3, we also define the following

variant: Let (·)op : Cat× → Cat× be the endofunctor of taking the opposite category, so

that for F : Schop
aff → Cat× we obtain another functor Fop := (·)op ◦ F : Schop

aff → Cat×.

Definition 4.1.4.2. A co-unital factorization F-object on X is a unital factorization Fop-

object on X.

Let Ffact
un (X) = Fmult(RanX,un) denote the category of (unital) factorization F-objects on X,

Ffact(X) = Fmult(RanX) the category of non-unital factorization F objects, and Ffact
co-un(X)

the category of co-unital factorization F objects.

Remark 4.1.4.3. Concretely, following Remark 4.1.3.8, a factorization F-object Ψ ∈ Ffact
un (X)

on X is

� an object Ψ ∈ F(RanX,un),

� an isomorphism α : j∗disjΨ
�2
∼=−→ t∗Ψ of objects in F((Ran×2

X,un)disj), and

� an isomorphism β : uF(pt)

∼=−→ ι∗ØΨ of objects in F(pt),

together with compatible higher arity analogues of the multiplication map α satisfying the

relations of a unital commutative monoid. Here ιØ : pt ↪→ RanX,un is the map of lax

prestacks corresponding to the inclusion of the empty set, and uF(pt) ∈ F(pt) is the unit for

the canonical symmetric monoidal structure on F(pt).

Example 4.1.4.4. Let F = D! : Schop
aff → DGCat⊗cont be the functor of D modules under usual

pullback, as in Example 4.1.2.2. Then the category of factorization F objects Dfact
un (X) =

Algfact
un (X) is the category of unital factorization algebras from Definition 2.4.0.2.

In particular, the above construction provides the formal definition of the compatibility

between the unit and factorization structure maps, deferred from Remark 2.4.0.3.



104 CHAPTER 4. FACTORIZATION OBJECTS

Example 4.1.4.5. Let F = QCoh• : Schop
aff → DGCat⊗cont be the functor of quasicoherent

sheaves under usual pullback, as in Example 4.1.2.1. Then the category of factorization F

objects QCohfact
un (X) is the category of unital factorization quasicoherent sheaves; this is a

quasicoherent variant of the usual notion of factorization algebra.

Remark 4.1.4.6. For X = X̃dR, the category QCohfact
un (X) ∼= Algfact

un (X̃) of factorization

quasicoherent sheaves on XdR is equivalent to the usual category of factorization algebras

on X.

Example 4.1.4.7. Let F = PreStk/(·) : Schop
aff → Cat× be the functor of prestacks over a

space, as in Example 4.1.2.3. Then the category of factorization F objects PreStkfact
un (X) is

the category of unital factorization prestacks, also called simply unital factorization spaces.

This notion is discussed in detail in Section 4.3.

Example 4.1.4.8. Let F = ShvCat(·) : Schop
aff → Cat× be the functor of sheaves of cat-

egories on a space, as in Example 4.1.2.4. Then the category of factorization F objects

ShvCatfact
un (X) is the category of unital factorization categories, also called chiral categories.

This notion is discussed in detail in Section 4.2.

There are some additional technical subtleties required to treat this example; see Warn-

ing 4.1.1.1.

4.1.5 Universal linearization

In this subsection, we explain a mechanism for producing factorization G-objects from

factorization F-objects on X, for distinct lax symmetric monoidal functors F,G : Schop
aff → C,

in a way which can be applied universally over all X. The primary application of this

procedure is in Subsection 4.4, and we recommend the reader skip this subsection, and

return to it only as necessary while reading loc. cit..

Throughout, let F,G : Schop
aff → C be lax symmetric monoidal functors, as above.

Definition 4.1.5.1. A monoidal compatible natural transformation η : F→ G is a morphism

in the category of lax monoidal functors Schop
aff to C.

Remark 4.1.5.2. Concretely, a monoidal compatible natural transformation is a usual nat-

ural transformation η : F→ G together with commutativity data for the diagram

F (S)⊗ F (T )
ηS⊗ηT //

�
��

G(S)⊗G(T )

∼

rz
�
��

F (S × T )
ηS×T // G(S × T )

(4.1.5.1)

natural in S, T ∈ Schaff, and its higher arity analogues, where ⊗ denotes the symmetric

monoidal structure on C.
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Proposition 4.1.5.3. A monoidal compatible natural transformation η : F → G induces a

symmetric monoidal functor PreStklax,F
corr → PreStklax,G

corr , intertwining the forgetful functors

to PreStklax
corr.

Proof: The functor is the natural one defined on objects by

(Y ∈ PreStk,Ψ ∈ F(Y)) 7→ (Y ∈ PreStk, ηY(Ψ) ∈ G(Y)) ,

and defined on morphisms by the functoriality of ηZ : F (Z) → G(Z), where Z ∈ PreStk

is the correspondence prestack underlying the morphism in Grothcorr(F ). The monoidal

compatibility data of equation 4.1.5.1 over Y×Y determines the desired symmetric monoidal

structure on this functor.

Corollary 4.1.5.4. A monoidal compatible natural transformation η : F → G induces a

natural functor ηX : Ffact
un (X) → Gfact

un (X) from the category of factorization F-objects on

X to that of factorization G-objects.

Recall that a co-unital factorization F object is defined as a unital factorization Fop-

object, where Fop : Schop
aff → C, denotes the functor F composed with taking the opposite

category of the resulting category.

Example 4.1.5.5. Let C = Cat×, F = PreStk/(·), and G = QCoh(·). Define η : F → Gop by

η(S) : PreStk/S → QCoh(S)op (Y
p−→ S) 7→ p•OY .

Then the above provides a functor from (unital) factorization spaces on X to (counital)

factorization quasicoherent sheaves on X; see Section 4.4 for more on this construction.

Example 4.1.5.6. Taking X = X̃dR in the previous example, we obtain a functor from

factorization D spaces on X̃ to usual factorization algebras on X̃.

Example 4.1.5.7. Let C = Cat×, F = PreStk/(·), and G = ShvCat(·). Define η : F → Gop

by

η(S) : PreStk/S → ShvCat(S)op (Y
p−→ S) 7→ p∗QCohY .

Then the above provides a functor from (unital) factorization spaces over X to (counital)

factorization categories over X; see Section 4.4 for more on this construction.

4.2 Factorization categories and functors

In this section, we review the definition of factorization categories in terms of the general

structure of Section 4.1, following [Ras15a] throughout, and outline a few related construc-

tions from loc. cit..



106 CHAPTER 4. FACTORIZATION OBJECTS

4.2.1 Factorization categories

Let ShvCat : Schop
aff → Cat× be the functor of sheaves of categories on a space, as in Example

4.1.2.4. Recall from Example 4.1.4.8 we have the following definition:

Definition 4.2.1.1. A (unital) factorization category is a (unital) factorization sheaf of cat-

egories C ∈ ShvCatfact
un (X).

Similarly, a non-unital factorization category is a non-unital factorization sheaf of cate-

gories C ∈ ShvCatfact(X).

Let Catfact(X) = ShvCatfact(X) and Catfact
un (X) = ShvCatfact

un (X) denote the (2-)categories

of non-unital and unital factorization categories.

Remark 4.2.1.2. There is a natural forgetful functor Catfact
un (X)→ Catfact(X).

Remark 4.2.1.3. Concretely, following Remark 4.1.4.3, a factorization category C ∈ Catfact
un (X)

on X is

� a sheaf of categories C ∈ ShvCat(RanX,un) on the unital Ran space of X,

� an isomorphism α : j∗disj C�2 ∼=−→ t∗C of sheaves of categories over (Ran×2
X,un)disj, and

� an isomorphism β : Vect
∼=−→ ι∗Ø C of objects in DGCat = ShvCat(pt),

together with compatible higher arity analogues of the multiplication map α satisfying the

relations of a unital commutative monoid, where ιØ : pt ↪→ RanX,un is the map correspond-

ing to the inclusion of the empty set.

Remark 4.2.1.4. The data of a factorization category C ∈ Catfact
un (X) on X can be further

unpacked in terms of its restrictions to the strata of the Ran space, as in the case of a usual

factorization algebra:

� The object C ∈ ShvCat(RanX,un) is given by an assignment

I 7→ CI ∈ ShvCat(XI) [π : I → J ] 7→ [Φπ : ∆(π)∗CI −→ CJ ] (4.2.1.1)

for each I ∈ fSet and π : I → J , such that the maps corresponding to π surjective are

isomorphisms;

� the factorization data α defines equivalences

j(π)∗CI
∼=−→ j(π)∗�j∈J CIj (4.2.1.2)

of sheaves of categories on U(π) ⊂ XI for each I and π : I � J , in analogy with

Definition 2.4.0.2; and
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� the unit data β, together with the gluing data for C ∈ ShvCat(RanX,un) in Equation

4.2.1.1 above, defines the analogues of the factorization unit maps of Remark 2.2.3.2.

In particular, for π : I ↪→ J injective, or further in particular for π : Ø→ J , this gives

maps

unitπC : CI �QCohXIπ → CJ and unitJC : QCohXJ → CJ (4.2.1.3)

of sheaves of categories on XJ , in analogy with Remark 2.4.0.3; recall the notation Iπ

and related conventions around partitions are given in Subsection 1.6.2.

Remark 4.2.1.5. Recall that

HomShvCat(X)(QCohX ,C) = Γ(X,C)

so that the data of the unit maps in the preceeding Remark can be interpretted as giving

objects unitI ∈ Γ(XI ,CI). The compatibility with the gluing data for C ∈ ShvCat(RanX,un)

implies these define an object unitC ∈ Γ(RanX,un,C), called the factorization unit; we

discuss this further in Example 4.2.2.7 and Definition 4.2.2.8.

Example 4.2.1.6. There is a canonical (unital) factorization category C = QCohRanX,un
∈

Catfact
un (X) called the unit factorization category on X, defined by taking CI = QCohXI for

each I ∈ fSet together with the canonical factorization and unit structure maps; this is the

categorical analogue of Example 2.4.0.4, but in the quasicoherent setting.

Proposition 4.2.1.7. The symmetric monoidal structure ⊗∗ on ShvCat(RanX,un) of A.7.2.7

induces a canonical symmetric monoidal structure on Catfact
un (X), such that QCohRanX,un

is

the tensor unit.

Proof: The construction follows mutatis mutandis from that of the symmetric monoidal

structure on Algfact
un (X), which was claimed in Proposition 2.4.0.5 with proof deferred to

Proposition 4.5.0.7 below, noting that the inverse image functoriality for sheaves of cat-

egories satisfies the same properties as those used in the proof for usual quasicoherent

sheaves.

Let Catfact
un (X)∗ denote the symmetric monoidal (2-)category of unital factorization cate-

gories in the ⊗∗ monoidal structure.

4.2.2 Factorization functors and factorization algebras internal to a fac-

torization category

In this section, we define the notion of a factorization functor ϕ : C → D between (unital)

factorization categories C,D ∈ Catfact
un (X) and define a factorization algebra internal to

a factorization category C as a factorization functor from the unit factorization category

QCohRanX,un
→ C.
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Definition 4.2.2.1. For (unital) factorization categories C,D ∈ Catfact
un (X), a (unital) fac-

torization functor ϕ : C → D is a morphism in the category Catfact
un (X). Similarly, for

non-unital factorization categories, a factorization functor is a morphism in Catfact(X).

Remark 4.2.2.2. Concretely, in terms of the description in Remark 4.2.1.3 a factorization

functor ϕ : C→ D is given by

� a map of sheaves of categories ϕ : C→ D over RanX,un,

� commutativity data for the diagram witnessing the compatibility of ϕ with αC and

αD, and

� commutativity data for the diagram witnessing the compatibility of ϕ with βC and

βD.

Remark 4.2.2.3. Further, in terms of the description in Remark 4.2.1.4, this yields:

� an assignment

I 7→ [ϕI : CI → DI ] [π : I → J ] 7→

∆(π)∗CI
//

fJ
��

CJ

∆(π)∗(fI)

��
∆(π)∗DI

//

ηπ

6>

DJ

(4.2.2.1)

such that natural transformation ηπ is required to be an equivalence for π : I � J

surjective;

� commutativity data for the diagram

j(π)∗Ci
//

j(π)∗ϕI
��

j(π)∗�j∈J CIj

j(π)∗�j∈JϕIj
��

j(π)∗DI
//

∼
3;

j(π)∗�j∈JDIj

(4.2.2.2)

in ShvCat(XI) for each I and π : I � J ; and

� commutativity data for the diagram

Vect // CØ

��
Vect //

∼
8@

DØ

. (4.2.2.3)

Remark 4.2.2.4. Note that the unital structure on a factorization functor allows for the

flexibility of lax commutativity data in the diagram in Equation 4.2.2.1 above. Alternatively,

a co-unital factorization functor would be defined analogously, but would instead allow for

oplax commutativity data in the analogous diagram.



4.2. FACTORIZATION CATEGORIES AND FUNCTORS 109

We now give the definition of a factorization algebra internal to a factorization category,

which plays a central role in our desired applications of the results of the present section

and those that follow.

Definition 4.2.2.5. A (unital) factorization algebra A internal to a (unital) factorization

category C ∈ Catfact
un (X) is a (unital) factorization functor QCohRanX,un

→ C.

Similarly, a non-unital factorization algebra internal to a non-unital factorization cate-

gory C ∈ Catfact(X) is given by a non-unital factorization functor from QCohRanX → C.

Let Algfact
un (C) denote the category of factorization algebras internal to C and similarly

Algfact(C) the category of non-unital factorization algebras internal to C.

Remark 4.2.2.6. Concretely, following Remark 4.2.2.3, a factorization algebraA ∈ Algfact
un (C)

internal to a factorization category C ∈ Catfact
un (X) is given by:

� an object A ∈ Γ(RanX,un,C), given by an assignment

I 7→ AI ∈ Γ(XI ,CI) [π : I → J ] 7→ [ηπ : Φπ(∆(π)•AI) −→ AJ ] , (4.2.2.4)

such that for π surjective the corresponding maps in Γ(XJ ,CJ) are isomorphisms,

where ∆(π)• is the functor on sections induced by the unit ∆(π)• : CI → ∆(π)∗∆(π)∗C

of the (∆(π)∗,∆(π)∗) adjunction, and Φπ is the functor on sections induced by struc-

ture map of Equation 4.2.1.1;

� an equivalence

j(π)•AI
∼=−→ j(π)•(�jAIj ) in the category Γ(U(π), j(π)∗CI) ∼= Γ(U(π), j(π)∗�j∈J CIj )

for each I and π : I � J , where the equivalence of categories is that induced from

the equivalence of sheaves of categories stipulated in Equation 4.2.1.2; and

� an equivalence AØ
∼= K in CØ

∼= Vect, which together with the structure maps of

Equation 4.2.2.4 above, determine maps

unitπC(AI�OXIπ )→ AJ and unitJC(OXJ )→ AJ (4.2.2.5)

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively, where the

functors unitC are those induced by the maps of sheaves of categories in Equation

4.2.1.3.

Example 4.2.2.7. The object unitC ∈ Γ(RanX,un,C) of Example 4.2.1.5 is canonically a

factorization algebra object internal to C.

Definition 4.2.2.8. Let C be a unital factorization category. The factorization unit object

unitC ∈ Algfact
un (C) is the factorization algebra internal to C defined in the preceeding

example.
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Example 4.2.2.9. Let QCohRanX,un
∈ Catfact

un (X) be the factorization category of Example

4.2.1.6. The category Algfact
un (QCohRanX,un

) of factorization algebras internal to QCohRanX,un

is equivalent to the category QCohfact
un (X) of unital factorization quasicoherent sheaves, de-

fined in Example 4.1.4.5. This follows tautologically from the identifications Γ(XI ,QCohXI ) ∼=
QCoh(XI).

Example 4.2.2.10. Taking X = X̃dR in the preceding example, as in Remark 4.1.4.6, gives

the factorization category

DRanX̃,un
:= QCohRanX,un

∈ Catfact
un (X) such that Algfact

un (DRanX̃,un
) ∼= Algfact

un (X̃)

is equivalent to the usual category of unital factorization algebras.

Remark 4.2.2.11. Throughout this section, all the definitions and results were stated in the

quasicoherent format, and only recovered the more familiar factorization algebras by taking

X = X̃dR as in the preceding example. This pattern will also be used in the remaining

sections in Part 1.

4.3 Factorization spaces

4.3.1 Factorization spaces

Let PreStk/(·) : Schop
aff → Cat× be the functor of prestacks over a scheme, as in Example

4.1.2.3. Recall from Example 4.1.4.7 we have the following definition:

Definition 4.3.1.1. A non-unital factorization space is a non-unital factorization prestack

Y ∈ PreStkfact(X).

Similarly, a (unital) factorization space is a (unital) factorization prestack Y ∈ PreStkfact
un (X).

Remark 4.3.1.2. There is a natural forgetful functor PreStkfact
un (X)→ PreStkfact(X).

Remark 4.3.1.3. We could take X = X̃dR throughout to render all of the following defini-

tions in the flat, as opposed to quasicoherent, format; see also Example 4.2.2.10 and Remark

4.2.2.11.

Remark 4.3.1.4. Concretely, following remark 4.1.4.3, a factorization space Y ∈ PreStkfact
un (X)

on X is

� a relative prestack Y ∈ PreStkRanX,un
over the unital Ran space RanX,un ∈ PreStklax

of X,

� an equivalence

α : (Ran×2
X,un)disj ×Ran×2

X,un
Y×2 ∼=−→ (Ran×2

X,un)disj ×RanX,un
Y

of relative prestacks over (Ran×2
X,un)disj, and
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� an isomorphism β : pt
∼=−→ {Ø} ×RanX,un

Y of prestacks,

together with compatible higher arity analogues of the multiplication map α, satisfying the

relations of a unital commutative monoid.

Remark 4.3.1.5. The data of a factorization space Y ∈ PreStkfact
un (X) on X can be further

unpacked in terms of its restrictions to the strata of the Ran space, as in the case of a usual

factorization algebra:

� The object Y ∈ PreStk/RanX,un
is given by an assignment

I 7→ YI ∈ PreStk/XI [π : I → J ] 7→
[
φπ : XJ ×XI YI −→ YJ

]
(4.3.1.1)

for each I ∈ fSetØ and π : I → J , such that the maps corresponding to π surjective

are isomorphisms;

� The factorization data α defines equivalences

U(π)×XI YI
∼=−→ U(π)×XI (×j∈JYIj ) (4.3.1.2)

of prestacks over XI for each I and π : I � J , in analogy with Definition 2.4.0.2; and

� The unit data β, together with the gluing data for Y ∈ PreStk/RanX,un
above, defines

the analogues of the factorization unit maps of Remark 2.4.0.3: for π : I ↪→ J injective,

or further in particular for π : Ø→ J , this gives maps

unitπY : XIπ × YI → YJ and unitJY : XJ → YJ (4.3.1.3)

of prestacks over XJ , in analogy with Remark 2.4.0.3; recall the notation Iπ and

related conventions around partitions are given in Subsection 1.6.2.

Example 4.3.1.6. The space RanX,un ∈ PreStklax defines a trivial unital factorization prestack

RanX,un ∈ PreStkfact
un (X), which is analogous to the trivial factorization category QCohRanX,un

∈
Catfact

un (X).

Remark 4.3.1.7. In analogy with Remark 4.2.1.5, the unit maps in Equation 4.3.1.3 glue

together to define a section unitY ∈ Γ(RanX,un,Y) of the relative prestack Y � RanX,un.

Towards defining more interesting factorization spaces, we introduce the following notation:

Remark 4.3.1.8. Let S ∈ Schaff and x = (xi) : S → XI denote an S point of XI . Let

Γxi ⊂ S ×X denote the graph of xi : S → X and define the spaces

Γx =
⋃
i∈I

Γxi Dx = (S ×X)
∧

Γx/S
D◦x = Dx \ Γx
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over S × X, which we call the graph of x, the formal disk around x, and the punctured

formal disc around x, respectively. In the case where S = pt, we will also write {x} for Γx to

denote the union of the points xi ∈ X(K); note that we take the union in the set-theoretic

sense, so that in particular {x} ⊂ X does not keep track of the information of multiplicities

of repeated points xi0 = xi1 for i0 6= i1 ∈ I.

Example 4.3.1.9. The Beilinson-Drinfeld Grassmannian is the unital factorization space

GrG,RanX,un
∈ PreStkfact

un (X) defined by

GrG,I(S) = {x : S → XI , P ∈ BunG(S ×X), ϕ : P |S×X\Γx
∼=−→ P triv}

together with the natural gluing data over RanX and factorization structure maps. In

particular, the fibre of GrG,{1} over x ∈ X is given by the usual affine Grassmannian

GrG,x = G(Kx)/G(Ox).

The unital structure on GrG,RanX,un
is defined, for example for π : I ↪→ J injective, by

the map

XIπ×GrG,I → GrG,J (x = (x1, x2), P, ϕ : P |X×S\Γx2
→ P triv) 7→ (x, P, ϕ : P |X×S\Γx → P triv)

restricting the trivialization ϕ along X ×S \Γx ↪→ X ×S \Γx2 , where x = (x1, x2) ∈ XJ =

XIπ ×XI , and Γx is as defined in Remark 4.3.1.8. In particular, the map on GrG,{1} over

x ∈ X is given by the usual inclusion {[t0]} ↪→ GrG.

Remark 4.3.1.10. We may also consider non-unital or co-unital factorization spaces. The

former is described concretely as in remarks 4.3.1.4 and 4.3.1.5 but only requiring the

data assigned to non-empty subsets and π : I � J surjective. The latter is also described

concretely as in these two remarks but requiring maps

I 7→ YI ∈ PreStk/XI [π : I → J ] 7→
[
ψπ : YJ → XJ ×XI YI

]
in place of those in Equation 4.3.1.1; note that this data only differs in the case π : I → J

is not injective, and in particular induces maps

counitπY : YJ → XIπ × YI and counitJY : YJ → XJ

in place of those in Equation 4.3.1.3.

Example 4.3.1.11. Let Y ∈ PreStk/X be a prestack over X. The jet space J(Y )RanX,un
∈

PreStkfact
co-un(X) is the counital factorization space defined by

J(Y )I(S) = {x : S → XI , a : Dx → Y a map over X}

together with the natural gluing data over RanX and factorization structure maps, where
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Dx is as defined in Remark 4.3.1.8. In particular, the fibre of J(Y ){1} over x ∈ X is given

by the usual arc space J(Y )x = YOx = Maps(Dx, Y ) of Y .

The counital structure on J(Y )RanX,un
is defined, for example for π : I ↪→ J injective,

by the map

J(Y )J → XIπ × J(Y )I (x = (x1, x2), a : Dx → Y ) 7→ (x1, (x2, a|Dx2
: Dx2 → Y ))

given by restricting the map a along Dx2 ↪→ Dx, where x = (x1, x2) ∈ XJ = XIπ ×XI and

Dx is as defined in Remark 4.3.1.8. In particular, the map on J(Y )x over x ∈ X is given by

the projection to the point YOx → {x}.

4.3.2 Correspondences and unital structures

More generally, consider as a starting point the functor PreStkcorr/(·) : Schop
aff → Cat× of

prestacks under (arbitrary) correspondences over a scheme, which also admits a natural lax

symmetric monoidal structure. We use the same notation PreStkfact
un (X) and term ‘unital

factorization space’ to refer to the resulting more general variant discussed below, unless

otherwise stated. The previous unital and counital variants occur as special cases; see

Definition 4.3.2.2 and Remark 4.3.2.3.

Remark 4.3.2.1. In the category PreStkfact
un (X) := PreStkfact

corr,un(X) of unital factorization

spaces over X, the equivalence α, or equivalently the maps of Equation 4.3.1.2, would still

required to be invertible and thus genuine morphisms. However, the maps of Equation

4.3.1.1 for π : I → J not surjective would be given more generally by correspondences

[π : I → J ] 7→

unitπ

ψπ

xx

φπ

""
XJ ×XI YI YJ

. (4.3.2.1)

In particular, the maps of Equation 4.3.1.3, would be given by

unitπY
ψπ

yy

φπ

""
XIπ × YI YJ

and

unitJY
ψJ

||

φJ

!!
XJ YJ

(4.3.2.2)

for π : I ↪→ J injective, and in particular for π : Ø→ J , respectively.

Note that in this more general format, the notions of unital and counital factorization

prestack coincide: the category PreStkcorr/S is equivalent to its opposite category, natu-

rally in S ∈ Schaff, so that there is a canonical equivalence of functors PreStkcorr/(·),op
∼=

PreStkcorr/(·), and thus a natural equivalence between the space of unital and counital fac-

torization prestacks.
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Definition 4.3.2.2. A unital factorization space Y such that the maps ψπ (or φπ) of Equation

4.3.2.1 are isomorphisms for each π : I → J is called strictly unital (or counital).

Remark 4.3.2.3. The preceeding definitions of strictly unital and counital factorization

spaces agree with the previously defined notions of Definition 4.3.1.1 and Remark 4.3.1.10.

Example 4.3.2.4. Let Y ∈ PreStk/X be a prestack over X. The meromorphic jet space

Jmer(Y ) ∈ PreStkfact
un (X) of Y is the unital factorization space (in the more general sense of

the preceeding remark) defined by

Jmer(Y )I(S) = {x : S → XI , a : D◦x → Y a map over X}

together with the natural gluing data over RanX and factorization structure maps. In

particular, the fibre of Jmer(Y ){1} over x ∈ X is given by the usual algebraic loop space

Jmer(Y )x = YKx = Maps(D◦x, Y ) of Y .

The unital structure on Jmer
RanX,un

is defined, for example for π : I ↪→ J injective, by the

correspondence

unitπJmer(Y )(S) = {x = (x1, x2) : S → XJ , a : Dx \ Γx2 → Y a map over X}

together with the maps

unitπJmer(Y )

vv &&
XIπ × Jmer(Y )I Jmer(Y )J

defined using

Dx \ Γx2

Dx2 \ Γx2

88

Dx \ Γx

ee

to restrict a : Dx \ Γx2 → Y , giving the desired maps, where x = (x1, x2) ∈ XJ = XIπ ×
XI , and Dx, Γx and D◦x = Dx \ Γx are as defined in Remark 4.3.1.8. In particular, the

correspondence corresponding to Ø ↪→ J , and its restriction to each x ∈ X, are given by

J(Y )J

|| %%
XJ Jmer(Y )J

and

YOx

!!~~
pt YKx

. (4.3.2.3)

Remark 4.3.2.5. Note that the fibres of the spaces GrG,I(S) over maps x : S → XI are

canonically identified for maps with the same restriction to the underlying reduced, classical

scheme x : Sred,cl → XI ; the same is evidently true for J(Y )I(S) and Jmer(Y )I(S) as well.

This implies that these spaces are canonically pullbacks of prestacks defined over XI
dR, the

de Rham stack of XI , for each I ∈ fSet. We will use the same notation for the induced

factorization spaces on XdR.
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4.3.3 Maps of factorization spaces and factorizable sections

A map of factorization spaces f : X→ Y is by definition a map in the category PreStkfact
un (X)

of unital factorization prestacks (under correspondences, unless stated otherwise). We brei-

fly unpack the definition, in close analogy with remarks 4.2.2.2 and 4.2.2.3 describing fac-

torization functors.

Remark 4.3.3.1. Concretely, in terms of the descriptions in remarks 4.3.1.4 and 4.3.1.5, a

map of unital factorization spaces (under correspondences) from X to Y is given by

� a map f : X→ Y of relative prestacks over RanX,un, specified by

I 7→ [fI : XI → YI ] [π : I → J ] 7→

unitπX

""yy ��
XJ ×XI XI

��

unitπY

yy !!

XJ

��
XJ ×XI YI YJ

(4.3.3.1)

together with commutativity data for the latter diagram analogous to that required

in Equation 4.2.2.1 in the setting of factorization categories, for each I ∈ fSet and

π : I → J ; and

� compatibility data for the above correspondence with the factorization and unital

structures on X and Y, exactly analogous to that required in the second and third

items of Remark 4.2.2.2 and given concretely in equations 4.2.2.2 and 4.2.2.3 in the

setting of factorization categories, but defined in terms of the factorization space data

described in the second and third items of Remark 4.3.1.4, and given concretely in

equations 4.3.1.2 and 4.3.1.3, respectively.

Example 4.3.3.2. Every (unital) factorization space has a canonical map to the trivial (uni-

tal) factorization space RanX,un.

Remark 4.3.3.3. Concretely, in terms of the descriptions in remarks 4.3.1.4 and 4.3.1.5, a

map of unital factorization spaces (under correspondences) from X to Y is given by
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� a correspondence of relative prestacks over RanX,un

U
ψ

{{

φ

##

pU

��
X

pX// RanX,un Y
pYoo

specified by



I 7→

UI
ψI

~~

φI

  
pUI

��
XI

pXI // XI YI
pYIoo

[π : I → J ] 7→

unitπU

yy ((

��

""
XJ ×XI UI

��

%%

unitπY

}} &&

UJ

��

��
unitπX

yy
))

XJ ×XI YI YJ

XJ ×XI XI XJ

(4.3.3.2)

together with commutativity data, for each I ∈ fSet and π : I → J ; and

� compatibility data for the above correspondence with the factorization and unital

structures on X and Y, exactly analogous to that required in the second and third

items of Remark 4.2.2.2 and given concretely in equations 4.2.2.2 and 4.2.2.3 in the

setting of factorization categories, but defined in terms of the factorization space data

described in the second and third items of Remark 4.3.1.4 (though in the correspon-

dence setting), and given concretely in equations 4.3.1.2 and 4.3.2.2, respectively.

Remark 4.3.3.4. The preceeding data of a correspondence of (unital) factorization spaces

defines in particular a unital factorization structure on the correspondence space U ∈
PreStkfact

un (X).

Factorizable sections

We now introduce the analogue of a factorization algebra object internal to a factorization

category in the setting of factorization spaces. This is simply another factorization space

with a strict map to the given one, as we now explain:

Definition 4.3.3.5. The space of (unital) factorizable sections Γfact
un (X,Y) of a (unital) fac-

torization space Y is the space of maps RanX,un → Y of (unital) factorization spaces on

X.

Remark 4.3.3.6. Concretely, a factorizable section S ∈ Γfact(X,Y) is given by
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� a correspondence of relative prestacks over RanX,un

S
ψ

xx

φ

##

pS

��
RanX,un RanX,un Y

pYoo

specified by



I 7→ SI
ψI

}}

φI

  
pSI

��
XI XI YI

pYIoo

[π : I → J ] 7→

unitπS

yy
((""

XJ ×XI SI

$$

unitπY

|| &&

SJ

��
XJ ×XI YI YJ

(4.3.3.3)

for each I ∈ fSet and π : I → J , together with commutativity data, as in the first

item of Remark 4.3.3.3 above; and

� compatibility data for the above correspondences with the factorization and unital

structure on Y, as in the second item of loc. cit..

Remark 4.3.3.7. A factorizable section S ∈ Γfact(X,Y) is canonically itself a unital factor-

ization space S ∈ PreStkfact
un (X) on X by Remark 4.3.3.4, the map S → RanX,un identified

with the canonical such map of Example 4.3.3.2, and S→ Y defines a strict map of (unital)

factorization spaces.

Corollary 4.3.3.8. The category Γfact(X,Y) of unital factorizable sections is identified with

that of (unital) factorization spaces over Y.

Example 4.3.3.9. The factorization unit correspondence unitY is canonically a factorizable

section. Thus, it is itself a (strictly counital) factorization space with a strict map of unital

factorization spaces φY : unitY → Y.

4.4 Linearization of factorization spaces

In this section, we outline a very general construction for producing factorization categories

and functors between them from factorization spaces and maps of such. This construction

will play a central role in the examples of Chapter 5.

4.4.1 Factorization categories associated to factorization spaces

Throughout, we use the general format for linearization discussed in subsection 4.1.5, though

we elaborate on the details of these examples of the construction. We remind the reader
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that the relevant definitions regarding sheaves of categories are recalled in Appendix A.7.

Following Example 4.1.5.7, we have:

Proposition 4.4.1.1. Let C = Cat×, F = PreStk/(·) : Schop
aff → C, and G = ShvCat(·) :

Schop
aff → C. There is a monoidal compatible natural transformation η : F→ Gop.

Proof: The monoidal compatible natural transformation η : F→ G is defined by

η(S) : PreStk/S → ShvCat(S)op


(Y

p−→ S) 7→ p∗QCohY

X
φ //

pX ��

Y

pY

��
S

7→ [pY∗(φ
•) : pY∗QCohY → pY∗φ∗φ

∗QCohY
∼= pX∗QCohX]

,

where the map φ• : QCohY → φ∗φ
∗QCohY is given by the unit of the (φ∗, φ∗) adjunction.

The naturality of η is equivalent to the requirement of base change for ShvCat

f∗p∗QCohY

∼=−→ p̃∗f̃
∗QCohY

∼= p̃∗QCohT×SY along

T ×S Y
f̃ //

p̃
��

Y

p

��
T

f // S

,

which follows from Proposition A.7.2.8.

From the preceding proposition, we obtain a functor from the category of unital factorization

spaces over X to that of counital factorization categories over X, by Corollary 4.1.5.4.

Definition 4.4.1.2. Let Y ∈ PreStkfact
un (X) be a unital factorization space. The counital

factorization category QCohY ∈ Catfact
co-un(X) of quasicoherent sheaves on Y is defined as the

factorization category resulting from applying Corollary 4.1.5.4 to the monoidal compatible

natural transformation of Proposition 4.4.1.1.

Remark 4.4.1.3. Concretely, in terms of the decsriptions in remarks 4.2.2.3 and 4.3.1.5, the

factorization category QCohY ∈ Catfact
co-un(X) is given by the following data:

� The object p∗QCohY ∈ ShvCat(RanX,un), determined by the assignment

I 7→ pI,∗QCohYI
∈ ShvCat(XI)

[π : I → J ] 7→
[
pJ∗(φ

•
π) : pJ,∗QCohYJ

→ pJ,∗φπ∗φ
∗
π QCohYJ

∼= ∆(π)∗pI,∗QCohYI

]
(4.4.1.1)

for each I ∈ fSet and π : I → J ; the latter isomorphism is defined by base change

along XJ ×XI YI , and the map is given by the unit φ• of the (φ∗π, φπ,∗) adjunction,

where gπ is as in Equation 4.3.1.1;
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� the factorization data α is given by the equivalences

j(π)∗pI,∗QCohYI

∼=−→ j(π)∗ �j∈J pIj ,∗QCohYIj

induced by the equivalences in Equation 4.3.1.2; and

� the factorization counit maps are given by the maps

unitπ,•Y : pJ,∗QCohYJ
→ pI,∗QCohYI

�QCohXIπ and unitJ,•Y : QCohYJ
→ pJ,∗QCohXJ

defined, as above, as (the image under pJ∗ of) the unit unit•Y of the (unit∗Y, unitY∗)

adjunctions for the unit maps in Equation 4.3.1.3.

Remark 4.4.1.4. There is a non-unital variant of the preceeding definitions and remarks,

given as usual by not requiring the data associated to I = Ø nor π : I → J non-injective.

Remark 4.4.1.5. There is also a variant which produces a unital factorization category from

a counital factorization space; the variant explained in the following subsection in terms of

correspondences simeltaneously generalizes this and the above.

4.4.2 Linearization of correspondences and (co)unital structures

Following Remark 4.3.2.1, there is an analogue of the preceeding definition of QCohY in the

case where the unit maps for the factorization space Y ∈ PreStkfact
un (X) are given by corre-

spondences. However, it will be necessary to restrict the class of factorization spaces under

consideration in order to carry out this construction, as well as many other constructions

throughout the remainder of the paper. A simple format for this is the following:

Remark 4.4.2.1. Let FP ⊂ PreStkcorr/(·) : Schop
aff → Cat× be a lax symmetric monoidal sub-

functor of PreStkcorr/(·); this data is interpreted as assigning to S ∈ Schaff the subcategory

FP (S) → PreStk/S ∈ Cat× of the category of prestacks over S ‘satisfying property P ’,

though note that we also allow to restrict the class of morphisms in the category.

We introduce the following formal language for the resulting notion:

Definition 4.4.2.2. A factorization space Y ∈ PreStkfact
P,un(X) on X with property P is a

factorization FP -object for FP a lax symmetric monoidal subfunctor of PreStkcorr
/(·) , as in the

preceeding remark.

Remark 4.4.2.3. The inclusion of the subfunctor η : FP → PreStk/(·) is a canonically

a lax compatible natural transformation, and thus induces a functor PreStkfact
P,un(X) →

PreStkfact
un (X), interpreted as the inclusion of the subcategory of unital factorization spaces

on X satisfying property P .
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Example 4.4.2.4. One general class of subfunctors are given by PreStk(corr;α,β)/(·) : Schop
aff →

Cat× which assigns to an affine scheme S ∈ Schaff the category with objects the same as

those in PreStk/S but with morphisms

X Y given by correspondences

U
ψ

��

φ

��
X Y

such that ψ : U → X is a map ‘of class α’ and φ : U → Y a map ‘of class β’. We call a

choice of a pair of such classes (α, β) compatible if this construction defines a (lax symmetric

monoidal) subfunctor of PreStkcorr(·).

The resulting class of factorization spaces PreStkfact
(α,β),un(X) are those Y ∈ PreStkfact

un (X)

which admit a description as in Remark 4.3.2.1 such that the correspondences in equations

4.3.2.1 and 4.3.2.2 required to be composed of maps f of class α and g of class β as above.

Note that for α 6= β, the notions of unital and counital factorization spaces of type

(α, β) are no longer equivalent.

Proposition 4.4.2.5. Let α = all be the class of all morphisms, β = sch-qcqs to be the class of

schematic, quasi-compact and quasi-separated morphisms, F = PreStk(corr;α,β)/(·) : Schop
aff →

Cat× and G = ShvCat(·) : Schop
aff → Cat×. Then there exists a monoidal compatible natural

transformation η : F→ G.

Proof: The monoidal compatible natural transformation η : F→ G is defined by

η(S) : PreStk(corr;α,β)/S → ShvCat(S)op


(Y

p−→ S) 7→ p∗QCohY

U
ψ

��

φ

��
pU

��
X

pX // S Y
pYoo

7→
[
pY∗(φ•) ◦ pX∗(ψ

•) : pX,∗QCohX → pY∗QCohY

] ,
(4.4.2.1)

where the map ψ• : QCohX → ψ∗ψ
∗QCohX is the unit of the (ψ∗, ψ

∗) adjunction and

φ• : φ∗φ
∗QCohY → QCohY

is the right adjoint to φ•. The right adjoint φ• exists and satisfies base change for φ a

sch-qcqs map by Proposition A.7.2.12, so that the desired map is given by the composition

pX∗QCohX

pX∗(ψ
•)−−−−−→ pX∗ψ∗ψ

∗QCohX
∼= pU∗QCohU

∼= pY∗φ∗φ
∗QCohY

pY∗(φ•)−−−−−→ pY∗QCohY .

Example 4.4.2.6. Similarly, reversing the roles of α and β in the preceding Proposition,

there is a monoidal compatible natural transformation η : PreStk(corr;β,α) → ShvCat(·)op,
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generalizing that of Proposition 4.4.1.1. It is defined as in Equation 4.4.2.1 of the preceding

example, except that it assigns to a correspondence of loc. cit. the map

pX∗(ψ•) ◦ pY∗(φ
•) : pY∗QCohY → pX,∗QCohX .

From the preceeding examples, we obtain a functors from categories of unital factorization

spaces to those of (co)unital factorization categories, by Corollary 4.1.5.4:

Definition 4.4.2.7. Let Y ∈ PreStkfact
(all,sch-qcqs),un(X) a unital factorization spaces over X of

type (all, sch-qcqs). Then QCohY ∈ Catfact
un (X) is the unital factorization category result-

ing from applying Corollary 4.1.5.4 to the monoidal compatible natural transformation of

Proposition 4.4.2.5.

Similarly, for Y ∈ PreStkfact
(sch-qcqs,all),un(X), QCohY ∈ Catfact

co-un(X) is the counital fac-

torization category resulting the monoidal compatible natural transformation of Example

4.4.2.6.

Remark 4.4.2.8. Concretely, in analogy with Remark 4.4.1.3, in terms of the decsriptions

in remarks 4.2.2.3 and 4.3.1.5, the factorization category QCohY ∈ Catfact
un (X) is given by

the following data:

� The object p∗QCohY ∈ ShvCat(RanX,un) is determined by the assignment

I 7→ pI,∗QCohYI
∈ ShvCat(XI)

[π : I → J ] 7→
[
pJ∗(φπ•) ◦ p̃I∗(ψ

•
π) : ∆(π)∗pI,∗QCohYI

∼= p̃I,∗QCohXJ×
XI

YI
→ pJ,∗QCohYJ

]
(4.4.2.2)

for each I ∈ fSet and π : I → J , where the map in the latter datum is given by

base change along XJ ×XI YI , together with the map defined by the construction in

Equation 4.4.2.1 for the correspondence structure data of Equation 4.3.2.1, as follows:

For ψ•π the unit of the (ψπ∗, ψ
∗
π) adjunction and φπ,• the right adjoint to φ•π, the above

composition gives a map

p̃I,∗QCohXJ×
XI

YI

pI∗(ψ
•
π)−−−−−→ p̃I,∗ψπ∗ψ

∗
π QCohXJ×

XI
YI
∼= pJ∗φπ∗φ

∗
π QCohYJ

pJ∗(φπ•)−−−−−→ pJ,∗QCohYJ
,

as desired.

� the factorization data α is given by the equivalences

j(π)∗pI,∗QCohYI

∼=−→ j(π)∗ �j∈J pIj ,∗QCohYIj
(4.4.2.3)

induced by the equivalences in Equation 4.3.1.2; and
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� the factorization unit maps are given by the maps

φπ,•ψ
•
π : pI,∗QCohYI

�QCohXIπ → pJ,∗QCohYJ
and φJ•ψ

•
J : QCohXJ → pJ,∗QCohYJ

(4.4.2.4)

defined, as above, as (the images under p∗ of) the unit ψ• of the (ψ∗, ψ∗) adjunction,

and the right adjoint φ• of the analogous adjunction unit φ•, for the maps in the unit

correspondences of Equation 4.3.2.2.

Remark 4.4.2.9. As in Remark 4.2.2.11, all of the preceeding definitions and remarks are

given in the quasicoherent format, but there are several natural flat variants by considering

the cases X = X̃dR and/or Y = ỸdR.

4.4.3 Linearization of maps and factorization functors

The statement of Proposition 4.1.5.3 is that a symmetric monoidal compatible natural

transformation η : F→ G of lax monoidal functors F,G : Schop
aff → C gives rise to a functor

Ffact
un (X)→ Gfact

un (X). Thus, in addition to the procedure which takes a factorization space Y

to the corresponding factorization category QCohY described in the preceding subsection, a

map (or correspondence) of factorization spaces f : X→ Y naturally defines a factorization

functor f• : QCohX → QCohY. We describe the latter construction explicitly below, noting

that these results do not quite follow formally from Proposition 4.1.5.3, due to the subtleties

of Warning 4.1.1.1:

For concreteness, we restrict to the format of Proposition 4.4.2.5, taking F = PreStk(corr;all,sch-qcqs)/(·) :

Schop
aff → Cat×, G = ShvCat : Schop

aff → Cat×, and η : F→ G as defined in Equation 4.4.2.1

of loc. cit.. We begin by unpacking the resulting construction of the pushforward and

pullback functors for a strict map of such factorization spaces, and then explain the func-

tor induced by a general correspondence of factorization spaces as the composition of the

former:

Proposition 4.4.3.1. Let f : X → Y be a strict map in the category of (type (all, sch-qcqs),

unital) factorization spaces. Then there is an induced (unital) factorization functor f• :

QCohX → QCohY.

Proof: Recall from Remark 4.3.3.1 that the data of the map f : X → Y is in particular

described by an assignment

I 7→ [fI : XI → YI ] and [π : I → J ] 7→

unitπX
φπ
X

""

ψπ
X

yy
fπ

��
XJ ×XI XI

f̃I
��

unitπY

ψπ
Yyy φπ

Y !!

XJ

fJ
��

XJ ×XI YI YJ

,

(4.4.3.1)
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together with commutativity data for the latter diagram, for each π : I → J .

The induced (unital) factorization functor f• : QCohX → QCohY is given, in terms of

the descriptions in Remark 4.4.2.8, by the assignment

I 7→ [fI,• : pXI∗QCohXI
→ pYI∗QCohYI

] [π : I → J ] 7→

p̃I∗QCohXJ×
XI

XI

φX•ψ
•
X //

f̃I•
��

pXJ∗QCohXJ

fJ•

��
p̃I∗QCohXJ×

XI
YI

φY•ψ
•
Y //

ηπ
2:

pYJ∗QCohYJ

(4.4.3.2)

for each I ∈ fSetØ and π : I → J , where the natural transformation ηπ is defined by

φY•ψ
•
Yf̃I,•

∼= φY•(f̃I )̃•ψ̃
•
Y → φY•(f̃I )̃•χ•χ

•ψ̃•Y
∼= fJ•φY•ψ

•
X where

unitπX

χ ##

ψX

**

fπ

��

ũnit
π

Y
ψ̃Y

//

(f̃I )̃

��

XJ ×XI XI

f̃I
��

unitπY
ψY // XJ ×XI YI

summarizes the maps used: ũnit
π

Y = unitπY ×
XJ×

XI
YI

XJ ×XI XI is the pullback, χ : unitπX →

ũnit
π

Y is the canonical such map, and we apply base change, the unit of the (χ•, χ•) adjunc-

tion, and commutativity of the diagram in Equation 4.4.3.1.

Proposition 4.4.3.2. Let f : X → Y be a strict map of factorization spaces, as in the

preceeding Proposition. Then there is an induced (counital) factorization functor f• :

QCohY → QCohX.

Proof: The induced (counital) factorization functor f• : QCohY → QCohX is given, in terms

of the descriptions in Remark 4.4.2.8, by the assignment

I 7→ [fI,• : pYI∗QCohYI
→ pXI∗QCohXI

] [π : I → J ] 7→

p̃I∗QCohXJ×
XI

YI

φY•ψ
•
Y //

f̃•I
��

pXJ∗QCohYJ

f•J
��

ηπ

rz
p̃I∗QCohXJ×

XI
XI

φX•ψ
•
X // pYJ∗QCohXJ

(4.4.3.3)
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for each I ∈ fSetØ and π : I → J , where the natural transformation ηπ is defined by

f•JφY•ψ
•
Y
∼= φ̃Y•f̃

•
Jψ
•
Y → φ̃Y•ξ•ξ

•f̃•Jψ
•
Y
∼= φX•ψ

•
Xf̃
•
I where

unitπX

ξ &&

φX

**
fπ

��

unitπX ×XJ YJ
φ̃Y

//

f̃J
��

XJ

fJ
��

unitπY
φY // YJ

summarizes the maps used: ξ : unitπX → unitπ ×XJ YJ is the canonical map such map, and

we use base change together with the unit of the (ξ•, ξ•) adjunction, and commutativity of

the diagram in Equation 4.4.3.1.

Remark 4.4.3.3. In the case that X and Y are strictly co-unital, the map ξ is an isomorphism,

and thus the map ηπ of the preceeding example is also an equivalence, so that it can also

be interpreted as data defining a unital factorization functor.

Example 4.4.3.4. Now, consider a general morphism of unital factorization spaces over X

under correspondences, as in Equation 4.3.3.2.

4.4.4 Factorization compatible sheaves

Throughout, let Y ∈ PreStkfact
un (X) be a (unital) factorization space admitting a (unital)

factorization category of quasicoherent sheaves QCohY ∈ Catfact
un (X), as for example in

Definition 4.4.2.7.

Definition 4.4.4.1. A (unital) factorization compatible quasicoherent sheaf F ∈ Algfact
un (QCohY)

on Y is a (unital) factorization algebra internal to the factorization category QCohY ∈
Catfact

un (X).

Remark 4.4.4.2. Concretely, following the descriptions in remarks 4.2.2.6 and 4.4.2.8, a

factorization compatible quasicoherent sheaf F ∈ Algfact
un (QCohY) on Y is given by

� an object F ∈ QCoh(Y), given by an assignment

I 7→ FI ∈ QCoh(YI) [π : I → J ] 7→
[
ηπ : φπ•ψ

•
π∆̃(π)•FI −→ FJ

]
, (4.4.4.1)

where the latter are maps in QCoh(YJ), such that for π surjective the corresponding

maps are isomorphisms; here ∆̃(π) : XJ ×XI YI → YI is the canonical map covering

∆(π) : XJ → XI , and the maps φπ• and ψ•π as as in Equation 4.4.2.2;

� an equivalence

j̃(π)•FI
∼=−→ j̃′(π)•(�jFIj ) in the category QCoh(U(π)×XIYI) ∼= QCoh(U(π)×XI (×j∈JYIj ))
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for each I and π : I � J , where the equivalence of categories is that induced from

the equivalence of Equation 4.4.2.4, and j̃(π) : U(π) ×XI YI ↪→ YI is the map lifting

j(π) : U(π) ↪→ XI , and similarly for j̃′(π); and

� an equivalence FØ
∼= K in QCoh(YØ) ∼= Vect, which together with the structure maps

of Equation 4.4.4.1 above, determines maps

φπ•ψ
•
π(FI�OXIπ )→ FJ and φJ•ψ

•
J(OXJ )→ FJ

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively, where φ• and ψ•

are the functors on objects induced by the maps of sheaves of categories in Equation

4.4.2.4.

Example 4.4.4.3. The factorization unit object unitQCohY
∈ Algfact

un (QCohY) defines a fac-

torization compatible sheaf: By Example 4.3.3.9, there are maps of unital factorization

spaces

punitY
: unitY → RanX,un and φY : unitY → Y .

If Y is as in Definition 4.4.2.7, these induce unital factorization functors

p•unitY
: QCohRanX,un

→ QCohunitY
and φY• : QCohunitY

→ QCohY ,

by Examples 4.4.3.2 and 4.4.3.1, respectfully. In terms of these functors, the unit factoriza-

tion compatible sheaf

unitQCohY
∈ Algfact

un (QCohY) is given by unitQCohY
= φY•p

•
unitY

ORanX,un
= φY•OunitY .

Concretely, the factorization unit is given by the assignment

I 7→ φI•ψ
•
IOXI

∼= φI•OunitIY

together with the canonical compatibility data determined on the factorization unit.

Example 4.4.4.4. Let Y ∈ PreStkfact(X) be a (unital) factorization space such that pY : Y→
RanX,un induces a unital factorization functor p•Y : QCohRanX,un

→ QCohY, as in Remark

4.4.3.3. Then the structure sheaf OY = p•YORanX,un
∈ Algfact(QCohY) is canonically a non-

unital factorization compatible sheaf. Concretely, it is given by the assignment I 7→ OYI

together with the natural structure maps. In the case that Y is strictly counital, the resulting

object is just the factorization unit.

Proposition 4.4.4.5. For f : X → Y a map of factorization spaces inducing a unital factor-

ization functor f• : QCohX → QCohY, there is an induced functor

Algfact
un (X)→ Algfact

un (Y) ,
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of pushforward of factorization compatible quasicoherent sheaves.

Proof: The required map is given by composition with the factorization functor f• : QCohX →
QCohY.

Example 4.4.4.6. Let X ∈ PreStkfact
un (X) be a factorization space such that pX : X →

RanX,un induces a factorization functor p•X : QCohRanX,un
→ QCohX, as in Example 4.4.4.4,

and let f : X→ Y be a map of (unital) factorization spaces inducing a unital factorization

functor f• : QCohY → QCohY. Then there is a factorization compatible quasicoherent sheaf

f•p
•
XORanX,un

∈ Algfact
un (QCohY) given concretely by I 7→ fI•p

•
XI
OXI

∼= fI•OXI

together with the induced compatibility data.

In the special case when X = unitY, this induces the factorization unit object unitY ∈
Algfact

un (QCohY) by Example 4.4.4.3 above.

4.4.5 Factorization linearization functors

Throughout, let Y ∈ PreStkfact
un (X) be a (unital) factorization space admitting a (unital)

factorization category of quasicoherent sheaves QCohY ∈ Catfact
un (X), as for example in

Definition 4.4.2.7.

Definition 4.4.5.1. A factorizable linearization functor on Y is a factorization functor ϕ :

QCohY → QCohRanX,un
.

Remark 4.4.5.2. Given a factorizable linearization functor ϕ : QCohY → QCohRanX,un
, we

obtain a functor

ϕ ◦ (·) : Algfact
un (QCohY)→ QCohfact

un (X)

from the category of factorization compatible quasicoherent sheaves on Y to that of factor-

ization quasicoherent sheaves on X, by Example 4.2.2.9.

Remark 4.4.5.3. Similarly, following Example 4.2.2.10, taking X = X̃dR in the above, a

factorizable linearization functor ϕ : p∗QCohY → QCohRanX,un
determines a functor

ϕ ◦ (·) : Algfact
un (QCohY)→ Algfact

un (X̃)

from the category of factorization compatible quasicoherent sheaves on Y to that of factor-

ization algebras on X̃.

Note that in this variant, the factorization space Y is equipped with a flat structure

along RanX̃,un so that the quasicoherent direct image of an object in QCoh(Y) determines

a D module on RanX̃,un, but we have not used the category D(Y) of D modules on Y.

Example 4.4.5.4. Suppose Y ∈ PreStkfact(X) is such that the factorization category QCohY ∈
Catfact

co-un(X) is counital. Then the counital structure defines a factorization linearization
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functor, in analogy with Example 4.4.4.3. Concretely, if Y is as in Definition 4.4.2.7, the

factorization linearization functor is given by the assignment

I 7→ [ψI,•φ
•
I : pI∗QCohYI

→ QCohXI ]

together with the induced compatibility data.

4.5 Factorization P algebras

Let P ∈ HOpco(VectK) be a cocommutative Hopf operad over K. Recall from Appendix

A.3.2 that the cocommutative Hopf structure on P implies that for any K-linear symmetric

monoidal category C, the category of P algebras AlgP(C) internal to C is symmetric monoidal

with respect to the tensor product ⊗C of the underlying objects in C.

Let FP := AlgP(D!(·)) : Schop
aff → Cat× denote the functor

X 7→ AlgP(D(X)) [f : X → Y ] 7→ f ! : AlgP(D(Y ))→ AlgP(D(X))

of P algebra objects internal to D(X), together with the pullback functor on such objects

induced by the symmetric monoidal pullback functor f ! : D(Y )→ D(X).

Proposition 4.5.0.1. There is a canonical lax symmetric monoidal structure on FP : Schop
aff →

Cat×.

Proof: The required functor is given by

� : AlgP(D(X))×AlgP(D(Y ))→ AlgP(D(X × Y )) (A,B) 7→ A�B

where � : D(X)×D(Y )→ D(X × Y ) is the usual exterior product; the lift of the exterior

product functor on D modules to P-algebra objects is given by the cocommutative Hopf

structure on P.

Definition 4.5.0.2. A (unital) factorization P algebra on X is a factorization FP-object

A ∈ Ffact
P,un(X) on X, for FP as defined above together with the lax symmetric monoidal

structure of the previous proposition.

Similarly, a non-unital factorization P algebra A ∈ Ffact
P (X) is a non-unital factorization

FP-object.

Let Algfact
P,un(X) = Ffact

P,un(X) denote the category of factorization P algebras, and Algfact
P (X) =

Ffact
P (X) the category of non-unital factorization P algebras.

Remark 4.5.0.3. Concretely, following remark 4.1.4.3, a factorization P algebraA ∈ Algfact
P,un(X)

on X is
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� an P algebra object A ∈ AlgP(D(RanX,un)) internal to D modules on the unital Ran

space of X,

� an isomorphism α : j!
disjA

�2
∼=−→ t!A of P algebras internal to D((Ran×2

X,un)disj), and

� an isomorphism β : K
∼=−→ AØ of P algebras in VectK,

together with compatible higher arity analogues of the multiplication map α satisfying the

relations of a unital commutative monoid, where ιØ : pt ↪→ RanX,un is the map correspond-

ing to the inclusion of the empty set.

Remark 4.5.0.4. The data of a factorization P algebra A ∈ Algfact
P,un(X) on X can be further

unpacked in terms of its restrictions to the strata of the Ran space, as in the case of a usual

factorization algebra:

� The object A ∈ AlgP(D(RanX,un)) is given by an assignment

I 7→ AI ∈ AlgP(D(XI)) [π : I → J ] 7→ ∆(π)!AI −→ AJ

for each I ∈ fSet and π : I → J , such that the maps corresponding to π surjective are

isomorphisms;

� The factorization data α defines equivalences

j(π)!AI
∼=−→ j(π)!�j∈JAIj

of P algebras internal to D(XI) for each I and π : I � J , in analogy with Definition

2.4.0.2;

� The unit data β, together with the gluing data for A ∈ AlgP(D(RanX,un)) above,

defines the analogues of the factorization unit maps of Remark 2.2.3.2. In particular,

for π : I ↪→ J injective, or further in particular for π : Ø→ J , this gives maps

AI�ωXIπ → AJ and ωXJ → CJ

of P algebras in D(XJ), in analogy with Remark 2.4.0.3; recall the notation Iπ and

related conventions around partitions are given in Subsection 1.6.2.

Remark 4.5.0.5. The preceeding proposition, definition, and remarks apply equal well in the

quasicoherent format, and the D module setting given above could be recovered as usual

by taking X = X̃dR. However, since we do not heavily use the quasicoherent variant, we

give the definitions in the D module setting throughout this section.

Remark 4.5.0.6. Recall from Example A.3.1.15 that a (unital, cocommutative, Hopf) operad

P ∈ HOpco(Top) in spaces gives rise to such an object internal to VectK, which we denote
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by P = C•(P;K) ∈ HOpco(VectK) again, by abuse of notation. For such operads, we can

define the category of algebras internal to a (not-necessarily stable or K-linear) category.

In this case, we have an alternative description of factorization P algebras, given by the

following proposition.

Recall that Algfact
un (X)⊗

!
denotes the category of unital factorization algebras equipped

with the ⊗! tensor structure of Proposition 2.4.0.5.

Proposition 4.5.0.7. Let P ∈ HOpco
un(Top) be a (unital) cocommutative Hopf algebra in

spaces. There is an equivalence of categories

Algfact
P,un(X)

∼=−→ AlgP(Algfact
un (X)⊗

!
) ,

which intertwines the natural forgetful functors to Algfact
un (X) and AlgP(D(RanX,un)).

Proof: First, we recall the proof of Proposition 2.4.0.5, which was previously postponed:

given A,B ∈ Algfact
un (X), the tensor product of their underlying D modules A ⊗! B ∈

D(RanX,un) has canonical factorization structure defined by

j!
disj((A⊗!B)�2) ∼= j!

disj(A
�2⊗!B�2) ∼= j!

disj(A
�2)⊗!j!

disj(B
�2)

αA⊗!αB−−−−−→ t!(A)⊗!t!(B) ∼= t!(A⊗!B) .

All of the above equivalences are natural in A,B, such that the above construction, together

with the compatibility data of the underlying symmetric monoidal structure on D(RanX,un),

defines a symmetric monoidal structure on Algfact
un (X).

We now give the proof of the proposition: the equivalence is fixed by the requirement that

it intertwines the forgetful functors as stated, so it suffices to check that the factorization and

unit data stipulated by the definitions of each of the categories are canonically equivalent.

The factorization structure on a factorization P algebra is given in terms of the under-

lying P algebra A ∈ AlgP(D(RanX)) by an isomorphism α : j!
disjA

�2
∼=−→ t! of P algebras

internal to D((Ran×2
X,un)disj). The data witnessing that these equivalences are maps of P

algebras is given by compatible commutativity data for

j!
disj(A

�2)⊗
!n
∼= //

��

(t!A)⊗
!n

��
j!
disj(A

�2)
∼= // t!A

,

for each n ∈ N. Alternatively, the multiplication structure maps for a P algebra object in

Algfact
un (X)⊗! are maps of factorization algebras A⊗

!n → A. The data witnessing that these
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structure maps respect the factorization structure is compatible commutativity data for

j!
disj(A

⊗!n)�2
∼= //

��

t!(A⊗
!n)

��
j!
disj(A

�2)
∼= // t!A

.

Now, by the preceeding construction of the factorization data on ⊗! tensor products of

factorization algebras, there exists canonical commutativity data for

j!
disj(A

⊗!n)�2
∼= //

��

t!(A⊗
!n)

��

j!
disj(A

�2)⊗
!n
∼= // (t!A)⊗

!n

,

so that the preceeding two diagrams are canonically equivalent. Similarly, the unit data in

each case are tautologically equivalent.

4.6 Factorization En algebras and factorization En categories

4.6.1 Factorization En-algebras

Let En = C•(En;K) ∈ HOpco(VectK) be the En operad, the cocommutative Hopf operad in

Vect as in Definition A.3.4, and consider the category Algfact
En,un(X) of unital factorization

En algebras on X, following the general framework of Section 4.5 in the case P = En is the

little disks operad.

Remark 4.6.1.1. A primary motivation for the present work is the application of the category

of unital factorization En algebras on a variety X as an approximation to the notion of

holomorphic-topological quantum field theory on the ‘space-time manifold’ M = X × Rn;

the results in Part 5 of the present work should be understood as examples of this paradigm.

Due to the central role of this definition, we formally repeat the exposition of the previous

subsection in this case for the reader’s convenience:

Definition 4.6.1.2. A (unital) factorization En algebra A ∈ Algfact
En,un(X) is a unital factor-

ization FEn-object for FEn := AlgEn(D!(·)) : Schop
aff → Cat× together with the lax symmetric

monoidal structure of Proposition 4.5.0.1.

Remark 4.6.1.3. Concretely, following remark 4.1.4.3, a factorization En algebraA ∈ Algfact
En,un(X)

on X is

� an En algebra object A ∈ AlgEn(D(RanX,un)) internal to D modules on the unital

Ran space of X,
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� an isomorphism α : j!
disjA

�2
∼=−→ t!A of En algebras internal to D((Ran×2

X,un)disj), and

� an isomorphism β : K
∼=−→ AØ of En algebras in VectK,

together with compatible higher arity analogues of the multiplication map α satisfying the

relations of a unital commutative monoid, where ιØ : pt ↪→ RanX,un is the map correspond-

ing to the inclusion of the empty set.

Remark 4.6.1.4. The data of a factorization En algebra A ∈ Algfact
En,un(X) on X can be

further unpacked in terms of its restrictions to the strata of the Ran space, as in the case

of a usual factorization algebra:

� The object A ∈ AlgEn(D(RanX,un)) is given by an assignment

I 7→ AI ∈ AlgEn(D(XI)) [π : I → J ] 7→ ∆(π)!AI −→ AJ

for each I ∈ fSet and π : I → J , such that the maps corresponding to π surjective are

isomorphisms;

� The factorization data α defines equivalences

j(π)!AI
∼=−→ j(π)!�j∈JAIj

of En algebras internal to D(XI) for each I and π : I � J , in analogy with Definition

2.4.0.2;

� The unit data β, together with the gluing data for A ∈ AlgEn(D(RanX,un)) above,

defines the analogues of the factorization unit maps of Remark 2.2.3.2. In particular,

for π : I ↪→ J injective, or further in particular for π : Ø→ J , this gives maps

AI�ωXIπ → AJ and ωXJ → CJ

of En algebras in D(XJ), in analogy with Remark 2.4.0.3; recall the notation Iπ and

related conventions around partitions are given in Subsection 1.6.2.

Definition 4.6.1.5. Let C ∈ Catfact
un (X) be a factorization category. A (unital) factorization

algebra η ∈ Algfact
un (C) internal to C admits internal Hom objects if there exists a (unital)

factorization functor

HomC(η, ·) : C→ QCohRanX,un
with commutativity data for

Γ(XI ,CI)
Hom(η,·)I//

Hom(ηI ,·) ''

QCoh(XI)

p
XI,•
��

Vect

,

(4.6.1.1)

for each I ∈ fSet and compatibility data for these for each π : I → J .
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Remark 4.6.1.6. In particular, for η ∈ Algfact
un (C) admiting internal Hom objects over X =

X̃dR and ξ ∈ Algfact
un (C) an arbitrary factorization algebra internal to C, the internal Hom

space

HomC(η, ξ) ∈ Algfact
un (X̃)

defines a unital factorization algebra.

Example 4.6.1.7. Let C ∈ Catfact
un (X) be a factorization category and η ∈ Algfact

un (C) a

factorization algebra internal to C that admits internal Hom objects over X = X̃dR, as in

the preceding definition. Then the internal Hom object

A = HomC(η, η) ∈ Algfact
E1,un(X̃)

is equipped with a natural factorization E1 structure, given by composition of endomor-

phisms.

As a special case of Proposition 4.5.0.7, we have:

Corollary 4.6.1.8. There is an equivalence of categories

Algfact
En,un(X)

∼=−→ AlgEn(Algfact
un (X)⊗

!
) ,

which intertwines the natural forgetful functors to Algfact
un (X) and AlgEn(D(RanX,un)).

In terms of the preceeding description of factorization En algebras, we make the following

definition:

Definition 4.6.1.9. Let A ∈ Algfact
E1,un(X) ∼= AlgE1

(Algfact
un (X)⊗

!
) be a (unital) factorization

E1 algebra. A (unital) factorization E1 module M ∈ A-Mod(Algfact
un (X)⊗

!
) over A is a

module object for A internal to Algfact
un (X)⊗

!
.

Example 4.6.1.10. Let C ∈ Catfact
un (X) be a factorization category and η ∈ Algfact

un (C) a

factorization algebra internal to C that admits internal Hom objects over X = X̃dR, as

in Example 4.6.1.7, so that A = HomC(η, η) ∈ Algfact
E1,un(X̃). Then for any factorization

functor ϕ : C→ QCohRanX,un
we have

ϕ(η) ∈ A-Mod(Algfact
un (X̃)) .

In particular, for another factorization algebra ξ ∈ Algfact
un (C) admiting internal Hom ob-

jects, there is a natural A module structure

HomC(ξ, η) ∈ A-Mod(Algfact
un (X̃))

on the internal Hom object HomC(ξ, η) ∈ Algfact
un (X), given by composition of maps.
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4.6.2 Factorization En-categories and factorization En-algebra objects

Proposition 4.6.2.1. Let ShvCatEn(·) = AlgEn(ShvCat(·)) : Schop
aff → Cat× be the functor of

En-monoidal sheaves of categories. This functor admits a natural lax symmetric monoidal

structure.

Proof: The lax monoidal structure is given as in the proof of Proposition 4.5.0.1 by replacing

the role of the lax monoidal structure of Example 4.1.2.2 with that of Example 4.1.2.4.

Definition 4.6.2.2. A (unital) factorization En category C⊗ on X is a (unital) factorization

ShvCatEn-object for ShvCatEn : Schop
aff → Cat× the lax monoidal functor defined in the

preceeding Remark.

Let Catfact
En (X) = ShvCatfact

En (X) and Catfact
En,un(X) = ShvCatfact

En,un(X) denote the (2-)categories

of non-unital and unital factorization En-categories.

Remark 4.6.2.3. The preceeding definition is the categorical analogue of the quasicoherent

variant of factorization En algebra; see also remark 4.5.0.5. A factorization En category on

X = X̃dR is the categorical analogue of an object in Algfact
En,un(X).

Remark 4.6.2.4. Concretely, following Remark 4.2.1.4, a (unital) factorization En category

C ∈ Catfact
En,un(X) on X can be unpacked in terms of its restrictions to the strata of the Ran

space, as follows:

� An object C ∈ AlgEn(ShvCat(RanX,un)⊗
∗
) is given by an assignment

I 7→ CI ∈ AlgEn(ShvCat(XI)⊗
∗
) [π : I → J ] 7→ [Φπ : ∆(π)∗CI −→ CJ ] (4.6.2.1)

for each I ∈ fSet and π : I → J , such that the maps corresponding to π surjective are

isomorphisms;

� the factorization data α defines equivalences

j(π)∗CI
∼=−→ j(π)∗�j∈J CIj (4.6.2.2)

of sheaves of En categories on U(π) ⊂ XI for each I and π : I � J ; and

� the unit data β, together with the gluing data for C ∈ AlgEn(ShvCat(RanX,un)) above,

defines the analogues of the factorization unit maps of Remark 2.2.3.2. In particular,

for π : I ↪→ J injective, or further in particular for π : Ø→ J , this gives maps

unitπC : CI �QCohXIπ → CJ and unitJC : QCohXJ → CJ (4.6.2.3)

of sheaves of En categories on XJ .
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Example 4.6.2.5. Let Y ∈ PreStkfact
un (X) be a factorization prestack on X such that the

category QCohY ∈ Catfact
un (X) admits the structure of a unital factorization category, as for

example in Definition 4.4.2.7. Then QCohY ∈ Catfact
E∞,un(X) is canonically a factorization

symmetric monoidal category, under the usual tensor product of quasicoherent sheaves.

Example 4.6.2.6. The unit factorization category QCohRanX,un
∈ Catfact

E∞,un(X) is canonically

a factorization symmetric monoidal category, under the usual tensor product of quasicoher-

ent sheaves, by the preceeding example. In particular, applying the symmetric monoidal

forgetful functor AlgE∞ → AlgEn as in Remark A.3.4.12, QCohRanX,un
∈ Catfact

En,un(X) de-

fines a factorization En-category for each n ∈ N.

Definition 4.6.2.7. Let C ∈ Catfact
En,un(X) be a (unital) factorization En category. A (unital)

factorization En-algebra A ∈ Algfact
En,un(C) internal to C is a map of (unital) factorization En

categories QCohRanX,un
→ C.

Remark 4.6.2.8. The data of such an object, or more generally a functor between factoriza-

tion En categories, can be unpacked explicitly in terms of the description of Remark 4.6.2.4,

following Remarks 4.2.2.6, and 4.2.2.2 and 4.2.2.3, respectfully.

In particular, a factorization En-algebra A ∈ Algfact
En,un(C) internal to C is given by:

� an En algebra object A ∈ AlgEn(Γ(RanX,un,C)), given by an assignment

I 7→ AI ∈ AlgEn(Γ(XI ,CI)) [π : I → J ] 7→ [ηπ : Φπ(∆(π)•AI) −→ AJ ] ,

(4.6.2.4)

such that for π surjective the corresponding maps in AlgEn(Γ(XJ ,CJ)) are isomor-

phisms;

� an equivalence

j(π)•AI
∼=−→ j(π)•(�jAIj ) in the category AlgEn(Γ(U(π), j(π)∗CI)) ∼= AlgEn(Γ(U(π), j(π)∗�j∈J CIj ))

for each I and π : I � J ; and

� an equivalence AØ
∼= K in AlgEn(CØ) ∼= AlgEn(Vect), which together with the struc-

ture maps of Equation 4.6.2.4 above, determine maps

unitπC(AI�OXIπ )→ AJ and unitJC(OXJ )→ AJ

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively.

Example 4.6.2.9. The factorization unit unitC ∈ Algfact
En,un(C) of a unital factorization En-

category is canonically a factorization En-algebra internal to C.

Example 4.6.2.10. Following Remark 4.5.0.5, the analogue of Example 4.2.2.9 is as fol-

lows: the category of unital factorization En algebras Algfact
En,un(QCohRanX,un

) internal to
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QCohRanX,un
is equivalent to the usual category of factorization En quasicoherent sheaves.

In particular, taking X = X̃dR as in Example 4.2.2.10 and following Remark 4.2.2.11, there

is an equivalence

Algfact
En,un(QCohRanX,un

) ∼= Algfact
En,un(X̃) .

In analogy with Proposition 4.6.1.8, we have

Proposition 4.6.2.11. There is an equivalence of categories

Catfact
En,un(X)

∼=−→ AlgEn(Catfact
un (X)∗) ,

which intertwines the natural forgetful functors to Catfact
un (X) and AlgEn(ShvCat(RanX,un)⊗

∗
).

Proof: The proof is the same as that of Proposition 4.5.0.7 (which gives Proposition 4.6.1.8

as a special case, taking P = En), mutatis mutandis, noting that the inverse image functo-

riality for sheaves of categories satisfies the same properties as those used in the proof for

usual quasicoherent sheaves.

In analogy with Definition 4.6.1.9, we make the following definition:

Definition 4.6.2.12. Let C ∈ Catfact
E1,un(X) ∼= AlgE1

(Catfact
un (X)∗) be a (unital) factorization

E1 category. A (unital) factorization E1 module category D ∈ C -Mod(Catfact
un (X)∗) over C

is a module object for C internal to Catfact
un (X)∗.

Example 4.6.2.13. A factorization E1 category C ∈ Catfact
E1,un(X) is canonically an E1 module

category over itself C ∈ C -Mod(Catfact
un (X)∗) via the monoidal structure multiplication map.

In this context, we extend the definition of factorization E1 module to the internal setting:

Definition 4.6.2.14. Let C ∈ Catfact
En,un(X) be a (unital) factorization En category, D ∈

C -Mod(Catfact
un (X)∗) a (unital) factorization E1 module category over C, andA ∈ Algfact

En,un(C)

a (unital) factorization En-algebra internal to C.

A (unital) factorization E1 module object M ∈ A-Mod(Algfact
un (D) over A internal to D

is a module object for A internal to Algfact
un (D).

Remark 4.6.2.15. Concretely, a factorization E1 module object M ∈ A-Mod(Algfact
un (D) is

given by a factorization algebra M ∈ Algfact
un (D) internal to D, together with a module

structure map

ρ : A ?M →M where (·) ? (·) : Algfact
un (C)×Algfact

un (D)→ Algfact
un (D)

denotes the map on factorization algebras induced by the C module structure on D, together

with its higher arity analogues and compatibility data with the E1 algebra structure data

for A.
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Remark 4.6.2.16. Further, in terms of the description of A ∈ Algfact
E1,un(C) in Remark 4.6.2.8,

a factorization E1 module object M ∈ A-Mod(Algfact
un (D) over A internal to D is given by:

� an A module object M ∈ A-Mod(Γ(RanX,un,D)), given by an assignment

I 7→MI ∈ AI -Mod(Γ(XI ,DI)) [π : I → J ] 7→ [ηπ : Φπ(∆(π)•MI) −→MJ ] ,

(4.6.2.5)

such that for π surjective the corresponding maps in AJ -Mod(Γ(XJ ,DJ)) are isomor-

phisms;

� an equivalence

j(π)•MI
∼=−→ j(π)•(�jMIj ) in j(π)•AI -Mod(Γ(U(π), j(π)∗DI))

∼= j(π)•(�jAIj )-Mod(Γ(U(π), j(π)∗�j∈JDIj ))

for each I and π : I � J ; and

� an equivalence MØ
∼= K in AØ-Mod(DØ) ∼= Vect, which together with the structure

maps of Equation 4.6.2.5 above, determine maps

unitπC(MI�OXIπ )→MJ and unitJC(OXJ )→MJ

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively.

4.7 Convolution constructions for factorization En algebras

and categories

4.7.1 Convolution on factorization spaces and constructions of factoriza-

tion En algebras and categories

In this subsection, we apply the format of Subappendix A.1.6 to outline a general construc-

tion of factorization E1 algebras, and factorization E1 categories, via convolution.

Proposition 4.7.1.1. Let X,Y ∈ PreStkfact
un (X) be (unital) factorization spaces and f : X→ Y

a strict map of (unital) factorization spaces. Then Z = X×YX ∈ PreStkfact
un (X) is naturally

a (unital) factorization space, and the canonical projection maps πX,i : Z→ X are maps of

(unital) factorization spaces for i = 1, 2.

Proof: Recall that the data defining the strict map f : X → Y of underlying relative

prestacks over RanX,un is given in Equation 4.3.3.1. We define a relative prestack Z = X×YX



4.7. CONVOLUTION CONSTRUCTIONS FOR FACTORIZATION EN ALGEBRAS 137

over RanX,un by the assignments

I 7→ ZI := XI ×YI XI

[π : I → J ] 7→

unitπX ×
unitπY

unitπX
ψπ
Z

uu

φπ
Z

''
XJ ×XI (XI ×YI XI) XJ ×YJ XJ

where the maps are those induced on the given fibre products from the corresponding maps

in Equation 4.4.3.1. The factorization data is defined for each π : I � J by the natural

equivalences

U(π)×XIZI = U(π)×XI (XI×YIXI)
∼=−→ U(π)×XI

∏
j∈J

XIj ×(∏
j∈J YIj

)∏
j∈J

XIj

 = U(π)×XI

∏
j∈J

ZIj


given by the fibre product of those defined for X and Y, and similarly for the unit data.

The canonical projections πX : Z → X evidently admit natural factorization compatibility

data in the sense of Equation 4.3.3.1 and thus define maps of factorization spaces.

Remark 4.7.1.2. The preceeding proposition and its proof evidently apply to general fibre

products of distict factorization spaces X×YW, and this construction gives the existence of

fibre products in the category of (unital) factorization spaces.

Remark 4.7.1.3. More generally, the iterated fibre products

Z(n) = X×Y X×Y . . .×Y X ∈ PreStkfact
un (X) and projections πij : Z(n) → Z

define factorization spaces and maps of such for each n ∈ N and i, j ∈ {1, ..., n}.

Towards stating the analogue of Proposition A.1.6.9 in the (quasicoherent) factorization

setting, we restrict to the following format:

Remark 4.7.1.4. Throughout the remainder of this subsection, let X,Y ∈ PreStkfact
un (X),

f : X→ Y and Z ∈ PreStkfact
un (X) be as in the preceeding proposition, and such that

QCohZ(n)
∈ Catfact

un (X) define (unital) factorization categories for each n ∈ N; for example,

consider X,Y ∈ PreStkfact
(all,sch-qcqs),un as in Proposition 4.4.2.5 and f : X → Y a map in this

category.

Further, suppose that for each i, j the functors π•ij : QCohZ → QCohZ(n)
of pullback

along the maps πij : Z(n) → Z induce (unital) factorization functors; for example, as in

Example 4.4.3.2 and Remark 4.4.3.3.

Proposition 4.7.1.5. The factorization category QCohZ ∈ Catfact
E1,un(X) of quasicoherent

sheaves on Z is naturally a (unital) E1-factorization category with respect to the convo-
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lution monoidal structure (·) ? (·) : QCohZ⊗∗QCohZ → QCohZ defined by the composition

QCohZ⊗∗QCohZ

π•12�π
•
23−−−−−→ QCohZ×2

(3)

∆•−−→ QCohZ(3)

π13,•−−−→ QCohZ .

Further, the pushforward functor pZ• : QCoh?Z → QCoh⊗!
RanX,un

is a unital, lax E1-

monoidal, factorization functor, with respect to the convolution monoidal structure on

QCohZ defined above, and the symmetric monoidal structure on QCohRanX,un
of Example

4.6.2.6. In particular, there exist natural maps of factorization quasicoherent sheaves

pZ•M⊗ pZ•N→ pZ•(M ?N)

for each M,N ∈ Algfact
un (QCohZ).

Proof: By Proposition 4.6.2.11 above, it suffices to prove the analogous statements for E1

algebras internal to the category of factorization categories. Following remarks A.1.6.8 and

A.1.6.8, we apply the proof of Proposition A.1.6.9 in this setting. The hypotheses of the

preceding remark guarantee that the required factorization functors exist, and that the un-

derlying functors of quasicoherent pushforward and pullback satisfy the required adjointness

properties of the ∗ pushforward and pullback functors used in Proposition A.1.6.9.

Following propositions A.1.6.2 and A.1.6.10, we also have:

Corollary 4.7.1.6. Let A ∈ Algfact
E1,un(QCoh?Z) be a factorization E1-algebra internal to QCohZ

over X = X̃dR. Then pZ•A ∈ Algfact
E1,un(X̃) is naturally an factorization E1-algebra on X̃, so

that we obtain a functor

pZ• : Algfact
E1,un(QCoh?Z)→ Algfact

E1,un(X̃) .

Remark 4.7.1.7. Concretely, following Remark 4.6.2.8, a factorization E1-algebra A ∈ Algfact
E1,un(QCohZ)

internal to QCohZ is given by:

� an E1 algebra object A ∈ AlgE1
(QCoh(Z)), given by an assignment

I 7→ AI ∈ AlgE1
(QCoh(ZI)

?) [π : I → J ] 7→
[
ηπ : φπZ•ψ

π,•
Z ∆̃(π)•AI −→ AJ

]
,

(4.7.1.1)

such that for π surjective the corresponding maps in AlgE1
(QCoh(ZJ)) are isomor-

phisms, where the former are given by an underlying object AI ∈ QCoh(ZI) together

with a map

π13,I•(π
•
12,IAI ⊗ π•23,IAI)→ AI in QCoh(ZI) (4.7.1.2)

and its higher arity analogues, as in Proposition A.1.6.2, where πij,I : Z(3)I → ZI are

the components of the maps of factorization spaces in Remark 4.7.1.3 over XI ;
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� an equivalence

j̃(π)•AI
∼=−→ j̃(π)•(�jAIj ) in the category AlgE1

(QCoh(U(π)×XIZI)) ∼= AlgE1
(QCoh(U(π)×XI (×j∈JZIj )))

for each I and π : I � J ; and

� an equivalence AØ
∼= K in AlgE1

(QCoh(ZØ)?) ∼= AlgE1
(Vect), which together with the

structure maps of Equation 4.7.1.1 above, determine maps

φZ,π•ψ
•
Z,π(AI�OXIπ )→ AJ and φZ,J•ψ

•
Z,J(OXJ )→ AJ (4.7.1.3)

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively.

Remark 4.7.1.8. In particular, following the preceding remark, the preceding corollary im-

plies the factorization analogue of Proposition A.1.6.2, analogously to the fact that loc. cit.

follows from Proposition A.1.6.10.

Definition 4.7.1.9. Let N ∈ Algfact
un (QCohY) be a (unital) factorization compatible quasico-

herent sheaf on Y that admits internal Hom objects in the sense of Definition 4.7.1.9. Then

N admits internal Hom objects over Y if there is a lift of the functor of Equation 4.6.1.1 to

a unital factorization functor

¯HomQCoh(Y)(N, ·) : QCohY → QCohY with commutativity data for

QCohY

¯Hom(N,·) //

Hom(N,·) &&

QCohY

pY•
��

QCohRanX,un

.

Remark 4.7.1.10. Concretely, for N ∈ Algfact
un (QCohY) admiting internal Hom objects over

X, we have

HomQCoh(Y)(N,M) ∈ QCohfact
un (X) defined by I 7→ pYI• HomQCoh(YI)(NI ,MI) ∈ QCoh(XI) ,

together with the natural induced compatibility data, for each M ∈ Algfact
un (Y).

Similarly, for N ∈ Algfact
un (QCohY) admiting internal Hom objects over Y, we have

¯HomQCoh(Y)(N,M) ∈ Algfact
un (QCohY) defined by I 7→ HomQCoh(YI)(NI ,MI) ∈ QCoh(YI) .

We now state the analogues of Remark A.1.6.5 and examples A.1.6.6 and A.1.6.7 in

the quasicoherent, factorization setting. To begin, we recall the quasicoherent analogue of

Remark A.1.6.5:

Remark 4.7.1.11. Let X,Y and W ∈ Schft be finite type schemes, M ∈ QCoh(X), N ∈



140 CHAPTER 4. FACTORIZATION OBJECTS

Coh(W ), f : X → Y , g : W → Y proper, and Z = X ×Y W . Then the internal Hom object

HomQCoh(Y )(g•N, f•M) ∈ QCoh(Y )

can be calculated as

HomQCoh(Y )(g•N, f•M) ∼= g•HomQCoh(W )(N, g
!f•M)

∼= g•HomQCoh(W )(N, πW•π
•
XM ⊗ ωW/Y )

∼= g•πW•HomQCoh(X×YW )(π
•
WN, π

•
XM ⊗ ωZ/X)

so that we obtain a lift of the internal Hom object to QCoh(X ×Y W ), which we denote

˜HomQCoh(Y )(g•N, f•M) = M�Y (N∨⊗ωW/Y ) := (π•XM)⊗OZπ
•
W (N∨⊗ωW/Y ) ∈ QCoh(X×YW ) .

In keeping with the simplifying assumptions of the preceeding Remark, we introduce the

category Schfact
ft,un(X) of finite type, schematic (unital) factorization spaces on X following

the general Definition 4.4.2.2:

Example 4.7.1.12. The functor Schft,corr/(·) : Schop
aff → Cat×, which assigns to S ∈ Schaff the

category Schft,corr/S of schemes of finite type over S under correspondences, is naturally a

lax symmetric monoidal subfunctor of PreStkcorr/(·).

Let Schfact
ft,un(X) denote the category of finite type factorization schemes over X, defined by

the subfunctor of the preceeding example following Definition 4.4.2.2.

Example 4.7.1.13. Let X,Y and W ∈ Schfact
ft,un(X), M ∈ Algfact

un (QCohX), N ∈ Algfact
un (QCohW)

coherent, f : X → Y, g : W → Y proper, and Z = X ×Y W ∈ Schfact
ft,un(X) over X = X̃dR.

Then following Remark 4.7.1.10, the internal Hom object over Y is given by

¯HomQCoh(Y)(g•N, f•M) ∈ Algfact
un (QCohY) defined by I 7→ HomQCoh(YI)(gI•NI , fI•MI) ∈ QCoh(YI) .

Moreover, following Remark 4.7.1.11, there is a canonical lifted internal Hom object

˜HomQCoh(Y)(g•N, f•M) ∈ Algfact
un (QCohZ) defined by I 7→ ˜HomQCoh(YI)(gI•NI , fI•MI) ∈ QCoh(ZI) ,

in the sense that we have a canonical equivalences

g•πW• ˜HomQCoh(Y)(g•N, f•M) ∼= ¯HomQCoh(Y)(g•N, f•M) ∈ Algfact
un (QCohY) , and

pZ• ˜HomQCoh(Y)(g•N, f•M) ∼= HomQCoh(Y)(g•N, f•M) ∈ Algfact
un (X̃) .

The quasicoherent, factorization analogue of the construction in Example A.1.6.6 is given

by:
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Example 4.7.1.14. Consider the special case of the preceeding example where X = W and

M = N . Then the lifted internal Hom object

Ã = ˜HomQCoh(Y)(f•M, f•M) = M�Y(M∨ ⊗ ωX/Y) ∈ Algfact
E1,un(QCoh?Z)

is naturally a factorization E1-algebra internal to QCoh?Z ∈ Catfact
E1,un(X) as defined in Propo-

sition 4.7.1.5.

Concretely, in terms of the description of Remark 4.7.1.7, the E1-algebraAI ∈ AlgE1
(QCoh(ZI)

?)

assigned to each I ∈ fSetØ is given by

AI = ˜HomQCoh(YI)(fI•MI , fI•MI) = MI�YI (M
∨
I ⊗ ωXI/YI ) ∈ QCoh(ZI)

with algebra structure maps as in Equation 4.7.1.2 are given by

π13,I•(π
•
12,IAI ⊗ π•23,IAI)→ AI

corresponding under the (π13•, π
!
13) adjunction to

π•12,IAI ⊗ π•23,IAI = (MI �YI (M∨I ⊗ ωXI/YI )�YI OXI )⊗ (OXI �YI MI �YI (M∨I ⊗ ωXI/YI ))

∼= MI �YI (M∨I ⊗ ωXI/YI ⊗MI)�YI (M∨I ⊗ ωXI/YI )

→MI �YI ωXI/YI �YI (M∨I ⊗ ωXI/YI )

∼= π!
13,IAI ,

where the map is given by the duality pairing on MI ∈ Coh(XI).

Further, the analogue of Example A.1.6.7 is given by:

Example 4.7.1.15. Consider the special case of the preceding example where the factoriza-

tion algebras are given by M = N = OX := p•XORanX,un
∈ Algfact

un (QCohX) over X = X̃dR, so

that

A = Hom(f•OX, f•OX) ∼= pX•f
!f•p

•
XORanX,un

∼= pX•πX•π
!
Xp•XORanX,un

= pZ•ωZ/X ∈ Algfact
un (X̃).

Correspondingly, the lifted internal Hom object is given by

Ã = ˜Hom(f•OX, f•OX) = OX �Y ωX/Y
∼= ωZ/X ∈ Algfact

E1,un(QCoh?Z) .

Concretely, for each I ∈ fSetØ, we have

ÃI = ˜HomQCoh(YI)(fI•OXI , fI•OXI ) = OXI�YIωXI/YI
∼= ωZI/XI ∈ AlgE1

(QCoh(ZI)
?) .

This construction can be summarized by the diagram in factorization spaces, and induced
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diagram in factorization categories, given by

X×Y X
πX

��

πX

��
X

f

��

pX

��

X
pX

��

f

��
RanX,un Y RanX,un

and

QCohX×YX

πX•

!!
QCohX

f•

  

π!
X

==

QCohX

pX•

""
QCohRanX,un

p•
X

<<

QCohY

f !
>>

QCohRanX,un

.

(4.7.1.4)

Remark 4.7.1.16. As in Remark A.1.6.8, defined much more generally. IndCoh analogue,

de Rham analogue.

4.7.2 Convolution constructions of modules over factorization En-algebras

and categories

In this subsection, we apply the format of Subappendix A.1.6 to outline a general construc-

tion of factorization module categories and factorization algebra module objects over the

factorization E1 categories and factorization E1 algebra objects of the preceeding subsection.

Example 4.7.2.1. Let X,W,Y ∈ PreStkfact
un (X) be (unital) factorization spaces, and f : X→

Y and g : W → Y maps of such. Following Remark 4.7.1.2, we have that ZW = X ×Y W ∈
PreStkfact

un (X) is a (unital) factorization space, specified as a relative prestack over RanX,un

by the assignments

I 7→ ZW
I := XI ×YI WI

[π : I → J ] 7→

unitπX ×
unitπY

unitπW
ψπ
ZW

uu

φπ
ZW

''
XJ ×XI (XI ×YI WI) XJ ×YJ WJ

.

Further, the canonical projection maps πX : ZW → X and πW : ZW → W are maps of

(unital) factorization spaces.

Remark 4.7.2.2. More generally, the iterated fibre products

ZW
(n) = X×Y X×Y . . .×Y W ∈ PreStkfact

un (X) and projections πij : ZW
(n) → Z(W)

define factorization spaces and maps of such for each n ∈ N and i, j ∈ {1, ..., n}.

Remark 4.7.2.3. Throughout the remainder of this subsection, let X,W,Y ∈ PreStkfact
un (X),

f : X→ Y and g : W → Y, and ZW ∈ PreStkfact
un (X) be as in the preceeding example.

Further, suppose that X, Y and f : X → Y satisfy the hypotheses of Remark 4.7.1.4, and
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analogously that W and g : W → Y are such that QCohZW
(n)
∈ Catfact

un (X) define (unital)

factorization categories for each n ∈ N, and the maps πij : ZW
(n) → Z(W) induce (unital)

factorization functors π•ij : QCohZ(W) → QCohZW
(n)

for each i, j. For example, we can take

factorization spaces and maps of such as in propositions 4.4.2.5 and 4.4.3.2, and Remark

4.4.3.3.

The following is the analogue of Proposition A.1.6.13 in the setting compatible with

Proposition 4.7.1.5, recalling the latter is the analogue of Proposition A.1.6.9:

Proposition 4.7.2.4. The factorization category of quasicoherent sheaves on ZW

QCohZW ∈ QCoh?Z -Mod(Catfact
un (X))

is naturally a factorization module category over QCohZ ∈ Catfact
E1,un(X), with respect to

the convolution module structure (·) ? (·) : QCohZ⊗∗QCohZW → QCohZW defined by the

composition

QCohZ⊗∗QCohZW

π•12�π
•
23−−−−−→ QCoh(ZW

(3)
)×2

∆•−−→ QCohZW
(3)

π13,•−−−→ QCohZW .

Further, the pushforward functors pZ• : QCohZ → QCoh⊗!
RanX,un

and pZW• : QCohZW → QCohRanX,un

define unital, lax compatible factorization functors, with respect to the above module struc-

ture. In particular, there exist natural maps of factorization quasicoherent sheaves

pZ•A⊗ pZ•R→ pZ•(A ? R)

for each A ∈ Algfact
un (QCohZ) and R ∈ Algfact

un (QCohZW).

Proof: The proof follows that of Proposition 4.7.1.5, mutatis mutandis, where the analogue

of Proposition A.1.6.9 describing module categories is given by Proposition A.1.6.13.

Similarly, following propositions A.1.6.14 and A.1.6.12, compatible with Corollary 4.7.1.6

we have:

Corollary 4.7.2.5. Let A ∈ Algfact
E1,un(QCoh?Z) and R ∈ A-Mod(Algfact

un (QCohZW) a factoriza-

tion E1 module object internal to QCohZW overX = X̃dR. Then pZW•R ∈ (pZ•A)-Mod(Algfact
un (X̃))

is naturally a factorization E1 module over pZ•A ∈ Algfact
E1,un(X̃), so that we obtain a functor

pZW• : A-Mod(Algfact
un (QCohZW))→ (pZ•A)-Mod(Algfact

un (X̃)) .

Remark 4.7.2.6. Concretely, following Remark 4.6.2.16 and in terms of the description of

Remark 4.7.1.7, a factorization E1 module object R ∈ A-Mod(Algfact
un (QCohZW) over A

internal to QCohZW is given by:
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� an A module object R ∈ A-Mod(QCoh(ZW)), given by an assignment

I 7→ RI ∈ AI -Mod(QCoh(ZW
I )) [π : I → J ] 7→

[
ηπ : φπ

ZW•ψ
π,•
ZW∆̃(π)•RI −→ RJ

]
,

(4.7.2.1)

such that for π surjective the corresponding maps in AJ -Mod(QCoh(ZW
J ) are isomor-

phisms, where the former are given by an underlying object RI ∈ QCoh(ZW
I ) together

with a map

π13,I•(π
•
12,IAI ⊗ π•23,IRI)→ RI in QCoh(ZW

I ) (4.7.2.2)

and its higher arity analogues, as in Proposition A.1.6.12, where πij,I : ZW
(3)I → Z

(W)
I

are the components of the maps of factorization spaces in Remark 4.7.2.2 over XI ;

� an equivalence

j(π)•RI
∼=−→ j(π)•(�jRIj ) in (j(π)•AI)-Mod(QCoh(U(π)×XI ZW

I )))

∼= (j(π)•(�jAIj ))-Mod(QCoh(U(π)×XI (×j∈JZW
Ij )))

for each I and π : I � J ; and

� an equivalence RØ
∼= K in AØ-Mod(QCohZW

Ø
) ∼= Vect, which together with the struc-

ture maps of Equation 4.7.2.1 above, determine maps

unitπC(RI�OXIπ )→ RJ and unitJC(OXJ )→ RJ

for π : I ↪→ J injective, and in particular for π : Ø ↪→ J , respectively.

Remark 4.7.2.7. In particular, following Remark 4.7.1.8 and the preceding remark, the

preceeding corollary implies the factorization analogue of Proposition A.1.6.12, analogously

to the fact that loc. cit. follows from Proposition A.1.6.14.

Following Example 4.7.1.14, the quasicoherent, factorization analogue of Example A.1.6.16

is given by:

Example 4.7.2.8. Let X,Y and W ∈ Schfact
ft,un(X), M ∈ Algfact

un (QCohX), N ∈ Algfact
un (QCohW)

coherent, f : X → Y, g : W → Y proper, and Z = X×Y X and ZW = X×Y W ∈ Schfact
ft,un(X)

over X = X̃dR. Further, as in examples 4.7.1.14 and 4.7.1.13, consider

Ã = ˜HomQCoh(Y)(f•M, f•M) = M�Y(M∨ ⊗ ωX/Y) ∈ Algfact
E1,un(QCoh?Z) , and

R̃ = ˜HomQCoh(Y)(g•N, f•M) = M�Y(N∨ ⊗ ωW/Y) ∈ Algfact
un (QCohZW).

Then R̃ is naturally a factorization E1 module object

R̃ ∈ Ã-Mod(Algfact
un (QCohZW))
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over Ã ∈ Algfact
E1,un(QCoh?Z) internal to QCohZW ∈ QCoh?Z -Mod(Catfact

un (X)).

Concretely, for each I ∈ fSetØ we have

R̃I = ˜HomQCoh(YI)(gI,•NI , fI,•MI) = MI�YI (N
∨
I ⊗ ωWI/YI ) ∈ AI -Mod(QCoh(ZW

I ))

with module structure maps as in Equation 4.7.2.2 given by

π13,I•(π
•
12,IAI ⊗ π•23,IRI)→ RI

corresponding under the (π13•, π
!
13) adjunction to

π•12,IAI ⊗ π•23,IRI = (MI �YI (M∨I ⊗ ωXI/YI )�YI OXI )⊗ (OXI �YI MI �YI (N∨I ⊗ ωXI/YI ))

∼= MI �YI (M∨I ⊗ ωXI/YI ⊗MI)�YI (N∨I ⊗ ωXI/YI )

→MI �YI ωXI/YI �YI (N∨I ⊗ ωXI/YI )

∼= π!
13,IRI ,

where the map is given by the duality pairing on MI ∈ Coh(XI).

Following 4.7.1.15, the quasicoherent, factorization analogue of Example A.1.6.17 is given

by:

Example 4.7.2.9. Consider the special case of the preceding example where the factoriza-

tion algebras are given by M = OX := p•XORanX,un
∈ Algfact

un (QCohX) and N = OW :=

p•WORanX,un
∈ Algfact

un (QCohW) over X = X̃dR, so that

R = Hom(g•OW, f•OX) ∼= pW•g
!f•p

•
XORanX,un

∼= pW•πW•π
!
Xp•XORanX,un

= pZW•ωZW/W ∈ A-Mod(Algfact
un (X̃)).

Correspondingly, the lifted internal Hom object is given by

R̃ = ˜Hom(g•OW, f•OX) = OX �Y ωW/Y
∼= ωZW/X ∈ Ã-Mod(Algfact

un (QCohZW)) .

Concretely, for each I ∈ fSetØ, we have

R̃I = ˜HomQCoh(YI)(gI•OWI
, fI•OXI ) = OXI�YIωWI/YI

∼= ωZW
I /XI

∈ AI -Mod(QCoh(ZI)
?) .

This construction can be summarized by the diagram in factorization schemes, and induced
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diagram in factorization categories, given by

X×Y W
πW

  

πX

��
X

f

��

pX

��

W
pW

  

g

~~
RanX,un Y RanX,un

and

QCohX×YW

πW•

!!
QCohX

f•

!!

π!
X

==

QCohW

pW•

""
QCohRanX,un

p•
X

<<

QCohY

g!
==

QCohRanX,un

.

(4.7.2.3)

Remark 4.7.2.10. As in Remark 4.7.1.16, defined much more generally. IndCoh analogue,

de Rham analogue.



Chapter 5

Holomorphic-topological field

theory in the Ω-background and

equivariant factorization En

algebras

5.1 Overview of Chapter 5

5.1.1 General overview

In this Chapter, we apply the tools developed in Chapter 4 to construct examples of fac-

torization En algebras A ∈ Algfact
En,un(X) describing mixed chiral-topological field theories

on X × Rn coming from holomorphic-topological twists of supersymmetric gauge theories.

Moreover, we apply the theory of equivariant factorization algebras from Chapter 3 (which

we recall refers to Chapter 2 of the prequel [But20a]) in these examples to formulate and

prove statements in representation theory which codify predictions from physics about the

corresponding field theories, as outlined in the introduction. Recall that these results were

introduced and summarized already in Section 1.5.4.

The results of Section 4.7 provide the main technical mechanism for constructing exam-

ples. Recall the diagrams of Equation 4.7.1.4, which summarize the geometric construction

of factorization E1 algebras given in Example 4.7.1.15. In each of the following sections,

we construct factorization En algebras of local observables in chiral-topological field theo-

ries on X × Rn using variants of this format, and deduce properties of these objects and

relationships between them in terms of such geometric constructions.

In the sections dedicated to introducing individual examples, we proceed by defining

the following algebraic data, which is typically constructed geometrically as listed in each

case:

147
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� a unital factorization En−1 category C ∈ Catfact
En−1,un(X) on X, which corresponds

physically to the category of line operators of the field theory, typically constructed

geometrically by some variant of QCohY ∈ Catfact
En−1,un(X) for an appropriate factor-

ization space Y with convolution structure maps inducing a compatible En−1 monoidal

structure;

� a factorization En algebra on X, corresponding to the algebra of local observables,

given by

A = HomQCoh(Y)(unitQCohY
, unitQCohY

) ∈ Algfact
En,un(X) ,

the endomorphism algebra of the unit factorization En−1 algebra unitQCohY
∈ Algfact

En−1,un(QCohY),

typically constructed geometrically by the analogous variant of unitQCohY
= f•p

•
XORanX,un

;

� a unital factorization En category C̃ ∈ Catfact
En,un(X) on X together with a factorization

functor ϕ : C̃→ QCohRanX,un
, typically given geometrically by the analogous variant

of p• : QCohX×YX
→ QCohRanX,un

the coherent pushforward functor; and

� a lift Ã ∈ Algfact
En,un(C̃) of A to a factorization En algebra internal to C̃ such that

ϕ(Ã) ∼= A, defining the internal to C̃ endomorphism object of unitQCoh(Y), which exists

in the typical geometric setting by the analogous variant of coherent base change.

In the remaining sections, we prove a number of results relating these factorization En
algebras and categories in terms of the geometric constructions explained above. These can

mostly be understood as examples of the following general types of results:

� concrete computations of the factorization En algebras constructed geometrically as

above, in terms of sheaf theory on the relevant varieties or stacks;

� analogous geometric constructions of module objects over these factorization En alge-

bras, following the results of Section A.1.6;

� analogous concrete computations of these module objects in terms of sheaf theory;

� conditions for the existence of equivariant structures on factorization En algebras;

� analogous computations of the families of factorization algebras on fixed point subva-

rieties induced by equivariant factorization algebras, following the results of Section

3.4; and

� applications of the equivariant cigar reduction principle to deduce relationships be-

tween various factorization En algebras, following the results of sections 3.11.2 and

3.11.4.

Warning 5.1.1.1. Many of the constructions in this chapter require the input data of a

space Y , the cotangent stack of which defines the ‘sigma-model target space’ of the rel-

evant field theory. For each example, we begin with an overview describing the general
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features expected from the construction, without formulating precise enough hypotheses

on Y ∈ PreStk to give complete proofs of the claims. We still write the expected state-

ments as ‘Propositions’, ‘Examples’ and ‘Theorems’, including similar warnings to this one

throughout; we hope that this will not be a source of confusion for the reader.

In the examples relevant for our main results, we will restrict to the case that Y is

a specific class of space, typically either a smooth, finite type, affine scheme or a global

quotient stack Y = N/G of a finite-type, linear G representation N by a reductive, affine

algebraic group G. At this level of generality, we give careful accounts of the relevant

constructions, and complete the proofs of the main results outlined in the overview sections.

5.1.2 Summary

We now summarize the results of each section in the remainder of this chapter.

The two dimensional B model

In Section 5.2, as a warm-up we recall the well-known construction of the two dimensional B

model to Y as an E2 algebra V(Y ) ∈ AlgE2
(Vect). We emphasize the role of the E1 monoidal

category of line operators QCoh(Y ×2) ∈ AlgE1
(DGCat) in this construction, which plays

the role of the factorization category C described above in this example. Further, we recall

the relationship between S1 equivariant structures on the two dimensional B model E2

algebra and Calabi-Yau structures on Y .

The three dimensional B model

In Section 5.3, we recall an analogous construction of the three dimensional B model to

Y as an E3 algebra B(Y ) ∈ AlgE3
(Vect), following [BZ14] for example. In this case, the

category of line operators is given by the E2 monoidal category QCoh(LY ) ∈ AlgE2
(DGCat)

of coherent sheaves on the topological loop space LY = Y ×Y×Y Y of Y , which plays the role

of the factorization category in this example. Further, we explain that there is a canonical

S1 equivariant structure on B(Y ) such that the BDu1 algebra corresponding to it under

Proposition 3.11.1.1 is given by the (two-periodic) Rees algebra of differential operators on

Y , following [BZ14, BZN12]. Finally, we explain the result of the equivariant cigar reduction

principle of section 3.11.2 in this example, as a warm up for its application in Section 5.11.

The three dimensional A model

In Section 5.4, we give an overview of the construction of the three dimensional A model to Y

as a factorization E1 algebra A(Y ) ∈ Algfact
E1,un(X) on a smooth curve X, following [BFN18]

and references therein. In this case, the category of line operators is given by the genuine

factorization category D(YK) ∈ Catfact
un (X). We recall several expected results including

an internal lift of the construction and the existence of a Ga o Gm equivariant structure
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on A(Y ), inducing a BDu1 algebra, as in the preceding section for the three dimensional B

model.

The Braverman-Finkelberg-Nakajima construction

In Section 5.5, we recall the complete construction of the three dimensional A model

A(G,N) ∈ Algfact
E1,un(X) in the case Y = N/G, carried out in [BFN18]. In this case, the con-

structions and results of the preceding section can be formulated carefully in terms of sheaf

theory on infinite dimensional varieties and stacks; we give an account of this construction

reconciling that in [BFN18] with the theory of D modules on infinite dimensional varieties

constructed in [Ras15b] and references therein.

Chiral differential operators and the three dimensional A model

In Section 5.6, we give an overview of the geometric construction of the factorization alge-

bra overX of chiral differential operators Dch(Y ) ∈ Algfact
un (X) on Y , and outline a geometric

construction of an action of the

Dch(Y ) ∈ Algfact(X)

�A(Y ) ∈ Algfact
E1

(X)

C × R≥0

factorization E1 algebra A(Y ) ∈ Algfact
E1,un(X) of lo-

cal observables of the three dimensional A model on

the algebra of chiral differential operators Dch(Y ) ∈
A(Y )-Mod(Algfact

un (X)). This module structure was

predicted in [CG18], motivated by the fact that three

dimensional A model to Y is expected to admit a

chiral boundary condition such that the boundary local observables are given by the chiral

differential operators to Y .

Chiral differential operators on schemes

In Section 5.7, we give a careful account of the geometric construction of the algebra of chiral

differential operators Dch(Y ) ∈ Algfact
un (X) in the case that Y is a well-behaved smooth,

affine scheme, following [BD04] and [KV06]. In particular, we reconcile the constructions

of loc. cit. with the theories of indcoherent sheaves in infinite type and their relations with

theories of D modules, as outlined in [Ras20b] following [Gai13],[Ras15b] and references

therein. In particular, in these terms, we explain the requirement of a trivialization of

the determinant gerbe of Y for the construction of the global sections functor necessary to

define Dch(Y ) following [KV06].

Chiral differential operators on quotient stacks and semi-infinite cohomology

In Section 5.8, we study the analogous geometric construction of chiral differnetial operators

in the case that Y = N/G. We identify the analogue of the requisite trivialization of the

determinant gerbe of Y with the requirement of a lift of the GO action on Dch(N) to an
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action of ĝ at level −Tate, and given a choice of such we identify the resulting chiral algebra

Dch(N/G) ∼= C
∞
2 (ĝ, gO, GO;Dch(N)) with the semi-infinite cohomology of Dch(N) with

respect to ĝ, following the results of [Ras20b].

Action of the three dimensional A model on chiral differential operators

In Section 5.9, we show that under the hypotheses identified in the preceding section, the chi-

ral differential operators admit a canonical module structure Dch(N/G) ∈ A(G,N)-Mod(Algfact
un (X))

over the Coulomb branch factorization E1 algebra A(G,N) ∈ Algfact
E1,un(X) the factorization

E1 algebra constructed in [BFN18] in the case Y = N/G, as outlined in Section 5.6.

The three dimensional holomorphic-B model and its deformations

In Section 5.10, we outline a new construction of a factorization E1 algebra C(Y ) ∈ Algfact
E1,un(X)

corresponding to the three dimensional mixed holomorphic-B model. Moreover, we show

that this factorization E1 algebra admits a deformation C(Y )~ ∈ Algfact
E1,un(X)/K[~] over A1

~
such that the generic fibre C(Y )~|{~=1} ∼= A(Y ) is equivalent to the three dimensional A

model; this realizes the prediction that the holomorphic-B twist of three dimensional N = 4

gauge theory admits a deformation to the A twist.

Further, we show that the action of A(Y ) on Dch(Y ) extends to an action on the family

of factorization algebras Dch(Y )~ ∈ Algfact
un (X)/K[~] given by the Rees algebra of chiral

differential operators.

The four dimensional holmorphic-B model and chiral quantization

In Section 5.11, we outline a new construction of a factorization E2 algebra F(Y ) ∈
Algfact

E2,un(X) corresponding to the four dimensional mixed holomorphic-B model. Moreover,

we sketch an arguement that F(Y ) admits an S1 equivariant structure in the topological di-

rection if and only if Y admits a Tate structure, and that in this case the factorization BDu0
algebra F(Y )u ∈ Algfact

BDu0 ,un(X) corresponding to F(Y ) under the equivalence of Proposition

3.11.3.1 is given by the (two-periodic) Rees algebra of chiral differential operators Dch(Y )u.

This gives a mathematical formulation of a variant of the main physical construction of

[BLL+15], which associates a chiral algebra to each four dimensional N = 2 superconformal

gauge theory.

Further, we outline an identification CC−• (F(Y )) ∼= C(Y )u ∈ Algfact
E1,un(X)/K[u] of the

negative cyclic chains on F(Y ) with the (two-periodic variant of) the deformation of the

holomorphic-B to A twist, such that the canonical action of CC−• (F(Y )) on F(Y )u induced

by the equivariant cigar reduction principle of Proposition 3.11.4.3 identifies with (the two-

periodic variant of) the module stucture constructed in the preceding section. Figure 5.1

below summarizes these statements, and should be compared with the general case of the

equivariant cigar reduction principle illustrated in Figure 3.1. This explains the relationship
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C(Y )u ∈ Algfact
E1

(X)/K[u]

�

Dch(Y )u ∈ Algfact(X)/K[u]

X × R2
u X × R≥0

X

Algfact

ES1
2

(X) 3 F(Y )

Algfact
BDu0 (X) 3 F(Y )u Dch(Y )u ∈ Algfact(X)/K[u]

Figure 5.1: The equivariant cigar reduction principle for the four dimensional holomorphic-
B model

between our account of the predictions of [BLL+15] in the preceding paragraph and our

formulation of the predictions of [CG18] summarized above.
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5.2 The two dimensional B model

In this section, we recall the well-known construction of the two dimensional B model with

target space Y from the general perspective outlined in Section 5.1.1. The two dimensional B

model is a topological field theory and thus described by an E2 algebra V(Y ) ∈ AlgE2
(Vect),

which is computed in terms of the category of line operators QCoh(Y ×Y ) ∈ AlgE1
(DGCat),

in keeping with the general format described in loc. cit., by

V(Y ) = HomQCoh(Y×Y )(∆•OY ,∆•OY ) ∼= Γ(Y,PV•Y ) .

This is precisely its definition as the Hochschild cochains CH• of the boundary condition

category QCoh(Y ), as suggested in Kontsevich’s initial proposal of Homological Mirror

Symmetry [Kon95]. As we explain below, the monoid structure on Y × Y is the analogue

of the factorization space structure in this example, and the construction is summarized as

in Equation 4.7.1.4 by the diagrams

LY
πY

##

πY

{{
Y

∆

##

pY

��

Y
pY

��

∆

{{
pt Y × Y pt

and

QCoh(LY )
πY •

$$
QCoh(Y )

∆•

$$

π!
Y

::

QCoh(Y )
pY •

��
Vect

p•Y
AA

QCoh(Y × Y )

∆!
::

Vect

.

(5.2.0.1)

Summary

In Section 5.2.1, we construct the two dimensional B model E2 algebra, and in Section 5.2.2

we give the internal variant of the construction. In Section 5.2.3, we discuss the existence

of S1 equivariant structures on the two dimensional B model.

Warning 5.2.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline

of the general expectations. Since this section is primarily motivational, we will not give a

more careful treatment, but the concerned reader may assume Y is a smooth, finite type

variety, for example.
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5.2.1 The two dimensional B model factorization algebra

Example 5.2.1.1. Recall that the space Y × Y is a monoid in prestacks under correspon-

dences, with multiplication and unit structure maps given by the correspondences

Y × Y × Y π13 //

π12

��

π23

&&

Y × Y

Y × Y Y × Y

and

Y
∆

##

pY

��
pt Y × Y

.

Remark 5.2.1.2. The monoid structure on Y ×Y is used here analogously to the factorization

structures in the ‘higher dimensional’ examples of the following sections. In particular, we

present this section following the exposition of sections 4.4 and 4.7 under this analogy, as a

warm up for the more involved examples that follow:

We construct an E1-algebra in the category of E1-algebras (or equivalently, an E2 alge-

bra) as endomorphisms of an object in an E1-monoidal category of sheaves on a monoid in

spaces, in analogy with the construction of an E1-algebra in the category of factorization

algebras (or equivalently, a factorization E1-algebra) as endomorphisms of an object in a

factorization category of sheaves on a factorization space, as explained in loc. cit., and

carried out concretely in the sections following this one.

Proposition 5.2.1.3. The category QCoh(Y ×2)? ∈ AlgE1
(DGCatcont) is naturally an E1-

monoidal category with respect to the convolution tensor product (·)?(·) : QCoh(Y ×2)⊗2 →
QCoh(Y ×2) defined by the composition

QCoh(Y ×2)⊗QCoh(Y ×2)
π•12�π

•
23−−−−−→ QCoh(Y ×3)⊗2 ∆•−−→ QCoh(Y ×3)

π13•−−−→ QCoh(Y ×2) .

Proof: The proof follows that of Proposition A.1.6.9, under the generalization outlined in

Remark A.1.6.8.

Example 5.2.1.4. The unit u ∈ QCoh(Y ×2) for the convolution monoidal tensor product is

given by

unitY ×2 = ∆•p
•
Y Opt

∼= ∆•OY ∈ QCoh(Y ×2) .

In particular, u ∈ AlgE1
(QCoh(Y ×2)?) canonically lifts to an E1-algebra object in QCoh(Y ×2)?.

Definition 5.2.1.5. The two dimensional B model V(Y ) ∈ AlgE2
(Vect) is the E2 algebra

defined by

V(Y ) = EndQCoh(Y ×2)(unitY ×2) = HomQCoh(Y ×2)(∆•OY ,∆•OY ) .

Remark 5.2.1.6. The two dimensional B model V(Y ) = CH•(OY ) ∈ AlgE2
(Vect) is by

definition the Hochschild cochains on OY and thus naturally an E2 algebra, by Deligne’s
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conjecture. Concretely, V(Y ) has an E1 algebra structure given by composition of endo-

morphisms, and a second compatible E1 algebra structure as a space of maps between E1

algebra objects internal to the category QCoh(Y ×2)? ∈ AlgE1
(DGCatcont).

Remark 5.2.1.7. The vector space underlying V(Y ) is given by

V(Y ) = HomQCoh(Y ×2)(∆•OY ,∆•OY )

∼= HomQCoh(Y )(∆
•∆•OY ,OY )

∼= HomQCoh(Y )(Sym•OY (Ω1
Y [1]),OY )

∼= Γ(X,PV•Y ) ,

where PV•Y = Sym•OY (ΘY [−1]) ∈ QCoh(Y ) is the sheaf of polyvector fields.

Remark 5.2.1.8. There is a natural identification H•(V(Y )) = O(T∨[1]Y ) ∈ AlgP2
(VectK)

of the cohomology P2 algebra of V(Y ) with the space of global functions on the 1-shifted

cotangent bundle to Y , which is naturally 1-shifted symplectic and thus also defines a P2

algebra; under the isomorphism with the space of polyvector fields above, the commutative

multiplication identifies with the wedge product of polyvector fields and the shifted Poisson

structure identifies with the Schouten bracket.

Example 5.2.1.9. For Y = Cn with global coordinates yi, the algebra is given by

V(Y ) = Sym•(Kn
yi ⊕Kn

∂yi
[−1]) or less formally V(Y ) ∼= C[yi, ∂yi ] ,

with ∂yi of cohomological degree 1. In this notation, the Poisson bracket is determined by

the relation {yi, ∂yj} = δij .

5.2.2 Internal construction of the two dimensional B model

Alternatively, under the analogy of Remark 5.2.1.2, we give an internal variant of the

preceding construction, following Subsection 4.7.1.

Example 5.2.2.1. The topological free loop space

LY := Y ×Y×Y Y ∈ PreStk

is a monoid in prestacks under correspondences, with multiplication and unit structure

maps given by the correspondences

LY(3) := Y ×Y×Y Y ×Y×Y Y
π13 //

π12

��

π23

**

Y ×Y×Y Y

Y ×Y×Y Y Y ×Y×Y Y

and

Y
u

%%

pY

��
pt Y ×Y×Y Y

.
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Moreover, this monoid structure admits a natural E2 enhancement, in analogy with Remark

5.2.1.6, coming from the compatibility of this construction with the underlying monoid

structure on Y × Y of Example 5.2.1.1.

Remark 5.2.2.2. For Y ∈ DGSchft a finite type derived scheme, the topological loop space

LY ∼= T [−1]Y ∈ DGSchft

is equivalent to the total space of the (−1)-shifted tangent bundle to Y . In particular, we

have

πY •OLY
∼= Sym•OY (Ω1

Y [1]) ∈ QCoh(Y ) .

Following Proposition 4.7.1.5 under the analogy of Remark 5.2.1.2, we have:

Proposition 5.2.2.3. The category QCoh(LY ) ∈ AlgE2
(DGCatcont) is naturally an E2-

monoidal category with respect to the convolution tensor product (·)? (·) : QCoh(LY )⊗2 →
QCoh(LY ) defined by the composition

QCoh(LY )⊗QCoh(LY )
π•12�π

•
23−−−−−→ QCoh(LY(3))

⊗2 ∆•−−→ QCoh(LY(3))
π13•−−−→ QCoh(LY ) .

Proof: The proof again follows that of Proposition A.1.6.9, under the generalization outlined

in Remark A.1.6.8.

Remark 5.2.2.4. The space LY(3)
∼= LY ×Y LY ∈ PreStk is interpreted as the space of

topological maps to Y from the pushout S1∪ptS
1, the latter of which is homotopy equivalent

to P1 \ {0, 1,∞} and should be thought of as the ‘pair of pants’ cobordism from S1 t S1 to

S1.

In analogy with Example 4.7.1.15, and in turn Example 4.7.1.14, there is an internal

variant of the two dimensional B model E2 algebra:

Example 5.2.2.5. There is a natural lifted internal Hom object Ṽ(Y ) ∈ AlgE2
(QCoh(LY ))

defined by

Ṽ(Y ) = ˜HomQCoh(Y ×2)(∆•OY ,∆•OY ) = OY �
Y ×2

ωY/Y ×2
∼= ωLY/Y .

There is a canonical equivalence pLY •Ṽ(Y ) ∼= V(Y ) ∈ AlgE2
(Vect) given by

pLY •Ṽ(Y ) ∼= pY •πY •(OY �
Y ×2

ωY/Y ×2)

∼= pY •(Sym•OY (Ω1
Y [1])⊗ ω−1

Y )

∼= Γ(X,PV•Y )

∼= V(Y ) .
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Thus, we also write

Ṽ(Y ) = P̃V
•
Y := ωLY/Y ∈ QCoh(LY ) noting πY •P̃V

•
Y
∼= PV•Y ∈ QCoh(Y ) .

(5.2.2.1)

Remark 5.2.2.6. The preceding description of Ṽ(Y ) ∈ AlgE2
(QCoh(LY )) should be in-

terpreted as an algebraic analogue of the space of distributions on the loop space, with

(singular) support conditions prescribed in such a way that these distributions naturally

form an E2 algebra with respect to the convolution monoidal structure.

Remark 5.2.2.7. Following the preceding remark, there is an expected ‘de Rham’ (as op-

posed to ‘Betti’) variant of the preceding constructions given by

V(Y ) = Γ(Maps(D◦dR, Y ), Ṽ(Y )) ∈ Algfact(C) ,

where Ṽ(Y ) ∈ Algfact(QCohJmer
dR (Y )) is the analogous relative dualizing sheaf on the de Rham

locally constant maps from the algebraic formal punctured disk to Y .

5.2.3 Equivariant structures on the two dimensional B model

Throughout this subsection, let Y ∈ Schft be smooth algebraic variety of dimension dY .

Following Remark 5.2.1.6, the E2 algebra underlying the two dimensional B model is given

by the local operators of the two dimensional extended topological field theory determined

by the category QCoh(Y ) ∈ DGCat. Thus, a choice of orientation for this topological field

theory, or equivalently a choice of trivialization of the induced Serre functor, determines

a choice of equivariant structure on V(Y ) ∈ AlgE2
(Vect). It is well known that in this

example, the choice of trivialization of the Serre functor is given by a Calabi-Yau structure:

Definition 5.2.3.1. A Calabi-Yau structure on Y is a non-vanishing section η ∈ Γ(X,ΩdY
Y )

of the top exterior power of the cotangent sheaf.

A variety Y as above equipped with a Calabi-Yau structure is called a Calabi-Yau variety.

Remark 5.2.3.2. Equivalently, we can view η : OY
∼=−→ ωY as a trivialization of the canonical

bundle, and in particular the existence of a Calabi-Yau structure on Y is equivalent to the

condition c1(Y ) = 0 of the vanishing of the first Chern class of Y .

Remark 5.2.3.3. Let Y be a Calabi-Yau variety and recall the natural isomorphism

Sym•OY (Ω1
Y [1])⊗ ω−1

Y

∼=−→ PV•Y .

The Calabi-Yau structure η on Y induces a trivialization of ΩdY
Y and thus an isomorphism

η : Sym•OY (Ω1
Y [1])[−n]

∼=−→ PV•Y . (5.2.3.1)
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Example 5.2.3.4. Recall the two periodic de Rham complex is defined by

Ω−•Y,u := Sym•OY (Ω1
Y [1])⊗K K[u] with differential d = ddR ⊗mu ,

where ddR : Ω•Y → Ω•Y [1] is the de Rham differential, K[u] := H•S1(pt;K) and mu : K[u] →
K[u] denotes the multiplication by u map. Note that the differential is of total cohomological

degree +1 since the de Rham differential is of degree −1 in the given grading and mu is of

degree +2.

Definition 5.2.3.5. The divergence complex is defined by

Div•Y,u = PV•Y ⊗K K[u] with differential dη = Divη ⊗mu ,

where Divη := η◦ddR◦η−1 : PV•Y → PV•Y [−1] is the divergence operator, defined in terms of

the de Rham differential by transport of structure via the isomorphism in Equation 5.2.3.1

above.

Proposition 5.2.3.6. The divergence operator Divη : PV•Y → PV•Y [−1] lifts the P2 structure

on Γ(Y,PV•Y ) ∈ AlgP2
(Vect) of Remark 5.2.1.8 to Γ(Y,PV•Y ) ∈ AlgP2

(Vect) an algebra over

the operad BV ∈ Op(VectZ) of Example 3.8.0.5.

Proof: It suffices to check the BV relation of Equation 3.8.0.1 on generators f ∈ Γ(Y,OY )

and θ ∈ Γ(Y, TY [−1]), where it is given by

Divη(fθ) = η−1ddR(fη(θ))

= η−1(ddRf ∧ η(θ) + fddRη(θ))

= θ(f) + fDivη(θ)

= [f, θ] + fDivη(θ) + Divη(f)θ ,

noting Divη(f) = 0, and recalling from Remark 5.2.1.8 that the multiplication and Poisson

bracket defining the initial P2 structure are given by wedge product and Schouten bracket,

respectively.

Corollary 5.2.3.7. The divergence complex Ω−•Y,u ∈ AlgBDu0 (K[u]-Mod) defines an algebra

over the operad BDu0 ∈ Op(K[u]-Mod) of Example 3.9.0.4.

Proof: This follows directly from Proposition 3.9.0.1.

In summary, we obtain:

Proposition 5.2.3.8. A Calabi-Yau structure on Y determines an S1 equivariant structure

V(Y ) ∈ AlgES1
2

on the two dimensional B model to Y , and the corresponding BDu0 algebra

V(Y )u = Div•Y,u ∈ AlgBDu0 (K[u]-Mod)
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is given by the divergence complex of Definition 5.2.3.5 above.

Proof: Follows from the preceding discussion.

The preceding description of S1 equivariant structures on the two dimensional B model can

be interpreted in terms of the internal construction of Subsection 5.2.2, as we explain in

Example 5.2.3.14 below, after the following preliminaries:

Example 5.2.3.9. Let Gm act on A1
~ with coordinate ~ of weight +1, and

{0} = pt ↪→ A1/Gm and {1} = pt = (A1 \ {0})/Gm ↪→ A1/Gm

denote the inclusion of the fixed point and the complementary embedding of the open

generic point. There is a canonical family of prestacks

Y ~
Hdg ∈ PreStk/(A1/Gm)

over A1
~/Gm, called the Hodge stack of Y , such that

Y ~
Hdg ×A1/Gm {1} ∼= YdR and Y ~

Hdg ×A1/Gm {0} = YDol

where the Dolbeault stack

YDol := (T [1]Y )∧Y = B(TY )∧Y ∈ PreStk

is defined as the classifying stack of the formal tangent bundle considered as a (formal)

additive group scheme over Y . This is a special case of the main construction of Chapter

9 in [GR17b], as explained therein for example, and was introduced by Simpson [Sim09] in

the context of non-abelian Hodge theory.

Example 5.2.3.10. In particular, the category of quasicoherent sheaves on the Hodge stack

D~(Y ) := QCoh(Y ~
Hdg) ∈ ShvCat(A1

~/Gm)

defines a quasicoherent sheaf of categories over A1/Gm (or ‘filtered DG category’ in the

sense of e.g. Appendix A in [Ras16]) such that

D~(Y )|{1} ∼= QCoh(YdR) = D(Y ) and D~(Y )|{0} = QCoh(YDol) .

Following Example 5.2.3.9 above, D~(Y ) is equivalent to the category of modules over the

Rees differential operators, in the sense of Definition 5.3.3.1.

Remark 5.2.3.11. Concretely, following remarks A.1.5.1 and A.1.5.6, the category QCoh(YDol)
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is modelled by

Sym•OY (Ω1
Y [−1])-Mod noting Sym•OY (Ω1

Y [−1]) = C•CE(Θab
X )

is given by the Chevalley-Eilenberg cochains on the abelian Lie algebroid defined by the

tangent sheaf equipped with the trivial Lie bracket.

Moreover, the full family D~(Y ) over A1/Gm is modelled by Ω•Y,~-Mod where

Ω•Y,~ = Sym•OY (Ω1
Y [−1])⊗K K[~] with differential d = ddR ⊗m~ .

Remark 5.2.3.12. Let K[u] = H•S1(pt) as above and A1
u = Spec K[u]. The results of [BZN12]

can be interpreted as proving that the topological loop space LY ∼= T [−1]Y ∈ PreStk admits

a 2-periodic variant of the Hodge stack deformation

LuY ∈ PreStk/(A1
u/Gm)

over A1
u/Gm such that

LuY ×A1/Gm {1} ∼= YdR and LuY ×A1/Gm {0} = LY .

Correspondingly, there is a quasicoherent sheaf of categories

Du(Y ) := QCoh(LuY ) ∈ ShvCat(A1
u/Gm)

over A1
u/Gm such that

Du(Y )|{1} ∼= QCoh(YdR) = D(Y ) and Du(Y )|{0} = QCoh(LY ) .

Remark 5.2.3.13. Concretely, following Remark 5.2.3.11 above, the family of categories

Du(Y ) over A1
u/Gm is modeled by Ω−•Y,u-Mod where

Ω−•Y,u := Sym•OY (Ω1
Y [1])⊗K K[u] with differential d = ddR ⊗mu ,

as in Example 5.2.3.4.

Remark 5.2.3.14. The requirement of a Calabi-Yau structre on Y to define an S1 equivariant

structure can be understood from this perspective as follows: The object P̃V
•
Y ∈ QCoh(LY )

corresponds to PV•Y viewed as a module over Sym•OY (Ω1
Y [1]). In order to deform PV•Y to a

DG module over Ω−•Y,u, it is necessary to identify

PV•Y
∼=−→ PV•Y ⊗ ωY [−n] ∼= Sym•OY (Ω1

Y [1])[−n]

as in Remark 5.2.3.3, the latter of which deforms to the module Ω−•Y,u[−n] over Ω−•Y,u as
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desired.

5.3 The three dimensional B model

In this section, we recall a construction of the three dimensional B model to Y , also known

as Rozansky-Witten theory to T∨Y , which is the B type topological twist of the three

dimensional N = 4 sigma model with target T∨Y [RW97]. The three dimensional B model

is a topological field theory and thus described by an E3 algebra B(Y ) ∈ Algfact
un,E1

(X), which

is computed in terms of the category of line operators QCoh(LY ) ∈ AlgE2
(DGCat) by

B(Y ) = HomQCoh(LY )(u•OY ,u•OY ) ∼= Γ(Y,Sym•OY (ΘY [−2])) ,

following the discussion in [BZ14] and in keeping with the general format outlined in Section

5.1.1. The E2 monoid structure on LY is the analogue of the factorization space structure

in this example, and the construction is summarized as in Equation 4.7.1.4 by the diagrams:

SY
πY

!!

πY

}}
Y

u

!!

pY

��

Y
pY

��

u

}}
pt LY pt

and

QCoh(SY )
πY •

##
QCoh(Y )

u•

##

π!
Y

;;

QCoh(Y )
pY •

��
Vect

p•Y
AA

QCoh(LY )

u!
;;

Vect

.

(5.3.0.1)

Summary

In Section 5.3.1, we construct the three dimensional B model E3 algebra, and in Section

5.3.2 we give the internal variant of the construction. In Section 5.3.3 we describe the

canonical S1 equivariant structure on the three dimensional B model and corresponding

BDu1 algebra, and in section 5.3.4 we explain the results of the equivariant cigar reduction

principle of Section 3.11.2 in this example.

Warning 5.3.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline

of the general expectations. Since this section is primarily motivational, we will not give a

more careful treatment, but the concerned reader may assume Y is a smooth, finite type

variety, for example.
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5.3.1 The three dimensional B model factorization algebra

Recall from Example 5.2.2.1 that LY is naturally a unital E2 monoid in prestacks, and

correspondingly from Proposition 5.2.2.3 that QCoh(LY ) ∈ AlgE2
(DGCatcont) is naturally

a unital E2 category.

Remark 5.3.1.1. Similarly to Remark 5.2.1.2, this E2 structure will be analogous to the

factorization structure of the later examples. In fact, it is expected that E2 categories are

a special case of the notion of factorization categories, but this construction has only been

written down carefully in the E∞ case, which appears in Section 7 of [Ras15a].

Example 5.3.1.2. Recall that the unit correspondence for LY is given by

Y
u

%%

pY

��
pt Y ×Y×Y Y

and thus unitLY = u•OY ∈ AlgE2
(QCoh(LY ))

is the E2 unit object of QCoh(LY ).

Definition 5.3.1.3. The three dimensional B model B(Y ) ∈ AlgE3
(Vect) is the E3 algebra

defined by

B(Y ) = EndQCoh(LY )(unitLY ) = HomQCoh(LY )(u•OY , u•OY ) .

Remark 5.3.1.4. The E3 structure is determined by the E1 structure coming from com-

position of endomorphisms compatible with the underlying E2 structure on the object

unitLY ∈ AlgE2
(QCoh(LY )) internal to QCoh(LY ), similarly to Remark 5.2.1.6.

Remark 5.3.1.5. The vector space underlying B(Y ) is given by

B(Y ) = HomQCoh(LY )(u•OY ,u•OY )

∼= HomQCoh(Y )(u
•u•OY ,OY )

∼= HomQCoh(Y )(Sym•OY (ΩY [2]),OY )

∼= Γ(Y,SV•Y )

where SV•Y = Sym•OY (ΘY [−2]) ∈ QCoh(Y ) is the space of symmetric polyvector fields on

Y generated in degree 2.

Remark 5.3.1.6. There is a natural identification H•(B(Y )) = O(T∨[2]Y ) ∈ AlgP3
(VectK)

of the cohomology P3 algebra of B(Y ) with the space of global functions on the 2-shifted

cotangent bundle to Y , which is naturally 2-shifted symplectic and thus also defines a P3

algebra; under the isomorphism with the space of polyvector fields above, the commutative

multiplication identifies with the symmetric product of symmetric polyvector fields and the

shifted Poisson structure identifies with the Schouten bracket.
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Example 5.3.1.7. For Y = Cn with global coordinates yi, the algebra is given by

B(Y ) = Sym•(Kn
yi ⊕Kn

∂yi
[−2]) or less formally V(Y ) ∼= C[yi, ∂yi ] ,

with ∂yi of cohomological degree 2. In this notation, the Poisson bracket is determined by

the relation {yi, ∂yj} = δij .

Remark 5.3.1.8. Analogously to Remark 5.2.2.7, there is a de Rham (as opposed to Betti)

variant of the above construction, given by

B(Y ) = HomQCoh(Maps(D◦dR,Y ))(u•OMaps(DdR,Y ),u•OMaps(DdR,Y )) .

5.3.2 Internal construction of the three dimensional B model

There is again an internal variant of the preceding construction, which we now give following

Subsection 4.7.1:

Example 5.3.2.1. The topological sphere space

SY := Y ×LY Y ∈ PreStk

is a monoid in prestacks under correspondences, with multiplication and unit structure

maps given by the correspondences

SY(3) := Y ×LY Y ×LY Y
π13 //

π12

��

π23

))

Y ×LY Y

Y ×LY Y Y ×LY Y

and

Y

$$��
pt Y ×LY Y

.

Moreover, this monoid structure admits a natural E3 enhancement, in analogy with the E2

enhancement in Example 5.2.2.1, coming from the compatibility of this construction with

the underlying E2 monoid structure on LY given in loc. cit..

Following Proposition 4.7.1.5 under the analogy of Remark 5.3.1.1, we have:

Proposition 5.3.2.2. The category QCoh(SY ) ∈ AlgE3
(DGCatcont) is naturally an E3-monoidal

category with respect to the convolution tensor product (·)?(·) : QCoh(SY )⊗2 → QCoh(SY )

defined by the composition

QCoh(SY )⊗QCoh(SY )
π•12�π

•
23−−−−−→ QCoh(SY(3))

⊗2 ∆•−−→ QCoh(SY(3))
π13•−−−→ QCoh(SY ) .

Proof: The proof again follows that of Proposition A.1.6.9, under the generalization outlined

in Remark A.1.6.8.

Similarly, in analogy with Example 4.7.1.15, and in turn Example 4.7.1.14, there is an

internal variant of the three dimensional B model E3 algebra:
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Example 5.3.2.3. There is a natural lifted internal Hom object B̃(Y ) ∈ AlgE3
(QCoh(SY ))

defined by

B̃(Y ) = ˜HomQCoh(LY )(u•OY , u•OY ) = OY �
LY

ωY/LY ∼= ωSY/Y .

There is a canonical equivalence pSY •B̃(Y ) ∼= B(Y ) ∈ AlgE2
(Vect) given by

pSY •B̃(Y ) ∼= pY •πY •(OY �
LY

ωY/LY )

∼= pY •(Sym•OY (Ω1
Y [2])⊗ ω−1

Y [−n])

∼= Γ(X,SV•Y )

∼= B(Y ) .

Remark 5.3.2.4. The preceding description of B̃(Y ) ∈ AlgE3
(QCoh(SY )) should be inter-

preted as an algebraic analogue of the space of distributions on the sphere space, with

(singular) support conditions prescribed in such a way that these distributions naturally

form an E3 algebra with respect to the convolution monoidal structure.

5.3.3 Equivariant structures on the three dimensional B model

Definition 5.3.3.1. The Rees differential operators DY,~ ∈ AlgBD~
1
(Db(Y ) ⊗ K[u]-Mod) are

defined to be the (sheaf of) algebras

DY,~ ∼= ⊗•OY (ΘY )⊗K K[~]/(θ · χ− χ · θ − ~[θ, χ], θ · f − f · θ − ~θ(f)) ,

over the operad BD~
1 ∈ Op(K[u]-Mod) of Definition A.3.6.5, where the relations are imposed

on all θ, χ ∈ Γ(Y,ΘY ) and f ∈ Γ(Y,OY ).

Remark 5.3.3.2. In analogy with the discussion in remarks 5.2.3.12 and 5.2.3.13, there is a

natural two-periodic analogue DY,u ∈ AlgBDu1 (Db(Y ) ⊗ K[u]-Mod)) of the Rees differential

operators given by the sheaf of algebras

DY,u
∼= ⊗•OY (ΘY [−2])⊗K K[u]/(θ · χ− χ · θ − u[θ, χ], θ · f − f · θ − uθ(f)) ,

over the operad BDu1 ∈ Op(K[u]-Mod) of Definition 3.9.0.5, where the relations are imposed

on all θ, χ ∈ Γ(Y,ΘY [−2]) and f ∈ Γ(Y,OY ).

Proposition 5.3.3.3. There is a canonical S1 equivariant structure B(Y ) ∈ AlgES1
3

(Vect)

such that the corresponding BDu1 algebra

B(Y )u = Γ(Y,DY,u) ∈ AlgBDu1 (K[u]-Mod)) ,

is given by the global sections of the 2-periodic Rees differential operators of Remark 5.3.3.2
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above.

Proof: The object u•OY ∈ QCoh(LY ) admits a natural deformation

u∗OY ∈ QCoh(LuY ) such that u∗OY ∼= DY,u ∈ QCoh(LuY ) = Du(Y ) .

Thus, the endomorphism algebra naturally deforms to

B(Y )u = HomQCoh(LuY )(u∗OY , u∗OY ) = HomDu(Y )(DY,u,DY,u) ,

the latter of which is computed by the induction adjunction, giving

B(Y )u = HomDu(Y )(DY,u,DY,u) ∼= Γ(Y,DY,u) ∈ AlgBDu1 (K[u]-Mod))

so that the claim follows by Proposition 3.11.2.3.

As in the discussion of equivariant structures on the two dimensional B model, there is

an interpretation of the preceding proposition in terms of the internal construction of the

three dimensional B model given in Subsection 5.3.2. To begin, following Remark 5.2.3.12,

we have:

Remark 5.3.3.4. The topological sphere space SY = Y ×LY Y ∈ PreStk admits a deforma-

tion over A1
u/Gm defined by

SuY := Y u ×LuY Y
u ∈ PreStk/(A1

u/Gm) where Y u := Y × A1
u/Gm ,

and LuY is as defined in Remark 5.2.3.12. In particular, we have

SuY ×A1/Gm {1} ∼= Y ×YdR
Y and SuY ×A1/Gm {0} = Y ×LY Y = SY

Correspondingly, there is a quasicoherent sheaf of categories

QCoh(SuY ) ∈ ShvCat(A1
u/Gm)

over A1
u/Gm such that

QCoh(SuY )|{1} ∼= QCoh(Y ×YdR
Y ) and QCoh(SuY )|{0} = QCoh(SY ) .

Example 5.3.3.5. The internal variant of the three dimensional B model B̃(Y ) ∼= π!
Y OY ∈

AlgE3
(QCoh(SY )) defined in Example 5.3.2.3 admits a natural deformation

B̃(Y )u := OY u �
LuY

ωY u/LuY ∼= ωSuY/Y u = π!
Y uOY u ∈ QCoh(SuY )
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with fibre over the generic point given by

π!
Y uOY u |{1} = π!

Y OY ∈ QCoh(Y ×YdR
Y ) so that πY u∗π

!
Y uOY |{1} ∼= DY ∈ QCoh(Y )

by the quasicoherent variant of Proposition 5.1.3 in [GR14a], which follows from the ind-

coherent variant stated there by applying Proposition 5.2.7(i) in loc. cit.. In particular, we

have

pSuY •B̃(Y )u ∼= Γ(Y,DY,u) ∼= B(Y )u .

Remark 5.3.3.6. Concretely, the restriction to the generic fibre of the internal Hom object

B̃(Y )u ∈ QCoh(SuY ) is given by

B̃(Y )u|{1} = OY �YdR
ωY ∈ QCoh(Y ×YdR

Y ) ,

which agrees with the above computation of B(Y )u by Proposition 5.2.4(a) in [GR14a].

5.3.4 Equivariant cigar compactification for the three dimensional B model

In this subsection, we apply the results of Subsection 3.11.2 to the example of the three

dimensional B model.

Proposition 5.3.4.1. There is an equivalence of prestacks over A1/Gm

SuY = Y u ×LuY Y
u ∼= LuY ×(LuY )×2 Y u×2

Proof: Each of the spaces admits the required maps such that, by the universal property of

fibre products, it maps to the other; the induced maps are evidently inverse equivalences.

Corollary 5.3.4.2. There is an equivalence of sheaves of categories over A1/Gm

QCoh(SuY ) = QCoh(Y u ×LuY Y
u) ∼= QCoh(LuY ×(LuY )×2 Y u×2) .

Example 5.3.4.3. Under the equivalence of the preceding corollary, the internal variant of

the three dimensional B model is given by

B̃(Y )u = OY u �
LuY

ωY u/LuY 7→ Ω−•Y,u �
(LuY )×2

(
OY u � ωY u/LuY

)
where Ω−•Y,u ∈ QCoh(LuY ) is as defined in Equation 5.2.3.13.

Towards the statement of the main result of this subsection, we now give a description of

the negative cyclic chains on B(Y ):

Proposition 5.3.4.4. There is a natural equivalence

CC−• (B(Y )) ∼= HomQCoh((LuY )×2)(∆•OLuY ,∆•OLuY ) ∈ AlgE2
(K[u]-Mod)) .
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Proof: There is a natural commutative diagram

AlgE2
(DGCat)

CC−•
��

End(·)(unit)
// AlgE3

(Vect)

CC−•
��

AlgE1
(ShvCat(A1

u/Gm))
End(·)(unit)

// AlgE2
(K[u]-Mod)

under which

QCoh(LY )
_

��

� // B(Y )
_

��
QCoh((LuY )×2) � // EndQCoh((LuY )×2)(∆•OLuY )

(5.3.4.1)

where we have assumed an extension of Theorem 5.3 of [BZFN10] (in fact, its variant for

hochschild chains, also outlined in loc. cit.) to the homotopy S1 invariants to compute

CC−• (QCoh(LY )) ∼= QCoh((LuY )×2).

We can now apply the equivariant cigar compactification principle in the present example:

Proposition 5.3.4.5. The S1 equivariant structure B(Y ) ∈ AlgES1
3

(VectK) of Proposition

5.3.3.3 corresponds, under the equivalence of Proposition 3.11.2.3, to the module structure

B(Y )u ∼= HomQCoh((LuY )×2)(∆•OLuY ,DY,u�DY,u) ∈ CC−• (B(Y ))-Mod(AlgE1
(K[u]-Mod)) ,

given by precomposition by endomorphisms under the equivalence of Proposition 5.3.4.4

above.

Proof: Passing to global sections in the computation in Example 5.3.4.3 identifies B(Y )u

with the Hom space as claimed; the module structure corresponds to that given by precom-

position with endomorphisms, by functoriality.

Remark 5.3.4.6. Concretely, the restriction to the generic fibre is given by the central action

of the de Rham cochains

C•dR(Y ) = HomD(Y ×2)(∆∗ωY ,∆∗ωY ) ∈ AlgE2
(VectK)

on the algebra of global differential operators

Γ(Y,DY ) = HomD(Y ×2)(∆∗ωY ,DY �DY ) ∈ C•dR(Y )-Mod(AlgE1
(VectK)) .

5.4 The three dimensional A model: Overview

In this section, we recall the construction of the three dimensional A model to Y , also known

as twisted Rozansky-Witten theory to T∨Y , which is the A type topological twist of the

three dimensional N = 4 sigma model with target T∨Y ; the local observables of the A type

twist are precisely the Coulomb branch chiral ring, which was studied extensively in the

physics literature, for example in [BDG17] and references therein, but a general definition

of the algebra in non-abelian gauge theories remained ellusive. A major breakthrough

in this area was the work of Braverman, Finkelberg, and Nakajima [BFN18], which gave
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a geometric construction of the Coulomb branch algera for a general gauge theory with

complexified gauge group G and matter representation N . In this section, we recall the

main construction schematically in terms of a general space Y , postponing the more careful

construction given in loc. cit. in the case Y = N/G to the following section 5.5.

The Coulomb branch construction of [BFN18] can naturally be interpreted as defining

a factorization E1 algebra A(Y ) ∈ Algfact
E1,un(X) on any smooth algebraic curve X, defined

in keeping with the general format outlined in Section 5.1.1, by

A(Y )x := HomD(YK)(ι∗ωYO , ι∗ωYO) ∼= CBM
• (YO ×YK YO)[−2 dimYO] ,

where the line operator category D(YK) ∈ Catfact
un (X) is given by the factorization category

D modules on the meromorphic jet scheme to Y ; the construction is summarized as in

Equation 4.7.1.4 by the following diagrams in factorization spaces and categories, which for

simplicity we denote by their fibre over a fixed point x ∈ X:

Z(Y )dR,x
πYO,dR

  

πYO,dR

~~
YO,dR

ιdR

  

pYO,dR

��

YO,dR
pYO,dR

��

ιdR

~~
pt YK,dR pt

and

D(Z(Y )x)
πYO∗

  
D(YO)

ι∗

  

π!
YO

>>

D(YO)
Hom(ωYO ,·)

��
Vect

p!
YO

CC

D(YK)

ι!
>>

Vect

.

(5.4.0.1)

In fact, the three dimensional A model factorization E1 algebra admits a canonical Ga o
Gm equivariant structure A(Y ) ∈ Algfact

E1
(A1)GaoGm , which corresponds to the fact that

it is actually a three dimensional topological field theory and admits an Ω-background

deformation; the BDu1 algebra A(Y )u ∈ AlgBDu1 (Vect) corresponding to A under Proposition

3.11.1.1 is the filtered quantization which is the more explicit object of study in [BFN18].

Summary

In Section 5.4.1, we give an overview of the construction of the three dimensional A model

as a factorization E1 algebra, in Section 5.4.2 we describe the internal variant of the con-

struction, and in Section 5.4.3 we recall the existence of its canonical Ga oGm equivariant

structure.

Warning 5.4.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline

of the general expectations. In Section 5.5, we restrict to the case Y = N/G and give careful

statements and proofs of these results, again following [BFN18].
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5.4.1 The three dimensional A-model factorization algebra

The starting point for the construction of the three dimensional A model is the de Rham

stack of the loop space of Y , and its associated factorization category:

Example 5.4.1.1. The de Rham stack of the loop space of Y is the (unital) factorization

space Jmer(Y )dR ∈ PreStkfact
un (X) defined by considering the de Rham stack, as in Remark

4.4.2.9, of the (unital) factorization space Jmer(Y ) of Example 4.3.2.4.

Remark 5.4.1.2. Concretely, the prestacks Jmer(Y )dR,I ∈ PreStk/XI assigned to each I ∈
fSet and the fibre Jmer(Y )dR,x ∈ PreStk over x ∈ X are given by

Jmer(Y )dR,I = {x ∈ XI
dR, a : D◦x → Y a map over X}dR and Jmer(Y )dR,x = YKx,dR .

Similarly, the unit data corresponding to π : Ø → I and its restriction to the point x ∈ X
are given by

J(Y )I,dR

ψI

zz

φI

&&
XI

dR Jmer(Y )I,dR

and

YOx,dR

$$||
pt YKx,dR

.

Example 5.4.1.3. The category of D modules on the loop space of Y is the (unital) factor-

ization category

DJmer(Y ) := QCohJmer(Y )dR
∈ Catfact

un (X)

associated to Jmer(Y )dR ∈ PreStkfact
un (X), following Definition 4.4.2.7.

Remark 5.4.1.4. Concretely, following Remark 4.4.2.8, the sheaf of categories assigned to

each I ∈ fSet, its sections category, and the fibre category over x ∈ X, are given by

pI,dR ∗QCohJmer(Y )I,dR
∈ ShvCat(XI

dR) D(Jmer(Y )I) ∈ DGCat and D(YKx) ∈ DGCat .

Warning 5.4.1.5. For simplicity, the preceding Example is stated in terms of ‘left’ D mod-

ules, in the sense that we use QCoh(XdR) rather than IndCoh(XdR) as our model for D(X).

In the following subsections, we give careful statements of the results outlined below using

the theory of D modules on infinite dimensional varieties recalled in subappendices A.6.7

and A.6.8, following [Ras15b] and references therein, the definition of which is somewhat

agnostic about the relation to coherent sheaves. However, in Section 5.6 and its successors

we will see that the indcoherent setting is in fact the correct variant for our applications of

interest.

Following Example 4.4.4.3, we have:
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Example 5.4.1.6. The factorization unit object defines a factorization algebra

unitDJmer(Y )
∈ Algfact

un (DJmer(Y )) unitDJmer(Y )
= ιJ(Y )∗p

!
J(Y )ωRanX,un

= ιJ(Y )∗ωJ(Y )

internal to DJmer(Y ), where

pJ(Y ) : J(Y )→ RanXdR,un and ιJ(Y ) : J(Y )→ Jmer(Y )

are the factorization space structure map for J(Y ) = unitJmer(Y ) and the map of unital

factorization spaces given by the inclusion of arcs into loops, respectfully, and

p!
J(Y ) : DRanX,un

→ DJ(Y ) and ιJ(Y )∗ : DJ(Y ) → DJmer(Y )

are the induced unital factorization functors.

Remark 5.4.1.7. Concretely, the object of the sections category assigned to each I ∈ fSet,

and the object of the fibre category over x ∈ X, are given by

unitDJmer(Y ),I = ιJ(Y )I∗ωJ(Y )I ∈ D(Jmer(Y )I) and unitDJmer(Y ),x = ιx∗ωYOx ∈ D(YKx) ,

where ιx : YOx → YKx is the map corresponding to the inclusion of arcs into loops and ωYOx
is the dualizing sheaf of the arc space.

Now, suppose that unitDJmer(Y )
∈ Algfact

un (DJmer(Y )) admits internal Hom objects over X,

in the sense of Definition 4.7.1.9. Then, following Example 4.6.1.7, we give the following

tentative definition of the factorization E1 algebra describing the three dimensional A model

to Y :

Tentative Definition 5.4.1.8. The three dimensional A model to Y is the unital factorization

E1-algebra

A(Y ) = HomD(Jmer(Y ))(unitDJmer(Y )
, unitDJmer(Y )

) ∈ Algfact
E1,un(X) .

Remark 5.4.1.9. Concretely, following Remark 4.7.1.10, the E1 algebra internal to D(XI)

assigned to each I ∈ fSetØ, and the E1 algebra in Vect over each x ∈ X, are given by

A(Y )I = pJmer(Y )I∗HomD(Jmer(Y )I)(ιJ(Y )I ,∗ωJ(Y )I , ιJ(Y )I ,∗ωJ(Y )I ) ∈ AlgE1
(D(XI)) , and

A(Y )x = HomD(YKx )(ιx∗ωYOx , ιx∗ωYOx ) ∈ AlgE1
(Vect) .

Further, following Example A.1.6.7, these are expected to be calculated by the ‘renormal-

ized’ Borel-Moore homology groups:

A(Y )x = HomD(YKx )(ιx∗ωYOx , ιx∗ωYOx ) ∼= CBM
• (YOx ×YKx YOx)[−2 dimYOx ] ,
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and similarly for A(Y )I , though this can not be formulated carefully at the current level of

generality, as we explain following Remark.

Remark 5.4.1.10. The appearence of the ill-defined infinite cohomological degree shift in the

above expression makes apparent that a more careful treatment of the theory of D modules

in the preceding (and following) exposition of this subsection is necessary. In the following

subsections, we will restrict the class of prestacks under consideration to Y = N/G, the

quotient by a reductive, affine algebraic group G of a finite dimensional G representation

N . We then recall an explicit construction of the above putative factorization E1 algebra

in this case, following [BFN18].

5.4.2 Internal construction of the three dimensional A model

There is also an internal analogue of the above construction, following a variant of Example

4.7.1.15 as in Remark 4.7.1.16, as well as [BFN19b] and references therein:

Example 5.4.2.1. Following Proposition 4.7.1.1, the self fibre product

Z(Y )dR = J(Y )dR ×Jmer(Y )dR
J(Y )dR ∈ PreStkfact

un (X)

defines a unital factorization space over X.

Remark 5.4.2.2. Concretely, the prestacks Z(Y )dR,I ∈ PreStk/XI over XI assigned to each

I ∈ fSet and the fibre ZdR,x ∈ PreStk over x ∈ X are given by

Z(Y )dR,I = J(Y )I,dR ×Jmer(Y )I,dR
J(Y )I,dR and Z(Y )dR,x = YOx,dR ×YKx,dR

YOxdR .

Remark 5.4.2.3. More generally, the iterated fibre products

Z(Y )(n),dR := J(Y )dR ×Jmer(Y )dR
× . . .×Jmer(Y )dR

J(Y )dR ∈ PreStkfact
un (X)

and projections πij : Z(Y )(n),dR → Z(Y )dR, define factorization spaces and maps of such

for each n ∈ N and i, j ∈ {1, ..., n}.

Following Proposition 4.7.1.5, we have:

Proposition 5.4.2.4. The factorization category

D?
Z(Y ) := QCoh?Z(Y )dR

∈ Catfact
E1,un(XdR)

is naturally a (unital) E1-factorization category with respect to the convolution monoidal

structure defined by the composition

DZ(Y ) ⊗∗ DZ(Y )
π∗12�π

∗
23−−−−−→ DZ(3)(Y )×2

∆∗−−→ DZ(Y )(3)

π13,∗−−−→ DZ(Y ) .
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Further, the pushforward functor pZ(Y )∗ : D?
Z(Y ) → D⊗

!

RanX,un
is a unital, lax E1-monoidal

factorization functor.

Further, following Corollary 4.7.1.6, we have:

Corollary 5.4.2.5. The pushforward functor pZ∗ : D?
Z(Y ) → D(RanX,un) induces a functor

p∗ : Algfact
E1,un(DZ(Y ))→ Algfact

E1,un(X) . (5.4.2.1)

Example 5.4.2.6. Let G be a reductive algebraic group and Y = BG be its classifying stack.

Then the factorization space

Z(Y )dR
∼= J(G)dR\GrG,RanX,un,dR

is isomorphic to the quotient of the de Rham stack of the Beilinson-Drinfeld Grassmannian,

as in Example 4.3.1.9, by the factorization group stack J(G)dR defined by the de Rham stack

of the space of jets to G, as in Example 4.3.1.11. The resulting E1 factorization category

DZ(Y )
∼= DJ(G)\GrG,RanX,un

∈ Catfact
E1,un(X)

is (a DG enhancement of) the derived Satake category considered in [BF08]; concretely, its

fibre category over x ∈ X is given by

DZ(Y ),x = DGOx
(GrG,x) .

Following Example 4.7.1.15 and in turn Example A.1.6.7, we define the internal variant of

the three dimensional A model factorization E1 algebra:

Tentative Definition 5.4.2.7. The internal variant of the three dimensional A model to Y is

the factorization E1 algebra

Ã(Y ) = ˜HomDJmer(Y )
(ιJ(Y )∗ωJ(Y ), ιJ(Y )∗ωJ(Y )) ∼= ωZ(Y )[−2 dim J(Y )] ∈ Algfact

E1,un(D?
Z(Y ))

internal to D?
Z(Y ) ∈ Catfact

E1,un(XdR).

Remark 5.4.2.8. Concretely, in terms of the description of Remark 4.7.1.7, Ã(Y ) ∈ Algfact
E1,un(DZ(Y ))

has underlying E1 algebra internal toD(Z(Y )I) for each I ∈ fSetØ, and internal toD(Z(Y )x)

for each x ∈ X, given by

Ã(Y )I = ˜HomD(Jmer(Y )I)(ιJ(Y )I∗ωJ(Y )I , ιJ(Y )I∗ωJ(Y )I )
∼= ωZ(Y )I [−2 dim J(Y )I ] ∈ AlgE1

(D(Z(Y )I)) , and

Ã(Y )x = ˜HomD(YKx )(ιx∗ωYOx , ιx∗ωYOx ) ∼= ωZ(Y )x [−2 dimYOx ] ∈ AlgE1
(D(Z(Y )x)).

Following Example 4.7.1.15 and Corollary 4.7.1.6, we have
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Proposition 5.4.2.9. The image of Ã(Y ) ∈ Algfact
E1,un(DZ(Y )) under the functor of Equation

5.4.2.1 above is canonically equivalent to A(Y ) ∈ Algfact
E1,un(X).

5.4.3 Equivariant structures on the three dimensional A model

In this subsection, we outline the application of the results of Section 3.11 to the three

dimensional A model.

Proposition 5.4.3.1. The (unital) factorization E1 algebra of the three dimensional A model

to Y over X = A1

A(Y ) ∈ Algfact
E1,un(A1)GaoGm

admits a canonical Ga oGm equivariant structure.

Remark 5.4.3.2. This is proved in Subsection 5.5.5 in the generality Y = N/G as in Remark

5.4.1.10, again following [BFN18].

Thus, applying the equivalence of Proposition 3.10.0.1, and following the discussion in

section 3.11 and in particular Proposition 3.11.1.1 and Example 3.11.1.5, we have:

Corollary 5.4.3.3. The three dimensional A model A(Y ) ∈ AlgS
1

E3
(VectK) to Y over X = A1

defines

Au ∈ AlgBDu1 (K[u]-Mod)) ,

an algebra over the operad BDu1 ∈ Op(K[u]-Mod) of Definition 3.9.0.5.

Remark 5.4.3.4. Concretely, Au ∈ AlgBDu1 (K[u]-Mod) defines a two-periodic filtered quanti-

zation of the homology P3 algebra H•(A) ∈ AlgP3
(VectK) to an associative (or E1) algebra

Au|{1} ∈ AlgE1
(VectK). This is the data which more evidently matches the description of

the construction given in [BFN18].

5.5 The Braverman-Finkelberg-Nakajima construction

In this section, we give a careful account of the construction of the three dimensional A

model in the preceding section 5.4 in the special case when the space Y = N/G is a quotient

stack, again following [BFN18] throughout; this corresponds physically to the case of three

dimensional N = 4 A-twisted gauge theory.

In Section 5.5.1, we recall a particularly well behaved presentation of the relevant infinite

dimensional stack YO×YKYO, and in Section 5.5.2 we use this presentation to define a theory

of D modules on this space, following [Ras15b], and in particular its renormalized Borel-

Moore homology groups. In Section 5.5.3, we explain some concrete calculations of the

underlying vector spaces of these Borel-Moore homology groups, and in Section 5.5.4 we

explain that they naturally carry a (factorization) associative (or E1) algebra structure

coming from the convolution monoid structure on the underlying space. Finally, in Section
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5.5.5, we recall that this factorization algebra admits a canonical Ga o Gm equivariant

structure, and thus defines a filtered quantization by the results of Section 3.11, recovering

the more familiar description of the Coulomb branch algebra from [BFN18].

5.5.1 The variety of triples

Throughout the remainder of this section, let G be a finite-type, affine, reductive algebraic

group, N a finite dimensional G representation, and Y = N/G be the quotient stack. In this

subsection, we recall a particular presentation of the factorization space Z(Y ) (and in turn

Z(Y )dR) in this generality, towards accomplishing the narrative of the preceding subsection,

as explained in Remark 5.4.1.10. Again, we follow [BFN18] and [BFN19b] throughout.

To begin, we define a factorization space T(G,N), which is a straightforward simeltane-

ous generalization of the Beilinson-Drinfeld Grassmannian GrG,RanX,un
of Example 4.3.1.9

and the jet space J(Y ) of Example 4.3.1.11:

Definition 5.5.1.1. The variety of pre-triples is the factorization space T(G,N) ∈ PreStkfact
un (X)

defined by

T(G,N)I(S) = {x : S → XI , P ∈ BunG(S×X), ϕ : P |S×X\Γx
∼=−→ P triv, η ∈ Γ(Dx, P ×GN)}

with the evident factorization structure maps inherited from GrG,RanX,un
and J(N), and

unital structure defined, for simplicity for π : I ↪→ J injective, by the correspondence

unitπT(G,N)(S) = {x = (x1, x2) : S → XJ , P ∈ BunG(S×X), ϕ : P |S×X\Γx2

∼=−→ P triv, a ∈ Γ(Dx, P×GN)}

together with the maps

unitπT(G,N)

vv &&
XIπ × T(G,N)I T(G,N)J

defined by

(x = (x1, x2), P, ϕ : P |S×X\Γx2

∼=−→ P triv, a : Dx → Y ) 7→ (x1, (x2, P, ϕ, a|Dx2
: Dx2 → Y )) , and

(x = (x1, x2), P, ϕ : P |S×X\Γx2

∼=−→ P triv, a : Dx → Y ) 7→ (x, P, ϕ|S×X\Γx : P |S×X\Γx
∼=−→ P triv, a) ,

respectfully, where the notation is as in Remark 4.3.1.8 and examples 4.3.1.9 and 4.3.1.11.

Remark 5.5.1.2. Concretely, the fibre of the factorization space T(G,N) ∈ PreStkfact
un (X)

over each x ∈ X is given by

T(G,N)x = (GKx ×NOx)/GOx .
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Warning 5.5.1.3. We use the notation T(G,N) to denote the factorization space, in contrast

with the conventions of [BFN18] where this notation is used for the fibre space T(G,N)x.

Proposition 5.5.1.4. There are natural maps of factorization spaces

T(G,N)→ GrG,RanX,un
T(G,N)→ J(N/G) and T(G,N)→ Jmer(N)

given by forgetting the section η, forgetting the trivialization ϕ and restricting the bundle

P to Dx, and applying the trivialization ϕ to the section η, respectively.

Proof: The maps of prestacks are defined over each XI in Remark 5.5.1.5 below. It is a

direct check that these maps glue appropriately to define maps of prestacks over RanX , and

intertwine the factorization structure maps as required.

Remark 5.5.1.5. Concretely, the maps on prestacks over XI , and on the fibre over each

x ∈ X, are given by

T(G,N)I → GrG,I and (GK ×NO)/GO → GK/GO defined by (P,ϕ, η) 7→ (P,ϕ)

T(G,N)I → J(N/G)I and (GK ×NO)/GO → NO/GO defined by (P,ϕ, η) 7→ (P |D, η)

T(G,N)I → Jmer(N)I and (GK ×NO)/GO → NK defined by (P,ϕ, η) 7→ ϕ · η .

We now describe the primary factorization space of interest:

Definition 5.5.1.6. The variety of triples, or BFN space, is the factorization space

R(G,N) ∈ PreStkfact
un (X) defined by R(G,N) := T(G,N)×Jmer(N) J(N) ,

as in the construction of fibre product factorization spaces recalled in Example 4.7.2.1.

Remark 5.5.1.7. Concretely, the prestacks over XI for each I ∈ fSetØ, and the fibre over

each x ∈ X, are given by

R(G,N)I = T(G,N)I ×Jmer(N)I J(N)I ∼= {(x, P, ϕ, η) ∈ T(G,N)XI | ϕ · η ∈ J(N)I ⊂ Jmer(N)I} , and

R(G,N)x = (GKx ×NOx)/GOx ×NKx
NOx

∼= {(P,ϕ, η) ∈ T(G,N)x | ϕ · η ∈ NOx ⊂ NKx} .

Example 5.5.1.8. The unital factorization space Z(G,N)dR ∈ PreStkfact
un (X) is defined by

Z(G,N)dR = Z(N/G)dR where the latter is as defined in Example 5.4.2.1 in the case

Y = N/G is a quotient stack, and similarly for Z(G,N) ∈ PreStkfact
un (X) without passing

to de Rham stacks.

The motivation for the preceding construction is the following:

Proposition 5.5.1.9. There are equivalences of factorization spaces

Z(G,N) = J(N/G)×Jmer(N/G) J(N/G) ∼= (T(G,N)×Jmer(N) J(N))/J(G) = R(G,N)/J(G) .
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Proof: The equivalence of prestacks over each point x ∈ X given in the Remark 5.5.1.10

below is immediate, and the compatibility of the factorization data is a direct check after

unpacking the definitions, following the proof of Proposition 4.7.1.1, Remark 4.7.1.2, and

Example 4.7.2.1.

Remark 5.5.1.10. Concretely, over each point x ∈ X the preceding equivalences are given

by

Z(G,N)x = NO/GO ×
NK/GK

NO/GO
∼= ([(NO ×GK)/GO]×NK

NO)/GO = R(G,N)x/GO

The main application of this description will be to give a careful construction of the three

dimensional A model in this setting, as follows:

Remark 5.5.1.11. Following Remark 5.4.1.9, our tentative definition of the three dimensional

A model is given by

A(G,N) = CBM
• (Z(G,N))[−2 dimNO/GO] ∼= CGO,BM

• (R(G,N))[−2 dimNO] ∈ Algfact
E1

(X) .

Thus, we would like to give a careful definition of the latter Borel-Moore chains, and prove

that is carries a (factorization) E1-algebra structure.

Remark 5.5.1.12. More generally, following Proposition 5.4.2.4 and Corollary 5.5.4.10, and

Definition 5.4.2.7 and Remark 5.4.2.8, we would like to prove that

DZ(G,N) = DR(G,N)/J(G) ∈ Catfact
E1,un(X) and pZ∗ : DR(G,N)/J(G) → D⊗

!

RanX,un

define a factorization E1-category and a lax E1-monoidal factorization functor, such that

Ã(G,N) := ωZ(G,N)[−2 dimNO/GO] ∈ Algfact
E1

(DZ(G,N)) and pZ∗Ã(G,N) = A(G,N) ∈ Algfact
E1

(X) .

5.5.2 Borel-Moore Homology of the BFN space

Following the final remarks of the preceding subsection, we now proceed to define the

renormalized, GO-equivariant Borel-Moore homology of the BFN space R(G,N), following

[BFN18]. For simplicity, we will restrict our attention to the space R = R(G,N)x, having

outlined the factorization compatibility of the constructions in Subsection 5.4.1.

Example 5.5.2.1. Recall that GrG = GK/GO admits a left action of GO, which induces a

stratification

GrG = tλ∈Λ+
G

GrλG where GrλG = GO · tλ ,

for Λ+
G is the set of dominant coweights of G and tλ ∈ GrG(C) defined by the restriction of

the corresponding cocharacter λ : C× → G to the formal neighbourhood of 0 ∈ C ⊃ C×.
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Further, each GrλG is a finite type scheme, and the C×~ action on GrG by ‘loop rotation’

contracts GrλG � G · tλ = G/Pµ where Pµ ⊂ G is the corresponding parabolic subgroup,

with Levi quotient StabG(λ). Thus, GrλG is a finite dimensional vector bundle over G/P λ,

as the attracting set fibres are equidimensional affine spaces.

Moreover, recall that

Gr≤λG := Gr
λ
G = tµ≤λGrµG so that GrG = colimλ∈Λ+

G
Gr≤λG .

Further, each Gr≤λG is a projective scheme of dimension 〈2ρ∨, λ〉, so that GrG is an ind-

projective, ind-finite type indscheme.

Definition 5.5.2.2. Let T = T(G,N)x and R = R(G,N)x be the fibres of the factorization

spaces of pre-triples and triples as in Definitions 5.5.1.1 and 5.5.1.6, respectively, and let

π : T → GrG denote the map from Remark 5.5.1.4 and π′ : R → GrG its restriction to

R(G,N). Let T≤λ and R≤λ denote the pullbacks

T≤λ //

��

T

π

��
Gr≤λG

// GrG

and R≤λ //

��

R

π′

��
Gr≤λG

// GrG

,

for each λ ∈ Λ+
G a dominant coweight, and similarly Tλ,Rλ and T<λ,R<λ as the analogous

fibre products with GrλG and Gr<λG = tµ<λGrµG, respectively.

Example 5.5.2.3. The space T≤λ � Gr≤λG is an infinite dimensional vector bundle with fibre

NO, a pro-finite type scheme presented by NO = limnNO/(z
n ·NO) as in Example A.6.2.7.

Thus, T≤λ is also pro-finite type scheme, presented by the limit of the corresponding finite

dimensional vector bundles over the finite type scheme Gr≤λG :

T≤λ = lim
i∈I

T
≤λ
i = lim

[
. . .→ T

≤λ
i

ϕλij−−→ T
≤λ
j → . . .→ T

≤λ
0 = Gr≤λG

]
T
≤λ
i = ((NO/z

iNO)×G≤λK )/GO .

Similarly, R≤λ ↪→ T≤λ is a pro-finite type subscheme of finite codimension, and presented

analogously as

R≤λ = lim
i∈I

R
≤λ
i = lim

[
. . .→ R

≤λ
i

ϕλij−−→ R
≤λ
j → . . .→ R

≤λ
0 = Gr≤λG

]
R
≤λ
i = (((NO∩zλNO)/ziNO)×G≤λK )/GO .

Note that for i < dλ = rank(Tλ/Rλ), the spaces R
≤λ
i = R

≤λ
0 = Gr≤λG are equivalent, and

the transition maps are all given by the identity.

Moreover, the maps ϕλij are each smooth with affine space fibres, and thus define placid

presentations of R≤λ and T≤λ, in the sense if Definition A.6.7.9.

Example 5.5.2.4. Following Remark A.6.7.3 and Proposition A.6.7.11, the category of D
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modules D∗(R≤λ) ∈ DGCat is presented as

D∗(R≤λ) = lim
i∈I

D(R≤λi ) = lim

[
. . .→ D(R≤λi )

ϕλij∗−−→ D(R≤λj )→ . . .→ D(Gr≤λG )

]
, and

∼= colim
i∈Iop

D(R≤λi ) = colim

[
. . .←D(R≤λi )

ϕλ∗ij←−− D(R≤λj )← . . .←D(Gr≤λG )

]
,

where the latter description follows from passing to left adjoints, which by placidity exist

and are given by

ϕλ∗ij
∼= ϕλ!

ij [−2d
R
≤λ
i /R≤λj

] : D(R≤λj )→ D(R≤λi ) .

Remark 5.5.2.5. Concretely, from the limit description, a D module Mλ ∈ D∗(R≤λ) is given

by an assignment

i 7→
(
Mλ
i ∈ D∗(R≤λi )

)
[i→ j] 7→

[
ϕλij∗M

λ
i

∼=−→Mλ
j

]
.

Remark 5.5.2.6. Alternatively, from the colimit description, there are objectsMλ ∈ D∗(R≤λ)

given by Mλ = ϕ∗i0M
λ
i0

where ϕ∗i0 : D∗(R≤λi0 ) → D∗(R≤λ) is the canonical functor of the

colimit description, for some i0 ∈ I. In terms of the limit presentation above, the resulting

object is defined by

Mλ
j0 = colim

i∈Iop
/j0

ϕλij0∗ϕ
λ∗
ii0M

λ
i0 under ϕλjj0∗ϕ

λ∗
ji0M

λ
i0 → ϕλjj0∗ϕ

λ
ij∗ϕ

λ∗
ij ϕ

λ∗
ji0M

λ
i0
∼= ϕλij0∗ϕ

λ∗
ii0M

λ
i0 .

(5.5.2.1)

Example 5.5.2.7. Recall from Definition A.6.7.12 that there is a canonical renormalized

dualizing sheaf ωren
R≤λ
∈ D∗(R≤λ) defined by

ωren
R≤λ = ϕλ∗i ωR

≤λ
i

[−2d
R
≤λ
i

] noting ϕλ∗i ωR
≤λ
i

[−2d
R
≤λ
i

] = ϕλ∗i ϕ
λ∗
ij ωR

≤λ
j

[−2d
R
≤λ
j

] = ϕλ∗j ωR
≤λ
j

[−2d
R
≤λ
j

] .

Remark 5.5.2.8. Heuristically, the renormalized dualizing sheaf can be written

ωren
R≤λ = ωR≤λ [−2 dimR≤λ] = ωR≤λ [−2(dimNO+dim Gr≤λ−dλ)] dλ = rank(Tλ/Rλ) : R→ Z.

Example 5.5.2.9. There is a canonical pushforward functor

pR≤λ∗ : D∗(R≤λ)→ Vect defined by Mλ = (Mλ
i )i∈I 7→ pRλi ∗

Mλ
i ;

the result is independent of i since

p
R
≤λ
i ∗

Mλ
i
∼= p

R
≤λ
j ∗

ϕλij∗M
λ
i
∼= p

R
≤λ
j ∗

Mλ
j .

Example 5.5.2.10. Following the preceding three examples, the renormalized Borel-Moore
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chains are given by

CBM
• (R≤λ) = C•(R≤λ, ωren

R≤λ) = pR≤λ∗ω
ren
R≤λ = p

R
≤λ
j ∗

Mλ
j
∼= colim

i∈Iop
/j

p
R
≤λ
i
ϕλ∗ij ωR

≤λ
j

[−2d
R
≤λ
j

]

for any j ∈ I.

Example 5.5.2.11. The spaces T,R ∈ IndSch are presented by

T = colim
λ∈Λ+

G

T≤λ = colim

[
. . .←T≤µ

ιλµ←−− T≤λ← . . .←T≤0 = NO

]
, and

R = colim
λ∈Λ+

G

R≤λ = colim

[
. . .←R≤µ

ιλµ←−− R≤λ← . . .←R≤0 = NO

]
,

exhibiting T and R as indschemes. Moreover, T≤λ and R≤λ are reasonable subschemes of

T and R, and thus present T and R as placid indschemes, in the sense of definitions A.6.3.7

and A.6.8.3, respectfully.

Example 5.5.2.12. Following propositions A.6.8.1 and A.6.8.2, the category of D modules

D∗(R) is presented as

D∗(R) = colim
λ∈Λ+

G

D∗(R≤λ) = colim

[
. . .←D∗(R≤µ)

ιλµ∗←−− D∗(R≤λ)← . . .←D∗(NO)

]
, and

∼= lim
λ∈Λ+,op

G

D∗(R≤λ) = lim

[
. . .→ D∗(R≤µ)

ιλµ(!,∗)
−−−−→ D∗(R≤λ)→ . . .→ D∗(NO)

]

where the latter description follows from passing to right adjoints, which exist since ιλµ are

closed embeddings of finite presentation, as inclusions of reasonable subschemes.

Remark 5.5.2.13. Concretely, by the latter description, an object M ∈ D∗(R) is given by

an assignment

λ 7→
(
Mλ ∈ D∗(R≤λ)

)
[λ→ µ] 7→

[
ιλµ(!,∗)Mµ ∼=−→Mλ

]
.

Example 5.5.2.14. There is a canonical pushforward functor

pR∗ : D∗(R)→ Vect defined by M = (Mλ)λ∈Λ+
G
7→ colim

λ∈Λ+
G

pR≤λ∗M
λ

where the structure maps in the colimit diagram are defined for each k < l by

pR≤λ∗M
λ ∼= pR≤µ∗ι

λµ
∗ M

λ ∼= pR≤µ∗ι
λµ
∗ ι

λµ(!,∗)Mµ → pR≤µ∗M
µ ,

where the map is given by the counit of the (ιλµ∗ , ι
λµ(!,∗)) adjunction.
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Remark 5.5.2.15. The placid scheme structure on each R≤λ equips it with a renormalized

dualizing sheaf ωren
R≤λ
∈ D∗(R≤λ) as in Example 5.5.2.7. However, as in Remark A.6.8.5,

these objects do not glue together to define an object of D(R) as the cohomological shifts

in the renormalized dualizing sheaves are not intertwined under ιλµ(!,∗) as required in the

preceding remark; to arrange for this we must choose a dimension theory on R≤λ, in the

sense of Definition A.6.8.6.

Remark 5.5.2.16. The affine Grassmannian GrG is ind-finite type, so that it has a canonical

dimension theory defined by τ
Gr≤λG

= dim Gr≤λG , as in Example A.6.8.8. The jet scheme NO

is placid, so carries a canonical dimension theory such that τNO
= 0, as in Example A.6.8.7.

As dimension theories are etale local, the product dimension theory construction of

Example A.6.8.9 induces a dimension theory on the vector bundle T. Further, R inherits

the dimension theory of T, as every reasonable subscheme of the finite codimension sub

indscheme R is reasonable in T.

Definition 5.5.2.17. The canonical dimension theory τ on R is the dimension theory it

inherits as a finite codimension sub indscheme of T shifted by the locally constant function

dλ : R→ Z given by dλ = rank(Tλ/Rλ).

The renormalized dualizing sheaf ωren
R := ωτ -ren

R ∈ D∗(R) of the variety of triples is

defined as that corresponding to the canonical dimension theory τ .

The Borel-Moore chains of R, and its GO oC× equivariant analogue, are defined as

CBM
• (R) = C•dR(R, ωren

R ) = pR∗ω
ren
R and C

GOoC×~• (R) = C•
GOoC×~

(R, ωren
R ) ,

noting that the dimension theory on R is GO o C×~ equivariant, and thus the canonical

equivariant structure on ωR ∈ D!
GOoC×~

(R) induces an equivariant structure on ωren
R ∈

D∗GOoC×(R).

Remark 5.5.2.18. For notational simplicity, we will state many of the remaining results in

terms of CGO• (R) with the deformation to C
GOoC×~• (R) left implicit in cases where it does

not play an essential role.

Remark 5.5.2.19. Concretely, the canonical dimension theory on R assigns to each reason-

able subscheme R≤λ the function τ≤λ = dim Grλ − dλ; note that this is evidently GO oC×

equivariant. Thus, the renormalized dualizing sheaf ωren
R ∈ D∗(R) is defined by the condition

that

ι!∗≤λω
ren
R = ωren

R≤λ [2(dim GrλG−dλ)] which is given heuristically by “ωR≤λ [−2 dimNO] ”

for each λ ∈ Λ+
G, following Example 5.5.2.7 and Remark 5.5.2.8. These objects are inter-

twined under ι!∗λ,µ by construction, as in Definition A.6.8.10.
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In particular, the (equivariant) Borel-Moore chains are computed by

C
GOoC×~• (R) = colim

λ∈Λ+
G

C•
GOoC×~

(R≤λ, ωren
R≤λ)[2(dim GrλG − dλ)]

= colim
λ∈Λ+

G

colim
i∈Iop

/j

p
R
≤λ
i
ϕλ∗ij ωR

≤λ
j

[2(dim GrλG − dλ)− 2d
R
≤λ
j

] , for any j ∈ I,

where the structure maps in the first line are given by the counit of the (ιλµ∗ , ι
λµ(!,∗)) ad-

junction, as in Example 5.5.2.14 above, and the second line follows by Example 5.5.2.10.

Remark 5.5.2.20. Heuristically, the renormalized dualizing sheaf on R is well-defined be-

cause the shift [−2 dimNO] is independent of λ, µ and ι!λ,µωR≤λ
∼= ωR≤µ , so that the induced

limit object can be written as simply

ωren
R = ωR[−2 dimNO] ∈ D∗(R) .

Moreover, the (equivariant) Borel-Moore homology is thus computed heuristically by

C
GOoC×~• (R) = “ colim

λ∈Λ+
G

C•
GOoC×~

(R≤λ, ωR≤λ)[−2 dimNO]” .

5.5.3 Concrete calculations

In this section, we recall some concrete calculations of the resulting algebras, again following

[BFN18].

Proposition 5.5.3.1. For each λ ∈ ΛG+, we have

HGO
• (Rλ) = H•StabG(λ)(pt)[−2 dim GrλG − 2dλ] = Sym•(t∨[−2])Wλ [4〈ρ, λ〉 − 2dλ]

where StabG(λ) denote the stabilizer of λ in G, Wλ denotes its Weyl group, and t is a

Cartan of g = Lie(G).

Proof: The smooth adjunction for the projection π : Rλ → GrλG induces an isomorphism

HGO
• (Rλ)

∼=−→ HGO
• (GrλG)[−2dλ] .

Similarly, the projection π : GrλG → G · tλ ∼= G/Pλ induces an isomorphism

HGO
• (GrλG)

∼=−→ HGO
• (G/Pλ)[2(dim GrλG − dimG/Pλ)] ∼= H•G(G/Pλ)[2 dim GrλG] ,

where Pλ is the parabolic corresponding to λ with Levi quotient StabG(λ). The latter is a

standard computation

H•G(G/Pλ) ∼= H•StabG(λ)(pt) = Sym•(t∨[−2])Wλ .



182 CHAPTER 5. HOLOMORPHIC-TOPOLOGICAL FIELD THEORY IN THE Ω-BACKGROUND

Corollary 5.5.3.2. The equivariant Poincare polynomial of Rλ is given by

PGO
t (Rλ) = t2dλ−4〈ρ,λ〉

∏
i

(1− t2di)−1

where the product runs over degrees di of the generators of the Wλ invariant polynomials

on t[2].

Proposition 5.5.3.3. The complex HGO• (R≤λ) is concentrated in even degree. In particular,

the long exact sequence in cohomology induced by the exact triangle of the complimentary

closed and open embeddings

R<λ
ι−→ R≤λ

j←− Rλ splits as HGO
• (R<λ) ↪→ HGO

• (R≤λ) � HGO
• (Rλ) .

Proof: The proof is by induction on λ. The base case is when λ is miniscule, and R≤λ = Rλ,

in which case the result follows from the previous proposition. For the inductive step, we

know additionally that HGO• (R<λ) is concentrated in even degree, so that the long exact

sequence implies the same for HGO• (R≤λ).

Corollary 5.5.3.4. As a vector space, the Borel-Moore homology is given by

HGO
• (R) ∼=

⊕
λ∈Λ+

G

Sym•(t∨[−2])Wλ [4〈ρ, λ〉 − 2dλ] .

Example 5.5.3.5. Suppose G = T = (C×)n is a rank n torus and N be arbitrary, so that

Λ+
G = ΛG = Zn, Rλ(C) = GrλG(C) = pt for each λ ∈ Λ+

G, and thus GrG(C) = Zn. Then the

above computation gives

HGO
• (R) =

⊕
λ∈Zn

Sym•(t∨[−2])[−2dλ] ∼=
⊕
λ∈Zn

C[ξi]
n
i=1 · rλ = C[ξi, r

±1
i ]ni=1 ,

where ξi ∈ H•T (pt)[−2] are the generators of the T equivariant cohomology of a point and

rλ := [Rλ] ∈ HGO

2dλ
(Rλ) is the fundamental class of Rλ.

For N the zero representation N = {0}, this lifts to an isomorphism of algebras

HGO
• (R) = C[ξi, r

±1
i ]ni=1 = O(t× T∨) ∼= O(T ∗T∨)

with the coordinate ring of the cotangent bundle of the dual torus T∨.

In general, the product structure depends on the data of the representation; see Propo-

sition 5.5.5.6 below, which again follows [BFN18].

Example 5.5.3.6. Suppose G = PGL2, so that Λ+
G
∼= N and for each λ = n ∈ N≥0 we have



5.5. THE BRAVERMAN-FINKELBERG-NAKAJIMA CONSTRUCTION 183

〈λ, ρ〉 = 1
2n. Then Gr0

G = pt, and for each n ≥ 0 there is a fibre sequence

An−1 ↪→ GrnG � G/B = P1 inducing HGO
• (GrnG) ∼= H•B(pt)[2n] ∼= C[ξ] · ηn

where η := [Gr1
G] ∈ HGO

−2 (Gr1
G), more generally ηn := [GrnG] ∈ HGO

−2n(GrnG), and ξ ∈ HT
• (pt)

is the standard degree 2 generator. In summary, we find

HGO
• (R) = H•G(pt)⊕

⊕
n≥1

H•B(pt)[2n] ∼= C[δ]⊕
⊕
n∈N

C[ξ] · ηn ∼= C[δ, η, ξ̃]/(ξ̃2 − δη2)

where δ = ξ2 ∈ H•G(pt)[−4] is the degree 4 generator, ξ̃ := ξ · η, and the relation in the last

expression follows from the redundancy in parameterization (ξ̃)2 = ξ2η2 = δη2.

This lifts to an isomorphism of algebras

HGO
• (GrG) = C[δ, η, ξ̃]/(ξ̃2 − δη2 − 1) = O(z(sl2))

with the coordinate ring of the group scheme z(sl2) of regular centralizers in sl2; see [BFM05].

Example 5.5.3.7. Let G = SL2, and identify Λ+
SL2

∼= 2N ⊂ N ∼= Λ+
PGL2

, with the conventions

as above. Then GrSL2 ↪→ GrPGL2 includes as the first of the two connected components of

GrPGL2 , given by

GrSL2 = tn∈NGr2n
PGL2

inducing H
SL2,O
• (GrSL2) = H

PGL2,O
• (GrPGL2)Z/2Z ,

where the Z/2Z action is of weight −1 on components of degree 4n and weight 1 on those

of degree 4n− 2.

This lifts to an isomorphism of algebras

HGO
• (GrG) = C[δ, η, ξ̃]Z/2Z/(ξ̃2 − δη2 − 1) = O(z(sl2)/Z/2Z) ∼= O(z(pgl2))

with the coordinate ring of the group scheme z(pgl2) of regular centralizers in pgl2; see

[BFM05].

5.5.4 The convolution diagram for the variety of triples

Following Remark 5.4.1.9, we would like to define the renormalized Borel-Moore chains

A(G,N)x = CBM
• (Z(G,N)x) ∈ AlgE1

(Vect)

on Z(G,N)x and show that they form an E1-algebra under convolution. Moreover, we would

like to show that

A(G,N) = CBM
• (Z(G,N)) ∈ Algfact

E1,un(X)
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defines a factorization E1-algebra, though this will follow from the factorization compatibil-

ity of the construction, as outlined in Subsection 5.4.1, and thus for simplicity we present the

arguements over a fixed point x ∈ X. Again, we follow [BFN18] and [BFN19b] throughout.

Recall from Proposition 5.5.1.9 and Remark 5.5.1.10 that we have an isomorphism of

stacks

Z(G,N)x := NO/GO ×
NK/GK

NO/GO
∼= ([(NO ×GK)/GO]×NK

NO)/GO = R(G,N)x/GO .

(5.5.4.1)

Thus, we have

D∗(Z(G,N)x) ∼= D∗GO
(R(G,N)x) ∈ DGCat , (5.5.4.2)

and following Remark 5.5.1.11, the results of Subsection 5.5.2 allow us to define the under-

lying vector space of our putative (factorization) E1-algebra:

Definition 5.5.4.1. The renormalized dualizing sheaf of Z(G,N)x is defined by

ωren
Z(G,N)x

:= ωren
R(G,N)x

∈ D∗(Z(G,N)x) ,

where the latter is as in Definition 5.5.2.17.

Remark 5.5.4.2. In particular, we have

CBM
• (Z(G,N)x) := pZ(G,N)x∗ω

ren
Z(G,N)x

∼= CGO
• (R(G,N)x) ,

where the latter is as in Definition 5.5.2.17.

Remark 5.5.4.3. Concretely, the object ωren
Z(G,N)x

∈ D∗(Z(G,N)x) and its image ωren
R(G,N)x

∈
D∗GO

(R(G,N)x) under the equivalence of Equation 5.5.4.2 above, are given by

D∗(Z(G,N)x) = D∗(NO/GO ×
NK/GK

NO/GO)
∼=−→ D∗GO

([(NO ×GK)/GO]×NK
NO)

ωren
Z(G,N)x

= ωNO/GO
�

NK/GK

KNO/GO
7→ ωNO

�̃ ωGrG �
NK

KNO

where we recall that

KNO/GO
= ωren

NO/GO
and KNO

= ωren
NO

are as in Definition A.6.7.4, and the stated equalities follow from Example A.6.7.14. Note

that the former description is in keeping with the internal Hom interpretation of Remark

5.4.2.8, and following Example A.1.6.7.

Warning 5.5.4.4. Note there is an automorphism of the prequotient of Z(G,N)x by GO
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given by

[(NO ×GK)/GO]×NK
NO
∼= NO ×NK

[(NO ×GK)/GO] under which

ωNO
�̃ ωGrG �

NK

KNO
7→ ωNO

�
NK

KNO
�̃ ωGrG .

The presentation of ωren
Z(G,N)x

∈ D∗(Z(G,N)x) resulting from the latter description is evi-

dently identified with the renormalized dualizing sheaf of Definition 5.5.2.17, but we will

use the former description throughout the remainder of the text for notational convenience.

Remark 5.5.4.5. Following remarks 5.5.2.8 and 5.5.2.20, the identifications of the preceding

remark are given heuristically by:

ωZ(G,N)x [−2 dimNO/GO] = ωNO/GO
�

NK/GK

ωNO/GO
[−2 dimNO/GO] 7→ ωNO

�̃ ωGrG �
NK/GK

ωNO
[−2 dimNO] .

Towards establishing Proposition 5.4.2.4 in the present context, we recall the analogue of

Remark 5.10.3.2:

Example 5.5.4.6. The convolution diagram for Z(G,N)x is given by

Z(3)(G,N)x = NO/GO ×
NK/GK

NO/GO ×
NK/GK

NO/GO

together with the canonical projections πij : Z(3)(G,N)x → Z(G,N)x. There is a natural

analogue for Z(G,N)(3) of the isomorphism recalled in equation 5.5.4.1 above, given by

Z(3)(G,N)x ∼= ([(NO ×GK)/GO]×NK
[(NO ×GK)/GO]×NK

NO)/GO . (5.5.4.3)

To describe the convolution diagram, we pass to the prequotient by GO as usual, defining

Z̃(3)(G,N)x = [(NO×GK)/GO]×NK
[(NO×GK)/GO]×NK

NO
∼= ((GK×NO)/GO)×2×N×

K
2NO ,

so that the prequotient by GO of the convolution diagram becomes

((GK ×NO)/GO)×2 ×N×
K

2 NO

π12

��

π13 //

π23

++

(GK ×NO)/GO ×NK
NO

(GK ×NO)/GO ×NK
NO GO\(GK ×NO)/GO ×NK

NO

(g1, g2, s)_

��

� //


&&

(g1g2, s)

(g1, g2 · s) (g2, s)

.

The indscheme Z̃(3)(G,N)x is also denoted “qp−1(R× R)” in [BFN18].

Remark 5.5.4.7. The convolution diagram for Z(G,N)x fits into a larger commutative dia-
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gram covering that for the usual geometric Satake:

R× R� _

��

p−1(R× R)oo //
� _

��

q(p−1(R× R)) //
� _

��

R

T × R

��

GK × R
poo q //

��

(GK × R)/GO

��

// R

��
GrG ×GrG GK ×GrG

p̃oo q̃ // (GK ×GrG)/GO
// GrG

.

Following Proposition 5.4.2.4 and in turn Proposition 4.7.1.5, we have:

Proposition 5.5.4.8. The factorization category (D∗
Z(G,N))

? ∈ Catfact
E1,un(XdR) is naturally a

(unital) E1-factorization category with respect to the convolution monoidal structure defined

by the composition

D∗Z(G,N) ⊗
∗ D∗Z(G,N)

π∗12�π
∗
23−−−−−→ D∗Z(3)(G,N)×2

∆∗−−→ D∗Z(3)(G,N)

π13,∗−−−→ D∗Z(G,N) .

Further, the pushforward functor pZ∗ : (D∗
Z(G,N))

? → D⊗
!

RanX,un
is a unital, lax E1-monoidal

factorization functor.

Warning 5.5.4.9. The functors π∗12 and π∗23 of the preceding proposition are only partially

defined in general. For example, they are each defined on the full subcategories of holonomic

D modules, in the sense of Definition A.6.8.15, which suffices for the application in Theorem

5.5.4.12 below. The proposition is only proved in this more restrictive setting in general.

However, whenever the diagonal morphism for YO is pro-smooth, as in the case N = {0}
for example, the composition

(π12 × π23)∗ := ∆∗ ◦ (π∗12 � π
∗
23) : D∗(Z(G,N)x)⊗D∗(Z(G,N)x)→ D∗(Z(3)(G,N))

used in the preceding proposition is in fact well-defined on the entire categories, so that the

proposition holds as stated. This follows from the fact that the map on the prequotient

induced by π12 × π23 is a pullback of ∆YO and thus pro-smooth by stability under base

change, even though π12 and π23 individually are not. Thus, the (equivariant) D module

pullback functor (π12×π23)∗ is well-defined on the entire category by Proposition A.6.8.14.

Proof: (of Proposition 5.5.4.8) The proof follows that of Proposition 4.7.1.5, noting that

the ∗ direct and inverse image functors (when they exist; see the preceding warning) satisfy

the required adjunctions by Proposition A.6.8.14 together with Remark 5.5.4.11 below.

Further, following Corollary 4.7.1.6, we have:
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Corollary 5.5.4.10. The pushforward functor pZ(G,N)∗ : D?
Z(G,N) → DRanX,un

induces a

functor

pZ(G,N)∗ : Algfact
E1,un(D?

Z(G,N))→ Algfact
E1,un(X) . (5.5.4.4)

Remark 5.5.4.11. Note the maps πij are ind-proper (and in particular ind-finitely presented

and reasonable), as they are closed sub fibre bundles of GrG bundles; thus, the (π13,∗, π
!∗
13)

adjunction yields the natural transformation

π13,∗π
!∗
13 → 1 in D∗

GOoC×~
(R) .

Following Remark 4.7.1.8 and in particular Example 4.7.1.15, we obtain the analogue

of Proposition A.1.6.2 and in particular Example A.1.6.17 via Proposition 5.5.4.8 above:

Theorem 5.5.4.12. The renormalized dualizing sheaf of Definition 5.5.4.1 defines

Ã(G,N) := ωren
Z(G,N) ∈ Algfact

E1,un(D?
Z(G,N))

a factorization E1 algebra internal to D?
Z(G,N) ∈ Catfact

E1,un(X) as in Proposition 5.5.4.8 above.

In particular, the renormalized Borel-Moore chains

A(G,N) := pZ(G,N)∗ω
ren
Z(G,N) = CBM

• (Z(G,N)) ∈ Algfact
E1,un(X)

defines a factorization E1 algebra.

Proof: We follow the proof of Proposition A.1.6.2, and begin by establishing the formal

setup in our present setting. The ind-proper adjunction of Remark 5.5.4.11 yields the

desired map

π13,∗π
!∗
13ω

ren
R → ωren

R in D∗
GOoC×~

(R) .

while the (π∗, π∗) adjunction for holonomic D modules on R yields the desired maps

ωren
R → π12,∗π

12,∗ωren
R and ωren

R → π23,∗π
23,∗ωren

R in D∗
GOoC×~

(R) ,

as well as

π12,∗ωren
R �π

23,∗ωren
R → ∆∗∆

∗(π12,∗ωren
R �π

23,∗ωren
R ) ∼= ∆∗(π

12,∗ωren
R ⊗∗π23,∗ωren

R ) in D∗
GOoC×~

(Z×2
(3)) .

Thus, it suffices to construct the multiplication map, as in Equation 4.7.1.2 of Remark

4.7.1.7, following Proposition A.1.6.2 and Example A.1.6.6. Following the description of
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ωren
Z(G,N) in Remark 5.5.4.3, under the identification induced by Equation 5.5.4.3, we compute

D∗(Z(3)(G,N)x) ∼= D∗GO
([(NO ×GK)/GO]×NK

[(NO ×GK)/GO]×NK
NO)

π∗12ω
ren
Z(G,N) 7→ ωNO

�̃ ωGrG �NK
KNO
�̃ KGrG

�NK
KNO

π∗23ω
ren
Z(G,N) 7→ KNO

�̃ KGrG
�NK

ωNO
�̃ ωGrG �NK

KNO

π!
13ω

ren
Z(G,N) 7→ ωNO

�̃ ωGrG �NK
ωNO
�̃ ωGrG �NK

KNO
.

Thus, recalling K is the unit of the ⊗∗ tensor structure, we have a canonical map

π∗12ω
ren
Z(G,N)⊗

∗π∗23ω
ren
Z(G,N)

∼=−→ π!
13ω

ren
Z(G,N) and thus π13∗

(
π∗12ω

ren
Z(G,N) ⊗

∗ π∗23ω
ren
Z(G,N)

)
→ ωren

Z(G,N)

by Remark 5.5.4.11, as desired.

5.5.5 Equivariant structures on the three dimensional A model

In this subsection, we explain that the factorization algebra underlying the three dimensional

A model to Y = N/G on X = A1 is canonically Ga o Gm equivariant, and thus defines a

2-periodic filtered quantization by the results of Section 3.11, and in particular Example

3.11.1.5. Again, these results were essentially obtained in [BFN18]. We also recall several

resulting concrete computations, following loc. cit..

To begin, following Proposition 5.4.3.1, we have:

Proposition 5.5.5.1. The (unital) factorization E1 algebra of the three dimensional A model

to N/G over X = A1

A(G,N) ∈ Algfact
E1,un(A1)GaoGm

admits a canonical Ga oGm equivariant structure.

Proof: There exist canonical Ga o Gm-equivariant structures on the renormalized dual-

izing sheaves ωren
Z(G,N)I

∈ D∗(Z(G,N)I), inducing compatible equivariant structures on

A(G,N)I ∈ D((A1)I)GaoGm for each I ∈ fSet. The factorization space structure maps for

Z(G,N) are canonically invariant under precomposition with the Ga oGm automorphisms

of Z(G,N)I , and thus the induced factorization structure maps for A(G,N) ∈ Algfact
E1

(A1)

admit canonical lifts to maps between the corresponding objects of the equivariant cate-

gories.

Similarly, following Corollary 5.4.3.3, we have:

Corollary 5.5.5.2. The three dimensional A model A(G,N) ∈ AlgS
1

E3
(VectK) to N/G over

X = A1 defines

Au(G,N) ∈ AlgBDu1 (K[u]-Mod) ,

an algebra over the operad BDu1 ∈ Op(K[u]-Mod) of Definition 3.9.0.5.
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Remark 5.5.5.3. Concretely, Au(G,N) ∈ AlgBDu1 (K[u]-Mod) defines a two-periodic filtered

quantization of the homology P3 algebra H•(A) ∈ AlgP3
(VectK) to an E1 algebra, or equiv-

alently a usual associative algebra Au|{1} ∈ AlgE1
(VectK). The homology P3 algebra is

denoted by A(G,N) in [BFN18], while the BDu1 algebra is denoted A~(G,N) in loc. cit..

We use the notation u in place of ~ as a reminder that the generator of the polynomial

algebra is of cohomological degree +2.

Example 5.5.5.4. Let G = T = (C×)n be a rank n torus and N the zero representation, as

in Example 5.5.3.5. Then we have seen R(C) = GrG(C) ∼= Zn and that

HGO
• (R) =

⊕
λ∈Zn

Sym•(t∨[−2]) ∼=
⊕
λ∈Zn

C[ξi]
n
i=1 · rλ = C[ξi, r

±1
i ]ni=1 ,

where rλ = [GrλT ] ∈ HTO
0 (R). The convolution diagram is given by

(Zn)×2/T

�� %%

// Zn/T

Zn/T Zn/T

(λ1, λ2)
_

��

�

%%

� // λ1 + λ2

λ1 λ2

so that we find π13,∗(π
∗
12r

λ ⊗∗ π∗23r
µ) = rλ+µ as desired. Thus, we obtain

HTO
• (GrT ) = C[ξi, r

±1
i ]ni=1 = O(t× T∨) ∼= O(T ∗T∨)

is given by the coordinate ring of the cotangent bundle of the dual torus T∨. The filtered

quantization is given by

Au(T, {0}) = HTOoC×u
• (GrT ) = Γ(T∨,DT∨,u)

the algebra of global Reese differential operators on T∨.

Example 5.5.5.5. More generally, for G = T as above and N an arbirary representation, we

have

HGO
• (R) =

⊕
λ∈Zn

Sym•(t∨[−2])[−2dλ] ∼=
⊕
λ∈Zn

C[ξi]
n
i=1 · rλ = C[ξi, r

±1
i ]ni=1 ,

where ξi ∈ H•T (pt)[−2] are the generators of the T equivariant cohomology of a point and

rλ := [Rλ] ∈ HGO

2dλ
(Rλ) is the fundamental class of Rλ.

The main result facilitating more general computations in the abelian case is the following:

Proposition 5.5.5.6. The inclusion of the zero section GrT ↪→ R induces an inclusion of

algebras

A~(T,N) ↪→ A~(T, {0}) defined by rλ 7→ r̃λ · eu(zλNO/(NO ∩ zλNO))
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where rλ := [Rλ] ∈ HTO
2dλ

(Rλ) is the fundamental class of Rλ, as above, and r̃λ = [GrλT ] ∈
HTO

0 (GrT ).

Proof: See Subsection 4(vi) and in turn Lemma 5.11 in [BFN18].

Remark 5.5.5.7. Concretely, the above map is given by rλ 7→

ξ−ξ(λ)rλ for ξ(λ) < 0

rλ otherwise
.

Example 5.5.5.8. Let T = C×, N = Cn under the diagonal action, so that the corresponding

stable quotient variety is Pn−1. Letting x = r, y = r−1, we find

A = C[ξ, x, y]/(xy−ξn) or A~ = C〈x, y, ξ, ~ | xy = (ξ+~/2)n, yx = (ξ−~/2)n, [x, ξ] = ~x, [y, ξ] = −~y 〉

after passing to C× equivariant cohomology with respect to loop rotation. This follows from

the above proposition, noting xy = r · r−1 = ξnr̃ · r̃−1 = ξn.

Note this is an affine filtered quantization of the An−1 singularity, which is the expected

symplectic dual to Pn−1, as desired. In particular, we have A~ = U~(pgl2) for n = 2.

5.6 Chiral differential operators and the three dimensional

A model: Overview

In this section, we outline the geometric construction of the factorization algebra of chiral

differential operators Dch(Y ) ∈ Algfact
un (X) on Y over X a smooth algebraic curve, following

[KV06], and in turn [BD04] and the series of papers [GMS00], [GMS04], and [GMS03];

the construction is recalled in terms of the general format outlined in Section 5.1.1, in

the variant described in Section 4.7.2. Moreover, we explain that the module structure

given by the variant of Example 4.7.2.8 in this setting defines a module structure Dch(Y ) ∈
A(Y )-Mod(Algfact

un (X)) over the factorization E1 algebra A(Y ) ∈ Algfact
E1,un(X) describing

the three dimensional A model, as constructed in the preceding sections following [BFN18];

this establishes the conjecture of Costello-Gaiotto [CG18] which predicted that there was

a chiral boundary condition for the three dimensional A model with boundary observables

given by the algebra of chiral differential operators.

The geometric definition of the factorization algebra Dch(Y ) ∈ Algfact
un (X) is given by

Dch(Y )x = HomD(YK)(DYK , ι∗ωYO) ∼= Γ(YK, ι∗ωYO) ,

where the line operator category D(YK) ∈ Catfact
un (X) is given by the factorization category

D modules on the meromorphic jet scheme to Y , as in Section 5.4; the construction is

summarized by the following diagrams in factorization spaces and categories, which for

simplicity we denote by their fibre over a fixed point x ∈ X:
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(YK)∧YO
πYK

��

πYO,dR

}}
YO,dR

ιdR

!!

pYO,dR

��

YK
pYK

��

q

��
pt YK,dR pt

and

IndCoh((YK)∧YO)
πYK•

&&
D(YO)

ι∗

$$

π!
YO,dR

::

IndCoh(YK)
pYK,•

!!
Vect

p!
YO

BB

D(YK)

q!
88

Vect

.

(5.6.0.1)

Summary

In Section 5.6.3 we outline the construction of the factorization algebra of chiral differential

operators Dch(Y ) on a space Y , in Section 5.6.2 we explain the schematic construction of the

expected module structure on Dch(Y ) over the factorization E1 algebra A(Y ) ∈ Algfact
E1,un(X)

describing the three dimensional A model, and in Section 5.6.1 we outline the internal variant

of the construction of Dch(Y ).

Warning 5.6.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline

of the general expectations. However, in the following several sections, we will recall the

precise construction of chiral differential operators in the case that Y is a well-behaved

smooth, affine scheme, as well as generalize this construction to the case that Y = N/G is

given by a quotient stack as in Section 5.5, and construct the module structure on Dch(N/G)

over A(G,N) in this setting.

5.6.1 The factorization algebra of chiral differential operators

Example 5.6.1.1. Recall the (unital) factorization spaces Jmer(Y ), Jmer(Y )dR ∈ PreStkfact
un (X)

of meromorphic jets to Y and its de Rham stack, from Examples 4.3.2.4 and 5.4.1.1, re-

spectively. The projection to the de Rham stack defines a map of factorization spaces

qJmer(Y ) : Jmer(Y )→ Jmer(Y )dR .

Remark 5.6.1.2. Concretely, the maps on prestacks over each XI , and over x ∈ X, are given

by

qJmer(Y )I : Jmer(Y )I → Jmer(Y )I,dR and qYKx : YKx → YKx,dR .

Towards defining the factorization functor corresponding to pullback along the maps of

factorization spaces of the preceding example, following Definition A.1.5.16, we introduce

the following factorization categories:

Example 5.6.1.3. Consider the (putative, see Remark 5.6.1.5 below) indcoherent variants of

the factorization categories of examples ?? and 5.4.1.3: the category of indcoherent sheaves,
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and that of ‘right’ D modules, on the loop space of Y are the unital factorization categories

defined by

IndCohJmer(Y ) ∈ Catfact
un (X) and Dr

Jmer(Y ) := IndCohJmer(Y )dR
∈ Catfact

un (X) .

Remark 5.6.1.4. Concretely, the sheaf of categories assigned to each I ∈ fSet, its sections

category, and the fibre category over x ∈ X, are given for IndCohJmer(Y ) and Dr
Jmer(Y ) by

pI∗ IndCohJmer(Y )I ∈ ShvCat(XI
dR) IndCoh(Jmer(Y )I) ∈ DGCat and IndCoh(YKx) ∈ DGCat , and

pI,dR∗ IndCohJmer(Y )I,dR
∈ ShvCat(XI

dR) Dr(Jmer(Y )I) ∈ DGCat and Dr(YKx) ∈ DGCat .

Remark 5.6.1.5. The relevant (sheaves of) categories of indcoherent sheaves are not defined

in this level of generality, so the above example and the remaining discussion in the present

subsection is only given as a heuristic overview of the contents of the remainder of this

section.

In the following subsections, we will make sense of the constructions below under more

restrictive assumptions on the input space Y , using the results recalled in Appendix A.6,

following [KV06], [BD04], [Ras15a], [Ras20b] and references therein. For the remainder of

the present section, we summarize the narrative structure of the results, implicitly assuming

Y is well-behaved enough that the various constructions can be defined.

The above subtlety is not just a technical obstacle: careful consideration of this issue

leads to the appearence of the ‘determinant anomaly’ and the requirement of a choice of

Tate structure on Jmer(Y ), as we explain in Remark 5.7.1.22 in the setting where Y is a

scheme, and in Remark 5.8.1.16 in the case Y = N/G is a quotient stack.

Example 5.6.1.6. Recall from Example 5.4.1.6 that the factorization unit object

unitDJmer(Y )
∈ Algfact

un (DJmer(Y )) is defined by unitDJmer(Y )
= ιJ(Y ),∗p

!
J(Y )ωRanX,un

= ιJ(Y )∗ωJ(Y )

where pJ(Y ) : J(Y ) → RanX,un is the factorization space structure map and ιJ(Y ) : J(Y ) →
Jmer(Y ) is the map of factorization spaces defined by the unit section.

Example 5.6.1.7. The map qJmer(Y ) : Jmer(Y ) → Jmer(Y )dR induces a unital factorization

functor

orJmer(Y ) := q!
Jmer(Y ) : DJmer(Y ) → IndCohJmer(Y ) ,

following Proposition 4.4.3.2, which is interpreted as the forgetful functor from right D

modules to (ind)coherent sheaves, following Proposition A.1.5.16.

Example 5.6.1.8. The map pJmer(Y ) : Jmer(Y ) → RanXdR,un induces a unital factorization

functor

pJmer(Y )• : IndCohJmer(Y ) → DRanX,un
,
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defined following Proposition 4.4.3.1; we have used the fact that Jmer(Y ) is naturally a

factorization space over XdR, as explained in Remark 4.3.2.5.

Remark 5.6.1.9. Concretely, the functor on sections categories over each XI , and over

x ∈ X, are given by

pJmer(Y )I• : IndCoh(Jmer(Y )I)→ IndCoh(XI
dR) and pYK• : IndCoh(YK)→ Vect .

Tentative Definition 5.6.1.10. The chiral differential operators on Y is the unital factoriza-

tion algebra

Dch(Y ) = pJmer(Y )• ◦ q!
Jmer(Y )(unitDJmer(Y )

) ∈ Algfact
un (X) .

Remark 5.6.1.11. Concretely, the D module Dch(Y )I ∈ D(XI) assigned to each I ∈ fSetØ,

and the fibre vector space Dch(Y )x ∈ Vect over each x ∈ X, are given by

Dch(Y )I = pJmer(Y )I•q
!
Jmer(Y )I

ιJ(Y )I∗ωJ(Y )I and Dch(Y )x = pYKx•q
!
YKx

ιx∗ωYOx = Γ(YKx , ιx∗ωYOx ) ,

where in the latter expression Γ denotes the space of sections as an O module.

Remark 5.6.1.12. In examples 5.7.1.34 and 5.8.1.25, we give concrete calculations following

the above definition in the cases Y = N and Y = N/G, respectfully.

5.6.2 Action of the three dimensional A model on chiral differential op-

erators

Applying Example 4.6.1.10 to A(Y ) ∈ Algfact
E1,un(X) of Definition 5.4.1.8 together with the

factorization functor pJmer(Y )• ◦ q!
Jmer(Y ) : DJmer(Y ) → DRanX,un

, we obtain:

Theorem 5.6.2.1. The chiral differential operators Dch(Y ) on Y admit a canonical factor-

ization E1-module structure

Dch(Y ) ∈ A(Y )-Mod(Algfact
un (X))

over the three dimensional A model factorization E1-algebra A(Y ) ∈ Algfact
E1,un(X).

Remark 5.6.2.2. In keeping with Warning 5.6.0.1, the preceding Theorem is only an outline

of the result. We give a proof in the case Y = N/G in Theorem 5.9.0.15 below, defining

an action of the E1 factorization algebra A(G,N) ∈ Algfact
E1,un(X) constructed in Theorem

5.5.4.12, following [BFN18] and [BFN19b], on Dch(N/G) ∈ Algfact
un (X) which we study in

Section 5.8 below.
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5.6.3 Internal construction of chiral differential operators and the action

of the three dimensional A model

There is also an internal variant of the above constructions, following Subsection 4.7.2 and

in particular Example 4.7.2.9.

Example 5.6.3.1. Following example 4.7.2.1, the fibre product

Jmer(Y )∧J(Y ) := J(Y )dR ×Jmer(Y )dR
Jmer(Y ) ∈ PreStkfact

un (X)

defines a unital factorization space over X.

Remark 5.6.3.2. Concretely, the prestacks Jmer(Y )∧
J(Y ),I ∈ PreStk/XI over XI assigned to

each I ∈ fSetØ and the fibre Jmer(Y )∧
J(Y ),x ∈ PreStk over each x ∈ X are given by

Jmer(Y )∧J(Y ),I = J(Y )I,dR ×Jmer(Y )I,dR
Jmer(Y )I = (Jmer(Y )I)

∧
J(Y )I

, and

Jmer(Y )∧J(Y ),x = YOX ,dR ×YKx,dR
YKx = (YKx)∧YOx

Remark 5.6.3.3. More generally, the iterated fibre products

Jmer(Y )∧(n) := J(Y )dR×Jmer(Y )dR
J(Y )dR×Jmer(Y )dR

× . . .×Jmer(Y )dR
Jmer(Y ) ∈ PreStkfact

un (X)

and projections

πij : Jmer(Y )∧(n) → Jmer(Y )∧J(Y ) for i ∈ {1, ..., n− 1} and j = n, and

πij : Jmer(Y )∧(n) → Z(Y )dR for i, j ∈ {1, ..., n− 1},

define factorization spaces and maps of such for each n ∈ N.

Following Proposition 4.7.2.4, analogously to the statement of Proposition 5.4.2.4 following

Proposition 4.7.1.5, we have:

Proposition 5.6.3.4. The factorization category

IndCohJmer(Y )∧
J(Y )
∈ D?

Z(Y )-Mod(Catfact
un (X))

is naturally a factorization E1-module category over D?
Z(Y ) ∈ Catfact

E1,un(X), with respect to

the convolution module structure (·) ? (·) : DZ(Y ) ⊗ IndCohJmer(Y )∧
J(Y )
→ IndCohJmer(Y )∧

J(Y )

defined by the composition

DZ(Y )⊗∗IndCohJmer(Y )∧
J(Y )

π•12�π
•
23−−−−−→ IndCoh(Jmer(Y )∧

(3)
)×2

∆•−−→ IndCohJmer(Y )∧
(3)

π13•−−−→ IndCohJmer(Y )∧
J(Y )

.

Further, the pushforward functors pZ∗ : D?
Z → D⊗

!

RanX,un
as defined in Proposition 5.4.2.4
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and pJmer(Y )∧
J(Y )
• : IndCohJmer(Y )∧

J(Y )
→ DRanX,un

define unital, lax compatible factorization

functors with respect to the above module structure.

Further, following Corollary 4.7.2.5, we have:

Corollary 5.6.3.5. The pushforward functor pJmer(Y )∧
J(Y )
• : IndCohJmer(Y )∧

J(Y )
→ DRanX,un

induces a functor

Ã(Y )-Mod(Algfact
un (IndCohJmer(Y )∧

J(Y )
))→ A(Y )-Mod(Algfact

un (X)) . (5.6.3.1)

Example 5.6.3.6. The map of factorization spaces πJ(Y )dR
: Jmer(Y )∧

J(Y ) → J(Y )dR defines

a factorization functor

π!
J(Y )dR

: DJ(Y ) → IndCohJmer(Y )∧
J(Y )

.

Definition 5.6.3.7. The internal variant D̃ch(Y ) ∈ Algfact
un (IndCohJmer(Y )∧

J(Y )
) of chiral dif-

ferential operators is defined by

D̃ch(Y ) = π!
J(Y )dR

ωJ(Y ) = p!
Jmer(Y )∧

J(Y )
ωRanX,un

Remark 5.6.3.8. Concretely, in terms of the description of Remark 4.2.2.6, D̃ch(Y ) ∈
Algfact

un (IndCoh(Jmer(Y )∧
J(Y ))) has underlying object of IndCoh(Jmer(Y )∧

J(Y ),I) for each I ∈
fSetØ, and object of IndCoh(Jmer(Y )∧

J(Y ),x) for each x ∈ X, given by

D̃ch(Y )I = π!
J(Y )dR,I

ωJ(Y ),I = ωJmer(Y )∧
J(Y ),I

∈ IndCoh(Jmer(Y )∧J(Y ),I), and

D̃ch(Y )x = π!
J(Y )dR,x

ωJ(Y )x = ωJmer(Y )∧
J(Y ),x

∈ IndCoh(Jmer(Y )∧J(Y ),x).

Following Example 4.7.2.9 and Corollary 4.7.2.5, we have:

Proposition 5.6.3.9. The image of D̃ch(Y ) ∈ Ã(Y )-Mod(Algfact
un (IndCohJmer(Y )∧

J(Y )
)) under

the functor of Equation 5.9.0.1 above is canonically equivalent to Dch(Y ) ∈ A(Y )-Mod(Algfact
un (X)).

5.7 Chiral differential operators on schemes

Towards establishing the results outlined in the preceding section in some examples, we

recall the construction of chiral differential operators in the case of Y a smooth, finite type

variety, following [KV06], and in turn [BD04] and the series of papers [GMS00], [GMS04],

and [GMS03]. We employ the theory of D modules in infinite type following [Ras15b]

and references therein, as recalled in subappendices A.6.7 and A.6.8, and the theory of

indcoherent sheaves in infinite type following Section 6 of [Ras20b], and in turn Section 2

of [Gai15], as recalled in Subappendix A.6.5.



196 CHAPTER 5. HOLOMORPHIC-TOPOLOGICAL FIELD THEORY IN THE Ω-BACKGROUND

For simplicity, we will by default assume Y is affine throughout, though in Remark

5.7.1.22 we discuss the obstruction that arises in considering the general case. Further, we

will focus on the details of the construction on the fibre over a point x ∈ X, and discuss

only a few technical points regarding factorization compatibility, having outlined the general

approach in the preceding section and references therein.

Summary

In Section 5.7.1 we recall the construction of the factorization algebra of chiral differen-

tial operators on a scheme Y , and in Section 5.7.2, we give the internal variant of the

construction.

5.7.1 The factorization algebra of chiral differential operators on a scheme

To begin, we explain that the space Yx = YKx defines a reasonable indscheme, in the sense

of Subappendix A.6.3.

Example 5.7.1.1. Let Y = Ad, and Y = Jmer(Y ) ∈ PreStkfact
un (X) be the meromorphic jet

space of Y , as in the preceding subsection. Following Example A.6.3.5, there is a natural

presentation of the fibre space Yx = AdKx ∈ PreStk of Y over x ∈ X as an indscheme

AdK = colim
k∈L

lim
i∈I

Maps(D◦i ,Ad)<k where

Maps(D◦j ,Ad)<l
restlij //

ιklj
��

Maps(D◦i ,Ad)<l

ιkli
��

Maps(D◦j ,Ad)<k
restkij //Maps(D◦i ,Ad)<k

is the general component of the bidiagram, K[x±1]<k ∈ Schpft denotes the subspace of

laurent polynomials with poles bounded by k, and Maps(D◦i ,Ad)<k := (K[x±1]<k/xi)×d ∈
Schft, for each i ∈ I = N and j ∈ K = N.

Example 5.7.1.2. More generally, let Y be a finite type affine scheme, and recall from

Example A.6.3.6 that choosing a closed embedding Y ↪→ Ad of Y into affine space induces

an embedding YK ↪→ AdK. Thus, choosing a uniformizer, the fibre Yx = YKx ∈ PreStk of the

factorization space Y = Jmer(Y ) ∈ PreStkfact
un (X) is presented as an ind scheme:

Yx = colim
k∈L

lim
i∈I

Yki where Yki = YK×Ad
K

Maps(D◦i ,Ad)<k ∈ Schft ,

Ylj
ϕlij //

ιklj
��

Yli

ιkli
��

Ykj
ϕkij // Yki

(5.7.1.1)

is the general component of the bidiagram, ϕkij is affine, and ιkli is a closed embedding, for
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each combination of i, j ∈ I and k, l ∈ L. In particular, we have presentations

Yx = colim
k∈L

Yk = colim

[
. . .←Yl

ιkl←− Yk← . . .

]
and Yk = lim

i∈I
Yki = lim

[
. . .→ Yki

ϕkij−−→ Ykj → . . .

]
.

Further, each Yk is a reasonable subscheme, and thus the above presents Yx ∈ IndSchreas as

a reasonable indscheme, in the sense of Definition A.6.3.7. Further, in favourable situations

(e.g. for Y = N a vector space, or Y = G an affine algebraic group), the above defines

a placid presentation of each Yk, in the sense of Definition A.6.7.9, and thus a placid

presentation of Yx, in the sense of Definition A.6.8.3.

Next, following subappendices A.6.7 and A.6.8, we recall the definition of the category

of D modules D(Yx) in the present context, and construct the unit object unitDJmer(Y ),x ∈
D(Yx).

Example 5.7.1.3. The category of D modules D!(Yx) ∈ DGCat on Yx ∈ IndSchreas is pre-

sented as

D!(Yx) = lim
k∈L

D!(Yk) = lim

[
. . .→ D!(Yl)

ιkl!−−→ D!(Yk)→ . . .

]
,

by Proposition A.6.8.1. Further, for each k ∈ L the category D!(Yk) ∈ DGCat of D modules

on Yk ∈ Schpft is presented by

D!(Yk) = colim
i∈I

D(Yki ) = colim

[
. . .←D(Yki )

ϕk!
ij←−− D(Ykj )← . . .

]
by Remark A.6.7.3.

Remark 5.7.1.4. Concretely, an object M ∈ D!(Yx) is specified by an assignment

k 7→
(
Mk ∈ D!(Yk)

)
[k → l] 7→

[
ιkl!M l ∼=−→Mk

]
defined for each k, l ∈ L and map k → l.

Similarly, a typical object Mk ∈ D!(Yk) is given by a pullback Mk = ϕk!
i0
Mk
i0

where

ϕk!
i0

: D(Yki0)→ D!(Yk) is the canonical functor corresponding to pullback along ϕki0 : Yk →
Yki0 .

Example 5.7.1.5. Following Proposition A.6.7.11, if the presentation of Yk in Example

5.7.1.2 defines a placid structure, then there is a presentation

D!(Yk) = lim
i∈I

D!(Yki ) = lim

. . .→ D!(Yli)
ϕkij∗[−2d

Yk
i
/Yk
j

]

−−−−−−−−−→ D!(Yk)→ . . .

 .

Remark 5.7.1.6. Concretely, if Yk admits a placid structure, then an object Mk ∈ D!(Yk)
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is given by an assignment

i 7→ (Mk
i ∈ D(Yki )) [i→ j] 7→

[
ϕkij∗[−2dYki /Ykj

]Mk
i

∼=−→Mk
j

]
.

In these terms, the object ϕk!
i0
Mk
i0
∈ D!(Yk) is given by the assignment

Mk
j0 = colim

i∈Iop
/j0

ϕkij0(∗,ren)ϕ
k!
ii0M

k
i0 under ϕkjj0(∗,ren)ϕ

k!
ji0M

k
i0 → ϕkij0(∗,ren)ϕ

k!
ii0M

k
i0 ,

(5.7.1.2)

where the structure maps are defined analogously to those in Equation 5.5.2.1.

Example 5.7.1.7. For each k, there is a canonical dualizing sheaf object ωYk ∈ D!(Yk) defined

by ωYk = ϕk!
i ωYki

for any i ∈ I; the definition is independent of i since

ϕk!
i ωYki

∼= ϕk!
i ϕ

k!
ijωYkj

∼= ϕk!
j ωYkj

.

Example 5.7.1.8. The map ι0 : Y0 → Yx, which is the inclusion ιx : YOx ↪→ YKx , is ind-proper

and thus by Proposition A.6.7.1 it admits a left adjoint

ι0∗,! : D!(Y0)→ D!(Yx) given by ιx∗,! : D!(YOx)→ D!(YKx) .

We can now give the formal definition of the unit object of Example 5.6.1.6 in the present

context:

Definition 5.7.1.9. The factorization unit object unitDJmer(Y ),x ∈ D(Yx) is defined by

unitDJmer(Y ),x = ιx∗,!ωYOx ∈ D
!(YKx) .

Remark 5.7.1.10. Concretely, in terms of the description of Remark 5.7.1.4, the factorization

unit object unitDJmer(Y ),x ∈ D(Yx) is given by the assignment

k 7→ ι0k∗,!ωY0 ∈ D!(Yk) [k → l] 7→ ιkl!ι0l∗,!ωY0
∼= ιkl!ιkl∗,!ι

0k
∗,!ωY0

∼= ι0k∗,!ωY0 ,

where the first equivalence is given by functoriality data for the ι∗,! construction and the

second by Kashiwara’s lemma.

Next, we recall the construction of the category IndCoh(Yx) ∈ DGCat of incoherent

sheaves on Yx ∈ IndSchreas and the forgetful functor D(Yx) → IndCoh(Yx) of Example

5.6.1.7 in the present context:

Example 5.7.1.11. The category of indcoherent sheaves IndCoh!(Yx) is presented as

IndCoh!(Yx) = lim
k∈L

IndCoh!(Yk) = lim

[
. . .→ IndCoh!(Yl)

ιkl!−−→ IndCoh!(Yk)→ . . .

]
,
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by Remark A.6.5.7. Further, for each k ∈ L the category IndCoh!(Yk) ∈ DGCat of indco-

herent sheaves on Yk ∈ Schpft is presented by

IndCoh!(Yk) = colim
i∈I

IndCoh(Yki ) = colim

[
. . .← IndCoh(Yki )

ϕk!
ij←−− IndCoh(Ykj )← . . .

]
,

by Remark A.6.5.5.

As in Remark 5.7.1.4, we have:

Remark 5.7.1.12. Concretely, an object F ∈ IndCoh!(Yx) is specified by an assignment

k 7→
(
Fk ∈ IndCoh!(Yk)

)
[k → l] 7→

[
ιkl!Fl

∼=−→ Fk
]

defined for each k, l ∈ L and map k → l.

Further, a typical object Fk ∈ IndCoh!(Yk) is given by Fk = ϕk!
i F

k
i under ϕki : Yk → Yki .

Proposition 5.7.1.13. There is a natural forgetful functor

oblvrYK := q!
YK

: D!(Yx)→ IndCoh!(Yx)

which restricts to the usual forgetful functor of Definition A.1.5.16 on each finite type

approximation Yki ∈ Schft.

Proof: Recall from Proposition A.1.5.23 that the forgetful functor oblvr := q!
X : D(X) →

IndCoh(X) intertwines the D module and incoherent pullback functors f ! for f : X → Y a

map of finite type schemes. Thus, by comparing the descriptions of Examples 5.7.1.3 and

5.7.1.11 above, this functor induces a forgetful functor on the colimit categories oblvr
Yk

:=

q!
Yk

: D!(Yk)→ IndCoh!(Yk) and in turn on the limit categories as desired.

Remark 5.7.1.14. Concretely, in terms of the descriptions in remarks 5.7.1.4 and 5.7.1.12,

the functor oblvrYK := q!
YK

: D!(Yx)→ IndCoh!(Yx) is defined on objects by(
Mk ∈ D!(Yk)

)
k∈L
7→
(
Fk := oblvrYk(Mk) ∈ IndCoh(Yk)

)
k∈L

.

To define the factorization algebra Dch
Y ∈ Algfact

un (X) of chiral differential operators

following the outline in the preceding subsection, it remains to define the pushforward

functor pYK• : IndCoh(YK)→ Vect. Following subsection A.6.5, there is a second, in general

distinct, variant of the category of incoherent sheaves on YK, which canonically admits such

a pushforward functor:

Example 5.7.1.15. The category IndCoh•(Yx) ∈ DGCat of indcoherent sheaves on YKx ∈
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IndSchreas is presented as

IndCoh•(Yx) = colim
k∈L

IndCoh•(Yk) = colim

[
. . .← IndCoh•(Yk)

ιkl•←− IndCoh•(Yl)← . . .

]
, or

(5.7.1.3)

IndCoh•(Yx) = lim
k∈L

IndCoh•(Yk) = lim

[
. . .→ IndCoh•(Yk)

ιkl,!−−→ IndCoh•(Yl)→ . . .

]
.

(5.7.1.4)

where the former description follows from Remark A.6.5.7, and the latter is equivalent by

passing to right adjoints as in Remark A.6.5.9, which exist by Proposition A.6.5.8.

Remark 5.7.1.16. Concretely, an object F ∈ IndCoh•(Yx) is given by an assignment

k 7→
(
Fk ∈ IndCoh•(Yk)

)
[l→ k] 7→

[
ιkl,!Fl

∼=−→ Fk
]

for each k, l ∈ L and arrow l→ k in L.

Example 5.7.1.17. Further, for each Yk ∈ Schpft, the presentation Yk = limi∈I Y
k
i as a limit

of finite type schems Yki ∈ Schft induces presentations

IndCoh•(Yk) = lim
i∈I

IndCoh•(Yki ) = lim

[
. . .→ IndCoh(Ykj )

ϕkij•−−→ IndCoh(Yki )→ . . .

]
, and

(5.7.1.5)

IndCoh•(Yk) = colim
i∈I

IndCoh•(Yki ) = colim

[
. . .← IndCoh(Ykj )

ϕk•ij←−− IndCoh(Yki )← . . .

]
,

(5.7.1.6)

where the latter follows by passing to left adjoints, which exist by Proposition 3.1.6 of

[GR17a].

Remark 5.7.1.18. Concretely, an object Fk ∈ IndCoh•(Yk) is given by an assignment

i 7→
(
Fki ∈ IndCoh(Yki )

)
[j → i] 7→ [ϕkij•F

k
i

∼=−→ Fkj ]

for each i, j ∈ I and arrow j → i in I.

Example 5.7.1.19. There is a canonical pushforward functor

pYk• : IndCoh•(Yk)→ Vect defined by Fk = (Fki )i∈I 7→ pYki •
Fki ;

the result is independent of i since

pYki •
Fki
∼= pYkj •

ϕkij•F
k
i
∼= pYkj •

Fkj .

Moreover, we have:
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Example 5.7.1.20. There is a pushforward functor

pYx• : IndCoh•(Yx)→ Vect defined by F = (Fk)k∈J 7→ colim
k∈L

pYk•F
k

where the structure maps in the colimit diagram are defined for each k < l by

pYk•F
k ∼= pYl•ι

kl
• F

k ∼= pYl•ι
kl
• ι

kl!Fl → pYl•F
l , (5.7.1.7)

where the map is given by the counit of the (ιkl• , ι
kl!) adjunction.

To conclude the construction of Dch
Y , it remains to construct an equivalence IndCoh!(YK) ∼=

IndCoh•(YK) so that we can apply the pushforward functor of the preceding Example

5.7.1.20 to the object of Example 5.7.1.9; we now explain a putative construction of such

an equivalence and the potential obstruction to its existence:

Remark 5.7.1.21. Comparing the limit descriptions of examples 5.7.1.11 and 5.7.1.15, it

suffices to construct equivalences IndCoh!(Yk) ∼= IndCoh•(Yk) compatible with ιkl! for each

k ∈ L.

Applying commutativity of the diagram in Equation 5.23 of [Gai15] together with the

discussion in Section 3.1.5 of [GR17a], for each X,Y ∈ DGSchft and f : X → Y eventually

coconnective, we have the commutative diagram

IndCoh(Y )
(·)⊗OY

ωY//

f•

��

IndCoh(Y )

f !

��
IndCoh(X)

(·)⊗OX
ωX// IndCoh(X)

where (·)⊗OXωX := ΥX◦ΨX : IndCoh(X)→ IndCoh(X) .

(5.7.1.8)

This is essentially just the standard identification f ! ∼= f• ⊗OX ωX/Y . Thus, we obtain

identifications

IndCoh!(Yk)

ω−1

Yk
��

IndCoh•(Yk)

induced by

. . . IndCoh(Yki )
oo

ω−1

Yk
i��

IndCoh(Ykj )
ϕk!
ijoo

ω−1

Yk
j��

. . .oo

. . . IndCoh(Ykj )
oo IndCoh(Yki )

ϕk•ijoo . . .oo

.

(5.7.1.9)

However, these are not all compatible with the functors ιkl!, in the sense that

. . . // IndCoh!(Yk)
ιkl! //

ω−1

Yk
��

IndCoh!(Yl)

ω−1

Yl
��

// . . .

. . . // IndCoh•(Yk)
ιkl! // IndCoh•(Yl) // . . .

does not commute. (5.7.1.10)

Instead, we use the equivalence of Equation 5.7.1.9 to identify IndCoh!(Y0) ∼= IndCoh•(Y0),
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and proceed by attempting to extend in a way which ensures compatibility:

Remark 5.7.1.22. In sections 1.7 and 1.8 of [KV06], it is explained that the pushforward

functor of Example 5.7.1.20 above can be modified to define a functor pYx,•̃ : IndCoh!(Yx)→
Vect as desired, given a choice of global object of the O×Yx gerbe DetY defined in loc. cit.;

we recall this construction in Remark 5.7.1.29 below. Moreover, it is explained in loc. cit.

that this construction induces an equivalence of (factorization) gerbes DetY,fact

∼=−→ CDOY

with that of locally trivial sheaves of chiral differential operators on Y .

Alternatively, in 3.9.20 of [BD04], it is explained that there is an equivalence CDO(Y )
∼=−→

Tate(Y ) of the (sheaf of) groupoid(s) of sheaves of chiral differential operators on Y with

that of Tate structures on Y , which we now define:

First, we introduce some notation, following 1.4.16 and 2.5.16 in [BD04]:

Example 5.7.1.23. Let Y ∈ D-Sch(X) be a D scheme on X, V a vector DX bundle on Y,

and let E(V ) be the universal Lie∗ algebroid over Y acting on V . Concretely, the underlying

relative Lie∗ algebra E(V ) ∈ Lie∗(Y) over Y is an extension

gl(V ) ↪→ E(V )
τ−→ ΘY

where τ is the anchor map, and gl(V ) ∈ Lie∗(Y) is the relative analogue of gl(V ) ∈ Lie∗(X)

as in Definition 2.11.0.5.

Further, for a Lie∗ algebroid L over Y, we let L♦ = ker(τL) ∈ Lie∗(Y) denote the relative

Lie∗ algebra given by the kernel of the anchor map, so that in particular E(V )♦ = gl(V ).

Now, following 2.8.1 in [BD04], we recall the definition of Tate structure:

Definition 5.7.1.24. A Tate structure on V over Y is given by:

� an extension of Lie∗ algebroids on Y

ωY ↪→ E(V )[ � E(V ) , and

� an isomorphism of Lie∗(Y) algebras E(V )[,♦ ∼= gl(V )[, lifting the natural identification

E(V )♦ ∼= gl(V ) and compatible with the natural adjoint actions of E(V )[ on the two

Lie∗(Y) algebras,

where we gl(V )[ denotes the Tate extension of gl(V ) as in Definition 2.11.0.5.

Let Tate(Y, V ) denote the sheaf of groupoids on Y defined by the space of Tate structures

on restrictions of V . In particular, for Y ∈ D-Sch(X) a smooth D scheme on X, ΘY defines

a vector DX bundle on Y, and we let Tate(Y) = Tate(Y; ΘY) denote the sheaf of groupoids

of Tate structures on ΘY.



5.7. CHIRAL DIFFERENTIAL OPERATORS ON SCHEMES 203

Warning 5.7.1.25. Throughout the remainder of this subsection, we assume that Y =

J(Y ) ∈ D-Sch(X) is equipped with a Tate structure. However, we will supress the de-

pendence on the choice of Tate structure from the notation throughout, for example letting

Dch(Y ) ∈ Algfact
un (X) denote the resulting factorization algebra of chiral differential opera-

tors.

For concreteness, following [KV06], we now explain the construction of the resulting

functor

pYx•̃ : IndCoh!(Yx) −→ Vect

analogous to that of Example 5.7.1.20, since this is all that is required to define the factor-

ization algebra Dch(Y ) ∈ Algfact
un (X).

Example 5.7.1.26. For each k ∈ L, the equivalence of Equation 5.7.1.9 above induces an

equivalent presentation

IndCoh!(Yk) = lim

[
. . . //

(·)⊗O
Yk
ω−1

Yk

��

IndCoh(Yki )

(·)⊗O
Yk
i

ω−1

Yk
i

��

Hom(ω
Yk
i
/Yk
j
,·)
// IndCoh(Ykj )

(·)⊗O
Yk
j

ω−1

Yk
j

��

// . . .

]

IndCoh•(Yk) = lim

[
. . . // IndCoh(Ykj )

ϕkij•

// IndCoh(Yki )
// . . .

]

where

Hom(ωYki /Y
k
j
, ·) = ϕkij• ◦

(
(·)⊗O

Yk
i

ω−1
Yki /Y

k
j

)
: IndCoh(Yki )→ IndCoh(Ykj ) .

Following Remark 5.7.1.18, we have:

Remark 5.7.1.27. Concretely, an object Fk ∈ IndCoh!(Yk) is given by an assignment

i 7→
(
Fki ∈ IndCoh(Yki )

)
[j → i] 7→

[
Hom(ωYki /Y

k
j
,Fki )

∼=−→ Fkj

]
for each i, j ∈ I and arrow j → i in I.

Further, following Example 5.7.1.19, we have:

Example 5.7.1.28. In particular, the presentation of Example 5.7.1.26 above induces a func-

tor

Hom(ωω
Yk
, ·) := pYk•◦

(
(·)⊗O

Yk
ω−1
Yk

)
: IndCoh!(Yk)→ Vect defined by Fk = (Fki )i∈I 7→ Hom(ωYki

,Fki ) ;

the result in independent of i since

Hom(ωYki
,Fki ) ∼= Hom(ωYkj

,Hom(ωYki /Y
k
j
,Fki )) ∼= Hom(ωYkj

,Fkj ) .
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Remark 5.7.1.29. The analogue of the non-commutativity of the diagram in Equation

5.7.1.10 in this context is that the functors of the preceding example do not satisfy the

compatibility condition Hom(ωYl , ι
kl
• (·)) ∼= Hom(ωYk , ·) and thus the construction of Exam-

ple 5.7.1.20 can not be repeated without some additional data.

Following sections 1.7 and 1.8 of [KV06], as in Remark 5.7.1.22, a choice of global object

E ∈ DetYx defines the desired pushforward functor as follows: given E = (Ek)k∈L where

Ek = (Eki )i∈I such that ιkl•i Eli
∼= ω−1

Yki /Y
l
i

⊗ Eki

we define the functors

pYk•̃ := Hom(ωYk ,E
k ⊗O

Yk
(·)) : IndCoh!(Yk)→ Vect .

These satisfy the desired relation

Hom(ωYl ,E
l ⊗ ιkl• Fk) ∼= Hom(ωYl , ι

kl
• (ιkl•El ⊗ Fk))

∼= Hom(ωYl , ι
kl
• (ω−1

Yk/Yl
⊗ Ek ⊗ Fk))

∼= Hom(ωYk ,E
k ⊗ Fk)

and thus for F = (Fk)k∈L ∈ IndCoh!(Yx) we have canonical maps

Hom(ωYk ,E
k ⊗O

Yk
Fk) ∼= Hom(ωYl ,E

l ⊗O
Yl
ιkl• ι

kl!Fl)→ Hom(ωYl ,E
l ⊗O

Yl
Fl)

in analogy with those of Equation 5.7.1.7.

Thus, we make the following definition:

Definition 5.7.1.30. The global sections functor

pYx,•̃ : IndCoh!(Yx)→ Vect is defined by F = (Fk)k∈L 7→ colimk∈LpYk•̃F
k ,

where the structure maps are as in the preceding Remark.

Remark 5.7.1.31. We encourage the reader to compare the preceding construction with that

of the semi-infinite cohomology functor in Example 5.8.2.14 below.

Moreover, we can now define the factorization algebra of chiral differential operators,

following the tentative Definition 5.6.1.10:

Definition 5.7.1.32. The chiral differential operators Dch(Y ) ∈ Algfact
un (X) are defined by

Dch(Y ) = pJmer(Y )•̃ oblvrJmer(Y ) ιJ(Y )∗ωJ(Y ) ∈ Algfact
un (X) .
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Remark 5.7.1.33. Concretely, the underlying vector space Dch(Y )x ∈ Vect is given by

Dch(Y )x = colim
k∈L

pYk•̃ ◦ oblvrYk ◦ι
0k
∗! ωY0

∼= colim
k∈L

Hom(ωYkj
,Ekj ⊗ (·)) ◦ oblvr

Ykj
◦ι0kj∗(ωY0)j , for any j ∈ I by Example 5.7.1.28,

∼= colim
k∈L,i∈Iop

Hom(ωYkj
,Ekj ⊗ (·)) ◦ oblvr

Ykj
◦ι0kj∗ ◦ ϕ0

ij∗ωY0
i

, by Equation 5.7.1.2.

Example 5.7.1.34. In the case Y = N is given by a vector space, the underlying vector

space is calculated explicitly as

Dch(N)x = colim
k∈L,i∈Iop

Sym•K(
[
N ⊗K z

−1K[z−1]/(z−k)
]
⊕
[
N∨ ⊗K z

−1K[z−1]/(z−i) · dz
]
)

∼= Sym•K(
[
N ⊗K z

−1K[z−1]
]
⊕
[
N∨ ⊗K z

−1K[z−1]
]
· dz)

just as in Equation 2.10.1.1. Indeed, the chiral differential operators Dch(N) ∈ Algfact
un (X) in

the caseX = A1 admit a canonical weak Ga equivariant structure, and under the equivalence

of Theorem 2.6.0.5 the corresponding vertex algebra is given by the chiral Weyl algebra of

Example 2.10.1.10.

5.7.2 Internal construction of chiral differential operators on schemes

Alternatively, we now give the internal variant of the above construction, as outlined in

Subsection 5.6.3. As above, we give the construction over a fixed point x ∈ X, having

outlined the factorization compatible analogues in loc. cit..

Example 5.7.2.1. The factorization space Jmer(Y )∧
J(Y ) ∈ PreStkfact

un (X) of Example 5.6.3.1

has fibre at each x ∈ X given by

Jmer(Y )∧J(Y )x = (Yx)∧Y0 = Y0
dR ×Yx,dR

Yx ∈ PreStk

which admits a presentation

(Yx)∧Y0 = colim
k∈L

(Yk)∧Y0 = colim

[
. . .←(Yl)∧Y0

(ιkl)∧
Y0←−−−− (Yk)∧Y0← . . .

]
under (ιkl)∧Y0

: (Yk)∧Y0 ↪→ (Yl)∧Y0 , with

(5.7.2.1)

(Yk)∧Y0 = lim
i∈I

(Yki )
∧
Y0
i

= lim

[
. . .→ (Yki )

∧
Y0
i

(ϕkij)
∧
Y0−−−−→ (Ykj )

∧
Y0
j
→ . . .

]
under (ϕkij)

∧
Y0 : (Yki )

∧
Y0
i
→ (Ykj )

∧
Y0
j
,

(5.7.2.2)

by Example 5.7.1.2, so that (Yx)∧
Y0 defines an ind-pro-finite type formal scheme.

Following Example 5.7.1.11, we have:
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Example 5.7.2.2. The category IndCoh!((Yx)∧
Y0) ∈ DGCat is presented by

IndCoh!((Yx)∧Y0) = lim
k∈L

IndCoh!((Yk)∧Y0) = lim

[
. . .→ IndCoh!((Yl)∧Y0)

(ιkl)∧!
Y0−−−−→ IndCoh!((Yk)∧Y0)→ . . .

]
,

(5.7.2.3)

where for each k ∈ L the category IndCoh!((Yk)∧
Y0) ∈ DGCat is presented by

IndCoh!((Yk)∧Y0) = colim
i∈I

IndCoh!((Yki )
∧
Y0
i
) = colim

[
. . .← IndCoh!((Yki )

∧
Y0
i
)

(ϕkij)
∧!
Y0←−−−− IndCoh!((Ykj )

∧
Y0
j
)← . . .

]
.

(5.7.2.4)

Similarly, following Remark 5.7.1.12, we have:

Remark 5.7.2.3. Concretely, an object F ∈ IndCoh!((Yx)∧
Y0) is specified by an assignment

k 7→
(
Fk ∈ IndCoh!((Yk)∧Y0)

)
[k → l] 7→

[
(ιkl)∧!

Y0
Fl
∼=−→ Fk

]
defined for each k, l ∈ L and map k → l.

Further, a typical object Fk ∈ IndCoh!((Yk)∧
Y0) is given by Fk = (ϕki )

∧!
Y0F

k
i for Fki ∈

IndCoh!((Yki )
∧
Y0
i
).

Example 5.7.2.4. There is a canonical functor

p!
(Yx)∧

Y0
: Vect→ IndCoh!((Yx)∧Y0) induced by p!

(Yki )∧
Y0
i

: Vect→ IndCoh!((Yki )
∧
Y0
i
) ,

where p(Yki )∧
Y0
i

: (Yki )
∧
Y0
i
→ pt. In particular, there is a canonical object ω(Yx)∧

Y0
∈ IndCoh!((Yx)∧

Y0).

Following Example 5.6.3.6, we have:

Example 5.7.2.5. There is a canonical functor

π!
Y0

dR
: D!(Y0)→ IndCoh!((Yx)∧Y0) induced by πk!

Y0
i,dR

: D(Y0
i )→ IndCoh!((Yki )

∧
Y0
i
)

where πk
Y0
i,dR

: (Yki )
∧
Y0
i
→ Y0

i,dR is the canonical projection.

Following Definition 5.6.3.7, we have:

Definition 5.7.2.6. The internal variant D̃ch(Y ) ∈ Algfact
un (IndCoh!

Jmer(Y )∧
J(Y )

) of chiral dif-

ferential operators is defined for Y ∈ Schft a finite-type scheme satisfying the hypotheses of

this subsection by

D̃ch(Y ) = π!
J(Y )dR

ωJ(Y ) = ωJmer(Y )∧
J(Y )

∈ Algfact
un (IndCoh!

Jmer(Y )∧
J(Y )

) .
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Remark 5.7.2.7. Concretely, the underlying object of the fibre category D̃ch(Y )x ∈ IndCoh!((Yx)∧
Y0)

at x ∈ X is given by

D̃ch(Y )x = π!
Y0

dR
ωY0 = ω(Yx)∧

Y0
∈ IndCoh!((Yx)∧Y0) .

Following Example 5.7.1.26, we have:

Example 5.7.2.8. There is a presentation

IndCoh!((Yk)∧Y0) = lim

. . .→ IndCoh!((Yki )
∧
Y0
i
)

Hom(ω
(Yk
i

)∧
Y0
i

/(Yk
j

)∧
Y0
j

,·)

−−−−−−−−−−−−−−→ IndCoh!((Ykj )
∧
Y0
j
)→ . . .


Following Remark 5.7.1.27, we have:

Remark 5.7.2.9. Concretely, an object Fk ∈ IndCoh!((Yk)∧
Y0) is given by an assignment

i 7→
(
Fki ∈ IndCoh((Yki )

∧
Y0
i
)
)

[j → i] 7→

[
Hom(ω(Yki )∧

Y0
i

/(Ykj )∧
Y0
j

,Fki )
∼=−→ Fkj

]

for each i, j ∈ I and arrow j → i in I.

Further, following Example 5.7.1.28, we have:

Example 5.7.2.10. In particular, the presentation of Example 5.7.2.8 above induces a functor

Hom(ω(Yk)∧
Y0
, ·) : IndCoh!((Yk)∧Y0)→ Vect defined by Fk = (Fki )i∈I 7→ Hom(ωYki

,Fki ) .

Following Remark 5.7.1.29 and Definition 5.7.1.30, we have:

Example 5.7.2.11. The functors of the preceding Example do not satisfy the compatibility

condition Hom(ω(Yl)∧
Y0
, (ιkl)∧

Y0•(·)) ∼= Hom(ω(Yk)∧
Y0
, ·), and thus do not canonically extend to

the limit category IndCoh!((Yx)∧
Y0). However, given a choice of global object E ∈ DetY , the

functors

p(Yk)∧
Y0 •̃ := Hom(ω(Yk)∧

Y0
,Ek ⊗O

(Yk)∧
Y0

(·)) : IndCoh!((Yk)∧Y0)→ Vect

admit natural structure maps along k ∈ L, and thus define

p(Yx)∧
Y0 •̃ : IndCoh!((Yx)∧Y0)→ Vect is defined by F = (Fk)k∈L 7→ colimk∈Lp(Yk)∧

Y0 •̃F
k .

Remark 5.7.2.12. There are canonical functors

πYk• : IndCoh!((Yk)∧Y0)→ IndCoh!(Yk) induced by πYik•
: IndCoh!((Yki )

∧
Y0
i
)→ IndCoh!(Yik)
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where πYik•
: (Yki )

∧
Y0
i
→ Yki is the canonical projection. Moreover, the functors of the preced-

ing example factor as

IndCoh!((Yk)∧
Y0)

π
Yk• //

p
(Yk)∧

Y0 •̃ ((

IndCoh!(Yk)

p
Yk,•̃
��

Vect

as induced by

IndCoh!((Yki )
∧
Y0
i
)
π
Yk
i
•
//

p
(Yk
i

)∧
Y0
i

•̃ ((

IndCoh!(Yki )

p
Yk
i
,•̃

��
Vect

.

Following Proposition 5.6.3.9, we have:

Proposition 5.7.2.13. There is a canonical equivalence

Dch(Y ) = pJmer(Y )∧
J(Y )
•̃ D̃

ch(Y ) ∈ Algfact
un (X) .

Proof: Over each point x ∈ X the equivalence is given in terms of the colimit description

Dch(Y )x ∼= colim
k∈L

Hom(ωYkj
,Ekj ⊗ (·)) ◦ oblvr

Ykj
◦ι0kj∗(ωY0)j

∼= colim
k∈L

Hom(ωYkj
,Ekj ⊗ (·)) ◦ πYkj• ◦ π

!
Y0
j,dR

(ωY0)j

∼= p(Yk)∧
Y0 •̃ ◦ π

!
Y0

dR
ωY0

where the first isomorphism follows by definition, as in Remark 5.7.1.33, the second follows

by base change along

(Ykj )
∧
Y0
j

π
Yk
j //

π
Y0
j,dR

��

Ykj

q
Yk
j

��
Y0
j,dR

ι0kj,dR // Ykj,dR

inducing

D!(Y0
j )

ι0kj∗ //

π!
Y0
j,dR

��

D!(Ykj )

oblvr
Yk
j

��
∼

s{
IndCoh!((Ykj )

∧
Y0
j
)π

Yk
j
•
// IndCoh!(Ykj )

,

and the third follows from the preceding remark and the definition of D̃ch(Y ).

Remark 5.7.2.14. The compatibility of the preceding Proposition with the module structure

over Ã(Y ) ∈ Algfact
E1,un(DZ(Y )) is proved in the case Y = N/G in Subsection 5.9.

5.8 Chiral differential operators on quotient stacks and semi-

infinite cohomology

In this section, we extend the geometric construction of chiral differential operators to

the case Y = N/G is a quotient stack of N a finite dimensional G representation by G

a finite-type, affine, reductive algebraic group, as considered in Section 5.5 as the input

data for the construction of the three dimensional A model in [BFN18]. Moreover, we
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identify the resulting factorization algebra with the GO equivariant semi-infinite cohomology

C
∞
2 (ĝ, gO, GO; (Dch(N))) (or BRST reduction, in the sense of Section 2.11) of the chiral

differential operators Dch(N) on N with respect to ĝ. The goal is to establish the results

outlined in Subsection 5.6 in this generality, culminating in the following section 5.9 with

the proof of Theorem 5.6.2.1 in this setting.

Summary

In Section 5.8.1, we extend the geometric construction of Dch(Y ) in the case Y = N/G, and

in Section 5.8.2, we recall a geometric construction of the semi-infinite cohomology functor

which is manifestly equivalent to the given construction.

5.8.1 Chiral differential operators on quotient stacks

In this subsection, we explain the definition of Dch(G,N) := Dch(N/G) ∈ Algfact
un (X), and

show that it is calculated as the BRST reduction (alias semi-infinite cohomology) of Dch(N)

in the sense of Section 2.11; in particular, we explain that the analogue of the determinant

anomaly of Remark 5.7.1.22 in this context is given by the requirement that Lie∗ algebra

ΘJ(G) = g⊗DX acts on Dch(N) at level −κTate.

Example 5.8.1.1. Following Example 5.6.3.1, we consider the factorization space

Jmer(G,N)∧J(G,N) = J(G,N)dR ×Jmer(G,N)dR
Jmer(G,N) ∈ PreStkfact

un (X)

where J(mer)(G,N) = J(mer)(N/G) ∈ PreStkfact
un (X) are the spaces of (meromorphic) jets

to the quotient stack Y = N/G.

Remark 5.8.1.2. Concretely, the prestacks Jmer(G,N)∧
J(G,N),I ∈ PreStk/XI over XI assigned

to each I ∈ fSetØ and the fibre Jmer(G,N)∧
J(G,N),x ∈ PreStk over each x ∈ X are given by

Jmer(G,N)∧J(G,N),I = J(G,N)I,dR ×Jmer(G,N)I,dR
Jmer(G,N)I = (Jmer(G,N)I)

∧
J(G,N)I

, and

Jmer(G,N)∧J(G,N),x = [N/G]Ox,dR ×[N/G]Kx,dR
[N/G]Kx = ([N/G]Kx)∧[N/G]Ox

Towards defining the factorization category IndCoh!
Jmer(G,N)∧

J(G,N)
∈ Catfact

un (X), we intro-

duce a convenient presentation of the underlying factorization space:

Proposition 5.8.1.3. There is an equivalence of factorization spaces

Jmer(G,N)∧J(G,N)
∼= (Jmer(N)∧J(N) × Jmer(G)dR)/(J(G)dR × Jmer(G)) .

Proof: The equivalence of prestacks over each point x ∈ X given in the Remark 5.8.1.4

below is immediate, and the compatibility of the factorization data is a direct check after

unpacking the definitions, following the proof of Proposition 4.7.1.1, Remark 4.7.1.2, and

Example 4.7.2.1.
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Remark 5.8.1.4. Concretely, over each point x ∈ X the preceding equivalence is given by

Jmer(G,N)∧J(G,N)x
= [N/G]O,dR×[N/G]K,dR

[N/G]K ∼=
(
(NO ×NK,dR

NK)×GK,dR

)
/(GO,dR×GK) .

Remark 5.8.1.5. We define IndCoh!
Jmer(N)∧

J(N)
∈ Catfact

un (X) following Remark 4.4.2.8, with

fibre category over each x ∈ X given by IndCoh!((NK)∧NO
) as defined in Example 5.7.2.2.

Following the proceeding proposition and remarks, we make the following definition:

Definition 5.8.1.6. The factorization category IndCoh!
Jmer(G,N)∧

J(G,N)
∈ Catfact

un (X) is defined

by

IndCoh!
Jmer(G,N)∧

J(G,N)
=
(

IndCoh!
Jmer(N)∧

J(N)
⊗∗ D!

Jmer(G)

)J(G)×(Jmer(G),w)
.

Remark 5.8.1.7. Concretely, the fibre category IndCoh!(Jmer(G,N)∧
J(G,N)x

) ∈ DGCat over

each x ∈ X is given by

IndCoh!(Jmer(G,N)∧J(G,N)x) =
(

IndCoh!((NK)∧NO
)⊗D!(GK)

)GO×(GK,w)
.

where the superscript denotes simeltaneously taking the category strong GO invariants and

weak GK invariants, the latter of which is as defined in Section 7 of [Ras20b].

Example 5.8.1.8. In the case N = {0} is the zero representation, the factorization space

above is given by

Jmer(G, {0})∧J(G,{0}) = Jmer(BG)∧J(BG) = J(G)dR\Jmer(G)dR/J
mer(G) .

Moreover, there are canonical identifications of factorization categories

IndCoh!
Jmer(BG)∧

J(BG)
:= IndCoh!

Jmer(G,{0})∧
J(G,{0})

= (D!
Jmer(G))

J(G)×(Jmer(G),w) = ĝ0-Mod
J(G)
RanX,un

,

where the latter is the factorization enhancement of the Kazhdan-Lusztig category of GO

integrable ĝ modules at level κ = 0, recalling that

IndCoh!
Jmer(BG)∧σ{e}

:= (D!
Jmer(G))

Jmer(G),w = ĝ0-ModRanX,un
∈ Catfact

un (X) ,

where σ{e} : RanXdR,un → Jmer(BG) is the factorizable unit section, as in Example 5.8.1.10

below.

Remark 5.8.1.9. Concretely, over each point x ∈ X the preceding identifications are given

by

IndCoh!((BGK)∧BGO
) := IndCoh!(Jmer(G, {0})∧J(G,{0}),x) = D!(GK)GO×(GK,w) = ĝ0-ModGO
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recalling that

IndCoh!((BGK)∧{e}) := D!(GK)GK,w = ĝ0-Mod ∈ DGCat

as in e.g. 9.12 of [Ras20b], where {e} : pt→ BG is the canonical map.

Example 5.8.1.10. There is a canonical strict factorizable section σ{e} : RanXdR,un →
Jmer(BG) given fibrewise by the canonical map pt → BGK. The factorization functor

induced by pullback, as in Proposition 4.4.3.2, defines a natural forgetful functor

ĝ0-ModRanX,un
→ DRanX,un

and thus Algfact
un (ĝ0-ModRanX,un

)→ Algfact
un (X) .

The latter is the canonical forgetful functor from the category of factorization algebras

admitting an action of the Lie∗ algebra ΘJ(G) = g⊗DX ∈ Lie∗(X) of Example 2.8.2.4.

Following definitions 5.6.3.7 and 5.7.2.6 and Remark 5.7.2.7, we make the following defini-

tion:

Definition 5.8.1.11. The internal variant

D̃ch(G,N) ∈ Algfact
un (IndCoh!

Jmer(G,N)∧
J(G,N)

)

of chiral differential operators to N/G is defined as

D̃ch(G,N) = ωJmer(N)∧
J(N)
�ωJmer(G) ∈ Algfact

un

(
IndCoh!

Jmer(N)∧
J(N)
⊗∗D!

Jmer(G)

)J(G)×(Jmer(G),w)
.

Remark 5.8.1.12. Concretely, the underlying object D̃ch(G,N)x ∈ IndCoh!(Jmer(G,N)∧
J(G,N)x)

of the fibre category over each x ∈ X is given by

D̃ch(G,N)x = ω(NK)∧NO

� ωGK
∈
(

IndCoh!((NK)∧NO
)⊗D!(GK)

)GO×(GK,w)
.

Remark 5.8.1.13. Following Example 5.7.2.11, we now wish to define an analogous factor-

ization functor

pJmer(G,N)∧
J(G,N)

•̃ : IndCoh!
Jmer(G,N)∧

J(G,N)
→ DRanX,un

,

so that, following Proposition 5.7.2.13, we can define

Dch(G,N) = pJmer(G,N)∧
J(G,N)

•̃D̃
ch(G,N) ∈ Algfact

un (X) .

The analogue of the requirement of a Tate structure on Y will be that of a G equivariant

Tate structure on N at level −Tate, and we will identify the resulting factorization algebra

with the BRST reduction of Dch(N) ∈ Algfact
un (X), in the sense of Section 2.11.



212 CHAPTER 5. HOLOMORPHIC-TOPOLOGICAL FIELD THEORY IN THE Ω-BACKGROUND

We now proceed with the construction outlined in the preceding remark:

Proposition 5.8.1.14. There are natural maps of factorization spaces

Jmer(N)∧J(N)

ιJmer(N)∧
J(N)−−−−−−−−→ Jmer(G,N)∧J(G,N)

pG
Jmer(N)∧

J(N)−−−−−−−−→ Jmer(BG)∧J(BG) ,

which define a fibre sequence of factorization spaces.

Proof: The maps of prestacks over each point x ∈ X are given in Remark 5.8.1.15 below. It

is a direct check that these maps glue appropriately to define maps of prestacks over RanX ,

and intertwine the factorization structure maps as required.

Remark 5.8.1.15. Concretely, over each point x ∈ X, the fibre sequence in prestacks is given

by

NO,dR ×NK,dR
NK ↪→ [N/G]O,dR ×[N/G]K,dR

[N/G]K � BGO,dR ×BGK,dR
BGK (5.8.1.1)

or under the equivalence of Proposition 5.8.1.3 above,

(NK)∧NO

ι(NK)∧
NO−−−−−→

(
(NK)∧NO

×GK,dR

)
/(GO,dR×GK)

pG
(NK)∧

NO−−−−−−→ GO,dR\GK,dR/GK . (5.8.1.2)

Remark 5.8.1.16. The desired factorization functor of Remark 5.8.1.13 will be constructed

as a composition of factorization functors, corresponding to pushforward along the maps

Jmer(G,N)∧J(G,N)

pG
Jmer(N)∧

J(N)−−−−−−−−→ Jmer(BG)∧J(BG)

pJmer(BG)∧
J(BG)−−−−−−−−−−→ RanXdR,un.

Restricting to a point x ∈ X for concreteness, we now give a more detailed overview before

proceeding with the construction. An overview of the construction of the semi-infinite

cohomology functors used below is also recalled in the next subsection 5.8.2 below.

The map pG(NK)∧NO

is a fibration with each fibre equivalent to (NK)∧NO
, so that a Tate

structure on N which is strongly G equivariant induces a functor

pG(NK)∧NO
•̃ : IndCoh!(Jmer(G,N)∧J(G,N),x)→ IndCoh!((BGK)∧BGO

) ,

by an equivariant enhancement of the construction of p(NK)∧NO
•̃ in Example 5.7.2.11, as we

explain in Definition 5.8.1.20 below.

However, the desired pushforward functor

IndCoh!((BGK)∧BGO
) = D!(GK)GO×(GK,w) → Vect is not defined.
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Instead, following Section 8 of [Ras20b], there is a canonical functor

p(BGK)∧BGO
• : IndCoh•((BGK)∧BGO

) := D∗(GK)GO

GK,w
→ Vect ,

and the analogue of the identification IndCoh! ∼= IndCoh∗ is given by

IndCoh!
χ−Tate

((BGK)∧BGO
) :=

(
Vectχ−Tate ⊗D

!(GK)
)GO×(GK,w) ∼= D∗(GK)GO

GK,w
= IndCoh•((BGK)∧BGO

) ,

where Vectχκ ∈ GK-Modweak is the weak GK category with underlying DG category Vect ∈
DGCat determined by the Kac-Moody central extension of GK at level κ.

Moreover, it is shown in loc. cit. that the resulting functor

p(BGK)∧BGO
•̃ : IndCoh!

χ−Tate
((BGK)∧BGO

)→ Vect identifies with C
∞
2 (ĝ, gO, GO; (·)) : ĝ−Tate-ModGO → Vect ,

(5.8.1.3)

under the equivalence of Remark 5.8.1.9, where the latter is the functor of GO-equivariant

semi-infinite cohomology relative to gO.

Thus, in order to construct the desired total pushforward functor, we need to require

that the Tate structure on N is strongly G equivariant up to a twist by the level κ = −Tate.

This corresponds to the requirement that the induced Lie∗ algebra action of ΘJ(G) = g⊗DX

on Dch(N) is at level κ = −Tate, so that the BRST reduction of Dch(N) by g⊗DX is well

defined; see Section 2.11.

Remark 5.8.1.17. Following Example 5.7.2.11, given a choice of Tate structure on N , we

obtain a functor

p(NK)∧NO
•̃ : IndCoh!((NK)∧NO

)→ Vect and thus IndCoh!((NK)∧NO
)⊗D!(GK)→ D!(GK) ,

Note that these are functors of plain DG categories, but do not in general define functors

of GO × (GK, w) categories. Thus, we make the following definition:

Definition 5.8.1.18. A strongly G equivariant Tate structure on N at level κ is an enhance-

ment of the functor of the preceding Remark to a functor

pGO

(NK)∧NO
•̃ :
(

IndCoh!((NK)∧NO
)⊗D!(GK)

)GO

→ Vectχκ ⊗D!(GK)GO

of weak GK categories, where Vectχκ ∈ GK-Modweak is as in Remark 5.8.1.16.

Remark 5.8.1.19. Concretely, following Section 2.8.16 of [BD04], a strongly G-equivariant

Tate structure on N at level κ in particular induces an action of the Kac-Moody extension

at level κ (as in Example 2.10.1.6) of the associated Lie∗ algebra ΘJ(G) = g⊗DX ∈ Lie∗(X)

on Dch(N) ∈ Algfact
un (X).
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Definition 5.8.1.20. Let N be equipped with a strongly G equivariant Tate structure at

level κ. The induced pushforward factorization functor

pG,κ
Jmer(N)∧

J(N)
•̃ := p

J(G)×(Jmer(G),w)
Jmer(N)∧

J(N)
•̃ : IndCoh!

Jmer(G,N)∧
J(G,N)

→ ĝκ-Mod
J(G)
RanX,un

is defined by taking weak GK invariants of the factorization enhancement of that in Defini-

tion 5.8.1.18 above.

Remark 5.8.1.21. Concretely, the functor on fibre categories over each x ∈ X is given by

pG,κ
(NK)∧NO

•̃ := p
GO×(GK,w)
(NK)∧NO

•̃ :
(

IndCoh!((NK)∧NO
)⊗D!(GK)

)GO×(GK,w)
→
(

Vectχκ ⊗D!(GK)
)GO×(GK,w)

,

the functor induced by taking weak GK invariants of that in Definition 5.8.1.18.

Example 5.8.1.22. The image of D̃ch(G,N) ∈ Algfact
un (IndCoh!

Jmer(G,N)∧
J(G,N)

) under the in-

duced functor on internal factorization algebras is given by

D̃ch(N)G,κ ∈ Algfact
un (ĝκ-Mod

J(G)
RanX,un

) ,

the object whose image under the forgetful functor of Example 5.8.1.10 is given byDch(N) ∈ Algfact
un (X),

lifted by the factorizable, GO-integrable, ĝ action at level κ of Remark 5.8.1.19.

Example 5.8.1.23. There is a natural factorization enhancement of the GO equivariant semi-

infinite cohomology functor of Equation 5.8.1.3, which we denote by

pJmer(BG)∧
J(BG)

•̃ : ĝ−Tate-Mod
J(G)
RanX,un

→ DRanX,un
.

In the following subsection, we recall a geometric construction of the semi-infinite cohomol-

ogy functor, emphasizing the analogy with the internal construction of chiral differential

operators on schemes.

We now define our desired factorization algebra:

Definition 5.8.1.24. Let N be a G representation equipped with a strongly G equivariant

Tate structure at level κ = −Tate. The chiral differential operators to Y = N/G are defined

by

Dch(G,N) = pJmer(G,N)∧
J(G,N)

•̃D̃
ch(G,N) ∈ Algfact

un (X) ,

where:

� D̃ch(G,N) ∈ Algfact
un (IndCoh!

Jmer(G,N)∧
J(G,N)

) is as in Example 5.8.1.11,

� pJmer(G,N)∧
J(G,N)

•̃ := pJmer(BG)∧
J(BG)

•̃ ◦ pG,−Tate
Jmer(N)∧

J(N)
•̃ : IndCoh!

Jmer(G,N)∧
J(G,N)

→ DRanX,un
,

� pG,−Tate
Jmer(N)∧

J(N)
•̃ : IndCoh!

Jmer(G,N)∧
J(G,N)

→ ĝ−Tate-Mod
J(G)
RanX,un

is as in Example 5.8.1.20,

and
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� pJmer(BG)∧
J(BG)

•̃ : ĝ−Tate-Mod
J(G)
RanX,un

→ DRanX,un
is as in Example 5.8.1.23 ,

Example 5.8.1.25. In Example 5.7.1.34, we have seen that in the case X = A1 the factor-

ization algebra Dch(N) ∈ Algfact
un (X) admits a canonical weak Ga equivariant structure, and

under the equivalence of Theorem 2.6.0.5 the corresponding vertex algebra is given by the

chiral Weyl algebra Wch(N) of Example 2.10.1.10. Following Remark 5.8.1.16, we have that

the factorization algebra pG,−Tate
Jmer(N)∧

J(N)
•̃D̃

ch(G,N) ∈ Algfact
un (ĝ−Tate-Mod

J(G)
RanX,un

) corresponds

to the chiral Weyl algebra together with its GO-integrable module structure for ĝ−Tate, and

thus by the identification of Equation 5.8.1.3 the vertex algebra corresponding to Dch(G,N)

is given by the BRST reduction of the chiral Weyl algebra

C
∞
2 (ĝ, gO, GO;Wch(N)) .

5.8.2 A geometric construction of semi-infinite cohomology

In an attempt to make the constructions of the preceding subsection more palatable, we

digress to recall a geometric construction of the GO equivariant semi-infinite cohomology

functor

C
∞
2 (ĝ, gO, GO; (·)) : ĝ−Tate-ModGO → Vect as p(BGK)∧BGO

•̃ : IndCoh!
χ−Tate

((BGK)∧BGO
)→ Vect,

as in Example 5.8.1.23 and Equation 5.8.1.3, following Appendix A of [Ras16] and sections

8 and 9 of [Ras20b]. In particular, we emphasize as much as possible the relationship with

the construction of the pushforward functor

p(Yx)∧
Y0 •̃ : IndCoh!((Yx)∧Y0)→ Vect

used to define chiral differential operators in Subsection 5.7.2, under the analogy Y = BG.

In place of GK and GO, we consider a general polarizeable Tate group indscheme H

and compact open subgroup H0 ⊂ H, in the sense of 7.17 in [Ras20b]. Further, we let

h = Lie(H) be the corresponding Tate Lie algebra, and h0 = Lie(H0) the corresponding

compact open subalgebra. The basic premise of the analogy is that

B exp(h) := BH∧{e} = HdR/H and thus h-Mod := IndCoh!(BH∧{e}) = D!(H)H,w .

As outlined in Remark 5.8.1.16 following sections 8 and 9 of [Ras20b], in analogy with

the case that Y is a scheme as explained in Example 5.7.2.11 following Definition 5.7.1.30,

Remark 5.7.1.22 and ultimately [KV06], the desired pushforward functor is constructed as

follows:

There is a canonical pushforward functor

pBH∧{e},•
: IndCoh•(BH∧{e}) := D∗(H)H,w → Vect ,
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as well as a canonical (up to the choice of compact open subgroup H0) identification

IndCoh!
χ−Tate

(BH∧{e}) :=
(

Vectχ−Tate ⊗D
!(H)

)H,w ∼= D∗(H)H,w = IndCoh•(BH∧{e}) ,

so that we obtain an induced pushforward functor

pBH∧{e},•̃
: IndCoh!

χ−Tate
(BH∧{e})→ Vect which identifies with C

∞
2 (h, h0; (·)) : h−Tate-Mod→ Vect

under the equivalence of Remark 5.8.1.9, where the latter is the functor of classical semi-

infinite cohomology relative to h0. The H0-equivariant analogue is constructed similarly, as

outlined in Remark 5.8.1.16, and explained below.

We now proceed to define the semi-infinite cohomology functor in a series of increasingly

general situations, emphasizing the analogy with the construction of p(Yx)∧
Y0 •̃ in Subsection

5.7.2.

Chevalley-Eilenberg cohomology for pro-finite type Lie algebras

We begin by recalling the geometric construction of the usual Chevalley-Eilenberg Lie al-

gebra cochains functor on pro-finite type Lie algebras.

Example 5.8.2.1. Let H be a pro-finite type group scheme, presented as a limit of finite

type quotient groups

H = lim
i∈I

H/Hi = lim [. . .→ H/Hi → H/Hj → . . .] , for . . . ⊂ Hi ⊂ Hj ⊂ . . . ⊂ H

a sequence of normal subgroups of finite codimension in H. There is a corresponding

presentation

BH∧{e} = lim
i∈I

B(H/Hi)
∧
{e} = lim

[
. . .→ B(H/Hi)

∧
{e}

ϕij−−→ B(H/Hj)
∧
{e} → . . .

]
.

The presentation of BH∧{e} in the preceding example is analogous to that of Equation 5.7.2.2,

and the analogue of the resulting presentation of IndCoh! in Equation 5.7.2.4 is given as

follows:

Example 5.8.2.2. The category h-Mod := IndCoh!(BH∧{e}) ∈ DGCat is presented as

IndCoh!(BH∧{e}) = colim
i∈I

IndCoh!(B(H/Hi)
∧
{e}) = colim

[
. . .← IndCoh!(B(H/Hi)

∧
{e})

ϕ!
ij←−− IndCoh!(B(H/Hj)

∧
{e})← . . .

]
(5.8.2.1)

or equivalently, identifying h/hi-Mod = IndCoh!(B(H/Hi)
∧
{e}), as

h-Mod = colim
i∈I

h/hi-Mod = colim

[
. . .←h/hi-Mod

oblvij←−−− h/hj-Mod← . . .

]
, (5.8.2.2)



5.8. CHIRAL DIFFERENTIAL OPERATORS AND SEMI-INFINITE COHOMOLOGY 217

where

ϕ!
ij = oblvij : h/hj-Mod→ h/hi-Mod (5.8.2.3)

is the forgetful functor on Lie algebra modules induced by the map of Lie algebras h/hi →
h/hj .

Example 5.8.2.3. More generally, for h a profinite type Lie algebra, presented as a limit

h = limi h/hi of quotients by finite type subalgebras hi ⊂ h, we have a presentation of

h-Mod ∈ DGCat as in Equation 5.8.2.11 above.

Now, following Example 5.7.2.8 and in turn Example 5.7.1.26, we have:

Example 5.8.2.4. The category h-Mod ∈ DGCat admits an equivalent presentation

IndCoh!(B(H)∧{e}) = lim

[
. . .→ IndCoh!(B(H/Hi)

∧
{e})

Hom(ωB(Hj/Hi)
∧
{e}

,·)
−−−−−−−−−−−−−→ IndCoh!(B(H/Hj)

∧
{e})→ . . .

]
(5.8.2.4)

or equivalently

h-Mod = lim
i∈I

h/hi-Mod = lim

[
. . .→ h/hi-Mod

C•(hj/hi;(·))−−−−−−−−→ h/hj-Mod→ . . .

]
, (5.8.2.5)

where

Hom(ωB(Hj/Hi)∧{e}
, ·) = ϕij•◦

(
(·)⊗OB(Hj/Hi)

∧
{e}

ω−1
B(Hj/Hi)∧{e}

)
= C•(hj/hi; (·)) : h/hi-Mod→ h/hj-Mod

denotes the functor of internal Hom out of the relative dualizing sheaf as defined in Example

5.7.1.26, which identifies algebraically with the the relative Chevalley-Eilenberg cochains

functor, as we now explain:

The usual IndCoh pushforward functor identifies with the Chevalley-Eilenberg chains

functor

ϕij• = C•(hj/hi; (·)) : h/hi-Mod→ h/hj-Mod

and thus the preceding identification follows from the standard equivalence

C•(hj/hi; (·)) = C•(hj/hi; (·)⊗ det(hj/hi)
−1[−dim hj/hi]) .

In particular, the relative Chevalley-Eilenberg cochains functor is right adjoint to the for-

getful functor of Equation 5.8.2.3 above, and thus the limit presentation of h-Mod ∈ DGCat

claimed above follows by passing to right adjoints.

Thus, we have the analogue of remarks 5.7.1.27 and 5.8.2.5 in the present setting:

Remark 5.8.2.5. Concretely, an object M ∈ h-Mod is given by an assignment

i 7→ (Mi ∈ h/hi-Mod) [j → i] 7→
[
C•(hj/hi;Mi)

∼=−→Mj

]
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for each i, j ∈ I and arrow j → i in I.

Moreover, following examples 5.7.1.28 and 5.7.2.10 we have:

Example 5.8.2.6. The presentation of Example 5.8.2.4 above induces a functor

Hom(ωBH∧{e}
, ·) = C•(h; (·)) : h-Mod→ Vect defined by M = (Mi)i∈I 7→ C•(h/hi;Mi) ,

which is independent of the choice of i ∈ I as in loc. cit..

Semi-infinite cohomology for Tate Lie algebras filtered by compact open subal-

gebras

Now, we consider the case of a (polarizeable) Tate group indscheme, with the additional

hypothesis that H is filtered by compact open subgroups in the following sense:

Example 5.8.2.7. Let H be a polarizable Tate group indscheme presented as a colimit

H = colimk∈LH
k = colim

[
. . .←H l ←− Hk← . . .

]
where each Hk is a pro-finite type group scheme as above. There is a corresponding pre-

sentation

(BH)∧{e} = colimk∈L(BHk)∧{e} = colim

[
. . .←(BH l)∧{e}

ιkl←− (BHk)∧{e}← . . .

]
.

Warning 5.8.2.8. This assumption does not hold in our main example of interest H = GK

for G a finite type, reductive, affine algebraic group. However, it is required to maintain

the analogy with the construction in the case that Y is a scheme.

The presentation of B(H)∧{e} in the preceding example is analogous to that of Equation

5.7.2.1, and the analogue of the resulting presentation of IndCoh! in Equation 5.7.2.3 is

given as follows:

Example 5.8.2.9. The category h-Mod = IndCoh!((BH)∧{e}) ∈ DGCat is presented as

IndCoh!((BH)∧{e}) = lim
k∈L

IndCoh!((BHk)∧{e}) = lim

[
. . .→ IndCoh!((BH l)∧{e})

ιkl!−−→ IndCoh!((BHk)∧{e})→ . . .

]
,

or equivalently

h-Mod = lim
k∈L

hk-Mod = lim

[
. . .→ hl-Mod

oblvkl−−−−→ hk-Mod→ . . .

]
, (5.8.2.6)

where

ιkl! = oblvkl : hl-Mod→ hk-Mod (5.8.2.7)

is the forgetful functor on Lie algebra modules induced by the map of Lie algebras hk ↪→ hl.
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In particular, in analogy with Remark 5.7.2.3, we have:

Remark 5.8.2.10. Concretely, an object M ∈ h-Mod is specified by an assignment

k 7→
(
Mk ∈ hk-Mod

)
[k → l] 7→

[
oblvklM l ∼=−→Mk

]
defined for each k, l ∈ L and map k → l.

Further, following Example 5.7.1.15, we have:

Example 5.8.2.11. There is an equivalent presentation

IndCoh!((BH)∧{e}) = colim
k∈L

IndCoh!((BHk)∧{e}) = colim

[
. . .← IndCoh!((BH l)∧{e})

ιkl•←− IndCoh!((BHk)∧{e})← . . .

]
,

or equivalently

h-Mod = colim
k∈L

hk-Mod = colim

. . .←hl-Mod
Indhl

hk←−−− hk-Mod← . . .

 , (5.8.2.8)

where

ιkl• = Indhl

hk
: hk-Mod→ hl-Mod

is the induction functor on Lie algebra modules induced by the map of Lie algebras hk ↪→ hl.

In particular, the induction functor is left adjoint to the forgetful functor of Equation 5.8.2.7,

and thus the colimit presentation of h-Mod ∈ DGCat claimed above follows by passing to

left adjoints.

Example 5.8.2.12. More generally, for h a Tate Lie algebra presented as a colimit h =

colimk∈Lh
k of compact open subalgebras hk ⊂ h, we have presentations of h-Mod ∈ DGCat

as in equations 5.8.2.6 and 5.8.2.8 above.

Remark 5.8.2.13. For each k ∈ L, the category hk-Mod admits presentations as in examples

5.8.2.2 and 5.8.2.4. In particular, following Example 5.8.2.6, there are natural Chevalley-

Eilenberg cochains functors

Hom(ω(BHk)∧{e}
, ·) = C•(hk; (·)) : h-Mod→ Vect .

Following Example 5.7.2.11, and in turn Remark 5.7.1.29 and Definition 5.7.1.30, we have:

Example 5.8.2.14. The functors of the preceding Example do not satisfy the compatibility

condition C•(hl; Indhl

hk
(·)) ∼= C•(hk; (·)), and thus do not canonically extend to the limit

category h-Mod. However, fixing a compact open subalgebra h0 ⊂ h and taking Ek =

det(hk/h0)[dim(hk/h0)], we obtain functors

C
∞
2 (hk, h0; (·)) := C•(hk; (·)⊗ det(hk/h0)[dim(hk/h0)]) : hk-Mod→ Vect
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such that we have the desired natural equivalences:

C
∞
2 (hl, h0; Indhl

hk
(Mk)) = C•(hl; Indhl

hk
(Mk)⊗ det(hl/h0)[dim(hl/h0)])

∼= C•(hl; Indhl

hk
(Mk)⊗ det(hl/hk)[dim(hl/hk)]⊗ det(hk/h0)[dim(hk/h0)])

∼= C•(hk;Mk ⊗ det(hk/h0)[dim(hk/h0)])

= C
∞
2 (hk, h0;Mk)

Thus, for M = (Mk)k∈L ∈ h-Mod as in Remark 5.8.2.10, there are canonical maps

C
∞
2 (hk, h0;Mk) ∼= C

∞
2 (hl, h0; Indhl

hk
(oblvklM l))→ C

∞
2 (hl, h0;M l)

defined by the counit of the (Indhl

hk
, oblvkl) adjunction, and we define

C
∞
2 (h, h0; (·)) : h-Mod→ Vect by M = (Mk)k∈L 7→ colim

k∈L
C
∞
2 (hk, h0;Mk) ,

the desired functor of semi-infinite cohomology with respect to h relative to h0.

Equivariant semi-infinite cohomology for Tate Lie algebras filtered by compact

open subalgebras

Let H be a polarizable Tate group indscheme filtered by compact open subgroups as in

Example 5.8.2.7, and moreover fix a compact open subgroup K ⊂ H. Then in analogy with

loc. cit., we have:

Example 5.8.2.15. There is a presentation

(BH)∧K = colimk∈L(BHk)∧K = colim

[
. . .←(BH l)∧K

ιkl←− (BHk)∧K← . . .

]
,

noting that K ⊂ Hk, H l for k, l >> 0. Further, in analogy with Example 5.8.2.1, for each

k ∈ L, there is a presentation

B(Hk)∧K = lim
i∈I

B(Hk/Hi)
∧
K/Hi

= lim
[
. . .→ B(Hk/Hi)

∧
K/Hi

ϕij−−→ B(Hk/Hj)
∧
K/Hj

→ . . .
]
.

Following examples 5.8.2.9 and 5.8.2.2, we have:

Example 5.8.2.16. The category h-ModK = IndCoh!((BH)∧K) ∈ DGCat is presented as

IndCoh!((BH)∧K) = lim
k∈L

IndCoh!((BHk)∧K) = lim

[
. . .→ IndCoh!((BH l)∧K)

ιkl!−−→ IndCoh!((BHk)∧K)→ . . .

]
,
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or equivalently

h-ModK = lim
k∈L

hk-ModK = lim

[
. . .→ hl-ModK

oblvkl−−−−→ hk-ModK → . . .

]
. (5.8.2.9)

Further, for each k ∈ L, the category hk-ModK := IndCoh!(B(Hk)∧K) ∈ DGCat is presented

as

IndCoh!(B(Hk)∧K) = colim

[
. . .← IndCoh!(B(Hk/Hi)

∧
K/Hi

)
ϕ!
ij←−− IndCoh!(B(Hk/Hj)

∧
K/Hj

)← . . .

]
(5.8.2.10)

or equivalently, identifying hk/hi-ModK/Hi = IndCoh!(B(Hk/Hi)
∧
K/Hi

), as

hk-ModK = colim
i∈I

hk/hi-ModK/Hi = colim

[
. . .←hk/hi-ModK/Hi

oblvij←−−− hk/hj-ModK/Hj← . . .

]
.

(5.8.2.11)

Further, following Example 5.8.2.4, for each k ∈ L we have:

Example 5.8.2.17. The category hk-ModK ∈ DGCat admits an equivalent presentation

IndCoh!((BHk)∧K) = lim

[
. . .→ IndCoh!(B(Hk/Hi)

∧
K/Hi

)
Hom(ωB(Hj/Hi)

∧
K/Hi

,·)
−−−−−−−−−−−−−−→ IndCoh!(B(Hk/Hj)

∧
K/Hj

)→ . . .

]
(5.8.2.12)

or equivalently

hk-ModK = lim
i∈I

hk/hi-ModK/Hi = lim

[
. . .→ h/hi-ModK/Hi

C•(hj/hi,Hj/Hi;(·))−−−−−−−−−−−−→ h/hj-ModK/Hj → . . .

]
,

(5.8.2.13)

where

Hom(ωB(Hj/Hi)∧K/Hi
, ·) = C•(hj/hi, Hj/Hi; (·)) : h/hi-ModK/Hi → h/hj-ModK/Hj

denotes the functor of internal Hom out of the relative dualizing sheaf as defined in Example

5.7.1.26, which identifies algebraically with the the relative Chevalley-Eilenberg cochains

functor for Harish-Chandra pairs.

In particular, following Remark 5.8.2.13 and Example 5.8.2.6, we have

Example 5.8.2.18. The presentation of Example 5.8.2.17 above induces a functor

Hom(ω(BHk)∧K
, ·) = C•(hk,K; (·)) : hk-ModK → Vect .

Finally, following Example 5.8.2.14, we arrive at our desired definition:

Definition 5.8.2.19. For each k ∈ L, the K-equivariant semi-infinite cohomology functor



222 CHAPTER 5. HOLOMORPHIC-TOPOLOGICAL FIELD THEORY IN THE Ω-BACKGROUND

with respect to hk relative to h0 is defined by

C
∞
2 (hk, h0,K; (·)) := C•(hk,K; (·)⊗ det(hk/h0)[dim(hk/h0)]) : hk-ModK → Vect .

The functor of K-equivariant semi-infinite cohomology with respect to h relative to h0 is

defined by

C
∞
2 (h, h0,K; (·)) := colim

k∈L
C
∞
2 (hk, h0,K; (·)) : h-ModK → Vect .

5.9 The action of the three dimensional A model on chiral

differential operators

In this subsection, we explain the analogues of Theorem 5.6.2.1 and propositions 5.6.3.4 and

5.6.3.9 in the case Y = N/G is a quotient stack, using the results of Section 5.8. To begin,

in analogy with Proposition 5.5.1.9, we give a compatible presentation of the factorization

space Jmer(G,N)∧
J(G,N):

Proposition 5.9.0.1. There is an equivalence of factorization spaces

Jmer(G,N)∧J(G,N) = J(G,N)dR×Jmer(G,N)dR
Jmer(G,N) ∼=

(
T(G,N)dR ×Jmer(N)dR

Jmer(N)
)
/Jmer(G) .

Proof: The equivalence of prestacks over each point x ∈ X given in Remark 5.9.0.2 below is

immediate, and the compatibility of the factorization data is a direct check after unpacking

the definitions, following the proof of Proposition 4.7.1.1, Remark 4.7.1.2, and Example

4.7.2.1.

Remark 5.9.0.2. Concretely, over each point x ∈ X the preceding equivalence is given by

Jmer(G,N)∧J(G,N)x
= [N/G]O,dR×[N/G]K,dR

[N/G]K ∼=
(
[(NO ×GK)/GO]dR ×NK,dR

NK

)
/GK .

Remark 5.9.0.3. Under the preceding equivalence, the fibre sequence of Equation 5.8.1.1 is

given by

NO,dR ×NK,dR
NK ↪→

(
[(NO ×GK)/GO]dR ×NK,dR

NK

)
/GK � GOdR

\GK,dR/GK

and similarly the prequotient by GK is given by

NO,dR ×NK,dR
NK ↪→ [(NO ×GK)/GO]dR ×NK,dR

NK � GrG,dR .

Example 5.9.0.4. There is a canonical GK equivariant equivalence

(
(NK)∧NO

×GK,dR

)
/GO,dR =

(
(NO,dR ×NK,dR

NK)×GK,dR)
)
/GO,dR

∼= [(NO×GK)/GO]dR×NK,dR
NK
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inducing an equivalence of weak GK categories(
IndCoh!((NK)∧NO

)⊗D!(GK)
)GO ∼= D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

where D!(NK) is equipped with the ⊗! (symmetric) monoidal structure. In particular, there

is an equivalence of the corresponding categories of weak GK invariants

IndCoh!(Jmer(G,N)∧J(G,N)x) ∼=

(
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

.

Thus, in analogy with the description of Remark 5.5.4.3, we have the following:

Remark 5.9.0.5. The object D̃(G,N)x ∈ IndCoh!(Jmer(G,N)∧
J(G,N)x) is given, under the

equivalence of the preceding Remark, by

(
IndCoh!((NK)∧NO

)⊗D!(GK)
)GO×(GK,w) ∼=−→

(
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

D̃(G,N)x := ω(NK)∧NO

� ωGK
7→ ωNO

� ωGK
�NK

ωNK
.

Towards establishing Proposition 5.6.3.4 in the present context, we recall the analogue

of Remark 5.6.3.3:

Example 5.9.0.6. The convolution diagram relating Z(G,N) and Jmer(G,N)∧
J(G,N) is given

by

Jmer(G,N)∧(3) = J(G,N)dR ×Jmer(G,N)dR
J(G,N)dR ×Jmer(G,N)dR

Jmer(G,N)

together with the canonical projections

π12 : Jmer(G,N)∧(3) → Z(G,N)dR and π13, π23 : Jmer(G,N)∧(3) → Jmer(G,N)∧J(G,N) .

Example 5.9.0.7. Concretely, the convolution diagram over each point x ∈ X relating

Z(G,N)x and Jmer(G,N)∧
J(G,N),x is given by

Jmer(G,N)∧(3),x = [N/G]O,dR ×[N/G]K,dR
[N/G]O,dR ×[N/G]K,dR

[N/G]K

together with the canonical projections

π12 : Jmer(G,N)∧(3) → Z(G,N)x and π13, π23 : Jmer(G,N)∧(3) → Jmer(G,N)∧J(G,N),x .

The description analogous to that of Proposition 5.9.0.1 above is given by

Proposition 5.9.0.8. There is an equivalence of factorization spaces

Jmer(G,N)∧(3)
∼=
(
T(G,N)dR ×Jmer(N)dR

T(G,N)dR ×Jmer(N)dR
Jmer(N)

)
/Jmer(G)
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such that the convolution diagram of Example 5.9.0.6 above is equivalent to

T(G,N)dR ×Jmer(N)dR
T(G,N)dR ×Jmer(N)dR

Jmer(N)
π13 //

π12

��
π23

,,

T(G,N)dR ×Jmer(N)dR
Jmer(N)

T(G,N)dR ×Jmer(N)dR
J(N)dR T(G,N)dR ×Jmer(N)dR

Jmer(N)

after passing to the prequotient by Jmer(G).

Proof: The desired identifications over each point x ∈ X given in Remark 5.9.0.9 below are

immediate, and the compatibility of the factorization data is a direct check.

Remark 5.9.0.9. Concretely, over each point x ∈ X, the preceding equivalence is given by

Jmer(G,N)∧(3),x
∼=
(
[(NO ×GK)/GO]dR ×NK,dR

[(NO ×GK)/GO]dR ×NK,dR
NK

)
/GK

and the convolution diagram is equivalent to

[(NO ×GK)/GO]dR ×NK,dR
[(NO ×GK)/GO]dR ×NK,dR

NK
π13 //

π12

��
π23

,,

[(NO ×GK)/GO]dR ×NK,dR
NK

[(NO ×GK)/GO]dR ×NK,dR
NO,dR [(NO ×GK)/GO]dR ×NK,dR

NK

after passing to the prequotient by GK.

Motivated by the preceding proposition, we make the following definition:

Definition 5.9.0.10. The category IndCoh!(Jmer(G,N)∧(3),x) ∈ DGCat is defined by

IndCoh!(Jmer(G,N)∧(3),x) =

(
D!(NO ×GK)GO ⊗

D!(NK)
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

Moreover, we have:

Example 5.9.0.11. There are natural (partially defined, see Warning 5.9.0.12 below) functors

π•12 : D∗(Z(G,N)x)→ IndCoh!(Jmer(G,N)∧(3),x)

π•23 : IndCoh!(Jmer(G,N)∧J(G,N)x)→ IndCoh!(Jmer(G,N)∧(3),x)

π!
13 : IndCoh!(Jmer(G,N)∧J(G,N)x)→ IndCoh!(Jmer(G,N)∧(3),x)

π13• : IndCoh!(Jmer(G,N)∧(3),x)→ IndCoh!(Jmer(G,N)∧J(G,N)x)
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given by

π•12 = (·) �̃ KGrG
�NK

ONK
: D!

GO
([(NO ×GK)/GO]×NK

NO)→ IndCoh!(Jmer(G,N)∧(3),x)

π•23 = KNO
�̃ KGrG

�NK
(·)�NK

(·) :

(
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

→ IndCoh!(Jmer(G,N)∧(3),x)

π!
13 = (·)�NK

ωNO
�̃ ωGrG �NK

(·) :

(
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

→ IndCoh!(Jmer(G,N)∧(3),x)

π13• = (·)�NK
pR(G,N)x∗ �NK

(·) : IndCoh!(Jmer(G,N)∧(3),x)→

(
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

Warning 5.9.0.12. As in Warning 5.5.4.9, the functors π•12 and π•23 are only partially defined.

For example, they are each defined on the full subcategories defined verbatim but in terms

of the full subcategory D!
rh(NO ×GK) ↪→ D!(NO ×GK) of holonomic D modules, in the

sense of Definition A.6.8.15, which suffices for the application in Theorem 5.9.0.15 below.

Alternatively, if the diagonal ∆YO is pro-smooth, then the composition

(π12×π23)• := ∆•◦(π•12�π
•
23) : D∗(Z(G,N)x)⊗IndCoh!(Jmer(G,N)∧J(G,N)x)→ IndCoh!(Jmer(G,N)∧(3),x)

used in Proposition 5.9.0.13 below is in fact well-defined on the entire categories, so that

the proposition holds as stated. This follows from the fact that π12 × π23 is pro-smooth on

the prequotient, even though π12 and π23 individually are not, so that the (equivariant) D

module pullback functor (π12 × π23)∗ is well-defined on the entire category.

Following Proposition 5.6.3.4, analogously to the statement of Proposition 5.5.4.8 following

Proposition 5.4.2.4, we have:

Proposition 5.9.0.13. The factorization category

IndCohJmer(G,N)∧
J(G,N)

∈ D?
Z(G,N)-Mod(Catfact

un (X))

is naturally a factorization E1-module category over D?
Z(G,N) ∈ Catfact

E1,un(X), with re-

spect to the convolution module structure (·) ? (·) : DZ(G,N) ⊗ IndCohJmer(G,N)∧
J(G,N)

→
IndCohJmer(G,N)∧

J(G,N)
defined by the composition

DZ(G,N)⊗∗IndCohJmer(G,N)∧
J(G,N)

π•12�π
•
23−−−−−→ IndCoh(Jmer(G,N)∧

(3)
)×2

∆•−−→ IndCohJmer(G,N)∧
(3)

π13•−−−→ IndCohJmer(G,N)∧
J(G,N)

.

Further, the pushforward functors pZ(G,N)∗ : D?
Z(G,N) → D⊗

!

RanX,un
as in Proposition 5.5.4.8

and pJmer(G,N)∧
J(G,N)

•̃ : IndCohJmer(G,N)∧
J(G,N)

→ DRanX,un
as in Definition 5.8.1.24 define uni-

tal, lax compatible factorization functors with respect to the above module structure.

Proof: The proof follows that of Proposition 4.7.2.4, noting that the direct and inverse image
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functors (when they exist; see the preceding warning) satisfy the required adjunctions.

Further, following Corollary 5.6.3.5 and in turn Corollary 4.7.2.5, we have:

Corollary 5.9.0.14. The pushforward functor pJmer(G,N)∧
J(G,N)

•̃ : IndCohJmer(G,N)∧
J(G,N)

→
DRanX,un

induces a functor

Ã(G,N)-Mod(Algfact
un (IndCohJmer(G,N)∧

J(G,N)
))→ A(G,N)-Mod(Algfact

un (X)) . (5.9.0.1)

Finally, following Remark 4.7.2.7 and in particular Example 4.7.2.9, we arrive at the state-

ment of Theorem 5.6.2.1 in the present generality; in turn, the result can be understood as

an enhancement of Proposition A.1.6.12 and in particular Example A.1.6.17 via Proposition

5.9.0.13 above:

Theorem 5.9.0.15. The internal variant of chiral differential operators to N/G of Definition

5.8.1.11 admits a natural module structure

D̃ch(G,N) ∈ Ã(G,N)-Mod(Algfact
un (IndCoh!

Jmer(G,N)∧
J(G,N)

))

over the internal variant of the three dimensional A model Ã(G,N) ∈ Algfact
E1,un(D?

Z(G,N))

defined in Theorem 5.5.4.12, with respect to the action of D?
Z(G,N) ∈ Catfact

E1,un(X) on

IndCohJmer(G,N)∧
J(G,N)

∈ Catfact
un (X) of Proposition 5.9.0.13 above.

In particular, the chiral differential operators to N/G of Definition 5.8.1.24 admits a

natural module structure

Dch(G,N) = pJmer(G,N)∧
J(G,N)

•̃ D̃
ch(G,N) ∈ A(G,N)-Mod(Algfact

un (X))

over the three dimensional A model A(G,N) ∈ Algfact
E1,un(X) defined in Theorem 5.5.4.12.

Proof: Analogously to the proof of Theorem 5.5.4.12 following Proposition A.1.6.2, we follow

the proof of Proposition A.1.6.12, in keeping with Remark A.1.6.18, using the functors of

Example 5.9.0.11 above. Following Example 5.9.0.11, we use the description of ωren
Z(G,N) in

Remark 5.5.4.3 and that of D̃ch(G,N) in Remark 5.9.0.5 to compute

IndCoh!(Jmer(G,N)∧(3),x) =

(
D!(NO ×GK)GO ⊗

D!(NK)
D!(NO ×GK)GO ⊗

D!(NK)
IndCoh!(NK)

)GK,w

π•12ω
ren
Z(G,N)x

= ωNO
�̃ ωGrG �NK

KNO
�̃ KGrG

�NK
ONK

π•23D̃
ch(G,N)x = KNO

�̃ KGrG
�NK

ωNO
�̃ ωGrG �NK

ωNK

π!
13D̃

ch(G,N)x = ωNO
�̃ ωGrG �NK

ωNO
�̃ ωGrG �NK

ωNK
.

As in the proof of Theorem 5.5.4.12, the tensor unit data provides a canonical map

π•12ω
ren
Z(G,N)x

⊗•π•23D̃
ch(G,N)x

∼=−→ π!
13D̃

ch(G,N)x and π13•

(
π•12ω

ren
Z(G,N)x

⊗• π•23D̃
ch(G,N)x

)
→ D̃ch(G,N)x ,
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as desired.

5.10 The three dimensional holomorphic-B model and its de-

formations

In this section, we outline a construction of the factorization E1 algebra C(Y ) ∈ Algfact
E1,un(X)

corresponding to the three dimensional holmorphic-B model to Y , which arises as the mixed

holomorphic-B type twist of a three dimensional N = 4 supersymmetric quantum field

theory with target space T∨Y . The factorization algebra is defined in keeping with the

general format outlined in Section 5.1.1, by

C(Y )x := HomIndCoh(YK,Dol)(ι∗ωYO , ι∗ωYO) ∼= Γ(Z(Y )Dol;ωZ(Y )Dol/J(Y )Dol
) ,

where the line operator category IndCoh(YK,Dol) ∈ Catfact
un (X) is given by the category

of (ind)coherent sheaves on the Dolbeault stack of the meromorphic jet scheme to Y ; the

construction is summarized as in Equation 4.7.1.4 by the following diagrams in factorization

spaces and categories, which for simplicity we denote by their fibre over a fixed point x ∈ X:

Z(Y )Dol,x
πYO,Dol

!!

πYO,Dol

}}
YO,Dol

ιDol

!!

pYO,Dol

��

YO,Dol
pYO,Dol

��

ιDol

}}
pt YK,Dol pt

and

IndCoh(Z(Y )x,Dol)
πYO∗

%%
IndCoh(YO,Dol)

ι∗

%%

π!
YO

99

IndCoh(YO,Dol)
Hom(ωYO,Dol

,·)

��
Vect

p
Y !
O

CC

IndCoh(YK,Dol)

ι!
99

Vect

.

(5.10.0.1)

We also explain that the three dimensional holomorphic-B model to Y admits a defor-

mation to a family of factorization E1 algebras C(Y )~ ∈ Algfact
E1,un(X)/(A1/Gm) with generic

fibre equivalent to the three dimensional A model to Y constructed above. Moreover, we

show that the module structure of chiral differential operators over the three dimensional

A model lifts to an action of this deformation on the Rees algebra of chiral differential

operators with respect to the PBW filtration.

Summary

In Section 5.10.1 we outline the construction of the factorization E1 algebra corresponding

to the three dimensional holomorphic B model, and in Section 5.10.2 we construct its defor-

mation described above. In Section 5.10.3, we give the internal variant of this construction,

and in Section 5.10.4 we explain the induced action on the Rees chiral differential operators.

Warning 5.10.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline
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of the general expectations. In the present work, we have not established as careful an

understanding of the relevant sheaf theory calculations in this example as in the previous

examples, but we hope to return to this problem in future work.

5.10.1 The three dimensional holomorphic B-model factorization algebra

The starting point for the construction of the three dimensional holomorphic-B model is

the Dolbeault stack of the meromorphic jet space of Y , and its associated factorization

category.

Analogously to Example 5.4.1.1, we have:

Example 5.10.1.1. The Doulbeault stack of the meromorphic jet space of Y is the (unital)

factorization space

Jmer(Y )Dol ∈ PreStkfact
un (X)

defined by considering the Dolbeault stack, as defined in Example 5.2.3.9, of the (unital)

factorization space Jmer(Y ) of Example 4.3.2.4.

As in Example 5.4.1.3, we have:

Example 5.10.1.2. The category of indcoherent sheaves on the Dolbeault stack of the loop

space of Y is the (unital) factorization category

IndCohJmer(Y )Dol
∈ Catfact

un (X)

associated to Jmer(Y )Dol ∈ PreStkfact
un (X), following Definition 4.4.2.7.

Following Example 4.4.4.3, analogously to Example 5.4.1.6, we have:

Example 5.10.1.3. The factorization unit object defines a factorization algebra

unitJmer(Y )Dol
= ιJ(Y )∗p

!
J(Y )ωRanX,un

= ιJ(Y )∗ωJ(Y )Dol
∈ Algfact

un (IndCohJmer(Y )Dol
)

internal to IndCohJmer(Y ), where

pJ(Y ) : J(Y )→ RanXdR,un and ιJ(Y ) : J(Y )→ Jmer(Y )

are the factorization space structure map for J(Y ) = unitJmer(Y ) and the map of unital

factorization spaces given by the inclusion of arcs into loops, respectfully, and

p!
J(Y ) : IndCohRanX,un

→ IndCohJ(Y )Dol
and ιJ(Y )∗ : IndCohJ(Y )Dol

→ IndCohJmer(Y )Dol

are the induced unital factorization functors.

Now, suppose that unitJmer(Y )Dol
∈ Algfact

un (IndCohJmer(Y )) admits internal Hom objects

over X, in the sense of Definition 4.7.1.9. Then, following Example 4.6.1.7 analogously to
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Definition 5.4.1.8, we give the following definition of the factorization E1 algebra describing

the three dimensional holomorphic-B model to Y :

Definition 5.10.1.4. The three dimensional Holomorphic-B model to Y is the unital factor-

ization E1-algebra

C(Y ) = HomIndCoh(Jmer(Y ))(unitJmer(Y )Dol
, unitJmer(Y )Dol

) ∈ Algfact
E1,un(X) .

5.10.2 Deformation to the three dimensional A model

There is a natural deformation of the three dimensional holomorphic-B model factorization

algebra defined in the preceding subsection to the three dimensional A model factorization

of Section 5.4, as we now explain:

Example 5.10.2.1. The categories of families of factorization spaces and factorization cate-

gores over A1/Gm are defined following the general construction of categories of factorization

objects in Subsection 4.1.4 as

PreStkfact
un (X)/(A1/Gm) = Ffact

un (X) and Catfact
un (X)/(A1/Gm) = Gfact

un (X)

where the lax symmetric monoidal functors

F := PreStk/(·)×A1/Gm : Schop
aff → Cat× and G := ShvCat((·)×A1/Gm) : Schop

aff → Cat×

are the functors which assign to an affine scheme S ∈ Schaff the category of prestacks over

S × A1/Gm and the category of sheaves of categories over S × A1/Gm, respectively.

Remark 5.10.2.2. Concretely, a family of factorization spaces Y ∈ PreStkfact
un (X)/(A1/Gm) or

factorization categories C ∈ Catfact
un (X)/(A1/Gm) over A1/Gm assigns to each I ∈ fSetØ a

prestack or sheaf of categories

YI ∈ PreStk/(XI×A1/Gm) or CI ∈ ShvCat(XI × A1/Gm) ,

respectively, together with the usual factorization and unit structure data defined compat-

ibly over A1/Gm.

Now, following Example 5.2.3.9, we have:

Example 5.10.2.3. There is a canonical deformation of the factorization space Jmer(Y )Dol ∈
PreStkfact

un (X) of Example 5.10.1.1 above, given by

Jmer(Y )Hdg ∈ PreStkfact
un (X)/(A1/Gm)

such that the specializations

Jmer(Y )Hdg ×A1/Gm {1} ∼= Jmer(Y )dR and Jmer(Y )Hdg ×A1/Gm {0} = Jmer(Y )Dol
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are equivalent to the factorization spaces of examples 5.4.1.1 and 5.10.1.1, respectively.

Correspondingly, following Example 5.2.3.10 we obtain a deformation of the factorization

category of Example 5.10.1.2 above:

Example 5.10.2.4. The category of indcoherent sheaves on the Hodge stack of the mero-

morphic jet space of Y is the family of (unital) factorization categories over A1/Gm given

by

D~
Jmer(Y ) := IndCohJmer(Y )Hdg

∈ Catfact
un (X)/(A1/Gm)

such that the specializations

D~
Jmer(Y )|{1} = IndCohJmer(Y )dR

= DJmer(Y ) and D~
Jmer(Y )|{0} = IndCohJmer(Y )Dol

,

agree with the factorization categories of Examples 5.4.1.3 and 5.10.1.2, respectively.

Further, we have the analogous deformation of the factorization unit object of Example

5.10.1.3 above, with generic fibre given by the factorization unit object of Example 5.4.1.6:

Example 5.10.2.5. The family of factorization unit objects defines a family of factorization

algebras

unitJmer(Y )Hdg
= ιJ(Y )∗p

!
J(Y )ωRanX,un

= ιJ(Y )∗ωJ(Y )Hdg
∈ Algfact

un (D~
Jmer(Y ))A1/Gm

over A1/Gm internal to D~
Jmer(Y ) ∈ Catfact

un (X)/(A1/Gm), where

p!
J(Y ) : IndCohRanX,un

→ D~
J(Y ) and ιJ(Y )∗ : D~

J(Y ) → D~
Jmer(Y )

are the families of unital factorization functors induced as in Example 5.10.1.3 above.

Finally, we obtain the desired deformation of the three dimensional holomorphic-B model

factorization algebra of Definition 5.10.1.4 to that of the three dimensional A model as in

Definition 5.4.1.8:

Definition 5.10.2.6. The deformation of the three dimensional holomorphic-B model to the

A model is the family of unital factorization E1 algebras

C(Y )~ = HomD~(Jmer(Y ))(unitJmer(Y )Hdg
,unitJmer(Y )Hdg

) ∈ Algfact
E1,un(X)/(A1/Gm) .

Remark 5.10.2.7. The specializations of C(Y )~ ∈ Algfact
E1,un(X)/(A1/Gm) to the generic and

central fibres

C(Y )~|{1} = A(Y ) and C(Y )~|{0} = C(Y )

are equivalent to the factorization E1 algebras of Definitions 5.4.1.8 and 5.10.1.4, respec-

tively, as desired.
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5.10.3 Internal construction of the three dimensional holomorphic-B model

and its deformation

There is again an internal variant of the above construction of the three dimensional

holomorphic-B model and its deformation to the three dimensional A model, following

Example 4.7.1.15 via Remark 4.7.1.16.

Following Proposition 4.7.1.1 as in Example 5.4.2.1, we have:

Example 5.10.3.1. The self fibre product

Z(Y )Hdg = J(Y )Hdg ×Jmer(Y )Hdg
J(Y )Hdg ∈ PreStkfact

un (X)/(A1/Gm)

defines a unital factorization space over X.

Remark 5.10.3.2. More generally, the iterated fibre products

Z(Y )(n),Hdg := J(Y )Hdg ×Jmer(Y )Hdg
× . . .×Jmer(Y )Hdg

J(Y )Hdg ∈ PreStkfact
un (X)/(A1/Gm)

and projections πij : Z(Y )(n),Hdg → Z(Y )Hdg, define factorization spaces over A1/Gm and

maps of such for each n ∈ N and i, j ∈ {1, ..., n}.

Following Proposition 4.7.1.5, as in Propositions 5.4.2.4 and 5.5.4.8, we have:

Proposition 5.10.3.3. The family of factorization categories

D~,?
Z(Y ) = IndCoh?Z(Y )Hdg

∈ Catfact
E1,un(XdR)/(A1/Gm)

over A1/Gm is naturally a family of (unital) E1-factorization categories with respect to the

convolution monoidal structure defined by the composition

D~
Z(Y ) ⊗

∗ D~
Z(Y )

π∗12�π
∗
23−−−−−→ D~

Z(3)(Y )×2
∆∗−−→ D~

Z(3)(Y )

π13,∗−−−→ D~
Z(Y ) .

Further, the pushforward functor pZ(Y )∗ : D~,?
Z(Y ) → D⊗

!

RanX,un
⊗ K[u]-Mod defines a family

of unital, lax E1-monoidal factorization functors over A1/Gm.

Outline of proof: The proof follows the general format of that of Proposition 4.7.1.5. The

statement over the generic fibre in A1/Gm is equivalent to that of Proposition 5.5.4.8, and

the proof follows similarly provided the existence of lifts of the relevant D module inverse

and direct image functors to indcoherent sheaves on the Hodge stack.

Further, following Corollary 4.7.1.6 as in Corollary 5.5.4.10, we have:

Corollary 5.10.3.4. The pushforward functor pZ∗ : IndCoh?Z(Y )Hdg
→ DRanX,un

⊗ K[u]-Mod

induces a functor

p∗ : Algfact
E1,un(D~,?

Z(Y ))/(A1/Gm) → Algfact
E1,un(X)/(A1/Gm) . (5.10.3.1)
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Finally, again following Example 4.7.1.15, we define the internal variant of the family of

factorization algebras over A1/Gm in Definition 5.10.2.6, which give a deformation from the

internal variant of the three dimensional holomorphic-B model to internal variant of three

dimensional A model of Definition 5.4.2.7:

Definition 5.10.3.5. The internal variant of the deformation from the three dimensional

holomorphic-B model to the three dimensional A model is the family of factorization E1

algebras

C̃(Y )~ = ˜HomD~
Jmer(Y )

(unitJmer(Y )Hdg
,unitJmer(Y )Hdg

) ∈ Algfact
E1,un(D~,?

Z(Y ))/(A1/Gm)

internal to D~,?
Z(Y ) ∈ Catfact

E1,un(XdR)/(A1/Gm).

There is also an internal variant of Remark 5.10.2.7:

Remark 5.10.3.6. The specializations of the family of factorization spaces Z(Y )Hdg ∈ PreStkfact
un (X)/(A1/Gm)

to the generic and central fibres are given by

Z(Y )Hdg ×A1/Gm {1} ∼= Z(Y )dR and Z(Y )Hdg ×A1/Gm {0} = Z(Y )Dol

and thus the specializations of the family of factorization E1 categoriesD~,?
Z(Y ) ∈ Catfact

E1,un(XdR)/(A1/Gm)

are given by

D~,?
Z(Y )|{1} = DZ(Y ) and D~,?

Z(Y )|{0} = IndCoh?Z(Y )Dol
.

Further, under these identifications, we have

C̃(Y )~|{1} = Ã(Y ) ∈ DZ(Y ) and C̃(Y )~|{0} = C̃(Y ) ∈ IndCoh?Z(Y )Dol
,

justifying the preceding definition.

Following Example 5.4.2.9, and in turn Example 4.7.1.15 and Corollary 4.7.1.6, we have:

Proposition 5.10.3.7. The image of C̃(Y )~ ∈ Algfact
E1,un(D~,?

Z(Y ))/(A1/Gm) under the functor

of Equation 5.10.3.1 above is canonically equivalent to C(Y )~ ∈ Algfact
E1,un(X)/(A1/Gm) of

Definition 5.10.2.6.

Outline of proof: The result follows immediately provided the existence and naturalness of

the claimed inverse and direct image functors.

5.10.4 Action of the deformation on Rees chiral differential operators

In this subsection, we construct an action of C(X)~ ∈ Algfact
E1,un(X)/(A1/Gm) on the family

of factorization algebras Dch(Y )~ ∈ Algfact
un (X)/(A1/Gm) underlying the factorization BD~

0

algebra describing the filtered quantization of chiral differential operators. In particular,

the generic fibre is given by the construction outlined in Subsection 5.6.3. The central fibre
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is identified with the classical limit of the chiral differential operators factorization algebra,

which thus admits an action of the holomorphic-B model factorization algebra.

Following Example 5.6.3.1 and in turn Example 4.7.2.1, we have:

Example 5.10.4.1. The fibre product of families of factorization spaces

Jmer
~ (Y )∧J(Y ) := J(Y )Hdg ×Jmer(Y )Hdg

Jmer
~ (Y ) ∈ PreStkfact

un (X)/(A1/Gm)

defines a family of unital factorization spaces on X over A1/Gm, where

Jmer
~ (Y ) = Jmer(Y )× A1

~/Gm ∈ PreStkfact
un (X)/(A1/Gm) .

Remark 5.10.4.2. The specializations of Jmer
~ (Y )∧

J(Y ) ∈ PreStkfact
un (X)/(A1/Gm) to the generic

and central fibres

Jmer
~ (Y )∧J(Y )×A1/Gm{1} ∼= Jmer(Y )∧J(Y ) and Jmer

~ (Y )∧J(Y )×A1/Gm{0} = J(Y )Dol×Jmer(Y )Dol
Jmer(Y )

are equivalent to the factorization space of Example 5.6.3.1 and its Dolbeault analogue,

respectively.

Further, following Example 5.6.3.3, we have:

Remark 5.10.4.3. More generally, the iterated fibre products

Jmer
~ (Y )∧(n) := J(Y )Hdg×Jmer(Y )Hdg

J(Y )Hdg×Jmer(Y )Hdg
× . . .×Jmer(Y )Hdg

Jmer
~ (Y ) ∈ PreStkfact

un (X)/(A1/Gm)

and projections

πij : Jmer
~ (Y )∧(n) → Jmer

~ (Y )∧J(Y ) for i ∈ {1, ..., n− 1} and j = n, and

πij : Jmer
~ (Y )∧(n) → Z(Y )Hdg for i, j ∈ {1, ..., n− 1},

define families of factorization spaces over A1/Gm and maps of such for each n ∈ N.

Following Proposition 5.6.3.4 and in turn Proposition 4.7.2.4, we have:

Proposition 5.10.4.4. The factorization category

IndCohJmer
~ (Y )∧

J(Y )
∈ D~,?

Z(Y )-Mod(Catfact
un (X)/(A1/Gm))

is naturally a family over A1/Gm of factorization E1 module categories over D~,?
Z(Y ) ∈

Catfact
E1,un(X)/(A1/Gm), with respect to the convolution module structure (·) ? (·) : D~

Z(Y ) ⊗
IndCohJmer

~ (Y )∧
J(Y )
→ IndCohJmer

~ (Y )∧
J(Y )

defined by the composition Further, if Y is equipped

with a Tate structure, then the pushforward functors pZ(Y )∗ : D~,?
Z → D⊗

!

RanX,un
⊗K[~]-Mod
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as in Proposition 5.10.3.3 and pJmer
~ (Y )∧

J(Y )
•̃ : IndCohJmer

~ (Y )∧
J(Y )
→ DRanX,un

⊗K[~]-Mod de-

fine families over A1
u of unital, lax compatible factorization functors with respect to the

above module structure.

Outline of proof: The proof follows the general format of that of Proposition 4.7.2.4. The

statement over the generic fibre in A1/Gm is equivalent to that of Proposition 5.6.3.4, and

the proof follows similarly provided the existence of lifts of the relevant D module inverse

and direct image functors to indcoherent sheaves on the Hodge stack.

Thus, following Corollary 5.6.3.5 and in turn Corollary 4.7.2.5, we have:

Corollary 5.10.4.5. The pushforward functor pJmer
~ (Y )∧

J(Y )
• : IndCohJmer

~ (Y )∧
J(Y )
→ DRanX,un

⊗
K[~]-Mod induces a functor

C̃~(Y )-Mod(Algfact
un (IndCohJmer

~ (Y )∧
J(Y )

)/(A1/Gm))→ C(Y )~-Mod(Algfact
un (X)/(A1/Gm)) .

(5.10.4.1)

In analogy with Definition 5.6.3.7, we make the following definition:

Definition 5.10.4.6. The filtered quantization D̃ch(Y )~ ∈ Algfact
un (IndCohJmer

~ (Y )∧
J(Y )

)/(A1/Gm)

of the internal variant of chiral differential operators is defined by

D̃ch(Y )~ = π!
J(Y )Hdg

ωJ(Y )Hdg
= p!

Jmer
~ (Y )∧

J(Y )
ωRanX,un

.

The preceding definition is justified by the following:

Proposition 5.10.4.7. Suppose that Y admits a Tate structure. The image of D̃ch(Y )~ ∈
Algfact

un (IndCohJmer
~ (Y )∧

J(Y )
)/(A1/Gm) under the pushforward factorization functor

pJmer
~ (Y )∧

J(Y )
•̃D̃

ch(Y )~ ∼= Dch(Y )~ ∈ Algfact
BD~

0,un
(X)

is equivalent to the filtered quantization of chiral differential operators.

Outline of proof: Again, the result follows immediately provided the existence and natural-

ness of the claimed inverse and direct image functors.

Further, following Theorem 5.9.0.15, we have:

Theorem 5.10.4.8. The filtered quantization of the internal variant of chiral differential

operators admits a natural module structure

D̃ch(Y )~ ∈ C̃(Y )~-Mod(Algfact
un (IndCohJmer

~ (Y )∧
J(Y )

)/(A1/Gm))

over the internal variant of the deformation from the three dimensional holomorphic-B

model to A model C̃(Y )~ ∈ Algfact
E1,un(D~,?

Z(Y ))/(A1/Gm) of Definition 5.10.3.5.
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In particular, the filtered quantization of chiral differential operators admits a natural

module structure

Dch(Y )~ ∈ C(Y )~-Mod(Algfact
un (X)/(A1/Gm))

over the deformation from the three dimensional holomorphic-B model to A model C(Y )~ ∈
Algfact

E1,un(X)/(A1/Gm) of Definition 5.10.2.6.

Outline of proof: The proof follows the general format of that of Proposition 5.9.0.15, which

is equivalent to the restriction of the desired statement to the generic fibre over A1/Gm. The

result follows provided the existence of appropriate lifts of the relevant inverse and direct

image functors to indcoherent sheaves on the stacks defined by replacing the occurrences of

de Rham stacks in loc. cit. with Hodge stacks.

5.11 The four dimensional holomorphic-B model and chiral

quantization

In this section, we outline a construction of the factorization E2 algebra F(Y ) ∈ Algfact
E2,un(X)

corresponding to the four dimensional holomorphic-B model to Y , which arises as the mixed

holomorphic-B type twist of a four dimensional N = 2 supersymmetric quantum field the-

ory with target space T∨Y , introduced in [Kap06]. Moreover, we outline an identification

between Tate structures on Y and S1 equivariant structures on F(Y ), and correspondingly

an identification of the (two-periodic) filtered quantization of a factorization algebra on X,

corresponding to F(Y ) ∈ Algfact

ES1
2 ,un

(X) under the equivalence of Proposition 3.11.3.1, with

the (two-periodic) Rees chiral differential operators Dch(Y )u to Y . This gives a mathemati-

cal variant of the main construction of [BLL+15], which constructs chiral algebras from the

observables of four dimensional N = 2 theories. Finally, we outline an identification of the

negative cyclic chains CC−• (F(Y )) ∈ Algfact
E1

(X)K[u] of F(Y ) with a two-periodic variant of

the deformation C(Y )u of the three dimensional holomorphic-B model to the A model, such

that the module structure induced by the equivariant cigar reduction principle of Section

3.11.4 identifies with the two-periodic variant of that constructed in the preceding section.

This explains the relationship between the predictions of [BLL+15] and those of [CG18]

explained in the preceding sections.

The factorization algebra F(Y ) ∈ Algfact
E2,un(X) is defined in keeping with the general

format outlined in section 5.1.1, by

F(Y )x = HomIndCoh(Z(Y )x)(uZ(Y )x•OJ(Y )x , uZ(Y )x•OJ(Y )x) ,

where the line operator category IndCoh(Z(Y )) ∈ Catfact
E1,un(X) is given by the category of

(ind)coherent sheaves on the space Z(Y ) = YK ×YO YK; for example, in the case Y = BG,

this is precisely the derived coherent Satake category studied in [CW19]. The construction
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of the factorization algebra is summarized as in Equation 4.7.1.4 by the following diagrams

in factorization spaces and categories, which for simplicity we denote by their fibre over a

fixed point x ∈ X:

ζ(Y )x
πYO

""

πYO

||
YO

uZ(Y )x

""

pYO

��

YO
pYO

  
uZ(Y )x||

pt Z(Y )x pt

and

IndCoh(ζ(Y )x)
πYO•

&&
IndCoh(YO)

uZ(Y )x•

&&

π!
YO

88

IndCoh(YO)
pYO•

  
Vect

p•YO
>>

IndCoh(Z(Y )x)

u!
Z(Y )x

88

Vect

.

(5.11.0.1)

Summary

In Section 5.11.1 we outline the construction of the factorization algebra describing the four

dimensional holomorphic-B model, in section 5.11.2 we describe the internal variant of the

construction, and in section 5.11.3 we discuss the results related to the equivariant cigar

reduction principle of Section 3.11.4 in this example.

Warning 5.11.0.1. In keeping with Warning 5.1.1.1, we do not formulate specific hypotheses

on the space Y used in this section, so that the results stated throughout are only an outline

of the general expectations. In the present work, we have not established as careful an

understanding of the relevant sheaf theory calculations in this example as in the previous

sections, but we hope to return to this problem in future work. We believe that the theory of

indcoherent sheaves on renormalizable prestacks developed in Section 6 of [Ras20b] suffices

for the case Y = N/G, following the constructions of sections 5.8 and 5.9, but we do not

provide the details required for this approach.

5.11.1 The four dimensional holomorphic-B model factorization algebra

To begin, we have the following analogue of Example 5.4.2.1 in the coherent (as opposed to

de Rham) setting:

Example 5.11.1.1. The self fibre product

Z(Y ) = J(Y )×Jmer(Y ) J(Y ) ∈ PreStkfact
un (X)

defines a unital factorization space over X.

Remark 5.11.1.2. Concretely, the prestacks Z(Y )I ∈ PreStk/XI over XI assigned to each

I ∈ fSet and the fibre Z(Y )x ∈ PreStk over x ∈ X are given by

Z(Y )I = J(Y )I ×Jmer(Y )I J(Y )I and Z(Y )x = YOx ×YKx YOx .
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Similarly, as in Remark 5.10.3.2, we have:

Remark 5.11.1.3. More generally, the iterated fibre products

Z(Y )(n) := J(Y )×Jmer(Y ) × . . .×Jmer(Y ) J(Y ) ∈ PreStkfact
un (X)

and projections πij : Z(Y )(n) → Z(Y ), define factorization spaces and maps of such for each

n ∈ N and i, j ∈ {1, ..., n}.

Remark 5.11.1.4. Following Remark 4.3.2.5, Z(Y ) ∈ PreStkfact
un (XdR) is canonically defined

over XdR.

Following Proposition 4.7.1.5, analogously to Proposition 5.4.2.4 but in the coherent setting,

we have:

Proposition 5.11.1.5. The factorization category

IndCoh?Z(Y ) ∈ Catfact
E1,un(XdR)

is naturally a (unital) E1-factorization category with respect to the convolution monoidal

structure defined by the composition

IndCohZ(Y )⊗∗ IndCohZ(Y )
π•12�π

•
23−−−−−→ IndCohZ(3)(Y )×2

∆•−−→ IndCohZ(Y )(3)

π13,•−−−→ IndCohZ(Y ) .

Further, the pushforward functor pZ(Y )• : IndCoh?Z(Y ) → D⊗
!

RanX,un
is a unital, lax E1-

monoidal factorization functor.

Outline of proof: The proof follows the general format of that of Proposition 4.7.1.5, pro-

vided the existence of the claimed inverse and direct image functors on indcoherent sheaves

in this setting.

Analogously to Example 5.4.2.6, we have:

Example 5.11.1.6. Let G be a reductive algebraic group and Y = BG be its classifying

stack, so that the factorization space above is given by

Z(Y ) ∼= J(G)\GrG,RanX,un
.

The resulting E1 factorization category

IndCohZ(Y )
∼= IndCohJ(G)\GrG,RanX,un

∈ Catfact
E1,un(X)

is the derived (ind)coherent Satake category, closely related to that considered in [CW19]

and references therein; concretely, its fibre category over x ∈ X is given by

IndCohZ(Y ),x = IndCoh(GrG,x)GO,w .
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Example 5.11.1.7. The unit correspondence for Z(Y ) ∈ PreStkfact
un (X) is given by

J(Y )
pJ(Y )

zz

uZ(Y )

##
RanX,un Z(Y )

or concretely

YO
pJ(Y )

~~

uZ(Y )x

%%
pt YO ×YK YO

over each point x ∈ X.

Example 5.11.1.8. The factorization E1 unit object unitIndCohZ(Y )
∈ Algfact

E1,un(IndCoh?Z(Y ))

is given by

unitIndCohZ(Y )
= uZ(Y )•p

•
J(Y )ORanX,un

= uZ(Y )•OJ(Y ) ∈ Algfact
E1,un(IndCoh?Z(Y )) .

Remark 5.11.1.9. Concretely, the E1 algebra object internal to IndCoh(Z(Y )I)
? assigned to

each I ∈ fSetØ, and the E1 algebra object of the fibre category over each point x ∈ X, are

given by

unitIndCohZ(Y ),I = uZ(Y )I•p
•
J(Y )I

OXI = uZ(Y )I•OJ(Y )I ∈ AlgE1
(IndCoh(Z(Y )I)

?), and

unitIndCohZ(Y ),x = uZ(Y )x•p
•
J(Y )x

Opt = uZ(Y )x•OJ(Y )x ∈ AlgE1
(IndCoh(Z(Y )x)?) .

Definition 5.11.1.10. The four dimensional holomorphic B model factorization E2 algebra

is defined by

F(Y ) = HomIndCoh(Z(Y ))(unitIndCohZ(Y )
, unitIndCohZ(Y )

) ∈ Algfact
E2,un(X) .

Remark 5.11.1.11. There is a natural (factorization) E2 structure on F(Y ) ∈ Algfact
E2,un(X),

defined as in Remark 5.2.1.6. Concretely, F(Y ) has an E1 algebra structure given by com-

position of endomorphisms, and a second compatible (factorization) E1 algebra structure

as a space of maps between (factorization) E1 algebra objects internal to the category

IndCoh?Z(Y ) ∈ Catfact
E1,un(XdR).

Remark 5.11.1.12. Concretely, following Remark 4.7.1.10, the E2 algebra internal to D(XI)

assigned to each I ∈ fSetØ, and the E2 algebra in Vect over each x ∈ X, are given by

F(Y )I = pZ(Y )I•HomIndCoh(Z(Y )I)(uZ(Y )I•OJ(Y )I , uZ(Y )I•OJ(Y )I ) ∈ AlgE2
(D(XI)) , and

F(Y )x = HomIndCoh(Z(Y )x)(uZ(Y )x•OJ(Y )x , uZ(Y )x•OJ(Y )x) ∈ AlgE2
(Vect) .

5.11.2 Internal construction of the four dimensional holomorphic-B model

Following Subsection 4.7.1, there is again an internal variant of the preceding construction:
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Example 5.11.2.1. The self fibre product

ζ(Y ) = J(Y )×Z(Y ) J(Y ) ∈ PreStkfact
un (X)

defines a unital factorization space over X.

Remark 5.11.2.2. Concretely, the prestacks ζ(Y )I ∈ PreStk/XI over XI assigned to each

I ∈ fSet and the fibre ζ(Y )x ∈ PreStk over x ∈ X are given by

ζ(Y )I = J(Y )I ×Z(Y )I J(Y )I and ζ(Y )x = YOx ×Z(Y )x YOx .

Remark 5.11.2.3. More generally, the iterated fibre products

ζ(Y )(n) := J(Y )×Z(Y ) × . . .×Z(Y ) J(Y ) ∈ PreStkfact
un (X)

and projections πij : ζ(Y )(n) → ζ(Y ), define factorization spaces and maps of such for each

n ∈ N and i, j ∈ {1, ..., n}.

Remark 5.11.2.4. Following Remark 4.3.2.5, ζ(Y ) ∈ PreStkfact
un (XdR) is canonically defined

over XdR.

Again following Proposition 4.7.1.5, as well generalizing Proposition 5.2.2.3 in the factor-

ization setting, we have:

Proposition 5.11.2.5. The factorization category

IndCoh?ζ(Y ) ∈ Catfact
E2,un(XdR)

is naturally a (unital) E2-factorization category with respect to the convolution monoidal

structure defined by the composition

IndCohζ(Y )⊗∗ IndCohζ(Y )
π•12�π

•
23−−−−−→ IndCohζ(3)(Y )×2

∆•−−→ IndCohζ(Y )(3)

π13,•−−−→ IndCohζ(Y ) .

Further, the pushforward functor pζ(Y )• : IndCoh?ζ(Y ) → D⊗
!

RanX,un
is a unital, lax E2-

monoidal factorization functor.

Outline of proof: Again, the proof follows the general format of that of Proposition 4.7.1.5,

provided the existence of the claimed inverse and direct image functors on indcoherent

sheaves in this setting.

Following Corollary 4.7.1.6, we have:

Corollary 5.11.2.6. The pushforward functor pζ(Y )• : IndCoh?ζ(Y ) → D⊗
!

RanX,un
induces a

functor

Algfact
E2,un(IndCoh?ζ(Y ))→ Algfact

E2,un(X) . (5.11.2.1)
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Following Example 4.7.1.15, we define the internal variant of the four dimensional holomorphic-

B model factorization E2 algebra:

Definition 5.11.2.7. The internal variant of the four dimensional holomorphic-B model to

Y is the factorization E2 algebra

F̃(Y ) = ˜HomIndCoh(Z(Y ))(unitIndCohZ(Y )
,unitIndCohZ(Y )

) = OJ(Y ) �
Z(Y )

ωJ(Y )/Z(Y )
∼= ωζ(Y )/J(Y ) ∈ Algfact

E2,un(IndCoh?ζ(Y ))

internal to IndCoh?ζ(Y ) ∈ Catfact
E2,un(XdR).

The preceding definition is justified by the following:

Proposition 5.11.2.8. The image of F̃(Y ) ∈ Algfact
E2,un(IndCoh?ζ(Y )) under the functor of Equa-

tion 5.11.2.1 above is canonically equivalent to F(Y ) ∈ Algfact
E2,un(X) of Definition 5.11.1.10.

Outline of proof: Again, the result follows immediately provided the existence and natural-

ness of the claimed inverse and direct image functors.

5.11.3 The equivariant cigar compactification principle for the four di-

mensional holmorphic-B model

In this subsection, we apply the results of Subsection 3.11.4 to the example of the four

dimensional holomorphic-B model. In particular, we deduce the equivalence of the existence

of an S1 equivariant structure on F(Y ) ∈ Algfact
E2,un(X) with the existence of a Tate structure

on Y , and identify the corresponding factorization BDu0 algebra with the two-periodic filtered

quantization of chiral differential operators on Y . We recommend reviewing the analogous

application of the results of Subsection 3.11.2 to the three dimensional B model, explained

in Subsection 5.3.4, before reading the present subsection.

Definition 5.11.3.1. The topological loop space of the meromorphic jet space LJmer(Y ) ∈
PreStkfact

un (X) is the factorization space defined by

LJmer(Y ) = Jmer(Y )×Jmer(Y )×2 Jmer(Y ) ,

following the construction of fibre products of factorization spaces in Example 4.7.2.1. The

topological loop space of the jet space LJ(Y ) ∈ PreStkfact
un (X) is defined analogously.

Remark 5.11.3.2. The factorization space LJmer(Y ) of the preceding definition is a shifted

variant of Jmer(Y )Dol ∈ PreStkfact
un (X) the Dolbeault stack of the meromorphic jet space of

Y , as defined in Example 5.10.1.1.

Proposition 5.11.3.3. There is an equivalence of factorization prestacks

ζ(Y ) = J(Y )×Z(Y ) J(Y ) ∼= LJ(Y )×LJmer(Y ) J
mer(Y ) ∈ PreStkfact

un (X)
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where ζ(Y ) ∈ PreStkfact
un (X) is as in Example 5.11.2.1 and LJ(Y ) and LJmer(Y ) are as in

Definition 5.11.3.1 above.

Outline of proof: For simplicity, consider first the statement over a single point x ∈ X,

which is given explicitly in Equation 5.11.3.1 below. In this case, each of the spaces admits

the required maps such that, by the universal property of fibre products, it maps to the

other; the induced maps are evidently inverse equivalences. This identification canonically

extends in a factorization compatible way.

Remark 5.11.3.4. Concretely, the equivalence of the preceding Proposition is given over

each point x ∈ X by

ζ(Y )x = YO ×
YO×YKYO

YO ∼= (YO ×Y ×2
O

YO) ×
YK×Y×2

K

YK
YK = LYO ×LYK YK . (5.11.3.1)

Corollary 5.11.3.5. There is an equivalence of factorization categories

IndCohζ(Y ) = IndCohJ(Y )×Z(Y )J(Y )
∼= IndCohLJ(Y )×LJmer(Y )J

mer(Y ) ∈ Catfact
un (X) .

Example 5.11.3.6. Under the equivalence of the preceding corollary, the internal variant of

the four dimensional holomorphic-B model is given by

F̃(Y ) = OJ(Y ) �
Z(Y )

ωJ(Y )/Z(Y )
∼= ωLJ(Y )/J(Y ) �

LJmer(Y )
ω−1
Jmer(Y ) ∈ Algfact

un (IndCohζ(Y )) .

Remark 5.11.3.7. Concretely, the equivalence of the calculation of the preceding example

is given over each point x ∈ X by

F̃(Y )x = OYO �
Z(Y )x

ωYO/Z(Y )x
∼= ωLYO/YO �

LYK
ω−1
YK

.

From the latter description of the factorization space ζ(Y ) ∈ PreStkfact
un (X), we have the

following:

Corollary 5.11.3.8. There is a canonical deformation of ζ(Y ) to a family of factorization

spaces

ζu(Y ) := LuJ(Y )×LuJmer(Y ) J
mer(Y ) ∈ PreStkfact

un (X)/(A1/Gm)

over A1/Gm with generic and central fibres given by the factorization spaces

ζu(Y )|{1} = Jmer(Y )∧J(Y ) and ζu(Y )|{0} = ζ(Y ) ∈ PreStkfact
un (X) .

Corollary 5.11.3.9. There is a canonical deformation of IndCohζ(Y ) to a family of factoriza-

tion categories

IndCohζu(Y ) ∈ Catfact
un (X)/(A1/Gm)
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with generic and central fibre given by the factorization categories

IndCohζu(Y ) |{1} = IndCohJmer(Y )∧
J(Y )

and IndCohζu(Y ) |{0} = IndCohζ(Y ) ∈ Catfact
un (X) .

Next, towards stating the main result of this subsection, we give the following description

of the negative cyclic chains on F(Y ) ∈ Algfact
E2,un(X):

Theorem 5.11.3.10. There is a natural equivalence

CC−• (F(Y )) ∼= HomIndCoh(LuJmer(Y ))(u•ωLuJ(Y ), u•ωLuJ(Y )) ∈ Algfact
E1,un(X)/(A1/Gm) .

Outline of proof: Analogously to the proof of 5.3.4.4, there is a natural commutative dia-

gram

Catfact
E1,un(X)

CC−•
��

End(·)(unit)
// Algfact

E2,un(X)

CC−•
��

Catfact
un (X)/K[u]

End(·)(unit)
// Algfact

E1
(X)/K[u]

under which

IndCoh(Z(Y ))
_

��

� // F(Y )
_

��
IndCoh(LuJmer(Y )) � // EndIndCoh(LuJmer(Y ))(u•ωLuJ(Y ))

where we have again assumed an extension of the homological variant of Theorem 5.3 of

[BZFN10] to compute CC−• (IndCoh(Z(Y ))) ∼= IndCoh(LuJmer(Y )).

Remark 5.11.3.11. The family of factorization E1 algebras

C(Y )u := HomIndCoh(LuJmer(Y ))(u•ωLuJ(Y ), u•ωLuJ(Y )) ∈ Algfact
E1,un(X)/(A1/Gm)

in the preceding Theorem is a two-periodic analogue of the family of factorization E1 alge-

bras giving the deformation from the three dimensional holomorphic-B model to A model

as in Definition 5.10.2.6. In particular, the generic fibre is given by the three dimensional

A model factorization E1 algebra

C(Y )u|{1} = A(Y ) ∈ Algfact
E1,un(X) .

We now state the main result of this subsection:

Theorem 5.11.3.12. The existence of an S1 equivariant structure on F(Y ) ∈ Algfact
E2,un(X)

is equivalent to the existence of a Tate structure on Y . Further, under the equivalence of

Proposition 3.11.4.3, the S1 equivariant structure corresponds to

F(Y )u = pJmer(Y )•̃q
!
Jmer(Y )u•ωLuJ(Y ) ∈ CC−• (F(Y ))-Mod(Algfact

un (X)/(A1/Gm))

with module structure given by composition with endomorphisms, as in Example 4.6.1.10,

under the equivalence of Proposition 5.11.3.10 above.
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Outline of proof: By Proposition 3.11.4.3, an S1 equivariant structure on F(Y ) ∈ Algfact
E2,un(X)

is equivalent to a deformation of F(Y )0 to a module factorization algebra F(Y )u ∈ CC−• (F(Y ))-Mod(Algfact
un (X)/(A1/Gm)),

which corresponds to a deformation of the internal object F̃(Y ) ∈ Algfact
un (ζ(Y )) to an object

of IndCoh(ζu(Y )).

From the description of Example 5.11.3.6, this appears to require a deformation of the

object ωLJ(Y )/J(Y ) ∈ IndCoh(LJ(Y )) to an object of IndCoh(LuJ(Y )), which is a priori

obstructed in analogy with Remark 5.2.3.14. A Tate structure on Y is exactly what is

required to identify

ωLJ(Y )/J(Y ) �
LJmer(Y )

ω−1
Jmer(Y )

∼= ωLJ(Y ) �
LJmer(Y )

“ωJ(Y )/Jmer(Y )”

so that the resulting object ωLJ(Y ) ∈ IndCoh(LJ(Y )) can be deformed to an object of

IndCoh(LuJ(Y )), again in analogy with Remark 5.2.3.14.

Remark 5.11.3.13. The underlying family of factorization algebras

F(Y )u = pJmer(Y )•̃q
!
Jmer(Y )u•ωLuJ(Y ) ∈ Algfact

un (X)/(A1/Gm)

in the preceding Theorem is a two-periodic analogue of the graded quantization of chiral

differential operators to Y . Under this identification, following Remark 5.11.3.11 above, the

module structure in the preceding Theorem is the two-periodic analogue of that in Theorem

5.10.4.8.
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Appendix A

Appendices

A.1 Sheaf theory

Let X be a smooth variety of dimension dX over K = C or a field of characteristic 0. We

write OX for the sheaf of regular functions, DX for the sheaf of differential operators, ΘX

for the tangent sheaf, Ω1
X for the sheaf of Kahler differentials, ΩdX

X for the sheaf of sections

of the canonical bundle, and ωX = ΩdX
X [dX ] for the dualizing sheaf on X. Let Shz(X)

denote the category of complexes of sheaves of K-modules on X in the Zariski topology.

Warning A.1.0.1. Note that we assume X is a smooth variety throughout, and only define

the category of D modules on more general spaces in Supappendix A.1.5.

A.1.1 O-module conventions

Let D(OX) be the DG category of complexes of OX -modules, QCoh(X) and Coh(X) be the

full subcategories of complexes with quasi-coherent and coherent cohomology sheaves, and

Perf(X) the subcategory of bounded complexes with finitely generated cohomology sheaves.

The category D(OX) is symmetric monoidal with respect to the tensor product ⊗OX , with

unit object OX , and QCoh(X), Coh(X), and Perf(X) are monoidal subcategories.

Definition A.1.1.1. Let f : X → Y a map of schemes. The inverse and direct image functors

are

f• : D(OY )→ D(OX) f•F = f−1F⊗f−1OY OX and f• : D(OX)→ D(OY ) f•F = f•F ,

where f• : Shz(X) → Shz(Y ) and f−1 : Shz(Y ) → Shz(X) are the usual direct and inverse

image functors on sheaves of K-modules.

Remark A.1.1.2. Note that f• preserves quasicoherence, as does f• for quasicompact, qua-

siseperated maps. We define the global sections functor by Γ = π• : D(OX) → Vect where

π : X → pt.

245
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Definition A.1.1.3. Let F,G ∈ D(OX). The internal hom object in D(OX) is

HomOX
(F,G) ∈ D(OX) by HomOX

(F,G)(U) := HomOX |U (F|U ,G|U ) .

Remark A.1.1.4. For H ∈ D(OX), we have

Hom(H,HomOX
(F,G)) ∼= Hom(H ⊗OX F,G) .

In particular, the space of homomorphisms is given by the space of sections of the internal

hom object

Hom(F,G) = Hom(OX ,HomOX
(F,G)) = Γ(X,HomOX

(F,G)).

Remark A.1.1.5. For F ∈ Coh(X) coherent and G ∈ QCoh(X) quasi-coherent, the object

HomOX
(F,G) ∈ QCoh(X) is quasi-coherent. If F,G ∈ Coh(X) are both coherent, then

HomOX
(F,G) ∈ Coh(X) is also coherent.

Definition A.1.1.6. The duality functor on coherent OX -modules is defined by

(−)∨ : Coh(X)→ Coh(X) by F 7→ F∨ := HomOX
(F,OX).

Remark A.1.1.7. There are canonical isomorphisms HomOX
(F,G) ∼= G⊗OX F∨ and (F∨)∨ ∼=

F.

A.1.2 D-module conventions

Let Dl(X) and Dr(X) be the concrete DG categories of complexes of left and right DX -

modules which are quasicoherent as OX -modules, and let Dl
c(X) and Dr

c(X) denote the full

sub DG categories of complexes with cohomology that is coherent as a module over DX .

Example A.1.2.1. The sheaf of regular functions OX ∈ Dl(X)♥ has the structure of a left

D module, given by the defining action of the sheaf of differential operators DX on OX .

More generally, a left D module (or a complex of such) M ∈ Dl(X) on X is given by a

quasicoherent sheaf (or a complex of such) M ∈ QCoh(X), together with a flat connection,

that is, ∇ ∈ HomShz(X)(M,Ω1
X ⊗OX M) such that

� ∇θ(fs) = θ(f)s+ f∇θ(s) , and

� ∇[θ1,θ2]s = [∇θ1 ,∇θ2 ]s ,

where θ, θ1, θ2 ∈ ΘX , f ∈ OX , and s ∈M . The first condition is that∇ defines a connection,

and the second that ∇ is flat.

Example A.1.2.2. The sheaf of sections of the canonical bundle ΩdX
X ∈ Dr(X)♥ is the

protypical example of a right DX module, with action of vector fields given by θ(η) =

−Lieθ(η) for θ ∈ ΘX and η ∈ ΩdX
X .
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Remark A.1.2.3. There is a canonical equivalence of the categories Dl(X) and Dr(X)

Dl(X)
(−)r // Dr(X)
(−)l
oo defined by

M 7→M l := M ⊗OX ω
∨
X for M ∈ Dr(X) and

L 7→ Lr := ωX ⊗OX L for L ∈ Dl(X).

We write D(X) for the abstract DG category given by the common value of Dr(X) and

Dl(X) under this identification, and Dc(X) for the full sub DG category corresponding to

Dr
c(X) and Dl

c(X), which are also identified under this equivalence. Dr(X) and Dl(X)

both have natural forgetful functors to QCoh(X), which are intertwined by tensoring with

ωX . This perspective is summarized in the following diagram:

Dl(X) '
ωX //

ol

��

Dr(X)

or

��
QCohl(X) '

ωX // QCohr(X)

so that D(X)

ol

��

or

&&
QCoh(X) '

ωX // QCoh(X)

,

where QCohl(X) and QCohr(X) are just the category QCoh(X)

Remark A.1.2.4. Throughout, when defining a functor involving (potentially several copies

of) the category D(X), we will prescribe the values of the functor in terms of a particular

choice of realization Dr(X) or Dl(X) for each copy of D(X), with the extension to all other

choices of concrete realizations of D(X) implicitly specified via the above equivalence.

Remark A.1.2.5. Note that the above equivalence is exact up to a cohomological degree

shift of dX = dimKX, so that the category D(X) inherits two different t-structures, which

differ only by this shift. We choose to preference the right t structure, and all statements

about exactness of functors involving D(X) will be given in these terms. This t-structure

will be the one which corresponds to the perverse t-structure on constructible sheaves under

the Riemann-Hilbert correspondence. In particular, under this identification ωX ∈ D(X)

is the dualizing sheaf, ωX [−dX ] ∈ D(X)♥ is the IC sheaf, and KX := ωX [−2dX ] ∈ D(X) is

the constant sheaf.

Definition A.1.2.6. The ⊗! monoidal structure on D(X) is ⊗! : D(X)⊗2 → D(X) defined

by

⊗! : Dl(X)×Dl(X)→ Dl(X) M⊗!N = M⊗OXN with P (m⊗n) = Pm⊗n+m⊗Pn ,

for P ∈ DX .

Remark A.1.2.7. This formula agrees with the usual definition of the tensor product of

connections, and tensor products of flat connections are flat. The corresponding functor

⊗! : Dr(X)⊗Dr(X)→ Dr(X) is given by M ⊗! N = M ⊗OX N ⊗OX ω
∨
X .
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Let 1 ∈ D(X) denote the tensor unit, and note ol(1) = OX and or(1) = ωX . We will

often use just ⊗ to denote this symmetric monoidal structure on D(X).

Definition A.1.2.8. Let f : X → Y be a map of smooth varieties. The inverse image functor

f ! : D(Y )→ D(X) is defined by

f ! : Dl(Y )→ Dl(X) f !(M) = f•(M) equipped with the pullback flat connection.

Remark A.1.2.9. This functor is symmetric monoidal with respect to ⊗!, and in particular

maps the tensor unit 1Y to 1X .

Remark A.1.2.10. The corresponding functor f ! : Dr(Y )→ Dr(X) is given by

f !(M) = f•(M ⊗OY ω
∨
Y )⊗OX ωX

∼= f•M ⊗OX ωX/Y .

Definition A.1.2.11. The exterior product is defined by

� : D(X)×D(Y )→ D(X × Y ) by M �N = π!
XM ⊗ π!

YN ,

for πX : X × Y → X,πY : X × Y → Y .

Remark A.1.2.12. Note that

M ⊗N = ∆!(M �N)

for M,N ∈ D(X) and ∆ : X → X ×X the diagonal embedding.

Definition A.1.2.13. Let f : X → Y again be a map of smooth varieties. The direct image

functor is

f∗ : Dr(X)→ Dr(Y ) f∗(M) = f•(M⊗DXDX→Y ) for DX→Y := f !DY ∈ (DX , f
−1DY )-Mod

where DX→Y = f !DY ∈ Dl(X) is defined in terms of DY ∈ Dl(Y ) as a left module, so that

the additional (DY ,DY )-bimodule structure on DY equips DX→Y with the structure of a

(DX , f
−1DY )-bimodule.

Definition A.1.2.14. The de Rham cochains functor is C•dR := π∗ : D(X) → VectK, where

π : X → pt. The de Rham chains functor is CdR
• := π! : D(X)→ VectK.

Remark A.1.2.15. Note that the de Rham cochain and chains functors are calculated as

C•dR : Dr(X)→ Vect C•dR(X;M) = π•(M ⊗DX OX)

C•dR : Dl(X)→ Vect C•dR(X;M) = π•(ωX ⊗DX M) .

Definition A.1.2.16. The sheaf internal hom functor

HomD(X)(·, ·) : D(X)op×D(X)→ Shz(X) by HomD(X)(M,N)(U) = HomD(U)(j
!M, j!N) ,
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for M,N ∈ D(X), where j : U → X is the open embedding.

Remark A.1.2.17. Note that

Γ◦Hom = Hom : D(X)op×D(X)→ Vect Γ(X,HomD(X)(M,N)) = HomD(X)(M,N) .

Definition A.1.2.18. The duality functor D : Dc(X)op → Dc(X) is defined by

D : Dr
c(X)op → Dl

c(X) D(M) = HomDr(X)(M,DX) ,

where DX ∈ Dr(X) is considered as a (DX ,DX)-bimodule so that D(M), which is a priori

an object in Shz(X), defines an object of Dl(X) as desired.

Remark A.1.2.19. Note that D preserves coherence, but if M is not coherent, then the

resulting object of DX -Mod is not in general quasicoherent as an object of D(OX).

Definition A.1.2.20. The genuine internal hom functor Hom(·, ·) : Dc(X)op ⊗ D(X) →
D(X) is defined by

Hom(·, ·) : Dr
c(X)op×Dl(X)→ Dl(X) Hom(M,N) = HomDr(X)(M,N⊗OX DX) ,

where N ⊗OX DX ∈ Dr(X) is considered as a (DX ,DX)-bimodule so that Hom(M,N) ∈
Dl(X) as above.

Remark A.1.2.21. Note that

C•dR◦Hom = Hom : Dc(X)op×D(X)→ Vect C•dR(X,HomD(X)(M,N)) = HomD(X)(M,N) .

Further, we have

Hom(·, ·) = D(·)⊗! (·) : Dc(X)op ×D(X)→ D(X) ,

and in particular Hom(·,1) = D : D(X)op → D(X); we could equivalently take this as the

definition of Hom.

Remark A.1.2.22. The pushforward and pullback functors f∗ and f ! above were defined on

the entire category D(X), but their putative adjoints can not always be defined. In general,

the best we can do is the following: Let f : X → Y again be a map of smooth varieties,

and let Df !

c (Y ) be the full subcategory of objects M ∈ Dc(Y ) such that f !DM ∈ Dc(X)

is coherent, and similarly Df∗
c (X) be the full subcategory of objects M ∈ Dc(X) such that

f∗DM ∈ Dc(Y ) is coherent. Then we define

f∗ := Df !D : Df !

c (Y )→ Dc(X) f! := Df∗D : Df∗
c (X)→ Dc(Y ) .
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In various situations, these definitions simplify to more useful ones, as in the following

propositions.

Proposition A.1.2.23. Let f : X → Y be a smooth map of relative dimension d = dX − dY
of smooth varieties. Then f ! : Dc(Y )→ Dc(X) preserves coherence, so that f∗ : Dc(Y )→
Dc(X) is defined. Moreover, in this case f∗ = f ![−2d], and we have a natural isomorphism

HomD(X)(f
∗M,N) ∼= HomD(Y )(M,f∗N)

of functors Dc(X)×D(Y )→ Vect.

Proposition A.1.2.24. Let f : X → Y be a proper map of smooth varieties. Then f∗ :

Dc(X)→ Dc(Y ) preserves coherence, so that f! : Dc(X)→ Dc(Y ) is defined. Moreover, in

this case f! = f∗ and we have a natural isomorphism

HomD(Y )(f!M,N) ∼= HomD(X)(M,f !N)

of functors Dc(X)×D(Y )→ Vect.

A.1.3 The six functors formalism

Let Drh(X) the full subcategory of D(X) on bounded complexes with regular holonomic

cohomology modules.

Theorem A.1.3.1. There are functors

⊗! : Drh(X)×Drh(X)→ Drh(X) D : Drh(X)op ∼=−→ Drh(X) HomX : Drh(X)op×Drh(X)→ Drh(X) ,

and for f : X → Y natural adjunctions,

f∗ : Drh(Y ) // Drh(X) : f∗oo f! : Drh(X) // Drh(Y ) : f !oo .

Moreover, these satisfy:

� for f : X → Y smooth of relative dimension d, f∗ = f ![−2d] as in A.1.2.23 above;

� for f : X → Y proper, f∗ = f! as in A.1.2.24 above;

� for f : X → Y , there are natural equivalences DY f∗ ∼= f!DY , DXf∗ ∼= f !DY ;

� ⊗! defines a symmetric monoidal structure on Drh(X); and

� for f : X → Y , there are natural equivalences

f!(M⊗f∗N) ∼= f!(M)⊗N HomY (f!M,N) ∼= f∗HomX(M,f !N) f !HomY (M,N) ∼= HomX(f∗M,f !N) .
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� For a Cartesian square

Z
g̃ //

f̃
��

X

f
��

Y
g //W

there is a natural isomorphism f̃∗ ◦ g̃! ∼= g! ◦ f∗ . (A.1.3.1)

Definition A.1.3.2. The ⊗∗ tensor structure ⊗∗ : Drh(X)×2 → Drh(X) is defined by

(M,N) 7→ ∆∗(M �N).

Definition A.1.3.3. The constant D module on X is KX = π∗Kpt ∈ Drh(X), where π : X →
pt and Kpt ∈ D(pt) is the object corresponding to K ∈ VectK ∼= D(pt).

Example A.1.3.4. If X is smooth of dimension dX , then KX
∼= ωX [−2dX ] is a shift of the

dualizing sheaf, as in Remark A.1.2.5.

Definition A.1.3.5. The de-Rham (Borel-Moore) (co)chains on X are

C•(X) = π!π
!Kpt CBM

• (X) = π∗π
!Kpt C•(X) = π∗π

∗Kpt C•c (X) = π!π
∗Kpt ∈ D(pt)

where π : X → pt and Kpt ∈ D(pt) are as in the preceding definition.

Remark A.1.3.6. Note that we use cochain complexes throughout, and do not use the

convention of reversing the grading on homology. Thus, classes in homology which are

correspond to higher dimensional cycles geometrically contribute to the homology groups

of lower (cohomological) degree.

Example A.1.3.7. For X a smooth variety of dimension dX , we have an isomorphism

CBM
• (X) ∼= C•dR(X)[2dX ].

Remark A.1.3.8. The unit and counit of the above adjunctions for f : X → Y give canonical

maps

A→ f∗f
∗A and f!f

!A→ A .

Applying these to A = KY and A = ωY , respectively, and composing with π∗ for π : Y → pt,

we obtain maps

f∗ : C•(Y )→ C•(X) and f∗ : C•(X)→ C•(Y )

of objects in D(pt) = Vect, as expected for usual chains and cochains.

If f is proper, then we similarly have maps

f∗ : C•c (Y )→ C•c (X) and f∗ : CBM
• (X)→ CBM

• (Y ) ,

while if f is smooth of relative dimension d = dX − dY , then we have maps

f∗ : CBM
• (Y )→ CBM

• (X)[−2d] and f∗ : C•c (X)→ C•c (Y )[−2d] .
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Finally, if f is proper and smooth of relative dimension d, then we have maps

f∗ : C•(Y )→ C•(X)[−2d] and f∗ : C•(X)→ C•(Y )[−2d] .

A.1.4 The de Rham functor and Riemann-Hilbert correspondence

Throughout this section, let X be a smooth, finite dimensional variety over K = C, and let

Ω•X ∈ Shz(X) denote the algebraic de Rham complex, viewed as a complex of sheaves with

the usual de Rham differential.

Remark A.1.4.1. Each Ωi
X ∈ OX -Mod is a coherent OX module, but the differential on Ω•X

is not OX linear. Rather, the de Rham differential ddR ∈ Diff(Ωi,Ωi+1) is a differential oper-

ator, so the de Rham complex can equivalently be described in terms of the induced complex

of D modules Ω•X,D = Ω•X ⊗OX DX ∈ Dr(X), recalling Diff(F,G) = HomD(X)(FD,GD).

Proposition A.1.4.2. There is a natural quasiisomorphism Ω•X,D
∼=−→ ωX [−2dX ] = KX ∈

Dr(X).

Example A.1.4.3. For M ∈ D(X), applying this resolution to the calculation of de Rham

cochains of M l ∈ Dl(X) following A.1.2.15 yields

C•dR(X;A) = π•(ωX ⊗DX M) ∼= Γ(X,Ω•X ⊗OX M
l)[2dX ]

where Ω•X ⊗OX M ∈ Shz(X) denotes the usual de Rham complex with coefficients in a

complex of OX modules with flat connection. ForX smooth and projective, this is calculated

by Γ(Xan,Ω•Xan ⊗OXan M
an) where Ω•Xan ⊗OXan M

an ∈ Sh(Xan;C) denotes the analytic

variant of the above de Rham complex.

Definition A.1.4.4. The analytic de Rham functor is

dR : D(X)→ Db(X) defined by dR(M) = Ω•Xan ⊗OXan M
l,an

[2dx] ,

for each M ∈ D(X), where Db(X) = Db(X(C)) denotes the derived category of sheaves on

X in the analytic topology, as in subappendix A.1.7.

Let Db
c(X) = Db

c(X(C);C) denote the bounded derived category constructible sheaves on

X in the analytic topology, as defined in loc. cit..

Theorem A.1.4.5. The de Rham functor restricts to a derived equivalence dR : Drh(X) →
Db
c(X).

Moreover, it naturally intertwines the six functors operations stated in Theorems A.1.3.1

and A.1.7.3, with the caveat that it intertwines the ⊗∗ tensor structure on Drh(X) of

Definition A.1.3.2 with that of Theorem A.1.7.3.
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Remark A.1.4.6. The object OX ∈ Dl(X) or equivalently ωX ∈ Dr(X) corresponds to

dR(OX) = Ω•X [2n] ∼= KX [2n]

which is the dualizing sheaf in Db
c(X). Equivalently, the objects KX = OX [−2n] and

ICX = OX [−n] correspond to the constant sheaf KX and the intersection cohomology sheaf

ICX = KX [n], in keeping with Remark A.1.2.5.

A.1.5 Ω•X-modules and the de Rham stack

In this subappendix, we explain an alternate description of the category of D modules on

a smooth variety defined above, and give the definition of the category of D modules on

more general spaces via this approach, following [] and references therein.

Remark A.1.5.1. The de Rham functor dR : D(X) → Db(X) of Definition A.1.4.4 can

equivalently be expressed in terms of the sheaf internal Hom functor

dR = HomD(X)(KX , ·) : D(X)→ Db(X) .

Further, the image of the constant sheaf KX = OX [−2dX ] ∈ Dl(X) is given by the de Rham

complex

dR(KX) = HomD(X)(KX ,KX) ∼= Ω•X ∈ AlgE1
(Db(X)) ,

such that the associative algebra structure corresponding to composition of endomorphisms

is given by the usual wedge product of differential forms. Thus, the de Rham functor

naturally lifts to a functor

d̃R : D(X)→ Ω•X -Mod := Ω•X -Mod(Db(X)) ,

where the latter is the category of (DG) modules over Ω•X internal to Db(X).

Remark A.1.5.2. This functor defines an equivalence between the category of D modules

and that of sheaves of modules over Ω•X , given appropriate definitions of the two categories;

we recall the variant of this setup which will be convenient for our purposes in definitions

A.1.5.9 and A.1.5.10 below.

Remark A.1.5.3. In addition to identifying the algebra objects KX and Ω•X , the de Rham

functor sends the object DX ∈ Dr(X)∗ given by differential operators under right multi-

plication to the structure sheaf DX 7→ Ω•X ⊗OX D
l
X [2dX ] ∼= OX ∈ Ω•X -Mod by Proposition

A.1.4.2, equipped with the natural augmentation module structure.

Remark A.1.5.4. For f : X → Y a map of smooth varieties, the functors f ! and f∗ of D

module pullback and pushforward as in definitions A.1.2.8 and A.1.2.13 are intertwined
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with the functors

f ! : Ω•Y -Mod→ Ω•X -Mod f !M = Ω•X ⊗f−1Ω•Y
f−1(M)

f∗ : Ω•X -Mod→ Ω•Y -Mod f∗M = f•M ,

where f−1 : Db(Y ) → Db(X) and f• : Db(X) → Db(Y ) denote the sheaf-theoretic inverse

and direct image.

Remark A.1.5.5. The functors f ! and f∗ of the preceding remark agree with the usual first

principles definition of the quasicoherent inverse and direct image functors f• and f•, as

recalled in Definition A.1.1.1, for a locally ringed space (X,Ω•X) with ‘structure sheaf’ given

by the de Rham complex, viewed as a sheaf of commutative DG algebras.

Remark A.1.5.6. The locally ringed space (X,Ω•X) of the preceding remark is a model for

the quotient stack of X by the formal groupoid integrating the tangent sheaf ΘX , viewed

as a Lie algebroid on X under usual Lie bracket of vector fields and anchor map given

by the identity; the sheaf of commutative DG algebras Ω•X = C•CE(ΘX) is precisely the

sheaf of Chevalley-Eilenberg cochains on the Lie algebroid ΘX (with coefficients in the

trivial module). Further, in these terms, the equivalence of categories between D modules

and Ω•X modules can be understood as an instance of filtered Koszul duality between the

Chevalley-Eilenberg cochains and the universal enveloping algebra of the Lie algebroid ΘX .

The stack modelled by the locally ringed space of the preceding remark is called the de

Rham stack of X, and denoted XdR. We now give the formal definition of the de Rham

stack of a general prestack, and give a careful statement of our preferred variant of the

equivalence of Remark A.1.5.2, following [GR14a].

Throughout, let Y ∈ PreStk be a prestack, as in Definition A.6.1.1.

Definition A.1.5.7. The de Rham prestack YdR ∈ PreStk of Y is defined by

YdR : DGSchaff → Grpd S 7→ Y(cl,redS) .

Remark A.1.5.8. This construction is natural in Y, and thus upgrades to a functor (·)dR :

PreStk→ PreStk.

Definition A.1.5.9. The category of left D modules on Y is defined by

Dl(Y) = QCoh•(YdR)

where the category of quasicoherent sheaves on prestacks is as in Definition A.6.4.2.

Definition A.1.5.10. For Y ∈ PreStklaft a prestack locally almost of finite type in the sense

of 1.3.1 of [GR14a], the category of right D modules on Y is defined by

Dr(Y) = IndCoh!(YdR)
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where the category of indcoherent sheaves is as defined in 10.2.3 of [Gai13].

Warning A.1.5.11. We will make limited use of the definition of D modules on prestacks

given here; we will by default use the definitions given in Appendix A.6.

Warning A.1.5.12. Throughout the remainder of this subsection, we will assume Y ∈
PreStklaft is a prestack locally almost of finite type whenever discussing Dr(Y), though

see also the following remark.

Remark A.1.5.13. For X ∈ Schft ↪→ PreStk(laft) a smooth, finite type variety, these defi-

nitions recover the usual categories of left and right D modules of subappendix A.1.2; see

e.g. Subsection 5.5 of [GR14a]. This equivalence, which justifies the preceding general

definitions, is the also the analogue of the equivalence of Remark A.1.5.2 above.

Remark A.1.5.14. We recall constructions of the category of indcoherent sheaves on certain

classes of prestacks of infinite type in Appendix A.6.5, following [Ras15b]; we also use the

preceding definition in this context, when applicable.

Remark A.1.5.15. For each Y ∈ PreStk, there is a natural quotient map qY : Y → YdR,

defining a natural transformation 1PreStk → (·)dR of endofunctors of PreStk.

Definition A.1.5.16. The left and right forgetful functors are defined by the quasicoherent

and indcoherent pullback along qY : Y→ YdR, respectfully:

oblvl := q•Y : Dl(Y)→ QCoh(Y) oblvr := q!
Y : Dr(Y)→ IndCoh(Y) .

Remark A.1.5.17. The right forgetful functor oblvr of the preceding definition is t-exact,

while the left analogue ol is not, in keeping with our choice to preference the right t structure

on D modules, as in Remark A.1.2.5. Further in keeping with this, in the case when Y is

not a scheme, we will by default consider the sheaf of O modules underlying a D module to

be indcoherent rather than quasicoherent.

Remark A.1.5.18. In keeping with Remark A.1.5.5, we define various operations on D mod-

ules in terms of those on indcoherent sheaves, following [GR14a] and chapter 4 of [GR17b].

Proposition A.1.5.19. The functor oblvr = q!
Y : Dr(Y)→ IndCoh(Y) admits a left adjoint

(·)D := qY• : IndCoh(Y)→ Dr(Y) ,

following 3.3 of [GR14a].

Remark A.1.5.20. Concretely, for finite type scheme X ∈ Schft, the functor of the preceding

proposition is given by induction...

Remark A.1.5.21. For f : X → Y a map of (locally almost of finite type) prestacks, the

functoriality of the de Rham stack construction together with that of QCoh• (IndCoh!)

defines a pullback functor D(Y)→ D(X).
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Definition A.1.5.22. The inverse image functor on D modules is defined by

f ! := f•dR : Dl(Y)→ Dl(X) f ! := f !
dR : Dr(X)→ Dr(Y) ,

as in the preceding remark.

Proposition A.1.5.23. There is a natural commutative diagram

Dr(Y)
f !

//

oblvrY
��

Dr(X)

oblvrX
��

IndCoh(Y)
f !
// IndCoh(X)

. (A.1.5.1)

Remark A.1.5.24. For f : X → Y an (ind) nil-schematic map of prestacks in the sense of

4.1.3.5 of [GR17b], the corresponding map on de Rham stacks is (ind) inf-schematic, and

defines a natural pushforward functor Dr(X)→ Dr(Y), following loc. cit..

Definition A.1.5.25. For f : X → Y (ind)nil-schematic, the direct image functor on D

modules is defined by the ind-coherent direct image functor

f∗ = fdR,• : Dr(X)→ Dr(Y) ,

following 4.2.1.3 of [GR17b].

Proposition A.1.5.26. There is a natural commutative diagram

IndCoh(X)
f• //

(·)DX

��

IndCoh(Y)

(·)DY

��
Dr(X)

f∗ // Dr(Y)

. (A.1.5.2)

A.1.6 Convolution

In this subsection, we review the formalism of convolution algebras in geometric representa-

tion theory, following the approach to Springer theory of the well-known textbook of Chriss

and Ginzburg [CG11], for example. In our applications of interest, we will use analogous

constructions in the setting of (quasi and ind)coherent sheaves which will rely more heav-

ily on derived algebraic geometry. We follow the results of Ben-Zvi, Francis, and Nadler

[BZFN10], as well as Gaitsgory and Rozenblyum [GR17a, GR17b], on this topic.

Warning A.1.6.1. Throughout this subsection, we assume for simplicity all D modules are

regular holonomic, and abbreviate Drh(X) by just D(X), in contrast with our general

conventions.
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Let f : X → Y be a map of finite type schemes, Z = X ×Y X be the self fibre product,

∆ : X → Z the diagonal inclusion, and consider the convolution diagram

Z(3) := X ×Y X ×Y X
π12

��

π13 //

π23

))

X ×Y X

X ×Y X X ×Y X

.

Proposition A.1.6.2. Let A ∈ D(Z) be a (regular holonomic) D module on Z, equipped

with a map

m : π13∗ (π∗12A⊗∗ π∗23A)→ A in D(Z) ,

together with a coherent choice of its higher arity analogues as in Remark A.1.6.3, and a

map u : ∆∗KX → A such that the map induced as in Equation A.1.6.2 below is the identity.

Then C•(Z,A) ∈ AlgE1
(VectK) defines an associative algebra.

Proof: The unit of the (π∗, π∗) adjunction for holonomic D modules give a map A→ π∗π
∗A,

so that under the above hypotheses we have maps

A�2 → (π12,∗π
∗
12A)� (π23,∗π

∗
23A) ∼= (π12 × π23)∗π

∗
12A� π

∗
23A in D(Z×2) ,

π∗12A� π
∗
23A→ ∆∗∆

∗(π∗12A� π
∗
23A) ∼= ∆∗(π

∗
12A⊗∗ π∗23A) in D(Z×2

(3) ) .

Together with the map m : π13∗ (π∗12A⊗∗ π∗23A) → A, the induced maps on de Rham

cochains give

C•(Z;A)⊗K2 → C•(Z×2
(3) , π

∗
12A� π

∗
23A)→ C•(Z(3), π

∗
12A⊗∗ π∗23A)

π∗(m)−−−−→ C•(Z,A) .

(A.1.6.1)

If the map m is specified together with a compatible, coherent choice of higher multiplication

maps as required, then this induces a homotopy coherent associative product structure.

If u : ∆∗KX → A is such that map C•(A)→ C•(A) induced as above by

A→ π12,∗π
∗
12A and π13∗ (π∗12A⊗∗ π∗23KZ)

m◦(1⊗u)−−−−−−→ A (A.1.6.2)

is the identity, then the induced map u : K = C•(pt) → C•(Z,K) → C•(Z,A) defines a

unit for the above associative product.

Remark A.1.6.3. For each n ∈ N there is a higher arity analogue of the convolution diagram

Z(n) = X ×Y X ×Y . . .×Y X with maps πij : Z(n) → Z

defined for each i 6= j ∈ {1, ..., n}. To specify a dg associative algebra in a homotopy
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coherent way, we require maps

π1n∗

(
π∗12A⊗∗ π∗23A⊗∗ . . .⊗∗ π∗(n−1)nA

)
→ A

for each n ∈ N together with natural compatibility data with iterated compositions of lower

arity multiplication maps. We will mostly ignore this subtlety throughout.

Remark A.1.6.4. Suppose the projection maps πij in the convolution diagram are proper.

Then we can equivalently formulate the required data as maps

π∗12A⊗∗ π∗23A⊗∗ . . .⊗∗ π∗(n−1)nA→ π!
1nA .

We will restrict to this setting for the following two examples.

Remark A.1.6.5. Let M ∈ D(X), N ∈ D(W ), f : X → Y , g : W → Y proper, Z = X×YW ,

and consider the internal Hom object

Hom∗(g∗N, f∗M) = f∗M ⊗!
Y DY (g∗N) ∈ D(Y )

for the⊗∗ tensor structure, where⊗!
Y : D(Y )⊗2 → D(Y ) denotes the usual ! tensor structure

on Y . Then by base change along

X ×Y W
π×2
X //

f̃
��

X ×W

f×g
��

Y
∆Y // Y ×2

we have Hom∗(g∗N, f∗M) ∼= f̃∗((π
!
XM)⊗!

Z (π!
WDN)) .

(A.1.6.3)

Thus, we obtain a lift of the internal hom object to D(X ×Y W ), which we denote

˜Hom(g∗N, f∗M) = M �Y DN := (π!
XN)⊗!

X×YW (π!
WDN) ∈ D(X ×Y W ) ,

where we have introduced the shorthand �Y : D(X)×D(W )→ D(X ×Y W ), which agrees

with the usual exterior product in the case Y = pt.

Example A.1.6.6. Consider the special case X = W and M = N in the previous example

and let A = ˜Hom(f∗M,f∗M) ∈ D(Z). Then there is a canonical multiplication map defined

by

π∗12A⊗∗ π∗23A = (M �Y DM �Y KX)⊗∗Z(3)
(KX �Y M �Y DM)

= M � (DM ⊗∗X M)�Y DM

→M �Y ωX �Y DM = π!
13A ,

where the map is given by the ⊗∗ tensor structure duality pairing DM ⊗∗M → ωX . The
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associative algebra structure on C•(Z,A) = HomD(Y )(f∗M,f∗M) induced by Proposition

A.1.6.2 agrees with that given by composition of maps.

Example A.1.6.7. Consider the special case of the previous example where X is smooth of

dimension dX , and M = ωX ∈ D(X). Then

HomD(Y )(f∗ωX , f∗ωX) ∼= HomD(X)(ωX , f
!f∗ωX) ∼= HomD(X)(ωX , πX∗π

!
XωX) ∼= HBM

• (Z)[−2dX ]

so that the latter inherits the structure of an algebra under composition of maps. Indeed,

in this case we have

˜Hom(f∗ωX , f∗ωX) = π!
XωX ⊗! π!

XDωX ∼= ωZ [−2dX ] ;

this is precisely the usual format for convolution algebras, as in e.g. [CG11].

This calculation can be summarized by the diagram in spaces, and induced diagram of

categories, given by

X ×Y X
πX

  

πX

~~
X

f

  

pX

��

X
pX

��

f

~~
pt Y pt

and

D(X ×Y X)
πX∗

$$
D(X)

f∗

$$

π!
X

::

D(X)
Hom(ωX ,·)

��
Vect

p!
X

??

D(Y )

f !
::

Vect

.

(A.1.6.4)

Remark A.1.6.8. The proposition A.1.6.2 and the remarks and examples which follow it

above evidently apply in much greater generality then that in which they are stated; all

that is required is a sheaf theory admitting a (partially defined) six functors formalism,

in the sense of subsection A.1.3, satisfying the adjunctions used to construct each of the

relevant maps and check their compatibilities.

In particular, we use the above paradigm to deduce the existence of associative algebra

structures in situations where the spaces Z and Z(n) in question are infinite type schemes

or stacks, and/or where we use a sheaf theory other than that of regular holonomic D

modules; the proof of the preceding proposition reduces the proofs of these more general

statements to checking the existence, and adjointness and base-change properties, of the

analogous pushforward and pullback functors between the relevant categories of sheaves in

these more general settings.

We now recall a slight conceptual enhancement of the construction of Proposition A.1.6.2

above:

Proposition A.1.6.9. The category of D modules D(Z)? ∈ DGCatE1 on Z is naturally a

monoidal category with respect to the convolution monoidal structure (·) ? (·) : D(Z) ⊗
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D(Z)→ D(Z) defined by the composition

D(Z)⊗D(Z)
π∗12�π

∗
23−−−−−→ D(Z×2

(3) )
∆∗−−→ D(Z(3))

π13,∗−−−→ D(Z) .

Further, the de Rham cochains functor C•(Z, ·) : D(Z)? → VectK is lax monoidal with

respect to the convolution monoidal structure on D(Z). In particular, there exist natural

maps

C•dR(Z,M)⊗K C
•
dR(Z,N)→ C•(Z,M ⊗? N)

for each M,N ∈ D(Z).

Proof: The proof that the given functor (together with its higher arity analogues) define a

monoidal structure on D(Z) is a straightforward check; any ordered n-ary iterated compo-

sition of the putative monoidal product, evaluated on objects Mi ∈ D(Z), is canonically

isomorphic to

π1(n+1)∗(π
∗
12M1 ⊗ π∗23M2 ⊗ ...⊗ π∗n(n+1)Mn) .

The lax monoidal structure on C•(Z, ·) : D(Z)? → VectK was implicitly constructed

in the proof of Proposition A.1.6.2: the first two morphisms in Equation A.1.6.1 give the

desired maps

C•(Z;A)⊗K2 → C•(Z×2
(3) , π

∗
12A�π

∗
23A)→ C•(Z(3), π

∗
12A⊗∗π∗23A) = C•(Z, π13∗π

∗
12A⊗∗π∗23A) .

Proposition A.1.6.10. An object A ∈ D(Z) together with data required in the hypotheses

of Proposition A.1.6.2 defines an associative algebra object A ∈ AlgE1
(D(Z)?).

Moreover, the associative algebra structure on C•(Z,A) ∈ AlgE1
(VectK) constructed

in loc. cit. is the natural one induced on the image of this algebra object under the lax

monoidal functor C•(Z, ·).

Proof: The main construction in the proof of Proposition A.1.6.2 is tautologically the same

as the associative algebra structure induced on the image of A ∈ AlgE1
(D(Z)?) under the

lax monoidal functor C•(Z, ·).

Remark A.1.6.11. The propositions A.1.6.9 and A.1.6.10 also apply in much greater gen-

erality than that of the hypotheses stated at the begining of this subsection, as in Remark

A.1.6.8 above.

Convolution constructions for modules, module categories, and module objects

We now give the analogues of propositions A.1.6.9 and A.1.6.10 required for constructing

module categories and module objects over the monoidal categories and algebras above. In
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particular, we deduce the analogue of A.1.6.2 which gives a construction of modules over

the algebra C•(Z,A) ∈ AlgE1
(VectK).

Let f : X → Y a map of finite type schemes and Z = X ×Y X as above such that

πij : Z(3) → Z is proper for each i 6= j ∈ {1, 2, 3}, exactly as in Proposition A.1.6.2.

Further, let g : W → Y , ZW = X ×Y W , and consider the convolution diagram

ZW(3) := X ×Y X ×Y W

π12

��

π13 //

π23

))

X ×Y W

X ×Y X X ×Y W

.

Proposition A.1.6.12. Let A ∈ D(Z) be as in Proposition A.1.6.2, and R ∈ D(ZW ) a D

module on ZW , equipped with a map

ρ : π13∗ (π∗12A⊗∗ π∗23R)→ R in D(ZW )

and a coherent choice of its higher arity analogues as in Remark A.1.6.3. Then C•(ZW , R) ∈
C•(Z,A)-Mod(VectK) defines a module for the associative algebra C•(Z,A) ∈ AlgE1

(VectK)

defined in Proposition A.1.6.2.

Proof: The proof follows that of Proposition A.1.6.2, mutatis mutandis.

Proposition A.1.6.13. The category of D modules on ZW is naturally a module category

D(ZW ) ∈ D(Z)?-Mod(DGCatcont)

for the monoidal category D(Z)?, with structure functor (·)?(·) : D(Z)⊗D(ZW )→ D(ZW )

defined by the composition

D(Z)⊗D(ZW )
π∗12�π

∗
23−−−−−→ D((ZW(3))

×2)
∆∗−−→ D(ZW(3))

π13,∗−−−→ D(ZW ) .

Further, the de Rham cochains functors C•(Z, ·) : D(Z)→ Vect and C•(ZW , ·) : D(ZW )→ Vect

are lax compatible with the above module structure, in the sense that there are natural maps

C•(Z,A)⊗K C
•(ZW , R)→ C•(ZW , A ? R)

for each A ∈ D(Z) and R ∈ D(ZW ).

Proof: The proof follows that of Proposition A.1.6.9, mutatis mutandis: it is again a

straightforward check that the given functor (together with its higher arity analogues)

defines a module structure on D(ZW ) over D(Z). The lax compatibility data for the de

Rham cochains functors is constructed as in loc. cit..
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Proposition A.1.6.14. Let A ∈ D(Z) and M ∈ D(ZW ) be as in Proposition A.1.6.12, so

that by Proposition A.1.6.10 we have A ∈ AlgE1
(D(Z)?). Then M ∈ A-Mod(D(ZW )) is a

module object internal to the D(Z)? module category D(ZW ) given in Proposition A.1.6.13.

Further, the induced C•(Z,A) module structure on C•(ZW ,M) constructed in Propo-

sition A.1.6.12 is the natural one induced on the images of the above algebra and module

objects under the lax compatible functors C•.

Proof: The proof follows that of Proposition A.1.6.10, mutatis mutandis.

Remark A.1.6.15. In analogy with Remark A.1.6.4, in the case where the convolution

diagram maps πij are proper, we can reformulate the required data in terms of maps

π∗12A⊗∗ π∗23R→ π!
13R and their higher arity analogues, and we restrict to this setting for

the following examples:

Example A.1.6.16. Let M ∈ D(X), N ∈ D(W ), and following examples A.1.6.5 and A.1.6.6

above, let

A = ˜Hom(f∗M,f∗M) = M �Y DM ∈ D(Z) , and analogously

R = ˜Hom(g∗N, f∗M) = M �Y DN ∈ D(ZW ) .

Then R ∈ A-Mod(D(ZW )) with module structure map ρ : π∗12A ⊗∗ π∗23R → π!
13R defined

by

π∗12A⊗∗ π∗23R = (M �Y DM �Y KX)⊗∗Z(3)
(KX �Y M �Y DN)

= M � (DM ⊗∗X M)�Y DN

→M �Y ωX �Y DN = π!
13R ,

where the map is given by the ⊗∗ tensor structure duality pairing DM ⊗∗M → ωX .

The C•(Z,A) = HomD(Y )(f∗M,f∗M) module structure on C•(ZW ,M) = Hom(N,M)

induced by Proposition A.1.6.14 agrees with that given by composition of maps.

Example A.1.6.17. Following Example A.1.6.7, consider the special case of the previous

example where W is smooth of dimension dW , M = ωX ∈ D(X) and N = ωW ∈ D(W ).

Then

HomD(Y )(g∗ωW , f∗ωX) ∼= HomD(W )(ωW , g
!f∗ωX) ∼= HomD(W )(ωW , πW∗π

!
XωX) ∼= HBM

• (ZW )[−2dW ]

so that the latter inherits the structure of an module over HomD(Y )(f∗ωX , f∗ωX) ∼= HBM
• (Z)[−2dX ]

under composition of maps. Indeed, in this case we have

˜Hom(g∗ωW , f∗ωX) = π!
XωX ⊗! π!

WDωW ∼= ωZW [−2dW ] ;

this is preciesly the usual format for modules over convolution algebras, as in e.g. [CG11].
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This calculation can be summarized by the diagram in spaces, and induced diagram of

categories, given by

X ×Y W
πW

!!

πX

}}
X

f

!!

pX

��

W
pW

��

g

}}
pt Y pt

and

D(X ×Y W )
πW∗

$$
D(X)

f∗

$$

π!
X

::

D(W )
Hom(ωW ,·)

  
Vect

p!
X

??

D(Y )

g!
::

Vect

.

(A.1.6.5)

Remark A.1.6.18. The propositions and examples of this subsection also apply in much

greater generality than that in which they are stated here, as explained in remarks A.1.6.8

and A.1.6.11.

A.1.7 Constructible Sheaves

Let X be a quasiprojective algebraic variety over C; we use the same notation to denote

X(C) in the analytic topology. Let Sh(X;K) denote the category of sheaves of K vector

spaces on X and Db(X) and D+(X) the bounded and bounded below derived categories; we

fix the base coefficient field K once and for all, and supress it from the notation throughout.

Definition A.1.7.1. A stratification of X is a finite collection (Xs)s∈S of disjoint, smooth,

connected, locally closed subvarieties such that X = ∪s∈SXs, and for any s, t ∈ S the

intersection Xs ∩Xt is either empty or Xt.

The set S is equipped with the closure partial order, defined by t ≤ s if Xt ⊂ Xs.

Definition A.1.7.2. A sheaf F ∈ Sh(X,K) is constructible with respect to a stratification

(Xs)s∈S if its restriction F|Xs to each stratum Xs is a finite rank local system; F is con-

structible if it is constructible with respect to some stratification of X.

A complex F ∈ Db(X,K) is constructible with respect to a stratification if its cohomol-

ogy sheaves Hk(F) are constructible with respect to that stratification for each k; F is

constructible if it is constructible with respect to some stratification of X.

Let Shc(X) denote the abelian category of constructible sheaves, Db
c(X) its bounded

derived category, and similarly ShS(X) and Db
S(X) the categories of sheaves constructible

with respect to a fixed stratification (Xs)s∈S. The canonical functor Db
c(X) → Db(X) is

fully faithful, so that Db
c(X) is equivalent to the full subcategory of Db(X) of constructible

objects, and similarly for Db
S(X). Let D+

c (X) and D+
S (X) denote the analogous bounded

below derived categories. We identify the Db
c(pt) = Db

fg(K-Mod) = PerfK with the bounded

derived category of complexes with finite dimensional cohomology throughout.
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Theorem A.1.7.3. There are functors

⊗ : Db
c(X)×Db

c(X)→ Db
c(X) DX : Db

c(X)op → Db
c(X) HomX : Db

c(X)op×Db
c(X)→ Db

c(X) ,

and for f : X → Y natural adjunctions,

f∗ : Db
c(Y ) // Db

c(X) : f∗oo f! : Db
c(X) // Db

c(Y ) : f !oo .

These satisfy the standard six functor formalism compatibilities, as in A.1.3.1 above.

Definition A.1.7.4. The constructible (Borel-Moore) (co)chains on X are

C•(X) = π!π
!Kpt CBM

• (X) = π∗π
!Kpt C•(X) = π∗π

∗Kpt C•c (X) = π!π
∗Kpt ∈ Db

c(pt)

where π : X → pt is the unique map. More generally, for A ∈ Db
c(X) we define C•(X;A) =

π∗A and C•(X;A) = π!A.

Remark A.1.7.5. The above objects are equivalent to those from Definition A.1.3.5, by the

Riemann-Hilbert correspondence A.1.4.5, so there is no ambiguity in the notation.

Remark A.1.7.6. The above objects satisfy the same functoriality as in Remark A.1.3.8,

again by the Riemann-Hilbert correspondence A.1.4.5.

Remark A.1.7.7. The diagonal map ∆ : X → X ×X endows C•(X) ∈ Comm(PerfK) with

the structure of a commutative algebra and C•(X) ∈ CoComm(PerfK) a cocommutative

coalgebra.

Definition A.1.7.8. The (Borel-Moore) (co)homology groups of X are defined as the images

of the objects in Definition A.1.7.4 under H• : D(K-Mod)→ K-ModZ.

Remark A.1.7.9. The functor H• is lax monoidal, so that H•(X) ∈ Comm(K-ModZ) is

again a commutative algebra; similarly, but via universal coefficients, H•(X) ∈ CoComm(K-ModZ)

is a cocommutative algebra.
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A.2 Equivariant Cohomology

A.2.1 Equivariant sheaves

In this subsection, we explain the formalism of equivariant sheaf theory, and how it gives rise

to equivariant cohomology. We review the theory of equivariant D modules in Section 3.1

of the main body of the present work. We give the exposition here in terms of constructible

sheaves, following [BL94] and [GKM97] closely throughout.

Let X be a quasiprojective algebraic variety over K = C, G a connected reductive

algebraic group, and K the compact real form of G; we use the same notation to denote

X(C), G(C) and K(R) in the analytic topology. In particular, the topological space X

together with the action of G or K satisfies the hypotheses of loc. cit..

Let Db
G(X) and D+

G(X) denote the bounded, and bounded below, derived categories of

G equivariant sheaves on X, as defined in 2.2 and 2.8 of [BL94].

Remark A.2.1.1. The category Db
G(X) can be presented as the category Db(X/G) of sheaves

on the quotient stack X/G, viewed as a simplicial space, and in particular we have canonical

functors

forG : Db
G(X)→ Db(X) q∗ : Db(X̄)→ Db

G(X)

defined by forgetting the equivariant structure, and by pullback along the canonical map q

to the quotient topological space X̄, respectively. The latter is an equivalence if the action

of G is free.

Definition A.2.1.2. An equivariant sheaf F ∈ Db
G(X) is constructible with respect to a

stratification if the underlying sheaf in Db(X) is constructible.

We denote the bounded derived category of G equivariant constructible sheaves by

Db
G,c(X), and similarly for D+

G,c(X).

Theorem A.2.1.3. For H a subgroup of G, there are restriction and induction adjunctions:

ResGH : Db
G,c(X) // Db

H,c(X) : IndGH,∗oo IndGH,! : Db
H,c(X) // Db

G,c(X) : ResGHoo

Moreover, there are functors as in A.1.7.3, satisfying the same adjunctions and relations,

defined for G equivariant maps f : X → Y . These functors all commute with ResGH , while

f∗ and f ! commute with IndGh,∗, and f! and f∗ commute with IndGH,!.

Definition A.2.1.4. The equivariant (Borel-Moore) (co)chains on X are

CG• (X) = π!π
!Kpt CG,BM

• (X) = π∗π
!Kpt C•G(X) = π∗π

∗Kpt C•G,BM(X) = π!π
∗Kpt ∈ Db

G,c(pt) ,

where π : X → pt is the unique map. More generally, for A ∈ Db
G,c(X), we define

C•(X;A) = π∗A and C•(X;A) = π!A.
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Remark A.2.1.5. The functoriality properties outlined in Remark A.1.3.8 hold for equivari-

ant maps. In particular, by Remark A.1.7.7, C•G(X) ∈ Comm(Db
G,c(pt)) is a commutative

algebra and CG• (X) ∈ CoComm(Db
G,c(pt)) is a cocommutative coalgebra.

Remark A.2.1.6. There is a functor H• : Db
G,c(pt) → K-ModZ given by forgetting the

equivariant structure and applying the usual cohomology object functor. This evidently

does not depend on the equivariant structure, and for example H•(C•G(X)) = H•(X) is

just the usual cohomology.

There is another functor on Db
G,c(pt) which is the equivariant analogue of the cohomology

object functor: the data of the equivariant structure defines a functor Db
G,c(pt)→ Db(BG)

and composing with the global sections functor π∗ : Db(BG) → Db(pt) gives the de-

sired functor Db
G,c(pt) → K-ModZ. This functor is lax monoidal, so that the image

of Kpt = C•G(pt) under it defines a commutative algebra object, which we denote by

H•G(pt) ∈ Comm(K-ModZ).

The object C•G(pt) is the monoidal unit of Db
G,c(pt), so that every object is canonically

a module object for it, and thus the above functor lifts to define a functor H•G : Db
G,c(pt)→

H•G(pt)-ModZ, which we call the equivariant cohomology object functor.

More generally, the above functor π∗ : Db
G,c(pt) → D+(pt) lifts to a functor G :

Db
G,c(pt)→ D+

fg(H•G(pt)).

Definition A.2.1.7. The equivariant (Borel-Moore) (co)homology groups of a G space X are

the images of the objects in Definition A.2.1.4 under H•G : Db
G,c(pt)→ H•G(pt)-ModZ.

Remark A.2.1.8. The image H•G(C•G(pt)) = H•G(pt) is given by the object defined previ-

ously, so the notation is consistent.

For the remainder of this section, let S = H•G(pt) ∈ Comm(K-ModZ). Let C+(S) denote

the DG category of bounded below DG modules over S, K+(S) the homotopy category

obtained by quotienting by homotopy equivalences, D+(S) the derived category obtained

by localizing at quasiisomorphisms, and similarly C+
fg(S),K+

fg(S) and D+
fg(S) those with

finitely generated cohomology modules. The canonical functor D+
fg(S) → D+(S) is fully

faithful, so that D+
fg(S) is equivalent to the full subcategory of objects with finitely generated

cohomology.

Remark A.2.1.9. There are standard functors on categories of DG modules

⊗S : D+(S)×2 → D+(S) H• : D+(S)→ S-ModZ DS : D+
fg(S)→ D+

fg(S) HomS : D+
fg(S)×D+(S)→ D+(S)

preserving the subcategories D+
fg(S).

Theorem A.2.1.10. There is a canonical triangulated equivalence LG : D+(S)
∼=−→ D+

G(pt),

inverse to a functor D+
G(pt) → D+(S) generalizing G defined in Remark A.2.1.6, and in-

tertwining the equivariant cohomology and tensor product functors. Further, this induces
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an equivalence D+
fg(S) ∼= D+

G,c(pt) of full triangulated subcategories, inverse to G of loc cit.,

and intertwining the duality and internal Hom functors.

The intertwining conditions are stated precisely in Theorem A.2.2.4 below, alongside

those for another model of Db
G,c(pt), which we discuss in the following section.

A.2.2 Goresky-Kottwitz-MacPherson Koszul Duality

Let Λ = H•(G) ∈ CoAss(K-ModZ) denote the homology of G, considered as a graded

cocommutative coalgebra over K. The group structure maps define a compatible unit,

antipode, and associative product on Λ, making it into a cocommutative Hopf algebra over

K; see also Section 3.9. Let Db(Λ),Db
fg(Λ),D+(Λ),D+

fg(Λ) the bounded, bounded below

and/or with finite dimensional cohomology derived categories, as above. Our convention is

such that H•(G) is non-positively graded so that it acts on modules by non-positive degree

endomorphisms of a complex.

Remark A.2.2.1. The cocommutative coalgebra structure on Λ gives a lift of the tensor

product over K to ⊗K : D+(Λ)×2 → D+(Λ) which defines a symmetric monoidal structure

on D+(Λ). Similarly, the antipode on Λ gives a lift of the dual over K to DΛ = HomK(·,K) :

D+
fg(Λ) → D+

fg(Λ) and together these define an internal Hom functor HomΛ : D+
fg(Λ) ×

D+(Λ)→ D+(Λ).

Remark A.2.2.2. The action map G × X → X on a G space X defines a natural Λ

module structure on H•(X), and dually H•(X), so that they naturally lift to objects

H•(X), H•(X) ∈ Λ-ModZ.

More generally, the forgetful functor Db
G,c(pt)→ Db

c(pt) = PerfK lifts to E : Db
G,c(pt)→

D+
fg(Λ), and similarly for D+.

Remark A.2.2.3. The graded associative algebras S = H•G(pt) and Λ = H•(G) are Koszul

dual in the sense of [BGG71, BGS96]. In particular, there is a canonical functor

t : C+(Λ)→ C+(S) (N, dN ) 7→ t(N, dN ) =

(
S⊗K N , dt(N)(s, n) =

∑
i

ξis⊗ xin+ s⊗ dN (n)

)
(A.2.2.1)

where (xi) denotes a basis for the generators of Λ over K and (ξi) the dual basis for the

generators of S. There is a functor h : C+(S)→ C+(Λ) defined similarly, and these induce

inverse equivalences on D+ and Db
fg.

The object t(N) ∈ C+(S) above can also be understood as the total complex of the

double complex:

(A.2.2.2)

In the case N = C•(X;K) for a G space X as in Remark A.2.2.2, this is precisely the double

complex presentation that induces the Serre spectral sequence for the cohomology of the

fibration X ↪→ X/G � BG.
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The results of this section on models for Db
G,c(pt) and their compatibilities are sum-

marized in the following theorem from [GKM97], following [BL94] and the Koszul duality

results from [BGG71, BGS96].

Theorem A.2.2.4. Let G be a connected Lie group, Λ = H•(G;K), and S = H•G(pt;K).

There exist commuting triangulated equivalences

Db
G,c(pt)

E

zz

G

$$
Db

fg(Λ)
t // Db

fg(S)
h

oo

such that we have compatible commutativity of the following diagrams:

Db
fg(Λ)×2 //

⊗K
��

Db
G,c(pt)×2 //

⊗
��

Db
fg(S)×2

⊗S
��

Db
fg(Λ) // Db

G,c(pt) // Db
fg(S)

Db
fg(Λ) //

H•

��

Db
G,c(pt) //

H•

yy

H•G

%%

Db
fg(S)

H•

��
Λ-ModZ S-ModZ

Db
fg(Λ)×2 //

HomΛ

��

Db
G,c(pt)×2

Hom

��

// Db
fg(S)×2

HomS
��

Db
fg(Λ) // Db

G,c(pt) // Db
fg(S)

Db
fg(Λ) //

DΛ

��

Db
G,c(pt) //

D
��

Db
fg(S)

DS
��

Db
fg(Λ) // Db

G,c(pt) // Db
fg(S)

In particular, for a G space X and A ∈ Db
G,c(X) we have

H•(X;A) = H• ◦ E ◦ π∗(A) H•G(X;A) = H• ◦G ◦ π∗(A) , and

H•(X;A) = H• ◦ E ◦ π!(A) HG
• (X;A) = H• ◦G ◦ π!(A) .

Remark A.2.2.5. As we explain in Example 3.1.0.13, in the D module setting the preceding

theorem gives rise to the usual Cartan model for equivariant de Rham cohomology, by

applying the functor from Equation A.2.2.1 to the de Rham complex together with its

canonical equivariant structure.

A.2.3 The equivariant localization theorem

In this section, we recall the equivariant localization theorem, originally proved in [AB95],

in the setting of sheaf cohomology, following Section 6.2 of [GKM97]. In fact, we recall a

variant that uses the homological excision sequence rather than the more commonly stated

version, which relies on excision in cohomology; both variants follow readily from the results

of loc. cit.. For simplicity, we restrict to the case that G = T = (C×)n is an algebraic torus,
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so that we identify the equivariant cohomology of a point

S = H•T (pt) = O(t[2]) = Sym•(t∨[−2]) ,

with the coordinate ring of the vector space underlying the Lie algebra t, shifted down in

cohomological degree by 2.

For each point x ∈ X, let Tx be (the connected component of the identity in) the

stabilizer in T of x, and let tx = Lie(Tx) be its Lie algebra. Further, let ι : Z ↪→ X be

the inclusion of a closed, T -invariant subvariety, j : U = X \ Z ↪→ X the inclusion of the

complementary open, and recall that for each A ∈ Db
T (X) the homological excision exact

triangle

ι∗ι
!A→ A→ j∗j

!A induces CT• (Z;A)→ CT• (X;A)→ CT• (X,Z;A) ,

in the category Db
fg(S), by applying E ◦ π!. We now state the main result of this section

Theorem A.2.3.1. [GKM97]Let Z ↪→ X be a closed, G-invariant subvariety of X containing

the T -fixed points XT ⊂ Z. Then HT
• (X,Z;A) is a torsion module over S, with support

supp(HT
• (X,Z;A)) ⊂

⋃
x∈X\Z

tx

contained in the union of the (finitely many distinct) stabilizer subalgebras tx of points

x ∈ X \ Z.

In particular, if {fi ∈ S} generate an ideal whose corresponding subvariety of Spec S
contains ∪x∈X\Ztx, then the natural map

HT
• (Z;A)

∼=−→ HT
• (X;A) is an isomorphism over H•T (pt)[f−1

i ].

A.2.4 Localization in the DG category setting

In the main body of the paper, we will use the above results about equivariant localization

in settings where the relevant categories of equivariant sheaves are those of equivariant D

modules, which we briefly review in Section 3.1. Moreover, it will be necessary to treat these

objects in the formalism of cocomplete DG categories, in order for the results to cohere with

the general formalism of the main text. In this section, we outline an account of the requisite

theory of equivariant D modules, following the construction of the renormalized categories

of sheaves on stacks in Appendix C.4 of [DA20], which deviates slightly from the standard

theory of D modules on stacks given for example in [DG13].

To begin, we explain the definition of the category of renormalized D modules on the

classifying stack Y = BT , where again we again restrict for simplicity to the case G = T =
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(C×)n is an algebraic torus. The main subtlety which requires a deviation from the usual

definition of the categories of D modules on stacks is already apparent in this example,

and will be necessary to overcome in order to obtain the analogue of the Koszul duality

equivalence of Theorem A.2.2.4 in the DG category setting:

Example A.2.4.1. The usual category D(BT ) of D modules on the classifying stack BT is

compactly generated by the object σ∗K ∈ D(BT ) where σ : pt→ BT is the quotient map;

see Subsection 7.2 of [DG13]. In particular, there is an equivalence

HomD(BT )(σ∗K, ·) : D(BT )
∼=−→ C•(T )-Mod noting that EndD(BT )(σ∗K) ∼= C•(T ) ,

the algebra of endomorphisms of σ∗K ∈ D(BT ) is given by the the algebra of chains on T

under the Pontryagin product.

The algebra of chains on T is formal, and thus there is a further equivalence with the

DG category of modules over the homology algebra Λ = H•(T ) = Sym•(t[1]), and in turn

with the category of quasicoherent sheaves on the affine derived scheme pt×t∨ pt:

D(BT )
∼=−→ Λ-Mod = QCoh(pt×t∨ pt) where pt×t∨ pt = Spec Sym•(t[1]) ,

under which the object σ∗K ∈ D(BT ) corresponds to the structure sheaf Opt×tpt ∈ QCoh(pt×t

pt).

There is another natural object given by the constant sheaf KBT ∈ D(BT ), which

corresponds to the augmentation module for Sym•(t[1]), or equivalently to the object ∆∗K ∈
QCoh(pt×t pt) for ∆ : pt→ pt×t∨ pt. The endomorphisms of KBT define the Koszul dual

algebra

C•(BT ) = EndD(BT )(KBT ) ∼= EndQCoh(pt×tpt)(∆∗K) = Sym•(t∨[−2]) = S ,

and the putative Koszul duality functor should be defined by taking the space of homomor-

phisms

HomD(BT )(KBT , ·) : D(BT )→ C•(BT )-Mod .

However, this functor is not continuous as a functor on the category D(BT ), or equivalently

the object KBT ∈ D(BT ) is not compact.

In order to remedy the conclusion of the preceding example, there is a natural enlarge-

ment of the category D(BT ), given by the category D(BT )ren of renormalized D modules

on BT , in which the analogous object KBT ∈ D(BT )ren is compact. In the example at hand

of the classifying stack, we can understand this construction in terms of the language of

singular support of coherent sheaves on pt ×t∨ pt: the enlargement D(BT )ren corresponds

to the category IndCoh(pt×t∨ pt) of indcoherent sheaves on pt×t∨ pt, as we now explain.
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Example A.2.4.2. Following Section 5 of [AG14], the Koszul duality functor defines an

equivalence of symmetric monoidal categories

HomIndCoh(pt×t∨pt)(∆∗K, ·) : IndCoh(pt×t∨ pt)
∼=−→ Sym•(t∨[−2])-Mod .

The latter category can be interpreted as the category of quasicoherent sheaves

Sym•(t∨[−2])-Mod = QCoh(At)

on the coaffine stack At = t[2], that is, the geometric object represented by the (non-

connective) DG commutative algebra Sym•(t∨[−2]), which is a cohomologically shifted ver-

sion of the usual affine space underlying t.

Following Subsection 3.6 and in turn Appendix A.2 of loc. cit., there is an equivalence

of plain DG categories (but not their graded lifts) given by the grading shift functor

Sym•(t∨[−2])-ModGm,w ∼=−→ Sym•(t∨)-ModGm,w = QCoh(t/Gm)

where QCoh(t/Gm) is the category of Gm-equivariant coherent sheaves on the underlying

vector space of t viewed as an affine scheme. In particular, we have that

D(BT )ren = IndCoh(pt×t∨ pt)
∼=−→ Sym•(t∨[−2])-Mod = QCoh(At) ∈ ShvCat(t/Gm) ,

and moreover by Proposition 3.6.3 of [AG14], the notion of singular support of coherent

sheaves on pt×t pt is equivalent to the support as a quasicoherent sheaf of categories over

t/Gm: for any conical Zariski closed subset V ⊂ t, we have

IndCohV (pt×t∨ pt) = IndCoh(pt×t∨ pt)⊗QCoh(t/Gm) QCoh(t/Gm)V/Gm ,

and in particular

D(BT ) = QCoh(pt×t∨pt) = IndCoh{0}(pt×t∨pt) = D(BT )ren⊗QCoh(t∨/Gm)QCoh(t∨/Gm){0}/Gm .

In summary, from the preceding two examples we have the following diagram of DG

categories

D(BT )
∼= //

ren

��

QCoh(pt×t∨ pt)
∼= //

Ξ
��

QCoh(At){0}

ι∗
��

D(BT )ren
∼= //

unren

OO

IndCoh(pt×t∨ pt)
∼= //

Ψ

OO

QCoh(At)

ι!

OO

which commutes when considered with either only downward or upward vertical morphisms.

In particular, the analogue of the Koszul duality equivalence of Theorem A.2.2.4 is given

by

t : Λ-Modren := D(BT )ren ∼=−→ QCoh(At) = S-Mod . (A.2.4.1)
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Following [DA20] we now give the general definition of the renormalized category of D

modules:

Definition A.2.4.3. Let Y be an algebraic stack. A D module M ∈ D(Y) is called coherent

if for any smooth map g : S → Y from an affine DG scheme S, the object g!M ∈ Dc(S) is

a coherent D module in the usual sense.

The category of renormalized D modules on Y is defined as the ind completion

D(Y)ren := Ind Dc(Y)

of Dc(Y) ⊂ D(Y) denotes the full subcategory of D(Y) on coherent D modules.

Remark A.2.4.4. In [DG13] it is shown that for any algebraic stack Y, there is an inclusion

of (non-cocomplete) subcategories

D(Y)c ⊂ Dc(Y)

of the compact objects of D(Y) into the full subcategory on coherent D modules. In par-

ticular, the adjoint functors

unren : D(Y)ren // D(Y) : renoo

are defined in general, by ind-extension of the inclusions Dc(Y) ⊂ D(Y) and D(Y)c ⊂ Dc(Y).

Example A.2.4.5. In the case Y = BG for G a non-unipotent group, the object KBG ∈
D(BG) is coherent, and thus the above construction produces a category D(BG)ren in

which the constant sheaf is compact and so that the Koszul duality functor is continuous.

This agrees with the construction explained in the preceding examples.

Example A.2.4.6. For Y = Z a (locally almost finite type) quasi-compact DG scheme, the

subcategories of compact and coherent objects agree, so that the category of renormalized

D modules is just the usual D module category, that is D(Z)ren = D(Z).

Following Subappendix C.4.4 of [DA20], we also have the following concrete description

of the renormalization procedure for global quotient stacks Y = Y/G of quasi-compact DG

schemes:

Proposition A.2.4.7. For Y = Y/G, the renormalization adjunction for D(Y) is given by

D(Y)

renY

��

D(Y)ren ⊗D(BG)ren D(BG)

1⊗renBG

��
D(Y)ren

unren

OO

D(Y)ren ⊗D(BG)ren D(BG)ren

1⊗unrenBG

OO
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Example A.2.4.8. In the setting of the preceding proposition, suppose that G acts trivially

on Y . Then Y = Y/G = Y × BG, so that the usual category of D modules is given by the

product formula

D(Y/G) = D(Y )⊗D(BG) and moreover D(Y/G)ren = D(Y )⊗D(BG)ren ,

the category of renormalized D modules is given by simply renormalizing the D(BG) factor.

This is consistent with the preceding proposition, in that

D(Y)ren⊗D(BG)renD(BG) = D(Y )⊗D(BG)ren⊗D(BG)renD(BG) = D(Y )⊗D(BG) = D(Y) .



274 APPENDIX A. APPENDICES

A.3 Operads

A.3.1 Operads and algebras

Let C be a symmetric monoidal category with monoidal structure ⊗ : C × C → C, tensor

unit uC ∈ C.

Definition A.3.1.1. A (symmetric, coloured) operad O in C is:

� A collection col O, elements of which are called colours or objects of O

� For each finite set I and indexed collection of objects {ci}i∈I and d of O, an object

O({ci}i∈I , d) ∈ C called the multilinear operations in O.

� For each map of finite sets π : I → J , and indexed collections of objects {ci}i∈I ,
{dj}j∈J and e, a morphism⊗

j∈J
O({ci}i∈Ij , dj)⊗ O({dj}j∈J , e)→ O({cI}i∈I , e)

of objects of C called the composition law in O.

� For each object c ∈ C, a morphism 1c ∈ O(c, c) called the identity map on c, which is

both a left and right unit for the composition law.

� For each sequence of maps I
π−→ J

ϕ−→ K, and indexed colections of objects {ci}i∈I ,
{dj}j∈J , {ek}k∈K and f , the commutativity of the diagram

⊗
j∈J O({ci}i∈Ij , dj)⊗

⊗
k∈K O({dj}j∈Jk , ek)⊗ O({ek}k∈K , f) //

��

⊗
k∈K O({ci}i∈Ik , ek)⊗ O({ek}k∈K , f)

��⊗
j∈J O({ci}i∈Ij , dj)⊗ O({dj}, f) // O({ci}i∈I , f)

.

A map ϕ : O→ O′ of operads in C is:

� A map col O→ col O′

� For each map of finite sets π : I → J , and indexed collections of objects {ci}i∈I and

d of O, a morphism

O({ci}i∈Ij , d)→ O′({ϕ(ci)}i∈Ij , ϕ(d))

such that 1c maps to 1ϕ(c) for each c ∈ col O.

� For each map of finite sets π : I → J , and indexed collections of objects {ci}i∈I ,
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{dj}j∈J and e, the commutativity of the diagram

⊗
j∈J O({ci}i∈Ij , dj)⊗ O({dj}j∈J , e) //

��

O({ci}i∈I , e)

��⊗
j∈J O

′({ϕ(ci)}i∈Ij , ϕ(dj))⊗ O({ϕ(dj)}j∈J , ϕ(e)) // O′({ϕ(ci)}i∈I , ϕ(e))

.

The collection of operads in C thus defines a category, denoted Op(C). We write simply

Op in the case that C = Set, and OpK in the case that C = K-Mod.

Let AlgO(O′) denote the space HomOp(C)(O,O
′) of map of operads O→ O′.

Remark A.3.1.2. For an operad O with a single object col O = {c}, we use the notation

O(I) = O({c}i∈I , c) and O(n) = O(I) for I = {1, ..., n}. Note that O(I) has the structure of

an AutfSet(I) module, and similarly O(n) an Sn module in C.

Example A.3.1.3. Let D be a symmetric monoidal category enriched over C. Then D defines

an operad OD ∈ Op(C) in C, with objects given by objects of D and multilinear operations

defined by

OD({ci}i∈I , d) = HomD(⊗i∈Ici, d) .

In this case, we abreviate AlgO(OD) = AlgO(D).

In particular, if C is a closed monoidal category, then for any operad O in C, we have

a canonical category AlgO(C) := AlgO(OC) of algebras over O internal to C. This definition

generalizes to arbitrary symmetric monoidal C by hom-tensor adjunction, though OC no

longer defines an operad in C.

Example A.3.1.4. Suppose C has initial object ØC. The trivial operad trivC in C is defined as

having a single object, with multilinear operations given by trivC(Ø) = uC, trivC({pt}) = uC

and triv(I) = ØC for |I| 6= 0, 1. The category of triv algebras AlgtrivC
(C) = C is equivalent

to the underlying category C.

Example A.3.1.5. The commutative operad CommK in VectK is defined as having a single

object, with multilinear operations given by CommK(I) = K for all I ∈ fSet. For C a K linear

symmetric monoidal category, the category of CommK algebras CommK(C) := AlgCommK(C)

in C is the usual category of (unital) commutative algebra objects in C.

Example A.3.1.6. The associative operad AssK in VectK is defined as having a single object,

with multilinear operations given by AssK(I) = K[SI ] the regular representation of the

symmetric group SI = AutfSet(I) on I for each I ∈ fSet. For C a K linear symmetric

monoidal category, the category of AssK algebras AssK(C) := AlgAssK(C) in C is the usual

category of (unital) associative algebra objects in C.

Example A.3.1.7. Let M = (Mn)n∈N with Mn ∈ K[Sn]-Mod be a sequence of symmetric

group modules in VectK. The free operad F(M) ∈ Op(VectK) on M is characterized by the
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property that

AlgF(M)(O) = ⊕n∈NHomK[Sn](Mn,O(n))

for each O ∈ Op(VectK).

More generally, we say an operad O is generated over M if there exist R = (Rn)n∈N with

Rn ∈ K[Sn]-Mod together with maps Rn ↪→ F(M)(n) defining an operadic ideal of F(M),

such that O = F(M)/R.

Example A.3.1.8. The associative operad AssK is the free operad on AssK(2) = Km⊕Kmop ∈
K[S2]-Mod given by the regular representation, subject to the single relation

KAss(m) ↪→ F(3) defined by 1 7→ Ass(m) = m ◦ (m⊗ 1)−m ◦ (1⊗m) ∈ F(3) .

The commutative operad CommK is generated by the trivial representation Comm(2) =

Km ∈ K[S2]-Mod and subject to the same single relation.

Example A.3.1.9. The Lie operad LieK ∈ Op(VectK) is the operad generated by Lie(2) =

Kb ∈ K[S2]-Mod given by the sign representation, subject to the relation

KJac(π) ↪→ F(3) defined by 1 7→ Jac(π) = π ◦ (1⊗π)−π ◦ (π⊗1)−π ◦ (1⊗π)◦σ12 .

Example A.3.1.10. Let D be a category enriched over C. Then D defines an operad in C,

with objects given by those of D and multilinear operations defined by

OD({ci}i∈I , d) =

HomD(c, d) if |I| = 1

Ø otherwise
.

In fact, there is an equivalence of categories between the category Cat(C) of categories

enriched in C, and the category Op(C)/trivC
of operads in C over trivC, as long as the initial

object of C is strict.

Example A.3.1.11. Let D be a symmetric monoidal category enriched over C and D′ ↪→ D

be a subcategory. Then D′ is not necessarily closed under the symmetric monoidal structure

on D, and thus does not necessarily define a symmetric monoidal subcategory. However,

D′ still defines a suboperad OD′ ↪→ OD given by

OD′({ci}i∈I , d) = HomD(⊗i∈Ici, d) .

In this sense, operads are a natural generalization of symmetric monoidal categories, and

are sometimes called multicategories or pseudo-tensor categories, as in A.3.6.5. Again, we

abreviate AlgO(OD′) = AlgO(D′).

Example A.3.1.12. Let C be a symmetric monoidal category. Then Cop is canonically sym-

metric monoidal, and we define CoAlgO(C) = AlgO(Cop)op. In particular, we define coas-
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sociative coalgebras and cocommutative coalgebras in C by CoAss(C) = CoAlgAss(C) and

CoComm(C) = CoAlgComm(C).

Remark A.3.1.13. Let ϕ : O → O′ a map of operads in C. There is a functor ϕ∗ :

AlgO′(O
′′)→ AlgO(O′′).

Proposition A.3.1.14. Let F : C → C′ be a lax symmetric monoidal functor. Then F

naturally defines a functor F : Op(C) → Op(C′) and in particular defines FO : AlgO(O′) →
AlgF (O)(F (O′)) for each O,O′ ∈ Op(C). Further in particular, we obtain functors AlgO(C)→
AlgF (O)(F (C))→ AlgF (O)(C

′).

Example A.3.1.15. The functor C•(·;K) : Top → VectK is symmetric monoidal, and thus

defines a functor C•(·;K) : Op(Top)→ Op(VectK), as well as AlgO(Top)→ AlgF (O)(VectK).

Example A.3.1.16. The functor H• : VectK → K-ModZ of taking the cohomology object is

lax symmetric monoidal, and thus defines a functor H• : Op(VectK)→ Op(K-ModZ). The

precomposition of this functor with C•(·;K) : Op(Top)→ Op(VectK) from A.3.1.15 defines

H•(·;K) : Op(Top)→ Op(K-ModZ) the homology operad functor.

A.3.2 The Hadamard tensor product and Hopf operads

Let C be a symmetric monoidal category. Define the Hadamard tensor product

⊗H : Op(C)×Op(C)→ Op(C) by (O⊗H O′)({ci}, d) = O({ci}, d)⊗ O′({ci}, d)

for each finite set I and indexed collections {ci}i∈I and d of objects of O. The composition

morphisms are defined as the tensor products of those for O and O′.

Proposition A.3.2.1. The category Op(C) is symmetric monoidal with respect to ⊗H , and

tensor unit given by CommC.

Proposition A.3.2.2. Let O,O′ ∈ Op(C). The symmetric monoidal structure on C lifts to a

bifunctor

AlgO(C)×AlgO′(C)→ AlgO⊗HO′(C) .

Definition A.3.2.3. A Hopf operad in C is a coassociative coalgebra object in the category

Op(C). Concretely, a Hopf operad is an operad O together with morphisms ∆ : O→ O⊗
H2

and ε : O→ CommC satisfying the usual relations of a coalgebra.

A Hopf operad is called cocommutative if it is cocommutative as a coalgebra object.

We denote the category of Hopf operads in C by HOp(C) = CoAss(Op(C)) and the full

subcategory of cocommutative Hopf operads by HOpco(C) = CoComm(Op(C)).

Proposition A.3.2.4. Let O be a Hopf operad with structure maps ∆ : O → O⊗
H2 and

ε : O→ CommC as above. Then the bifunctor

⊗ : AlgO(C)×AlgO(C)→ AlgO(C) defined by (A,B) 7→ ∆∗(A⊗B)
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defines a monoidal structure on the category AlgO(C) of O algebras in C. If O is cocommu-

tative, then this defines a symmetric monoidal structure.

Proposition A.3.2.5. Let O be a cocommutative Hopf operad in C. Then there is a natural

symmetric monoidal equivalence

AlgO(Op(C)) ∼= Op(AlgO(C)) ,

preserving the forgetful functor to Op(C), where AlgO(Op(C)) is defined using the Hadamard

monoidal structure on Op(C) and equipped with the monoidal structure coming from the

Hopf structure on O, while Op(AlgO(C)) is defined using the latter, and is equipped with

the former.

Corollary A.3.2.6. There is an equivalence HOp(C) ∼= Op(CoAss(C)) inducing HOpco(C) ∼=
Op(CoComm(C)).

Example A.3.2.7. There is a natural symmetric monoidal lift C•(·;K) : Top→ CoComm(VectK)

of the functor of Example A.3.1.15, by Remark A.1.7.7. Thus, there is a natural lift

C•(·;K) : Op(Top)→ HOpco(VectK).

Example A.3.2.8. Let C be a cartesian monoidal category. Then every object of C is canon-

ically a cocommutative colagebra, determining a canonical equivalence C ∼= CoComm(C),

with structure map given by the diagonal. This induces a canonical equivalence Op(C) ∼=
HOpco(C).

A.3.3 The Boardman-Vogt tensor product

There is an alternate symmetric monoidal structure called the Boardman-Vogt tensor prod-

uct [BV73], which is defined on cocommutative Hopf operads HOpco(C) by the following:

Proposition A.3.3.1. There is a unique symmetric monoidal structure ? : HOpco(C)×2 →
HOpco(C) equipped with natural isomorphisms

AlgO?P(C) ∼= AlgO(AlgP(C)) .

The preceding proposition can be interpreted as the statement that the Boardman-Vogt ten-

sor product makes cocommutative Hopf operads into a closed cartesian symmetric monoidal

category, with internal Hom objects Hom(O,P) = AlgO(P).

A.3.4 The little d-cubes operad Ed

Let �d = (−1, 1)d denote the open cube of dimension d, coordinatized as a submanifold of

Rd.



A.3. OPERADS 279

Definition A.3.4.1. A map f : �d → �d is called a rectilinear embedding if it is defined by

f(x1, ..., xd) = (a1x1 + b1, ..., adxd + bd)

for some a1, ..., ad, b1, ..., bd ∈ R with ai > 0. More generally, an embedding f : I×�d → �d

for some finite set I is called rectilinear if it its restriction to {i} ×�d is rectilinar for each

i ∈ I.

Let RectId ∈ Top denote the space of rectilinear embeddings, topologized as an open

subset of (R2d)I , or equivalently as a subspace of Emb(I ×�d,�d) with the compact-open

topology.

Definition A.3.4.2. The little d-cubes operad Ed ∈ Op(Top) is the single coloured operad

in Top defined by

Ed(I) = RectId with ×j∈J Rect
Ij
d × RectJd → RectId

given by the obvious composition of rectilinear embeddings.

Remark A.3.4.3. The little d-cubes operad defines an operad C•(Ed;K) ∈ Op(VectK) in

VectK, as in Examples A.3.1.15 and A.3.2.7.

Definition A.3.4.4. Let I be a finite set and X ∈ Top a topological space. The configuration

space ConfI(X) of configurations of I points in X is the space

ConfI(X) = Emb(I,X) = (X)I \ {(xi)|xi = xj for i 6= j} ∈ Top

topologized as an open subset of (Rd)I , or equivalently with the compact-open topology.

Note there is a canonical map ev : RectId → ConfI(�d), given by evaluation at the origin

{0} ∈ �d for each i ∈ I.

Proposition A.3.4.5. The evaluation map ev : RectId
∼−→ ConfI(�d) defines a homotopy

equivalence.

Remark A.3.4.6. Fix a homeomorphism�d
∼=−→ Rd. This induces homemorphisms ConfI(�d)

∼=−→
ConfI(Rd) for each I, and thus the configuration spaces of points ConfI(Rd) in Rd define a

homotopy equivalent model of Ed, by an enhancement of A.3.4.5 above.

The space of choices of homeomorphism �d
∼=−→ Rd is a torsor for the topological group

Top(d) = AutTop(Rd), and the structure of an algebra in Top over Ed does not determine

equivariance data for the structure maps with respect to this action of Top(d). Such addi-

tional data is equivalent to a lift to an algebra over the unoriented d-cubes operad ETop(d)
d ,

defined in 3.8.0.1.

Example A.3.4.7. The E0 operad. The tensor unit for unital cocommutative Hopf operads

under Boardman Vogt tensor product.
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Proposition A.3.4.8. There is a homotopy equivalence of operads C•(E1;K) ∼= AssK ∈
Op(VectK).

The following was initally proved in [Dun88], and in the context of quasioperads in

Theorem 5.1.2.2 in [Lur12]:

Theorem A.3.4.9. The Boardman-Vogt tensor product of the En and Em operads is canon-

ically equivalent to the En+m operad:

En ? Em ∼= En+m .

Remark A.3.4.10. Concretely, for n = 2 for example, the preceding Theorem identifies

E2 algebras with associative algebra objects in the category of associative algebras, or

equivalently vector spaces equipped with two compatible associative algebra structures.

Remark A.3.4.11. In the non-derived setting, the Eckmann-Hilton arguement implies that

En algebras for n ≥ 2 are necessarily commutative, and moreover that the various compat-

ible associative algebra structures are all canonically equivalent. However, this arguement

fails to extend homotopy coherently, and is for example obstructed by the induced Pn alge-

bra structure on homology.

Remark A.3.4.12. There are canonical maps of operads En → En+1 and induced forgetful

functors AlgEn+1
(Vect) → AlgEn(Vect), which correspond to forgetting one of the various

compatible associative algebra structures.

Definition A.3.4.13. The E∞ operad is the colimit E∞ = colimnEn of the En operads.

Proposition A.3.4.14. There is a canonical homotopy equivalence E∞
∼=−→ Comm.

Remark A.3.4.15. Concretely, an algebra over the E∞ operad is equivalent to a coherent

system of En algebras for each n ∈ N. A commutative algebra evidently induces such a

system, which defines the above map, and the statement is that up to homotopy all E∞
algebras are of this form.

A.3.5 The (d− 1)-shifted Poisson operad Pd

Definition A.3.5.1. The (d− 1) shifted Poisson operad is the operad Pd ∈ Op(VectK) gen-

erated by

Pd(2) = Km ⊕Kπ[d− 1] ∈ K[S2]-Mod

where Km is the trivial representation and Kπ is the sign, subject to the relations

KJac(π)[2d− 2] ↪→ F(3) defined by 1 7→ Jac(π) = π ◦ (1⊗ π)− π ◦ (π ⊗ 1)− π ◦ (1⊗ π) ◦ σ12 ,

KAss(m) ↪→ F(3) defined by 1 7→ Ass(m) = m ◦ (m⊗ 1)−m ◦ (1⊗m)

KDist(m,π)[d− 1] ↪→ F(3) defined by 1 7→ Dist(m,π) = π ◦ (1⊗m)−m ◦ (π ⊗ 1)−m ◦ (1⊗ π) .
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where F = F(Km ⊕Kπ[d− 1]) ∈ Op(VectK) is the free operad on these generators.

Example A.3.5.2. The category AlgPd(VectK) is evidently given by the usual category of

(d− 1)-shifted Poisson algebras, that is, commutative algebras A ∈ Comm(VectK) together

with a Lie bracket π : A⊗2 → A[1− d] such that π is a derivation of the product m.

Example A.3.5.3. Consider the operadH•(En) ∈ Op(VectK), as defined in Example A.3.1.16.

We have

H•(En)(I) = H•(ConfI(Rd);K)

for each I ∈ fSet. For each i, j ∈ I, define the map

Fij : ConfI(Rd)→ Sd−1 (xi)i∈I 7→ (xi − xj)/|xi − xj |

and let ωij = F ∗ijΩ ∈ Hd−1(ConfI(Rd);K) where Ω ∈ Hd−1(Sd−1;K) is a fixed choice of

generator. Note that the natural AutfSet(I) action on Hd−1(ConfI(Rd);K) satisfies π ·ωij =

ωπ(i)π(j).

The following theorem was proved by Arnold in the case d = 2 and by F. Cohen for d ≥ 2:

Theorem A.3.5.4. The cohomology ring H•(ConfI(Rd);K) is generated by the classes ωij ∈
Hd−1(ConfI(Rd);K) for each i, j ∈ I, subject to the relations:

� ωij = (−1)dωji ,

� ωijωjk + ωjkωki + ωkiωij = 0 , and

� ω2
ij = 0, for n odd.

Remark A.3.5.5. In fact, it was proved in loc. cit. that H•(ConfI(Rd);Z) is torsion free,

and that the above result remains true over Z.

Note that the map F12 : Conf2(Rd) ∼−→ Sd−1 is a homotopy equivalence, inducing an

identification

H•(Ed;K)(2) ∼= H•(S
d−1;K) = K⊕K∨ω12

[d− 1]

Thus, the above result implies that for d ≥ 2, the operad H•(Ed;K) is generated by its

arity two operations, and these have the same symmetric group action and relations as the

generators P2(2) above, and we obtain:

Corollary A.3.5.6. The (d − 1)-shifted Poisson operad Pd ∼= H•(Ed;K) ∈ Op(VectK) is

equivalent to the homology of the litte d-disks operad Ed.

A.3.6 The Beilinson-Drinfeld operad BDd and quantization of Pd algebras

Throughout, let K[~] = Sym•(K~〈1〉) denote a graded polynomial ring over K with ~ of

weight +1. The grading is interpreted as defining a Gm action on A1
~ = Spec K[~]. Let
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Db
fg(K[~]) denote the bounded derived category of graded modules over K[~] with finitely

generated cohomology.

Remark A.3.6.1. The grading ensures an equivalence of the localization Db
fg(K[~±1]) ∼= PerfK

with the bounded derived category of complexes over K with finite dimensional cohomol-

ogy. Thus, specialization over A1/Gm to the central and generic fibres defines symmetric

monoidal functors

(·)|{0} : Db
fg(K[~])→ PerfK and (·)|{1} : Db

fg(K[~])→ Db
fg(K[~±1]) ∼= PerfK .

(A.3.6.1)

Definition A.3.6.2. The dimension 0 Beilinson-Drinfeld operad is the operad BD~
0 ∈ Op(Db

fg(K[~]))

generated by

BD0(2) =
[
K[~]m

~−→ K[~]π[−1]〈1〉
]
∈ Db

fg(K[~][S2])

where K[~]m is the trivial representation and K[~]π is the sign, subject to the relations of

the P0 operad A.3.5.1 extended linearly to K[~].

Example A.3.6.3. Concretely, an object A ∈ AlgBD0
(Db

fg(K[~])) is given by

� a complex (A, d) ∈ Db
fg(K[~]) of graded K[h] modules,

� a commutative multiplication · : A⊗2 → A, and

� a Lie bracket {, } : A⊗2 → A[−1] of degree −1 ,

such that {, } is a biderivation, as for a usual Poisson algebra, and moreover for each a, b ∈ A,

d(a · b) = d(a) · b+ (−1)|a|a · d(b) + ~{a, b} .

Note that the specialization at ~ = 0 of such an algebra is just a usual P0 algebra in

PerfK, while for ~ 6= 0 the complex of generators is acyclic so that operations on (A, d) are

compatibly trivializeable up to homotopy so that the resulting object defines an E0 algebra.

Thus, the BD0 operad controls quantizations P0 algebras to E0 algebras, in the following

sense:

Proposition A.3.6.4. There are canonical equivalences of operads

BD0|{0} ∼= P0 ∈ Op(PerfK) and BD0|{1} ∼= E0 ∈ Op(Db
fg(K[~±1])) ∼= Op(PerfK) .

In particular, specialization over A1/Gm as in Equation A.3.6.1 defines symmetric monoidal

functors

(·)|{0} : AlgBD0
(Db

fg(K[~]))→ AlgP0
(PerfK) and (·)|{1} : AlgBD0

(Db
fg(K[~]))→ AlgE0

(PerfK) .
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Definition A.3.6.5. The dimension 1 Beilinson-Drinfeld operad is the operad BD1 ∈ Op(Db
fg(K[~]))

generated by

BD1(2) = (K[~]m ⊕K[~]mop)⊕K[~]π〈1〉 ∈ Db
fg(K[~][S2])

where K[~]m ⊕ K[~]mop is the regular representation and K[~]π is the sign, subject to the

relations of the P1 operad A.3.5.1 extended linearly to K[~], together with the relation

K[~]BD(m,π) ↪→ BD0(2) ⊂ F(BD1(2)) defined by 1 7→ BD(m,π) = m−mop − ~π .

Example A.3.6.6. Concretely, an object A ∈ AlgBD0
(Db

fg(K[~])) is given by an associative

algebra A, together with a Lie bracket {, } : A⊗2 → A which is a biderivation of the

associative product, and satisfies

ab− (−1)|a||b|ba = ~{a, b} .

Note that at ~ = 0 the product is commutative and thus A defines a usual Poisson algebra,

while for ~ 6= 0 the operation {, } is determined by the associative product, so that A is just

a usual associative algebra.

Thus, the BD1 operad classifies quantizations of P1 algebras to E1 algebras, in the following

sense:

Proposition A.3.6.7. There are canonical equivalences of operads

BD1|{0} ∼= P1 ∈ Op(VectK) and BD1|{1} ∼= E1 ∈ Op(Db
fg(K[~±1])) ∼= Op(PerfK) .

In particular, specialization over A1/Gm as in Equation A.3.6.1 defines symmetric monoidal

functors

(·)|{0} : AlgBD1
(Db

fg(K[~]))→ AlgP1
(PerfK) and (·)|{1} : AlgBD1

(Db
fg(K[~]))→ AlgE1

(PerfK) .

More generally, for n ≥ 2, we make the following definition:

Definition A.3.6.8. The dimension n Beilinson-Drinfeld operad is the operad BDn ∈ Op(Db
fg(K[~]))

defined as the image under the Rees construction of the operad En ∈ Op(PerfK) together

with the Postnikov filtration.

Remark A.3.6.9. This definition does not agree with the definitions given above when ap-

plied to the cases n = 0, 1; the definitions stated above are the correct ones.

Generalizing Propositions A.3.6.4 and A.3.6.7 above, we have:

Proposition A.3.6.10. There are canonical equivalences of operads

BDn|{0} ∼= Pn ∈ Op(VectK) and BDn|{1} ∼= En ∈ Op(Db
fg(K[~±1])) ∼= Op(PerfK) .
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In particular, specialization over A1/Gm as in Equation A.3.6.1 defines symmetric monoidal

functors

(·)|{0} : AlgBDn(Db
fg(K[~]))→ AlgPn(PerfK) and (·)|{1} : AlgBDn(Db

fg(K[~]))→ AlgEn(PerfK) .
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A.4 Functional Analysis

A.4.1 Topological Vector Spaces

Definition A.4.1.1. A topological vector space over K is a vector space V ∈ K-Mod with a

complete, separated, linear topology.

Let K-ModTop denote the category of topological vector spaces with continuous linear

maps.

Example A.4.1.2. Any vector space V equipped with the discrete topology defines a topo-

logical vector space V , with the propery that any linear map V →W is continuous.

All finite dimensional vector spaces will be considered with the discrete topology by

default.

Proposition A.4.1.3. A discrete vector space V is canonically equivalent to the (filtered)

colimit V = colimkVk of its finite dimensional subspaces Vk ∈ K-Modfg in the category

K-ModTop.

Remark A.4.1.4. The preceding proposition defines a fully faithful embedding

K-Mod = Ind(K-Modfg) ↪→ K-ModTop .

Example A.4.1.5. The discrete vector space t−1K[t−1], or more generally K((t))/tnK[[t]], is

presented as the colimit

K((t))/tnK[[t]] = colimkt
−kK[[t]]/tnK[[t]] .

Example A.4.1.6. Let V = limi Vi with Vi ∈ K-Modfg be a pro-finite dimensional vector

space. Then V has a canonical profinite topology defined by the basis of neighbourhoods

of 0 ∈ V given by the subspaces ker(πi), where πi : V → Vi is the canonical projection.

All pro-finite dimensional vector spaces will be considered with the pro-finite topology

by default.

Proposition A.4.1.7. A pro-finite dimensional vector space V is canonically equivalent to

the limit V = limi Vi of its finite dimensional quotients Vi ∈ K-Modfg in the category

K-ModTop.

Remark A.4.1.8. The preceding proposition defines a fully faithful embedding Pro(K-Modfg) ↪→ K-ModTop.

Example A.4.1.9. The vector space K[[t]] of formal power series is pro-finite, as it is given

by the limit

K[[t]] = lim
n

K[[t]]/tnK[[t]] .
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Definition A.4.1.10. A Tate vector space is a topological vector space V that admits a direct

sum decomposition V = U⊕W for U a discrete vector space and V a pro-finite dimensional

vector space, as topological vector spaces.

Example A.4.1.11. The prototypical example of a Tate vector space is the field of Laurent

series K((t)), presented for example as K((t)) = t−1K[t−1]⊕K[[t]].

A.4.2 Tensor structures on topological vector spaces

In this appendix, we summarize the main results of the paper [Bei07] of Beilinson, building

on Chapter 3.6 of [BD04]. All of the objects will be of cohomological degree zero and all the

functors non-derived, in contrast with our general conventions. However, we remark that

[Ras20b] establishes some analogous results in the derived setting, which we will also need.

Let {Vi}i∈I denote a finite collection of topological vector spaces Vi ∈ K-ModTop, and

consider the algebraic tensor product ⊗iVi ∈ K-Mod.

Definition A.4.2.1. The ⊗∗ symmetric monoidal structure ⊗∗ : K-Mod×ITop → K-ModTop

is defined by setting ⊗∗iVi ∈ K-ModTop to be the completion of ⊗iVi with respect to the

topology defined as follows: a subspace Q ⊂ ⊗iVi is open if for every J ⊂ I and v ∈ ⊗i∈I\JVi
there exist open subspaces Pj ⊂ Vj for each j ∈ J such that

⊗jPj ⊗ v ⊂ Q .

Remark A.4.2.2. The induced operad K-Mod∗Top is defined, following Example A.3.1.3, by

HomK-Mod∗Top
({Vi},W ) := HomK-ModTop

(⊗∗iVi,W ) = {F : ×iVi →W | F is continuous and multilinear} .

In particular, an associative algebra object in the category K-Mod∗Top is given by a topologi-

cal vector space A ∈ K-ModTop together with an associative, bilinear product µ : A⊗A→ A

such that the corresponding map A×A→ A is continuous.

Definition A.4.2.3. The ⊗ch monoidal structure ⊗ch,τ : K-Mod×2
Top → K-ModTop is defined

for each linear order τ : {1, ..., n} → I by setting

⊗ch,τ
i Vi = Vτ(1) ⊗ch ...⊗ch Vτ(n) ∈ K-ModTop

to be the completion of ⊗iVi with respect to the topology defined as follows: a subspace

Q ⊂ ⊗iVi is open if for every a ∈ {1, ..., n} and v ∈ Vτ(a+1)⊗ ...⊗Vτ(n) there exists an open

subspace Pa ⊂ Va such that

Vτ(1) ⊗ ...⊗ Vτ(a−1) ⊗ Pa ⊗ v ⊂ Q .

Remark A.4.2.4. Equivalently, the ⊗ch monoidal structure is defined iteratively for V =



A.4. FUNCTIONAL ANALYSIS 287

limn Vn with each Vn = colimkVn,k by

U ⊗ch V = lim
n

colim
k

U ⊗ Vn,k ,

for any U ∈ K-ModTop.

Remark A.4.2.5. Note that our notation differs slightly from that of [Bei07], [BD04] and

[Ras20b], as we use ⊗ch in place of ⊗→.

Remark A.4.2.6. An associative algebra object in the category K-Modch
Top is given by a

topological vector space A ∈ K-ModTop together with an associative, bilinear product µ :

A⊗ A → A such that the corresponding map A× A → A is continuous, and the open left

ideals of A form a basis for the topology of A.

Remark A.4.2.7. Although ⊗ch is evidently not symmetric, it defines a natural (symmetric)

operad stucture as follows:

Definition A.4.2.8. The induced operad K-Modch,s
Top is defined by

HomK-Modch,s
Top

({Vi},W ) =
⊕
τ∈SI

HomK-ModTop
(⊗ch,τ

i Vi,W ) ,

where SI is the Sn torsor of linear orders τ : {1, ..., n}
∼=−→ I and n = |I|.

Definition A.4.2.9. The ⊗! symmetric monoidal structure ⊗! : K-Mod×ITop → K-ModTop

is defined by setting ⊗!
iVi ∈ K-ModTop to be the completion of ⊗iVi with respect to the

topology with basis of neighbourhoods at 0 given by subspaces of the form∑
i∈I

Pi ⊗
(
⊗i′∈I\{i}Vi′

)
for Pi ⊂ Vi an open subspace.

Remark A.4.2.10. Equivalently, the ⊗! tensor product is defined on Vi = limni V/Pni by

⊗!
iVi = lim

(ni)i∈I
⊗i(Vi/Pni) .

Thus, the ⊗! tensor product is simply the usual, completed tensor product.

Remark A.4.2.11. The induced operad K-Mod!
Top is defined, following Example A.3.1.3, by

HomK-Mod!
Top

({Vi},W ) := HomK-ModTop
(⊗!

iVi,W ) .

An associative algebra object in the category K-Mod!
Top is given by a topological vector

space A ∈ K-ModTop together with an associative, bilinear product µ : A ⊗ A → A such
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that the corresponding map A× A→ A is continuous, and the open two-sided ideals of A

form a basis for the topology of A.

Remark A.4.2.12. In general, the topology on ⊗iVi underlying the ⊗! monoidal structure is

strictly coarser than that underlying the ⊗ch monoidal structure (for each fixed τ), which

is strictly coarser than that underlying the ⊗∗ monoidal structure. Thus, we have natural

maps

⊗∗iVi → ⊗
ch,τ
i Vi → ⊗!

iVi and HomK-ModTop
(⊗!

iVi,W )→ HomK-ModTop
(⊗ch,τ

i Vi,W )→ HomK-ModTop
(⊗∗iVi,W ) ,

for any W ∈ K-ModTop. These induce natural maps of operads

K-Mod!
Top ⊗H Ass→ K-Modch,s

Top → K-Mod∗Top ⊗H Ass ,

where Ass denotes the associative operad and ⊗H the Hadamard tensor product; see Ap-

pendix A.3 for a review and conventions regarding operads.

Composing with the projection Ass � Comm and precomposing with the inclusion

Lie ↪→ Ass, we also have maps of operads

K-Mod!
Top ⊗H Lie→ K-Modch,s

Top → K-Mod∗Top . (A.4.2.1)

Proposition A.4.2.13. For any U, V ∈ K-ModTop there is a short exact sequence of topolog-

ical vector spaces

U ⊗∗ V ↪→ U ⊗ch V ⊕ V ⊗ch U � U ⊗! V ,

where the left map is given by the diagonal inclusion, and the right map is given by the

difference of projections.

Corollary A.4.2.14. In the special case of arity 2 operations, the sequence of maps in Equa-

tion A.4.2.1 gives a left exact sequence

HomK-Mod!
Top

(U, V ;W )⊗K Lie(2)→ HomK-Modch,s
Top

(U, V ;W )→ HomK-Mod∗Top
(U, V ;W ) .
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A.5 Vertex Algebras

A.5.1 Vertex Algebras

Definition A.5.1.1. An element A ∈ End(V )[[z±1]] is a field if A(v) ∈ V ((z)) for each v ∈ V .

Remark A.5.1.2. More explicitly, A =
∑

n∈Z anz
−n−1 ∈ End(V )[[z±1]] is a field if for each

v ∈ V there exists N ∈ Z such that an(v) = 0 for all n > N .

Definition A.5.1.3. A vertex algebra is a tuple (V,Ø, T, Y ) of:

� a vector space V , the state space

� an element Ø ∈ V , the vacuum

� a linear map T ∈ End(V ), the translation operator

� a linear map Y (·, z) : V → End(V )[[z±1]], the vertex operator

such that:

� Y (Ø, z) = 1V

� Y (a, z) =
∑

n∈Z anz
−n−1 ∈ End(V )[[z±1]] is a field for each a ∈ V and v ∈ V

� Y (a, z)(Ø) ∈ V [[z]] ⊂ V ((z)) for each a ∈ V , and the resulting evaluation satisfies

Y (a, z)(Ø)|z=0 = a.

� [T, Y (a, z)] = ∂zY (a, z) for each a ∈ V

� TØ = 0

� For each a, b ∈ V , the fields Y (a, z), Y (b, z) ∈ End(V )[[z±1]] are local with respect to

one another.

A Z grading on a vertex algebra is a Z grading on its underlying vector space V such that

� Ø ∈ V0

� T : V → V [1]

� an : V → V [m− n− 1] for each a ∈ Vm

A dg vertex algebra is a Z graded vertex algebra (V,Ø, T, Y ) together with a linear map

d : V → V [1] such that

� d2 = 0

� [d, T ] = 0
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� dY (A, z)(b) = Y (dA, z)(B) + Y (A, z)(dB) for each a, b ∈ V .

Proposition A.5.1.4. Let (V,Ø, T, Y, d) a dg vertex algebra. Then H•(V, d) is a Z graded

vertex algebra.

Example A.5.1.5. Let (V,Ø, T, Y ) be a Z graded vertex algebra and fix a ∈ V of degree and

let

da =

∫
Y (A, z)dz := a0 : V → V [1]

Then [da, T ] = 0 and moreover by corollary 3.3.8 in FBZ we have

[a0, Y (b, z)] = Y (a0(b), z)

Thus, we must only require

d2
a = (a0)2 =

∫
: Y (a, z)Y (a, z) : dz = 0

to ensure da defines a differential making V into a dg vertex algebra.

A.5.2 Commutative Vertex Algebras

Definition A.5.2.1. A vertex algebra (V,Ø, T, Y ) is called commutative if the field Y (A, z) ∈
End(V )[z] is non-singular, for each a ∈ V .

Proposition A.5.2.2. The following are equivalent:

� A commutative vertex algebra

� A (unital) commutative algebra with a derivation

� A (unital) commutative algebra object in K[T ]-Mod

A.5.3 Vertex Lie Algebras

Definition A.5.3.1. A vertex Lie algebra is a tuple (L0, T, Y−) of:

� a vector space L0

� a linear operator T ∈ End(L0)

� a linear map Y− : L0 → End(L0)⊗ z−1C[[z−1]]

such that

� Y−(a, z) ∈ End(L0)⊗ z−1C[[z−1]] ⊂ End(L0)[[z±1]] is a field for each a ∈ z.

� Y−(Ta, z) = ∂zY−(a, z) for each a ∈ L0
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� Y−(a, z)b = (ezTY−(b,−z)a)− for each a, b ∈ L0

� for any a, b ∈ L0 with Y−(a, z) =
∑

n≥0 anz
−n−1, we have

[am, Y−(b, w)] =
∑
n≥0

(
m

n

)
(wm−nY−(an(b), w))−
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A.6 Sheaf theory on infinite dimensional varieties and stacks

In this section, we recall some aspects of the foundations of sheaf theory on infinite di-

mensional varieties and stacks given in [GR14a, GR14b, Gai15, GR17a, GR17b, Ras15a,

Ras15b, Ras20b] and references therein. None of the material presented here is original.

A.6.1 Prestacks

In this subsection, we recall the notion of prestack, which will feature as the ambient cate-

gory of spaces in which we phrase the formal categorical aspects of constructions involving

spaces.

Definition A.6.1.1. A prestack is a functor Y : DGSchop
aff → Grpd from the category of affine

DG schemes to the category of groupoids.

Let PreStk denote the category of prestacks.

Remark A.6.1.2. An object Y ∈ PreStk is thought of as the functor of points of a putative

stack, without any representability criteria; for S ∈ Schaff, Y(S) =: Maps(S,Y) is thought

of as the groupoid of S points of the space Y.

Remark A.6.1.3. The Yoneda lemma defines a fully faithful embedding DGSch ↪→ PreStk,

identifying sets with the full subcategory of discrete groupoids.

Definition A.6.1.4. For n ∈ N, an affine DG scheme S ∈ DGSchaff is called n-coconnective

if S = Spec (A) for A in cohomological degree ≤ −n. Similarly, S ∈ DGSchaff is called

eventually coconnective if it is n-coconnective for some n, and classical if it is 0-coconnective.

Let ≤nDGSchaff denote the full subcategory of DGSchaff on n-coconnective objects, <∞DGSchaff

the full subcategory on eventually coconnective objects, and note the category of classical

affine DG schemes ≤0DGSchaff = Schaff is tautologically equivalent to that of usual affine

schemes.

Definition A.6.1.5. A prestack Y ∈ PreStk is called n-coconnective if it is defined by left

Kan extension from a functor Y :≤n DGSchaff → Grpd. Similarly, a prestack Y ∈ PreStk

is called eventually coconnective if it is n-coconnective for some n, and classical if it is

0-coconnective.

Let ≤nPreStk denote the full subcategory on n-coconnective prestacks, <∞PreStk the full

subcategory on eventually coconnective prestacks, and clPreStk the full subcategory on

classical prestacks.
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A.6.2 Pro-finite type schemes

Warning A.6.2.1. For simplicitly of notation, abstract limit and colimit diagram categories

in this Appendix will be assumed to be filtered, unless stated otherwise.

Remark A.6.2.2. The category of K algebras is closed under colimits, so that the category of

affine schemes is closed under limits. Thus, an object which is presented as a limit of finite

type affine schemes is again simply an (affine) scheme. In fact, every K algebra is canonically

equivalent to the union of its finite type subalgebras, so that Schaff
∼= Pro(Schaff,ft).

Remark A.6.2.3. More generally, the category of schemes is closed under colimits of dia-

grams with all structure maps affine. Further, Noetherian approximation (see [TT07], and

regarding applications to the present context, Section 3.2 of [Ras15b] and references therein)

implies that every quasi-compact, quasi-seperated scheme can be presented as a limit of a

diagram in finite type schemes with affine structure maps.

The canonical functor Proaff(Schft)→ Sch from the category of such limits to schemes

is fully faithful with essential image the quasi-compact, quasi-seperated schemes.

For notational simplicity, we make the following (non-standard) definition:

Definition A.6.2.4. A pro-finite type (DG) scheme is a quasi-compact, quasi-seperated (and

eventually coconnective, DG) scheme.

Let Schpft and DGSchpft denote the categories of pro-finite type (DG) schemes.

Remark A.6.2.5. In summary, each object X ∈ Schpft admits a presentation

X = lim
i∈I

Xi = lim
[
. . .→ Xi

ϕij−−→ Xj → . . .
]

so that

X

ϕi   

ϕj

((
. . . // Xi ϕij

// Xj
// . . .

with Xi ∈ Schft finite type and ϕij affine for each i, j ∈ I.

Example A.6.2.6. The infinite dimensional affine space A∞ ∈ Schpft over K is defined by

A∞ = lim
n

An = lim
[
. . . � An+1 � An � . . . � A1

]
with structure maps given by projecting out the last coordinate. It follows

A∞ = Spec K[t1, t2, ...] where K[t1, t2, ...] = colimnK[t1, ..., tn] .

Example A.6.2.7. Let D = Spf O denote the formal punctured disk, where O = K[[z]]. The

jet scheme, or arc scheme

J(Ad)0 := AdO = Maps(D,Ad) ∈ Schpft
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of Ad is a pro-finite type scheme as follows: The description D = colimiDi corresponding to

K[[z]] = limiK[z]/zi induces the presentation

Maps(D,Ad) = lim
i

Maps(Di,Ad) = lim
[
. . . � Maps(Di,Ad)

restij−−−→ Maps(Dj ,Ad) � . . .
]

where each term is given by

Maps(Di,Ad) = Hom(K[t1, ..., td],K[z]/zi) = AdO/z
iAdO ∼= Adi

so that AdO indeed defines a pro-finite type (affine) scheme. In the case d = 1, A1
O is

isomorphic to A∞ ∈ Schpft, as defined in the preceding example.

Example A.6.2.8. Let Y be a finite type affine scheme. The jet scheme, or arc scheme

J(Y )0 = YO = Maps(D, Y ) ∈ Schpft

of Y is a pro-finite type scheme as above, presented by

Maps(D, Y ) = lim
i

Maps(Di, Y ) = lim
[
. . . � Maps(Di, Y )

restij−−−→ Maps(Dj , Y ) � . . .
]
.

Note that a closed embedding Y ↪→ An induces an embedding YO ↪→ AnO giving an equivalent

pro-finite type presentation.

A.6.3 Indschemes

Remark A.6.3.1. In contrast to Remark A.6.2.2 above, the category of rings is not closed

under limits, and the category of (affine) schemes is not closed under colimits.

Definition A.6.3.2. A (DG) indscheme is a prestack X = colimkX
k ∈ PreStk presented as

a colimit of a diagram in pro-finite type (DG) schemes Xk ∈ Schpft (Xk ∈ DGSchpft) with

structure maps given by closed embeddings.

Let IndSch and DGIndSch denote the categories of (DG) indschemes.

Remark A.6.3.3. Concretely, in analogy with Remark A.6.2.5, we have

X = colim
k∈L

Xk = colim

[
. . .←X l ιkl←− Xk← . . .

]
so that

. . . // Xk

ιk
((

ιkl // X l //

ιl

!!

. . .

X

where Xk ∈ Schpft is a pro-finite type scheme and ιkl : Xk ↪→ X l is a closed embedding for

each k, l ∈ L. In particular, applying the description of Remark A.6.2.5 to each Xk ∈ Schpft,
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we have a presentation

X = colim
k∈L

lim
i∈I

Xk
i where

Xk
i

ϕkij //

ιkli
��

Xk
j

ιklj
��

X l
i

ϕlij // X l
j

(A.6.3.1)

is the general component of the bi-diagram, with Xk
i ∈ Schft finite type, ϕkij affine, and ιkli

a closed embedding, for each combination of i, j ∈ I and k, l ∈ L.

The existence of such a presentation is called local compactness in [KV06], where they

do not require the schemes Xk ∈ Sch to be pro-finite type in the definition of indscheme.

Example A.6.3.4. The affine Grassmannian GrG is an indscheme, via the presentation

GrG = colimλ∈Λ+(Gr≤λG ). Note GrG is ind-finite type and ind-proper.

Example A.6.3.5. Let D◦ = D \ {0} be the formal punctured disk and K = K((x)). The

meromorphic jet scheme, or algebraic loop scheme

Jmer(Ad)0 = AdK = Maps(D◦,Ad) ∈ IndSch

of Ad is an indscheme as follows: The description K((x)) = colimkK((x))<k, where K((x))<k

is space of laurent polynomials with poles bounded by k, induces the presentation

Maps(D◦,Ad) = colimkMaps(D◦,Ad)<k = colim

[
. . . ↪→ Maps(D◦,Ad)<k ιkl−→ Maps(D◦,Ad)<l ↪→ . . .

]
where each subscheme is given by the space of maps with poles bounded by k

Maps(D◦,Ad)<k := (K((x))<k)×d = lim
i

(K[x±1]<k/xi)×d ∈ Schpft

which is presented as a pro-finite type scheme as in Example A.6.2.7 above.

In summary, we obtain a presentation

AdK = colim
k∈L

lim
i∈I

Maps(D◦i ,Ad)<k where

Maps(D◦i ,Ad)<k
restkij //

ιkli
��

Maps(D◦j ,Ad)<k

ιklj
��

Maps(D◦i ,Ad)<l
restlij //Maps(D◦j ,Ad)<l

is the general component of the bidiagram, and Maps(D◦i ,Ad)<k := (K[x±1]<k/xi)×d. Note

that AdK is a genuinely ind-pro finite type object; it is not ind-finite type.

Example A.6.3.6. Let Y be a finite type affine scheme. The meromorphic jet scheme, or
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algebraic loop scheme

Jmer(Y )0 = YK = Maps(D◦, Y ) ∈ IndSch

of Y is an indscheme, as follows: as in Example A.6.2.8, a close dembedding Y ∈ Ad induces

an embedding YK ↪→ AdK, the the restriction of the indscheme presentation of the latter in

the preceding example presents YK as an indscheme.

Reasonable indschemes

Definition A.6.3.7. Let X be an indscheme. A subscheme Y ↪→ X is called a reasonable

subscheme if Y is a closed, pro-finite type subscheme, and for any closed subscheme Y ′ ↪→ X

containing Y , the closed embedding Y ↪→ Y ′ is finitely presented.

An indscheme X is called reasonable if it is the colimit of its reasonable subschemes.

Let IndSchreas denote the full subcategory of reasonable indschemes.

Remark A.6.3.8. Heuristically, a subscheme is reasonable if it is maximally infinite di-

mensional (up to finite codimension) among all closed subschemes, and the indscheme is

reasonable if it can be approximated by such subschemes.

Example A.6.3.9. Let X be an ind-finite type indscheme. Then any (necessarily finite type)

closed subscheme is reasonable, and thus X is reasonable.

Example A.6.3.10. Let T be the total space of a pro-finite type vector bundle over an

ind-finite type indscheme X. Then the restriction of T to a closed subscheme of X is a

reasonable subscheme of T. An infinite codimension subbundle of T restricted to a closed

subscheme of X is not reasonable.

More generally, in the case of a DG indscheme, we make the following definition:

Definition A.6.3.11. A DG indscheme is callled reasonable if it can be presented as a col-

imit X = colimkX
k of pro-finite type DG schemes Xk ∈ DGSchpft under almost finitely

presented closed embeddings.

Let DGIndSchreas denote the full subcategory of reasonable DG indschemes, and define

the category of reasonable DG schemes by DGSchreas = DGIndSchreas ∩DGSchpft be the

category of reasonable DG schemes.

A.6.4 QCoh on prestacks

Remark A.6.4.1. The functoriality properties of the theory of quasicoherent sheaves on

affine schemes, recalled in Appendix A.1, imply that there is a functor

QCoh• : DGSchop
aff → DGCatcont X 7→ QCoh(X) [f : X → Y ] 7→ [f• : QCoh(Y )→ QCoh(X)] .

(A.6.4.1)
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Definition A.6.4.2. The functor QCoh• : PreStkop → DGCatcont is the right Kan extension

of QCoh• : DGSchop
aff → DGCatcont along DGSchop

aff → PreStkop.

Remark A.6.4.3. Concretely, by pointwise evaluation of the opposite left Kan extension as

a weighted colimit, an object of F ∈ QCoh•(Y) is given by an assignment

S 7→ [(·)•(F) : Maps(S,Y) // QCoh(S)

“ [f : S → Y] � // f•(F)“

] [ϕ : S → T ] 7→ Maps(T,Y)
(·)•(F)//

(·)◦ϕ
��

QCoh(T )

ϕ•

��
Maps(S,Y)

(·)•(F)// QCoh(S)

,

defined for each S ∈ DGSchaff and each morphism ϕ : S → T of affine schemes.

Proposition A.6.4.4. Let f : X→ Y be a schematic, quasicompact map of prestacks. Then

there exists a natural continuous right adjoint f• : QCoh(X) → QCoh(Y) to f•, defining a

functor

QCoh : PreStksch-qc → DGCatcont Y 7→ QCoh(Y) [f : X→ Y] 7→ [f• : QCoh(X)→ QCoh(Y)] .

Remark A.6.4.5. More generally, the above constructions satisfy base-change, and can be

extended to a functor from the correspondence category PreStk(corr;all,sch-qc) → DGCatcont,

where the former is as defined in Example 4.4.2.4. This can also be lifted to a 2-categorical

variant as in section 5.3.2 of [GR17a], though we do not work directly with this definition.

A.6.5 IndCoh on pro-finite type DG schemes and reasonable DG ind-

schemes

Throughout, let X,Y ∈ DGSchpft be pro-finite type (which we have defined to mean qua-

sicompact, quasiseperated, and eventually coconnective) DG schemes.

Definition A.6.5.1. The category IndCoh(X) ∈ DGCat of indcoherent sheaves on X ∈
DGSchpft is defined as the ind completion of the category Coh(X) of coherent sheaves on

the DG scheme X.

Proposition A.6.5.2. For f : X → Y an arbitrary map, there is a natural functor f• :

IndCoh(X)→ IndCoh(Y ), defining a functor

IndCoh : DGSchpft → DGCatcont X 7→ IndCoh(X) [f : X → Y ] 7→ [f• : IndCoh(X)→ IndCoh(Y )] .

Proposition A.6.5.3. For f : X → Y flat, there is a natural, continuous left adjoint f• :

IndCoh(Y )→ IndCoh(X) to f•, defining a functor

IndCoh : DGSchop
pft,flat → DGCatcont X 7→ IndCoh(X) [f : X → Y ] 7→ [f• : IndCoh(Y )→ IndCoh(X)] ,

where DGSchpft,flat denotes the wide subcategory of DGSchpft with flat maps.
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Remark A.6.5.4. More generally, following [GR17a], the above constructions satisfy base-

change, and can be extended to a functor from the correspondence category Schpft,(corr;flat,all) →
DGCatcont, in the notation of Example 4.4.2.4. This can also be lifted to a 2-categorical

variant, though we do not work directly with this definition.

More generally, we make the following definition:

Remark A.6.5.5. Concretely, this means that for X = limiXi ∈ DGSchpft presented as a

limit of finite type schemes Xi ∈ DGSchft under affine maps, we have

IndCoh!(X) = colim
i

IndCoh(Xi) = colim

[
. . .← IndCoh(Xi)

ϕ!
ij←−− IndCoh(Xj)← . . .

]
, and

IndCoh•(X) = lim
i

IndCoh(Xi) = lim
[
. . .→ IndCoh(Xi)

ϕij∗−−→ IndCoh(Xj)→ . . .
]
,

where we have used the canonical identifications IndCoh!(Xi) = IndCoh•(Xi) = IndCoh(Xi)

for Xi ∈ DGSchft. Further, the remaining content of Remark A.6.6.3 applies similarly here,

mutatis mutandis.

Recall the notion of reasonable DG indscheme from Subappendix A.6.3. We define cate-

gories of indcoherent sheaves on reasonable DG indschemes, following [Ras20b] and refer-

ences therein, as follows:

Definition A.6.5.6. The functor IndCoh• : DGIndSchreas → DGCatcont is defined as the left

Kan extension of IndCoh• : DGSchreas → DGCatcont along DGSchreas → DGIndSchreas.

Similarly, the functor IndCoh! : DGIndSchop
reas → DGCatcont is defined as the right Kan

extension of IndCoh! : DGSchop
reas → DGCatcont along DGSchop

reas → DGIndSchop
reas.

Remark A.6.5.7. Concretely, for X = colimkX
k presented as a colimit of reasonable, pro-

finite type DG schemes under almost finitely presented closed embeddings, there is a pre-

sentation of IndCoh•(X) ∈ DGCat as a colimit

IndCoh•(X) = colim
k

IndCoh•(Xk) = colim

[
. . .← IndCoh•(X l)

ιkl•←− IndCoh•(Xk)← . . .

]
.

Similarly, there is a presentation of IndCoh!(X) ∈ DGCat as a limit

IndCoh!(X) = lim
k

IndCoh!(Xk) = lim

[
. . .→ IndCoh!(Xk)

ιkl,!−−→ IndCoh!(X l)→ . . .

]
.

Proposition A.6.5.8. For X,Y ∈ DGSchreas and f : X → Y proper and almost finitely

presented, there is a natural, continuous right adjoint f ! : IndCoh•(Y ) → IndCoh•(X) to

f•, defining a functor

IndCoh : DGSchop
pft,prop → DGCatcont X 7→ IndCoh•(X) [f : X → Y ] 7→ [f ! : IndCoh•(Y )→ IndCoh•(X)] ,
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where DGSchpft,prop denotes the wide subcategory of DGSchpft with proper maps.

Remark A.6.5.9. There is a presentation of IndCoh•(X) as a limit

IndCoh•(X) = lim
k

IndCoh•(Xk) = lim

[
. . .→ IndCoh•(Xk)

ιkl,!−−→ IndCoh•(X l)→ . . .

]
,

as follows from the preceding proposition, by passing to right adjoints in the sense of 1.8.4.2

in [GR17a] in the presentation of Remark A.6.5.7.

A.6.6 D modules on prestacks

We would like to extend the D module formalism of Subappendix A.1.2 to pro-finite type

schemes and indschemes. We begin by discussing those aspects of the theory which follow

from formal categorical constructions.

Remark A.6.6.1. The functoriality properties of the theory of D modules on finite type

schemes recalled in Appendix A.1.2 imply that we have functors:

D! :Schop
aff,ft → DGCatcont X 7→ D(X) [f : X → Y ] 7→ [f ! : D(Y )→ D(X)] (A.6.6.1)

D∗ :Schaff,ft → DGCatcont X 7→ D(X) [f : X → Y ] 7→ [f∗ : D(X)→ D(Y )] (A.6.6.2)

To begin, we extend these functors to the category of affine schemes:

Definition A.6.6.2. The functor D! : Schop
aff → DGCatcont is the left Kan extension of

D! : Schop
aff,ft → DGCatcont along Schaff,ft → Schaff.

The functor D∗ : Schaff → DGCatcont is the right Kan extension of D∗ : Schaff,ft →
DGCatcont along Schaff,ft → Schaff.

Remark A.6.6.3. Concretely, this means that for X = limXi ∈ Schaff the presentation of

X as a limit of finite type affine schemes Xi, we have

D!(X) = colim
i
D(Xi) = colim

[
. . .←D(Xi)

ϕ!
ij←−− D(Xj)← . . .

]
.

In particular, there are canonical functors ϕ!
i : D(Xi)→ D(X) which are by definition the

pull back along the canonical map ϕi : X → Xi. Heuristically, a typical object in D!(X) is

of the form ϕ!M for M ∈ D(Y ) with Y a finite type affine scheme, for some ϕ : X → Y .

Similarly, for X = limiXi ∈ Schaff as above, we have

D∗(X) = lim
i
D(Xi) = lim

[
. . .→ D(Xi)

ϕij∗−−→ D(Xj)→ . . .
]
.

In particular, there are canonical functors ϕi,∗ : D(X)→ D(Xi) which are by definition the

pushforward along ϕi : X → Xi. An object in D∗(X) is specified by a system of D modules

Mi ∈ D(Xi) together with identifications ϕi,j,∗Mj
∼=−→Mi.
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There are analogous interpretations in terms of finite dimensional approximations for

the induced functors f∗ : D(X) → D(Y ) and f ! : D(Y ) → D(X) for each map f : X → Y

of affine schemes.

Definition A.6.6.4. The functor D! : clPreStkop → DGCatcont is the right Kan extension of

D! : Schop
aff → DGCatcont along Schop

aff →
clPreStkop.

The functor D∗ : clPreStk → DGCatcont is the left Kan extension of D∗ : Schaff →
DGCatcont along Schaff →cl PreStk.

Remark A.6.6.5. Concretely, by pointwise evaluation of the opposite left Kan extension as

a weighted colimit, an object of M ∈ D!(Y) is given by an assignment

S 7→ [(·)!(M) : Maps(S,Y) // D(S)

“ [f : S → Y] � // f !(M)“

] [ϕ : S → T ] 7→ Maps(T,Y)
(·)!(M)//

(·)◦ϕ
��

D(T )

ϕ!

��
Maps(S,Y)

(·)!(M)// D(S)

,

defined for each S ∈ Schaff and each morphism ϕ : S → T of affine schemes.

The analogous interpretation of D∗(Y) identifies it with the dual category to D!(Y),

whenever the latter is dualizeable. Heuristically, a typical object of D∗(Y) is of the form

ϕ∗M for M ∈ D(Y ) with Y an affine scheme, for some ϕ : Y → Y.

There are analogous interpretations in terms of probe affine schemes for the functors

f∗ : D∗(X)→ D∗(Y) and f ! : D!(Y)→ D!(X) for a morphism f : X→ Y of prestacks.

Remark A.6.6.6. For a general prestack Y ∈cl PreStk, the map π : Y→ pt yields a dualizing

sheaf object ωY = π!Kpt ∈ D!(Y) and a de Rham cohomology functor H•dR = π∗ : D∗(X)→
VectK. However, without any identification between D!(X) and D∗(X), this data can not

be used to define a cohomology theory; some genuine geometric structures are required.

A.6.7 D modules on pro-finite type schemes

Now, we restrict our attention to pro-finite type schemes. Recall that Noetherian approx-

imation identifies the category Schpft of pro-finite type schemes with a full subcategory

Proaff(Schft) of Pro(Schft) on objects presented by diagrams with affine structure maps.

Definition A.6.7.1. The functor D̃! : Schop
pft → DGCatcont is defined as the left Kan extension

of D! : Schop
ft → DGCatcont along Schft ↪→ Schpft.

Similarly, the functor D̃∗ : Schpft → DGCatcont is defined as the right Kan extension of

D∗ : Schft → DGCatcont along Schft ↪→ Schpft.

Proposition A.6.7.2. The canonical natural transformations D̃! → D! and D∗ → D̃∗ are

isomorphisms.
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Remark A.6.7.3. Concretely, this means that for X = limiXi ∈ Schpft presented as a limit

of finite type schemes Xi ∈ Schft under affine maps, we have

D!(X) = colim
i
D(Xi) = colim

[
. . .←D(Xi)

ϕ!
ij←−− D(Xj)← . . .

]
, and

D∗(X) = lim
i
D(Xi) = lim

[
. . .→ D(Xi)

ϕij∗−−→ D(Xj)→ . . .
]
,

where we have used the canonical identifications D!(Xi) = D∗(Xi) = D(Xi) for Xi ∈ Schft.

Further, the remaining content of Remark A.6.6.3 applies similarly here, mutatis mutandis.

Example A.6.7.4. Let X ∈ Schpft be a pro-finite type scheme. The constant sheaf KX ∈
D∗(X) is defined by

“ϕi∗(KX)” := colimj∈I/iϕij∗KXj noting ϕij∗“ϕi∗(KX)”
∼=−→ “ϕj∗(KX)” .

In particular, we have

C•dR(X;K) := π∗KX
∼= colimiC

•
dR(Xi;K) .

Definition A.6.7.5. Let f : X → Y be a finitely presented map of pro-finite type schemes.

The functors

f∗,! : D!(X)→ D!(Y ) and f !,∗ : D∗(Y )→ D∗(X)

are defined as the colimit and limit of the functors f∗ and f ! defined on finite type, affine

approximations in the D̃! and D̃∗ presentations.

Proposition A.6.7.6. For f : X → Y a proper (in particular, finitely presented) map of

pro-finite type schemes, the functor f∗,! is canonically left adjoint to f ! on D!, and similarly

f∗,! is canonically right adjoint to f∗ on D∗.

Proposition A.6.7.7. For f : X → Y a smooth, finitely presented map of pro-finite type

schemes, the functor f !,∗[−2dX/Y ] is canonically left adjoint to f∗ on D∗, and similarly f∗,!

is canonically right adjoint to f ![−2dX/Y ] on D!.

Here dX/Y : X → Z is the rank of Ω1
X/Y , a locally constant function on X; see definition

A.6.7.8 below.

Definition A.6.7.8. A locally constant function d : X → Z defined as a map of indschemes,

where Z = tn∈Zpt.

For f : X → Y a map of finite type schemes, the relative dimension of f is the locally

constant function dX/Y = dimX −dimY ◦f on X.

For f : X → Y a finitely presented map of placid schemes, the relative dimension of f

is the locally constant function dX/Y : X → Z defined by Noetherian approximation.
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Definition A.6.7.9. A presentation X = limiXi of a scheme X ∈ Sch is called placid if the

index category is filtered, each Xi ∈ Schft is finite type, and the structure maps are all affine

and smooth. The scheme X is called placid if it admits such a presentation.

Remark A.6.7.10. A placid scheme is in particular profinite type.

Proposition A.6.7.11. Let X = limiXi be a placid presentation. There are canonical equiv-

alences

D!(X) = lim
i
D!(Xi) under ϕij(∗,ren) := ϕij(∗,!)[−2dXi/Xj ] : D!(Xi) −→ D!(Xj) , and

D∗(X) = colim
i
D∗(Xi) under ϕ∗ij := ϕ!,∗

ij [−2dXi/Xj ] : D∗(Xj)→ D∗(Xi) .

In particular, there are canonical functors ϕi(∗,ren) : D!(X) → D!(Xi) and ϕ∗i : D∗(Xi) →
D∗(X).

Definition A.6.7.12. Let X be a placid, pro-finite type scheme with placid presentation

X = limiXi. The renormalized dualizing sheaf ωren
X ∈ D∗(X) is defined by

ωren
X = ϕ∗iωXi [−2dXi ] noting ϕ∗iωXi [−2dXi ] = ϕ∗iϕ

!,∗
ij ωXj [−2dXi ] = ϕ∗jωXj [−2dXj ] .

Remark A.6.7.13. The object ωren
X ∈ D∗(X) is canonically independent of the placid pre-

sentation.

Example A.6.7.14. For X = limiXi a placid presentation with each Xi a smooth scheme,

ωren
X
∼= KX .

Definition A.6.7.15. Let X be a placid, pro-finite type scheme. The renormalized Borel-

Moore homology of X is HBM,ren
• (X;K) = H•dR(X;ωren

X ).

A.6.8 D modules on ind-schemes

The definition A.6.7.1, Proposition A.6.7.2 and Remark A.6.7.3, and propositions A.6.7.5,

A.6.7.6, and A.6.7.7 extend to the setting of indschemes:

Proposition A.6.8.1. Let X = colimkX
k be a presentation of an indscheme. There are

canonical equivalences

D!(X) = lim
k∈L

D!(Xk) = lim

[
. . .→ D(X l)

ιkl!−−→ D(Xk)→ . . .

]
, and

D∗(X) = colim
k∈L

D∗(Xk) = colim

[
. . .←D(X l)

ιkl∗←− D(Xj)← . . .

]
.

Moreover, for f : X → Y an ind-finitely presented map of indschemes, there are natural

functors

f∗,! : D!(X)→ D!(Y ) and f !,∗ : D∗(Y )→ D∗(X)
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satisfying the usual adjunctions for f ind-proper or smooth.

Recall the notion of reasonable indscheme from Subappendix A.6.3. Following again [Ras15b]

and references therein, we have the following descriptions of D modules on reasonable ind-

schemes:

Proposition A.6.8.2. Let X = colimkX
k be a reasonable indscheme presented as the colimit

of its reasonable subschemes. There are canonical equivalences

D!(X) = colim
k

D!(Xk) = colim

[
. . .←D(X l)

ιkl∗,!←−− D(Xk)← . . .

]
, and

D∗(X) = lim
k
D∗(Xk) = lim

[
. . .→ D(X l)

ιkl(!,∗)−−−−→ D(Xk)→ . . .

]
.

In particular, there are canonical functors ιk(∗,!) : D!(Xk) → D!(X) and ιk(!,∗) : D∗(X) →
D∗(Xk).

Definition A.6.8.3. An indscheme X is placid if X is reasonable, and every reasonable

subscheme of X is placid.

Remark A.6.8.4. An indscheme X is placid if and only if it is presented as a colimit X =

colimkX
k under closed embeddings where each Xk is placid and a reasonable subscheme of

X.

Remark A.6.8.5. A placid indscheme X does not admit a canonical choice of renormalized

dualizing sheaf ωren
X ∈ D∗(X) in general. Following A.6.8.2, the natural candidate is given

by assigning ιk(!,∗)ωren
X = ωren

Xk , where the latter is the renormalized dualizing sheaf of the

placid, reasonable subscheme Xk ∈ Schpft. The resulting putative object fails to be well-

defined because the inclusions of distinct reasonable subschemes are potentially positive

codimension, so that the shifts in the definitions of the renormalized dualizing sheaves on

distinct reasonable subschemes will disagree.

However, since inclusions of reasonable subschemes are always of finite codimension, we

can fix a choice of reasonable subscheme X0 to renormalize ‘relative to’, in the sense that

we define the restriction of the renormalized dualizing sheaf to other reasonable subschemes

as their renormalized dualizing sheaf shifted by their (finite) dimension relative to X0.

Following the preceding remark, we introduce the following data:

Definition A.6.8.6. A dimension theory on a placid indscheme X is an assignment τ of a

locally constant function τk : Xk → Z to each reasonable subscheme Xk ↪→ X, such that

for any inclusion of reasonable subschemes ιkl : Xk ↪→ X l, we have τk = τl ◦ ιkl + dXk/Xl .

Example A.6.8.7. There is a canonical dimension theory on any placid scheme X, defined

by the condition τX = 0.
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Example A.6.8.8. Let X be an indscheme of ind-finite type. There is a canonical dimension

theory on X defined by τk = dimXk .

Example A.6.8.9. Let X,X ′ be reasonable indschemes equipped with dimension theories

τ, τ̃ . Then X×X̃ inherits a canonical dimension theory defined by the fact that to products

Xk × X̃k of reasonable subschemes it assigns τk ◦ p + τ̃k ◦ p̃.

Definition A.6.8.10. Let X = colimkX
k be a placid indscheme equipped with a dimension

theory τ . The τ -renormalized dualizing sheaf ωτ -ren
X ∈ D∗(X) is defined by

“ιk(!,∗)(ωτ -ren
X )” := ωren

Xk [2τk] noting ι!,∗kl (ω
ren
Xl [2τl]) = ωren

Xk [2dXk/Xl+2τl◦ιkl] = ωren
Xk [2τk] ,

for any inclusion of reasonable subschemes ιkl : Xk ↪→ X l.

Corollary A.6.8.11. Let X be a placid indscheme equipped with a dimension theory τ . Then

the action of D!(X) on the dualizing sheaf ωτ -ren
X ∈ D∗(X) defines an equivalence of cate-

gories D!(X)
∼=−→ D∗(X), which maps the dualizing sheaf ωX ∈ D!(X) to the renormalized

dualizing sheaf ωτ -ren
X ∈ D∗(X).

Corollary A.6.8.12. Let f : X → Y be a map of placid indschemes, and assume X and Y

are equipped with dimension theories τX and τY . Then this data canonically determines

functors f ! : D∗(Y )→ D∗(X) and f∗ : D!(X)→ D!(Y ).

More generally, there is a notion of a placid morphism of placid indschemes:

Definition A.6.8.13. A map f : X → Y of placid indschemes is called placid if there exists

a reasonable subscheme Y 0 ↪→ Y such that for any closed subscheme Y 0 ⊂ Y k ⊂ Y

� the pullback Xk := X ×Y Y k is a reasonable subscheme of X, and

� the canonical map Xk → Y k is placid.

The relative version of the construction of the renormalized dualizing sheaf yields the

following:

Proposition A.6.8.14. Let f : X → Y be a placid map of placid indschemes, where Y is

equipped with a dimension theory, and X is equipped with the dimension theory induced

by f from that on Y . Then there are canonical adjunctions

f ! : D∗(Y ) // D∗(X) : f∗oo f ! : D!(Y ) // D!(Y ) : f∗oo ,

where the functors f ! : D∗(Y ) → D∗(X) and f∗ : D!(X) → D!(Y ) are as in Corollary

A.6.8.12 above.
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Holonomic D modules on indschemes

Definition A.6.8.15. Let X be an indscheme. The categories D∗rh(X) and D!
rh(X) of holo-

nomic D modules are defined by iterated Kan extension of the functors from Schft, as in

Definitions A.6.6.2 and A.6.6.4.

Remark A.6.8.16. There are canonical functors

D!
rh(X)→ D!(X) and D∗rh(X)→ D∗(X) ,

which intertwine the functors f ! and f∗, respectively, for f : X → Y an arbitrary map of

indschemes.

Definition A.6.8.17. A map f : X → Y of reasonable indschemes is called reasonable if

there exists a cofinal subsystem Y = colimkY
k of reasonable subschemes Y k ↪→ Y such

that each X ×Y Y k ↪→ X is reasonable for each k.

Example A.6.8.18. Any finitely presented map of reasonable indschemes is reasonable.

Proposition A.6.8.19. Let f : X → Y be a reasonable map of reasonable indschemes. Then

the partially defined left adjoint adjoint f∗ to f∗ : D∗(X)→ D∗(Y ) is defined on holonomic

objects, inducing f∗ : D∗rh(Y )→ D∗rh(X).

Let f : X → Y be a finitely presented map of placid indschemes. Then the partially

defined left adjoint f! to f ! : D!(Y ) → D!(X) is defined on holonomic objects, inducing

f! : D!
rh(X)→ D!

rh(Y ).
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A.7 Sheaves of categories

A.7.1 Sheaves of categories on affine schemes

In this section, we recall the basics of the theory of (quasicoherent) sheaves of (DG) cate-

gories, following [Gai15] and the appendix to [Ras15a].

Let DGCat denote the category of cocomplete DG categories, and DGCatcont the full

subcategory of DGCat with morphisms given by continuous functors. Recall there is a

symmetric monoidal structure on DGCatcont given by the tensor product of DG categories,

with unit object given by the DG category Vect of complexes of vector spaces over the base

field K.

Let S ∈ Schaff be an affine scheme, and QCoh(S) ∈ DGCat the DG category of quasico-

herent sheaves on S. Recall that QCoh(S) has a canonical symmetric monoidal structure,

and thus defines a commutative algebra object QCoh(S) ∈ AlgComm(DGCat⊗cont) internal

to the symmetric monoidal category DGCatcont.

Remark A.7.1.1. To define sheaves of categories, and the natural direct and inverse image

functors between (2-)categories of such, we mimic the construction of categories of quasi-

coherent sheaves and the direct and inverse image functors between them. This is done by

replacing the commutative algebras of functions on affine varieties O(S) ∈ AlgComm(Vect)

with the commutative algebra objects QCoh(S) in each construction.

Definition A.7.1.2. Let S be an affine variety. The 2-category of (quasicoherent) sheaves of

(DG) categories on S is defined as

ShvCat(S) := QCoh(S)-Mod(DGCatcont) ,

the category of module objects over the commutative algebra object QCoh(S) ∈ AlgComm(DGCat⊗cont).

Example A.7.1.3. There is a natural sheaf of categories QCohS ∈ ShvCat(S) given by the

category QCoh(S) as a module over itself. This object is the analogue of the structure sheaf

OS ∈ QCoh(S).

Now, let f : S → T be a map of affine schemes and recall that f• : QCoh(T )→ QCoh(S)

is a symmetric monoidal functor and thus defines a map of commutative algebra objects in

DGCatcont.

Proposition A.7.1.4. The functors of induction and restriction of modules objects

f∗ := (·)⊗QCoh(T ) QCoh(S) : ShvCat(T ) // ShvCat(S) : Res
QCoh(T )
QCoh(S) =: f∗oo

define a pair of adjoint functors between ShvCat(T ) and ShvCat(S), where Res
QCoh(T )
QCoh(S)

denotes the functor of restriction along f• : QCoh(T )→ QCoh(S).
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Remark A.7.1.5. These functors are the analogue of the quasicoherent inverse and direct

image functors for sheaves of categories over affine schemes.

Example A.7.1.6. There is a canonical identification ShvCat(pt) = DGCatcont of the 2-

category of sheaves of categories over a point with the 2-category of DG categories. More

generally, given a sheaf of categories C ∈ ShvCat(S), for each closed point s : pt → S we

obtain a DG category

Cs := s∗C ∈ DGCat

called the fibre of C at s ∈ S. Thus, a sheaf of categories C ∈ ShvCat(S) in particular defines

a family of categories (Cs)s∈S parameterized by the closed points of the affine scheme S.

A.7.2 Sheaves of categories on prestacks

We now extend the notion of sheaves of categories to general prestacks:

Remark A.7.2.1. The pullback functor f∗ on sheaves of categories on affine varieties is

natural in the sense that it defines a functor

ShvCat(·) : Schop
aff → DGCatcont

S 7→ ShvCat(S)

[f : S → T ] 7→ [f∗ : QCoh(T )→ QCoh(S)]
.

Definition A.7.2.2. The functor ShvCat(·) : PreStkop → DGCatcont is defined as the right

Kan extension of ShvCat(·) : Schop
aff → DGCatcont along the inclusion Schaff ↪→ PreStk.

Remark A.7.2.3. Concretely, by pointwise evaluation of the opposite left Kan extension as

a weighted colimit, an object of C ∈ ShvCat•(Y) is given by an assignment

S 7→ [(·)∗(C) : Maps(S,Y) // ShvCat(S)

“ [f : S → Y] � // f∗(C)“

] [ϕ : S → T ] 7→ Maps(T,Y)
(·)∗(C)//

(·)◦ϕ
��

ShvCat(T )

ϕ∗

��
Maps(S,Y)

(·)•(C)// ShvCat(S)

,

defined for each S ∈ Schaff and each morphism ϕ : S → T of affine schemes.

Example A.7.2.4. There is a natural sheaf of categories QCohY ∈ ShvCat(Y ) given by

the assignment f∗QCohY = QCohS ∈ ShvCat(S) for each affine scheme S and map f ∈
Maps(S,Y).

Corollary A.7.2.5. Let f : X → Y be an arbitrary map of prestacks. There is an induced

functor f∗ : ShvCat(Y)→ ShvCat(X).

Remark A.7.2.6. The identification � : QCoh(S)⊗QCoh(T )
∼=−→ QCoh(S×T ) of symmetric

monoidal categories induces an equivalence of (2-)categories

� : ShvCat(X)⊗ ShvCat(Y)
∼=−→ ShvCat(X× Y) .
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Corollary A.7.2.7. The functor of pullback along the diagonal map ∆ : Y → Y × Y defines

a symmetric monoidal structure

⊗ := ∆∗ ◦� : ShvCat(Y)⊗ ShvCat(Y)→ ShvCat(Y) .

Proposition A.7.2.8. Let f : X → Y be a map of prestacks. Then f∗ : ShvCat(Y) →
ShvCat(X) admits a right adjoint

f∗ : ShvCat(X)→ ShvCat(Y)

satisfying base change. Moreover, if f is 1-affine, then f∗ is continuous and satisfies the

projection formula

f∗((f
∗C)⊗D) ∼= C⊗f∗D

for each C ∈ ShvCat(Y) and D ∈ ShvCat(X).

Example A.7.2.9. The map pY : Y→ pt induces the functor of global sections

Γ(Y, ·) := pY∗ : ShvCat(Y)→ DGCatcont .

For S an affine scheme, this is just the forgetful functor QCoh(S)-Mod(DGCatcont) →
DGCatcont.

Example A.7.2.10. The global sections of the unit sheaf of categories QCohY ∈ ShvCat(Y )

is given by the category of quasicoherent sheaves,

Γ(Y,QCohY) = QCoh(Y) .

Remark A.7.2.11. For a map of prestacks f : X → Y, the unit of the (f∗, f∗) adjunction

defines a canonical map of sheaves of categories

f• : C→ f∗f
∗C ; (A.7.2.1)

by abuse of notation, we denote this map identically to the inverse image functor on qua-

sicoherent sheaves, since for C = QCohY we obtain

QCohY → f∗f
∗QCohY = f∗QCohX and thus a functor QCoh(Y)→ QCoh(X) ,

on global sections categories, which agrees with the usual inverse image of quasicoherent

sheaves.

Proposition A.7.2.12. Let f : X → Y be a schematic, quasi-compact, and quasi-separated

map of prestacks. Then for any C ∈ ShvCat(Y), the unit morphism of equation A.7.2.1
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admits a right adjoint

f• : f∗f
∗C→ C

in the 2-category ShvCat(Y), which satisfies base change for cartesian squares in PreStk

with schematic, quasi-compact, quasi-separated horizontal arrow.
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