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1
I N T R O D U C T I O N

A well-studied object in symplectic geometry and mathematical physics is
the loop group.

1.1 summary of results

We prove two independent contributions concerning the based loop
groups.

First, we compute positive-energy representations of ΩG in the case of
G = SU(2) as a limit of equivariant indices of Bott-Samelson manifolds,
on which we may employ the Atiyah-Bott fixed point formula. Kumar
proved that the character formula for the Bott-Samelson manifolds was
the same as the character formula for the Schubert varieties. So we prove
a character formula for the Bott-Samelson manifolds, and take a limit as
the dimension of the Bott-Samelson manifolds goes to infinity.
As a corollary, we obtain an effective character formula for Demazure
modules of the affine Lie algebra ŝl2 (i.e. a formula containing explicit
weights). The character of Demazure modules was previously only known
as a composition of Demazure operators. We also obtain an affine analogue
of the Kostant multiplicity formula for semisimple Lie algebras.
Our main results are contained in chapters ?? and ??.

Second, we generalize work done by R. Picken [?]. We give a general-
ization of the Duistermaat-Heckman formula for oscillatory integrals on
the based loop group G by using the Wiener measure. Previously work
has been done by R. Wendt for the generic coadjoint orbit LG/T, we carry
out a similar computation for the degenerate coadjoint orbit LG/G ∼= ΩG
where G = SU(n).

1.2 main theorems of this thesis

The first main theorem of this thesis is ??, which is proven in Chapter ??.
The theorem computes the K-theoretic equivariant multiplicites of affine

1



1.2 main theorems of this thesis 2

Schubert varieties in the based loop group. Then there is a short section ex-
plaining its application to computing the characters of Demazure modules
and an affine version of the Kostant multiplicity formula in Proposition ??.
As a corollary, we also obtain equivariant multiplicities for homology.

In Chapter ??, the main theorem is a Duistermaat-Heckman type formula
for the based loop group which relates to orbital integrals on ΩG with
respect to the Wiener measure. Our main result is Theorem ??.



2
E Q U I VA R I A N T
( C O ) H O M O L O G Y

The study of homology and cohomology of topological spaces has a
very long history. It also became important to study the (co)homology of
quotient spaces, particularly orbit spaces (such as...). Explicitly, given a
compact Lie group G acting on a space X, there is a cohomology theory
with the property that

H∗G(X) ∼= H∗(X/G)

as rings if the G-action is free.
The upshot of this theory is that even when the G-action is not free

and the resulting quotient may not be a manifold, the cohomology the-
ory H∗G(X) is still well-defined. Moreover, just as there is the de Rham
model for singular cohomology, there are various models for equivariant
cohomology.

2.1 the homotopy quotient

The original construction of equivariant cohomology was due to Borel,
and is hence known as the Borel construction. Given a group G, there
is a classical construction called the classifying space which in a sense
classifies all principle G-bundles on a space. The original construction of
the classifying space (and the universal bundle) is due to Milnor [?], which
we outline here.

First we begin with a topological construction.

Definition 2.1 (Milnor Join). Given n topological spaces A1, · · · , An, form
the join A1 ◦ · · · ◦ An is defined as the set of points in the form of:
(a1, · · · , an; t1, · · · , tn) such that ti ≥ 0, t1 + · · ·+ tn = 1 and ai ∈ Ai for
each i such that ti 6= 0. Each such point will be denoted as t1a1⊕ · · · ⊕ tnan.
(Note: If ti = 0 for some i then the corresponding point ai can be omitted).
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2.2 the cartan model 4

For an arbitrary topological group G, let En = G ◦ · · · ◦ G be the join of
(n+ 1) copies of G with the strong topology. We define the right-translation
R : En × G → En by

R(t0g0 ⊕ · · · ⊕ tngn, g) := t0(g0g)⊕ · · · ⊕ tn(gng).

Now let Xn denote the quotient space En/ ∼ where e ∼ e′ iff e′ = R(e, g)
for some g ∈ G (in other words the orbit space of En under right-translation.
Let p : En → Xn denote the natural map from En to Xn.

Definition 2.2. The classifying space of the group G, denoted by BG is the

base space Xn given above. The universal bundle EG is the limit
∞⋃

n=1
En.

The map p : EG → BG is a principal G-bundle.

By the same construction, it can be shown that EG is a contractible space.

Example 2.3. If G = S1, then ES1 = S∞, the infinite-dimensional sphere
in the Hilbert space R∞ and BS1 = CP∞, the infinite projective space.

In general we will not need to know the spaces EG and BG explicitly,
but they are necessarily in the definition of equivariant cohomology.

Definition 2.4. The homotopy quotient of a G-space X is given by

EG×G X

i.e. it is the space EG× X with equivalence relation (p, x) ∼ (p · g, g−1 · x).

Definition 2.5. The G-equivariant cohomology of a G-space X is defined
by

H∗G(X) = H∗(EG×G X). (2.1)

Example 2.6. • If X is a point, the H∗G(pt) = H∗(EG ×G {pt}) =

H∗(BG).

• If G is a group which acts on itself by left multiplication, then since
there is only one orbit, H∗G(G) = H∗(pt).

2.2 the cartan model

This section follows M. Audin’s book “Torus Actions on Symplectic Mani-
folds" [?].
Let G be a compact Lie group and g be its Lie algebra. The Borel con-
struction involves infinite-dimensional spaces EG and can be hard to work



2.2 the cartan model 5

with in practice. However, in the case that M and G are smooth manifolds,
there is a model for H∗G(M) in terms of differential forms, just as there is
the De Rham model for H∗(M).

Define ΩG(M) := (Ω(M) ⊗ S(g∗))G as the G-invariant forms. Here
S(g∗) is the space of polynomials in g. If G = T is abelian, then this con-
struction simplifies to ΩT(M) = Ω∗(M)T⊗S(t∗) = Ω∗(M)T⊗C[x1, · · · , x`].
We may think of an element in ΩG(M) as a G-equivariant map g→ Ω(M),
such that the dependence on X ∈ g is polynomial. When G = T is abelian,
we can also view ΩT(M) as differential forms on M with coefficients in
S(t∗).

Example 2.7. On the sphere S2, with coordinates (z, θ) and the circle acting
on it by rotation, f (X) = dzdθ ⊗ X2 is an equivariant form.

There is a Z-grading on ΩG(M): for an equivariant form f = ∑ αi ⊗
fi(X1, · · · , Xn) where fi are polynomials in the X` of degree p and αi are
differential forms of degree i on M, the degree of f is given by i + 2p.

Now we define a differential D : Ω∗G(M)→ Ω∗G(M) by

(D f )(X) = d( f (X))− ιX# f (X)

where X# is the fundamental vector field of X ∈ g and ιX : Ωk(M) →
Ωk−1(M) is the interior product on differential forms.

Theorem 2.8. D ◦ D = 0.

Proof. Since D is C-linear it suffices to check that D2( f )(X) = 0 for an
equivariant form f (X) = β⊗ P(X) with α ∈ Ω(G), P(X) ∈ S[g∗].
We have

D2( f )(X) = D(d( f (X))− ιX# f (X))

= d2( f (X))− ιX# d( f (X))− d(ιX# f (X))) + ιX#(ιX# f (X))

= 0−LX# f (X) + 0

= 0 (since by assumption, the form α is G-invariant)

Then it follows that Ω∗G(M) is a chain complex, and we have the follow-
ing result due to Cartan:

Theorem 2.9 (Cartan, [?]). The cohomology of this complex is isomorphic to
H∗G(M).
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There is a distinguished equivariant form that is of great interest in
symplectic geometry. Let (M, ω) be a symplectic manifold and Φ a mo-
ment map. Define the extended symplectic form by ω̃(X) = ω + Φ(X).
A routine computation verifies that Dω̃ = 0. Therefore [ω̃] ∈ H2

G(M) is a
well-defined equivariant class.

2.3 the pushforward map

Given a G-equivariant map f : X → Y, there is naturally a pullback
map H∗G(Y) → H∗G(X) given by α(X) 7→ f ∗(α(X)). However, using the
Pontryagin-Thom construction, Atiyah-Bott have constructed a "wrong-
way" map, or pushforward f∗ : H∗G(X) → H∗G(Y). If π : X → Y is a
G-equivariant fibration, then π∗ can be considered a more general version
of integration over fibres.

Definition 2.10 (GS, susy and equiv de rham). Let π : X → Y be a
fibre bundle where the fibres have dimension k. The map π∗ : H`

G(X)→
H`−k

G (Y) is the map uniquely characterized by∫
Y

π∗β ∧ µ =
∫

X
β ∧ π∗µ

Let π : M→ pt denote the constant map to a point. Define the integra-
tion over a G-manifold M by ∫

M
α := π∗(α)

for all equivariant forms in H∗G(M).

The Thom and Euler classes

For this section we will denote compactly supported equivariant forms
on X by Ω(X)0 (we suppress the notation for the G-action).

Definition 2.11. Let Z be a manifold and X be a codimension-k subman-
ifold. Then the Thom class associated with X is the unique cohomology
class τ(X) ∈ Hk

G(Z) such that∫
Z

α ∧ τ =
∫

X
α

for all α ∈ H∗G(X).

Using properties of fibre integration, we see that a form τ is a Thom
form if π∗τ = 1.
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Guillemin and Sternberg prove the existence of the equivariant Thom
class by using an equivariant version of the Mathai-Quillen construction.

The Euler class of a real orientable vector bundle V is denoted by e(V).
We will not give the definition here, but rather list some useful properties
(see [?]):

• Let E be a complex vector bundle of (complex) rank m, let E′ denote
the same total space seen as a real vector bundle, then e(E′) = cm(E),
the m-th Chern class of E.

• If E = E1 ⊕ E2 then e(E) = e(E1)e(E2). Combined with the previous
property, if E = L1 ⊕ · · · ⊕ Lm is the direct sum of line bundles, then
e(E) = c1(L1) · · · c1(Lm).

• If E is a complex vector bundle with a T action, and E =
⊕

j Lj where
the Lj are complex line bundles with T action given by weights
β j : T → U(1), then the equivariant Euler class of E is

eT(E) = ∏
j

cT
1 (Lj)

which is represented in the Cartan model by

eT(E)(ξ) = ∏
j
(dθj − β j)(ξ).

Now suppose X has even codimension in Z, then the following propo-
sition illustrates the relationship between the Thom class and the Euler
class.

Proposition 2.12 ([?]). Let i : X → Z be the inclusion map, and let τ(X)

be the Thom class of X and e(N) the equivariant Euler class of its normal
bundle N in Z. Then i∗τ(X) = e(N).

Example 2.13. A very useful example of the Euler class arises when
considering the normal bundle Np of a point p inside a manifold M. In
this case Np = Tp M. Suppose that M is equipped with a T-action and
p is a T-fixed point. Since T fixes p, there is an induced action on Tp M.
This is called the isotropy representation of T on Tp M. Since T is abelian,
the isotropy representation on Tp M decomposes into one-dimensional
subspaces Lj, each with weight β j. Then the Euler class e(Np) = e(Tp M)

is given by ∏
j
〈−β j, ξ〉 where ξ is an element of g. We see that in this case,

the Euler class is a degree dimC M homogeneous polynomial in g.
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2.4 the localization formula

Using the definitions from the previous section, we can compute the
fiber integration(or pushforward) of any equivariant form by using local
coordinates. However, if the G-action has fixed points, then the data

around the fixed point set is sufficient to yield the global integral
∫

M
α.

This celebrated theorem was discovered independently by Atiyah-Bott
(1983) and Berline-Vergne (1983). Although the result is true for the action
of a general compact Lie group G, we only state the version of the theorem
for G = T a torus.

Theorem 2.14 (ABBV localization). Suppose that T acts on the compact mani-
fold M with isolated fixed points. For a closed equivariant form α ∈ H∗T(M), the
following identity holds in H∗T(pt) ∼= C[t∗]:

∫
M

α(ξ) = ∑
p∈MT

i∗pα

ep(Np)
(ξ) (2.2)

where Np denotes the normal bundle around the point p and ξ ∈ g.

Remark: One notable fact about this theorem is that a priori, the RHS
of the equation is in the fraction ring of C[t∗]. However, part of the power
of the localization theorem is that the denominators in the RHS actually
cancel out and as a result, the quantity lives in C[t∗].

2.5 duistermaat-heckman theorem

From previous sections we have seen that we can use the moment map
Φ : M → g∗ to extend the symplectic form to an equivariant form by
setting ω̃m(ξ) := ωm + 〈Φ(m), ξ〉. This form is closed. Formally speaking

we may also consider the "equivariant form" eiω̃ =
∞

∑
k=0

(iω̃)k

k!
. We have that

eiω̃(ξ) = eiωeiΦ(ξ). The first factor is given by eiω =
∞

∑
k=0

(iω)k

k!
. It is clear

that ωk vanishes for k > dimM/2. Therefore the sum is finite and eiω̃ is a
well-defined equivariant form. Applying the ABBV localization theorem
for isolated fixed points, we obtain the following formula

1
(2π)dimM/2

∫
M

eiω̃(ξ) = ∑
p∈MT

eiΦp(ξ)

ep(Np)
(2.3)

This is the well-known Duistermaat-Heckman formula.
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Example 2.15. The simplest example is M = S2. We put cylindrical coor-
dinates on it with symplectic form dzdθ and the counterclockwise rotation
action of S1. Then this action has two fixed points: one at the north pole
N and one at the south pole S. The moment map for the Hamiltonian
circle action is given by the height map φ(z, θ) = z. Then we see that

eiω̃ = eiωeiΦ =

(
∞

∑
k=0

(iω)k

k!

)
eiΦ = (1 + ω)eiΦ. Now let ξ be a vector in

Lie(S1) ∼= R. As a map g→ Ω(M). We have eiω̃(ξ)(z,θ) = (1 + iω)ei〈z,ξ〉 =

(1 + iω)eizξ .
When we integrate this form over M, only the degree 2 form is considered,
so ∫

M
eiω̃(ξ) =

∫
M

eiφ(ξ)ω

=
∫ 2π

0

∫ 1

−1
eizξdzdθ

=
∫ 2π

0

(
eiξ − e−iξ

iξ

)
dθ

= 2π sin(ξ)

On the other hand, let us apply the Duistermaat-Heckman formula. First
we observe that at the north pole N, the isotropy representation is a
(complex) line bundle given by weight 1. At the south pole S the isotropy
representation is given by weight −1. Therefore we obtain:

1
2π

∫
M

eiω̃(ξ) =
eiξ

ξ
+

e−iξ

−ξ

= sin(ξ)

1
(2π)dimM/2

∫
M

eiω̃(ξ) is an example of an oscillatory integral.

2.6 equivariant homology

One may also consider equivariant homology, which is a dual theory to
equivariant cohomology. An exposition of the theory can be found in Brion
[?]. All we will require is the following localization theorem, which tolds
for both equivariant homology and equivariant cohomology. Our results
in chapter ?? will involve equivariant homology.

Theorem 2.16 (Brion [?] Lemma 1). Let ι : XT → X denote the inclusion of
the fixed point set into the variety X, then the maps
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ι∗ : HT
∗ (XT)→ HT

∗ (X), ι∗ : H∗T(X)→ H∗T(XT)

become isomorphisms after inverting finitely many prime ideals.



3
E Q U I VA R I A N T K - T H E O RY

The material in this section follows Chriss-Ginzburg [?] and Segal.

Definition 3.1. Given an additive category C, the Grothendieck group of
C is given by the free abelian group generated by the isomorphism classes
[A] of objects [A] in C, subject to the relations [A] = [A′] + [A′′] whenever
A ∼= A′ ⊕ A′′.

Example 3.2. Let Vect denote the category of finite dimensional vector
spaces over C, then the Grothendieck group of Vect is isomorphic to Z,
corresponding to the dimensions of the vector spaces.

3.1 equivariant sheaves

Let f : X → Y be a morphism of complex algebraic varieties and let F
be a sheaf of OY-modules on Y. Then form the pullback sheaf f ∗(F ) by
setting f ∗(F )(U) := OX(U)⊗ f−1OY

f−1F .
For an algebraic G-action on a variety X, we have two maps G× X → X

given by the action map a and the projection p onto X.

Definition 3.3. A sheaf F of OX-modules on an algebraic variety X is
G-equivariant if the following conditions hold:

1. There is a given isomorphism of sheaves on G× X

I : α∗F p−→
∗
F

(i.e. the isomorphism is part of the data for an G-equivariant sheaf)

2. The pullbacks of the isomorphism I satisfy

p∗23 I ◦ (idG × a)I = (m× idx)
∗ I

where p23 : G × G × X → G × X is the projection along the first
factor G.

Example 3.4. The structure sheaf OX is G-equivariant, with the isomor-
phism given by a∗OX ≡ OG×X ≡ p∗OX.

11



3.2 pullback and pushforward maps 12

If X is smooth and F is a locally-free sheaf, then we can state the
definition in terms of G-equivariant vector bundles:

Definition 3.5. A G-equivariant structure on a vector bundle V → X is
the same as giving a G-action over the total space V such that

1. The projection π : V → X commutes with the G-action, in particular
any g ∈ G takes the fibre Vx to Vg·x.

2. The map given by g : Vx → Vg·x is a linear map of vector spaces.

We now consider the category CohG(X) of G-equivariant coherent
sheaves on X. This is an abelian category. We will now use the following
definition G-equivariant K-theory.

Definition 3.6. The G-equivariant K-theory of X, denoted by KG(X), is
given by the Grothendieck group of CohG(X).

Of course when X is smooth we can consider G-equivariant vector
bundles instead of G-equivariant sheaves, and if G = {1} then we recover
ordinary K-theory K(X).

When X = pt, KG(X) = R(G) the representation ring of G.

We will henceforth use square brackets [F ] to denote the K-theory class
corresponding to the G-equivariant sheaf F .

3.2 pullback and pushforward maps

For a functor F : C → D, denote the right-derived functor of f by RiF.
Let f : X → Y be a proper G-equivariant map. We define a pushforward
map f∗ : K∗G(X)→ K∗G(Y) by setting f∗[F ] = ∑

i
(−1)i[Ri f∗F ] (here f∗ on

the RHS is the direct image functor on sheaves). This map descends to
K-theory by using the long exact sequence of right derived functors. (See
Chriss-Ginzburg, p. 248)

We can also define a natural pullback map. Let f : X → Y be a (not
necessarily proper) G-equivariant map. To give the definition in full, we
consider separate cases:

1. f is an open embedding. Then f ∗ : KG(Y) → KG(X) is defined by
F 7→ f ∗F .

2. f is a closed embedding and X, Y are smooth and quasi-projective.
It turns out that for any G-equivariant sheaf F on Y, there exists a
finite locally free G-equivariant resolution F· given by

0→ Fn → Fn−1 → · · · → F1 → F0 → F → 0
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.

Then f ∗ : KG(Y)→ KG(X) is defined by

F 7→∑
i
(−1)i Hi( f∗OX ⊗OY F·) = ∑

i
(−1)iTorOY

i (OX,F )

.

3.3 localization

Let R(T) denote the representation ring of T. Define S to be the multi-
plicative set generated by {1− eλ} for all λ ∈ M. For a variety X denote
its T-fixed point set by KT and denote ι : XT → X by its inclusion into X.
Then we have the following theorem:

Theorem 3.7 (Localization). [Theorem 2.1 in [?]] The homomorphism

S−1ι∗ : S−1KT(XT)→ S−1KT(X)

is an isomorphism.

Although the theorem above is true for arbitrary fixed point sets, hence-
forth we will assume that the fixed point set is isolated and that each
fixed point is nondegenerate. This means that for any point p ∈ XT, the
isotropy weights of T on TpX are all nonzero.

Equivariant Multiplicities

We follow the work of W. Rossman [?] and D. Anderson [?].

The localization theorem states that we have an isomorphism KT(X)→
KT(XT) after localizing at certain prime ideals. This means that for any
class [V] ∈ KT(XT), we can write it as a sum

[V] = ∑
p∈KT

εK
p [Op]

The coefficients εK
p live in R(T) and are called equivariant multiplicities.

Similarly we denote the coefficients appearing in the localization formala
in equivariant homology by εH

p . It is an analogue of the Todd class, which
appears in the Grothendieck-Riemann-Roch theorem.
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Example 3.8. An important example is when X is smooth, in that case, we

have εK
p = ∏

α

1
1− eα

where α ranges over the isotropy weights of TpX. For

equivariant homology the result is εK
p = ∏

α

1
α

.

When there is a resolution of singularities π : Y → X, then we have that
π∗OY = OX and π∗[Y] = [X].

Proposition 3.9 (Anderson, [?]). If there is a resolution of singularities
π : Y → X then we have

εK
p = ∑

q∈Y,π(q)=p∈XT

1
n
∏
i=1

(1− eα
q
n)

and εH
p = ∑

q∈Y,π(q)=p∈XT

1
n
∏
i=1

α
p
n

where α
p
1 , · · · , α

p
n are the isotropy weights on TpY.

Therefore we can compute the equivariant multiplicities of points in X
by using Atiyah-Bott-Lefschetz on Y. This is the technique we will employ
to derive our results in chapter ??.
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I N F I N I T E - D I M E N S I O N A L
P R E L I M I N A R I E S

In this section we introduce background on the free and based loop groups.

4.1 loop groups

Let G be a compact Lie group. Consider the set Map(X, G) of all smooth
maps from a compact smooth manifold X to G with the topology of
uniform convergence. There is a natural group structure on Map(X, G)

given by pointwise multiplication. In other words for two maps f , g : X →
G, ( f · g)(x) := f (x) · g(x). Inverses are given by f−1(x) := f (x)−1.
We are primarily interested in the case where X = S1, as it is the simplest
well-studied example of mapping groups. Denote Map(S1, G) by LG. This
is called the free loop group and it is an infinite-dimensional Lie group.
The Lie algebra of LG is given by Map(S1, g), the set of all smooth maps
from S1 to the Lie algebra of G, which we denote by Lg.
We also study the based loop group, which is a subgroup of LG consisting
of all smooth loops which are based at the identity id ∈ G, i.e. f (1) = id.
This group can also be considered as a quotient LG/G of the free loop
group.
We will study multiple variants of loop groups in this thesis, among them
are

• The continuous loop space LctsG of all continuous maps from S1 to
G. This allows us to use the well-known Wiener measure.

• The polynomial loop space LpolyG of all smooth loops from S1 to G
with finite Fourier expansions. This allows us to use a filtration of
finite-dimensional varieties. This space also has connections to the
affine Grassmannian GrG.

15
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4.2 hamiltonian group actions on ΩG

In this section we follow [?] chapter 8. It turns out that we can think of
ΩG has an infinite-dimensional symplectic manifold. Define a 2-form on
ΩG by first setting the following bilinear form on TeΩG:

ω(X(t), Y(t)) =
1

2π

2π∫
0

〈X(t), Y
′
(t)〉 dt (4.1)

where X(t), Y(t) ∈ TeΩG ∼= Lg/g = Ωg, the space of loops in g based at
0. For elements in the tangent space around an arbitrary point TpΩG the
symplectic form is computed by pulling back the tangent vectors to the
identity (via left or right multiplication), i.e. to elements of Ωg (see [?]
chapter 8 for more details).
There are two natural Lie groups acting on ΩG: First, the maximal torus
T ⊂ G acts by pointwise conjugation k · θ(t) = kθ(t)k−1 for k ∈ T; second
the circle group S1 acts by rotating the loops. However, since the loops
must be based, we instead have a “based rotation" given by θ · γ(t) =

γ(t + θ)γ(θ)−1 for θ ∈ S1. These two actions commute with each other.
(See [?], [?] for more details.)
This (T × S1)-action is in fact Hamiltonian with respect to ω, and the
corresponding moment map is given by µ = (E, ρ) : ΩG → Lie(T × S1)∗

with

E(γ) =
1

4π

2π∫
0

||γ(t)−1γ
′
(t)||2dt,

ρ(γ) =
1

2π

2π∫
0

prLie(T)(γ(t)
−1γ

′
(t))dt.

E is referred to as the energy function and ρ is referred to as the mo-
mentum function. The moment map and symplectic form restrict to the
polynomial loops as well.

It is well-known that ΩG is a Kahler manifold. It has the following
complex structure

I

(
∞

∑
k=1

ξkeikt + ξke−ikt

)
=

∞

∑
k=1

iξkeikt − iξke−ikt (4.2)
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4.3 bott and mitchell’s filtrations

Although ΩG is infinite-dimensional, it is fortunately tamely infinite-
dimensional, meaning that it can be filtered by a sequence of finite-

dimensional spaces pt = X0 ⊂ X1 ⊂ · · · where Xi ⊂ ΩG and
∞⋃

i=0
Xi = ΩG.

Bott used a filtration of Ω to compute its homology groups for the case of
G = SU(2):

Theorem 4.1 (Bott). The integer homology H∗(ΩSU(2), Z) equipped with
the Pontryagin product is isomorphic as algebras to the polynomial algebra
Z[x0, x1, · · · , ]. Each xi corresponds to the unique generator in H2i(ΩSU(2)) ∼=
Z.

There are subspaces which represent the classes xi inside ΩSU(2), and
these subspaces can be taken as a filtration. Mitchell gave a systematic
way to find the filtrations in ΩG for all Lie types. In fact, the spaces in
Mitchell’s filtration correspond to certain Schubert varieties in the based
loop group. We use Mitchell’s filtration for our results in Chapter ??.

4.4 affine lie algebras

This section follows Kac [?].

Let L = C[t, t−1] be the algebra of Laurent polynomials in t. Define
the C-bilinear function φ : L2 → C given by φ(P, Q) = res dP

dt Q where res
denotes the residue of a Laurent polynomial.
Let g̊ be a simple Lie algebra. Consider the loop algebra

L(g̊) = L⊗C g̊.

with bracket defined by

[P⊗ x, Q⊗ y]0 = PQ⊗ [x, y].

Now we extend the loop algebra to obtain a construction of affine Lie
algebras. First we extend the nondegenerate bilinear form (·|·) on g̊: define
the L-valued bilinear form (·|·)t on L(g̊) by

(P⊗ x|Q⊗ y)t = PQ(x|y).

First we define a 2-cocycle ψ on the Lie algebra L(g̊) by

φ(P⊗ x, Q⊗ y) = (x|y)φ(P, Q).
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Denote by L̂(g̊) the Lie algebra gotten by: extending L(g̊) by a 1-
dimensional center associated to the cocycle φ, and adjoining the deriva-
tion operator d = t d

dt . We construct this Lie algebra by setting L̃(g̊) =

L(g̊)⊕CK⊕Cd as a vector space, with bracket given by

[tm ⊗ x⊕ λ1K⊕ µ1d, tn ⊗ y⊕ λ2K⊕ µ2d]

= (tm+n ⊗ [x, y] + µ1ntn ⊗ y− µ2mtm ⊗ x)⊕mδm,−n(x|y)K. (4.3)

Note that K is the central element in L̂(g̊) and d kills K.
For the case where g = sln, we denote L̂(g̊) by ˆsln.

The Affine Weyl Group

In this section we follow the notes of Magyar [?]. First we recall that the
Weyl group associated to type AN−1 is isomorphic to the symmetric group
SN . Given the finite Weyl group W associated to type AN−1, the affine Weyl
group W is the semidirect product W n Q, where Q denotes the coroot
lattice of SU(N). Another way of expressing this is that each element in
W is given by the product of a reflection rα and a translation tβ, where α

is a root and β ∈ Q.

The generators include the standard generators for the finite Weyl group:
si = rαi for i = 1, · · · , N − 1. There is an extra generator in the affine Weyl
group given by s0 = rθt−θ∨ where θ is the highest root. For these generators,
the multiplication is given by

(rαi1
tβi1 )(rαi2

tβi2 ) = rαi1
rαi2

tβi1+rαi1
(βi2 ).

Example 4.2. The group SU(2) has a coroot lattice isomorphic to Z and
its Weyl group is the group Z2 with generator r, so the Weyl group for
affine sl2 is the semidirect product Z2 n Z.

Root Systems

In analogy with finite-dimensional Lie algebras, affine Lie algebras have
their own root systems. Let Π = {α1, · · · , αn}, Π∨ = {α∨1 , · · ·∨ , α∨n } be two
subsets of h∗ and h respectively, satisfying the following conditions:

1. Π and Π∨ are linearly independent in h∗ and h respectively

2. 〈α∨i , αj〉 = aij

3. n− ` and dim h− n
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The elements αi and α∨i are called simple roots (denoted by 4re) and
simple coroots (denoted by 4im) respectively. A root α is called real if
there is a w ∈W such that w(α) is a simple root. A root which is not real
is called imaginary.
For the affine Lie algebras ˆsln we have an explicit description of both
types of roots ([?], Proposition 6.13). Let 4̊ be the root system of sln (the
finite-dimensional Lie algebra), then we have:

4re = {α + nδ|α ∈ 4̊, n ∈ Z}

4im = {nδ, n ∈ Z \ {0}}

where δ =
`

∑
n=0

αi.

In contrast to finite-dimensional Lie algebras, affine Lie algebras have
infinitely many roots.

4.5 the weyl-kac character formula

Theorem 4.3 (Pressley-Segal p. 280, Theorem 14.3.1). Let λ be an (anti)-
dominant weight then the character of Vλ is given by

ch Vλ = ∏
α>0

(1− eiα)−1 ∑
w∈W̄

(−1)`(w)ei(w·λ+s(w)) (4.4)

where s(w) denotes the sum of all positive roots α of LG for which w−1α is
negative. The dot action of the affine Weyl group is given by w ·λ = w(λ+ ρ)− ρ.
where ρ is half the sum of positive roots of G.



5
W I E N E R M E A S U R E S A N D
H E AT K E R N E L S

The heat kernel is a solution to the famous heat equation ∂
∂t = 4x. For

Rn the heat kernel has been worked out to be e
1
4 t||x||2 . The construction is

similar for a Riemannian manifold M.
Throughout this section we follow the paper of H. Urakawa [?].

Definition 5.1. Let (M, g) be a Riemannian manifold, and 4 the Laplace-
Beltrami operator on M. Then the fundamental solution to the heat equation
is a solution vt(m, m′) to the equation

4xu(t, x) =
∂

∂t
u(t, x) (5.1)

such that

1. vt(m, m
′
) ∈ C∞((0, ∞)×M×M) is a positive function

2. ∂v
∂t = 4mv = 4′mv

3. lim
t→0+

∫
M

vt(m, m
′
) f (m

′
)dVol(m

′
) = f (m) for any function f ∈ C∞(M)

and dVol is the Riemannian volume on M.

Also define the trace of vt(m, m
′
) as v(t) :=

∫
M

vt(m, m)dVol(m).

For a compact Lie group G, we get a Riemannian metric from the Killing
form on its Lie algebra g. For a dominant integral weight λ ∈ D, denote
χλ as the character of the unique up to isomorphism irreducible represen-
tation Vλ of G with highest-weight λ. Denote d(λ) as the degree of Vλ.
We also denote the maximal torus of G as T and their Lie algebras by g, t
respectively.

Theorem 5.2 (Urakawa, Theorem 1). Let G be a compact simply-connected Lie
group. Let V(t, g) := ∑

λ∈D
d(λ)e−〈λ,λ+2ρ〉tχλ(g) , t > 0, g ∈ G, where ρ is half

20
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the sum of the positive roots. Then V(t, g) is the fundamental solution to the heat
equation on G. In other words then vt(x, y) := V(t, xy−1) is a solution to the
heat equation on G.

It will be convenient for us to write the character χλ(x) in another form.
Let

j(x) = ∑
w∈W

(−1)we2πi(w(ρ),x)

. Then

χλ(x) =
∑

w∈W
(−1)we2πi(w(λ+ρ),x)

j(x)
.

We also have an explicit formula for the degree. Define the function

d(λ) =
∏
α>0

(λ + ρ, α)

∏
α>0

(ρ, α)
, then the degree dimVλ is equal to d(λ + ρ). For

dominant weights λ, d(λ) = dimVλ, but the function d(·) also extends to
other weights in t∗.

By using the denominator j(x) we can write the heat kernel as follows:

Theorem 5.3 (Fegan, [?]).

V(t, x) =

e−2πi|ρ|2t

(
∑

γ∈P
d(γ)e2πi|γ|2t+〈γ,x〉

)
j(x)

(5.2)

where λ ∈ t∗ is the dual element identified with H ∈ t via the Killing form and
h = exp(H).

Let Q denote the coroot lattice of G and define π(λ) = ∏
α∈Φ+

(λ, α). Then

we have the following inversion formula, which is a consequence of the
Poisson summation formula applied to the dual lattices P and Q.

Theorem 5.4 (Fegan, [?]).

V(−1/t, x) =
e

2πi||ρ||2
t

j(x)

(
t
i

)dimG/2 i−n

volP ∑
λ∈Q

d
(

λ− 1
2

x
)

e2πi||λ− 1
2 x||2t (5.3)

where Q = P∗ denotes the coweight lattice and volP denotes the volume of a
fundamental cell of the lattice P.
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The case of G = SU(2)

We now compute the formula in Theorem (??) for the group G = SU(2).
Recall that irreducible representations of SU(2) are indexed by integers,
and we denote the representation with the highest weight λ ∈ Z by Vλ.
Its degree is dλ+ρ = λ + 1. Moreover since every dominant weight is a
multiple of the highest root α, we have (λ + α, λ) = λ2

2 + λ where (·, ·) is
the Killing form on g and α = 2.
Finally since every element of SU(2) is conjugate to an element in the
maximal torus T, it suffices to compute the character χλ on T. There the

formula is χλ(θ) =
sin((λ + 1)θ)

sin(θ)
= e−λθ + e−(λ−2)θ + · · ·+ e(λ−2)θ + eλθ .

5.1 the wiener measure

In this section we follow I. Frenkel [?].
Let CG(T) denote the space of continuous paths on the compact group G,
where paths are parametrized by the interval [0, T]. Let CG(Z; T) denote
the subspace of all continuous paths with the fixed endpoint f (T) = Z.
A cylinder set is a subset of CG(T) of the form

{ f ∈ CG(T) : f (T1) ∈ A1, · · · , f (Tn) ∈ An; 0 ≤ T1 < · · · < Tn ≤ T} (5.4)

where Ai are Borel sets of G.

Definition 5.5. Let dz be the Haar measure on G, 4zk = zkz−1
k−1, z0 =

id,4Tk = Tk − Tk−1, T0 = 0, then we have the following measures on the
continuous loop spaces

1. The Wiener measure of variance t > 0 is defined on the cylinder
sets of CG(T) by

wt
G( f (T1) ∈ A1, · · · , f (Tn) ∈ An)

:=
∫

A1

· · ·
∫

An

vt(4z1,4T1) · . . . · vt(4zn,4Tn) dz1 · · · dzn (5.5)

2. The conditional Wiener measure of variance t > 0 s defined on the
cylinder sets of CG(Z; T) by

wt
G,Z( f (T1) ∈ A1, · · · , f (Tn−1) ∈ An−1)

:=
∫

A1

· · ·
∫

An−1

vt(4z1,4T1) · . . . · vt(4zn,4Tn) dz1 · · · dzn−1

(5.6)
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in this case zn = Z and Tn = T.

Unlike the Lebesgue measure on Euclidean space, the Wiener measure
is not translation-invariant. However, there is a useful transformation
formula under the (right) translation of a group element g ∈ G.

Theorem 5.6 (Frenkel, [?], p. 333). Let K, Y ∈ C(g), g ∈ G be elements such
that K = gYg−1 − g

′
g−1 and g(0) = id, then one has

e−
||Y||2

2t

∫
CG(Z;T)

e
1
t (z
−1z
′
,Y)dwt

G,Z(z) = e−
||K||2

2t

∫
CG(Z;T)

e
1
t (z
−1z
′
,K)dwt

G,Z(z)

= vt(Za−1
0 , T)

This formula will be used in chapter ?? to derive an identity involving a
Duistermaat-Heckman type formula on the based loop group.



6
A N AT I YA H - B O T T T Y P E
F O R M U L A F O R T H E B A S E D
L O O P G R O U P

It is known that ΩpolyG is homotopy equivalent to the affine Grassmannian
of GC defined by Gr = GC((t))/GC[[t]], where GC((t)) and GC[[t]] denote
Laurent series with values in GC and power series with values in GC

respectively.

6.1 bott-samelson manifolds

First we state the important Bruhat decomposition. Let B denote the
Iwahori subgroup { f ∈ GC[[t]] | f (0) ∈ B} where B is a th e standard
Borel subgroup of G. For G = SU(N), B is given by the group of upper
triangular matrices. For general G we can embed G into SU(N) for some
N and then take upper triangular matrices intersected with the image of
G. Let ` = rank G + 1, then we have the following definition.

Definition 6.1 (Kumar, [?] Definition 6.1.18, p. 186). For any subset Y ⊂
{1, · · · , `} define the standard parabolic subgroup PY as PY = BWYB
where WY is the subgroup of the affine Weyl group generated by {si}i∈Y.

We consider the case where Y = {1, · · · , `} and we denote the corre-
sponding subgroup PY simply by P . Of course, in this case, the group WY
is simply the finite Weyl group W.

Theorem 6.2 (Bruhat Decomposition). Gr = tw∈WBwP/P as sets, and each
component BwP/P is isomorphic to an affine space of dimension `(w).

For any element x in a poset S, one may consider its lower order ideal de-
fined by Ix = {y ∈ S | y ≤ x}. The affine Weyl group is a poset with order
given by the Bruhat order. Therefore for any Weyl group element w ∈W,
we can take its lower order ideal Iw := {v ∈W | v ≤ w}. Then the disjoint
union tv∈IwBvP/P is known as the Schubert variety associated to w. It is
denoted by Xw.
In general Xw may have singularities. In fact in the case of the finite-
dimensional flag manifold GC/B, Xw is smooth if and only if w, seen as an

24
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element of Sn, avoids (1324) and (2143) (see [?] for example). Therefore in
order to use Atiyah and Bott’s formula, we must use the desingularization
given by Bott-Samelson manifolds.

In this section we will use Magyar’s topological description of Bott-
Samelson manifolds (as opposed to the description using lattices in Gr).
This approach allows us to use well-known coordinates on the Bott-
Samelson manifolds to compute fixed point data.

A reduced word is one without redundant pairs (i.e. expressions like
xx−1). For each reduced word w, denote by Mw the Bott-Samelson mani-
fold associated to w. It is a desingularization of Xw.

Magyar’s Topological Description

For this section it suffices to give a description in type A. Let α = ei − ej be
a root and k be an integer. Define K(ei−ej,k) as the subgroup of LG generated
by the maximal torus T ⊂ G and matrices with a copy of SU(2) in the
(ij)-block, in the form (

a −btk

bt−k a

)
.

In type A, the root ei − ei+1 corresponds to the simple root αi for i =

1, · · · , n− 1.

By abuse of notation, let α0 = (−
n−1

∑
i

αi, 1) and αi = (αi, 0) for i ≥ 1 denote

the affine simple root and the finite simple roots respectively. We now
denote by K(i) the group Kαi . These groups Kαi are subgroups of the free
loop group LK.

Definition 6.3. Let w = si1 si2 · · · sin be a reduced word. The Bott-Samelson
manifold associated to w is given by the group

Mw :=
(

K(i1) × K(i2) × · · · × K(in)

)
/Tn

where K(i1) × K(i2) × · · · × K(in) has the following action of Tn:

(x1, · · · , xn) · (t1, · · · , tn) = (x1t1, t−1
1 x2t2, · · · , t−1

n−1xntn)

We also give a topological description for the affine Schubert varieties
living in ΩG:

Definition 6.4. Let w = si1 si2 · · · sin be a reduced word. Consider the group
Kw := K(i1) · K(i2) · . . . · K(in) which lives in LG. Then the Schubert variety
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is defined to be the image of Kw under the basepoint map b : LG → ΩG
given by f (t) 7→ f (t) · f (1)−1.

Coordinates on Mw

For a Bott-Samelson manifold Mw there is a birational multiplication map
η : Mw → Xw to the corresponding Schubert variety. This map is given by

η(x1(t), · · · , xn(t)) = x1(t) · . . . · xn(t) (x1(1) · . . . · xn(1))
−1

The Schubert variety embeds into the based loop group and it inherits
the (T × S1)-action, where T acts by conjugation and S1 acts by rotation.
We want an action on Mw that is equivariant with respect to η. The action
that does the job is

t · (k1, · · · , kn) = (tk1, k2, · · · , kn−1, kn), (6.1)

θ · (k1, · · · , kn) = (θ · k1, θ · k2, · · · , θ · kn−1, θ · kn). (6.2)

We observe that Mw is defined by the equivalence relation

(k1, · · · , kn) = (k1t1, t−1
1 k2t2, · · · , t−1

n−1kntn) (6.3)

Hence the fixed points are (k1, · · · , kn) such that k j = ṡij or 1 . We define
ẇ as follows: If w = si for some i ∈ {1, · · · , n− 1}, then let ẇ denote a lift
of an element of the Weyl group NG(T)/T to NG(T). An explicit formula
for a canonical lift of sα is given by

exp(Fα) exp(−Eα) exp(Fα),

where Eα, Fα, Hα is the sl2-triple associated to the root α.
Therefore we have a total of 2n isolated fixed points.

Let G be a compact Lie group; for any simple root α ∈ g∗ there is an
SU(2)-subgroup associated to α. Let Ψα denote the embedding of that
SU(2)-subgroup into G. Then we have the following description of the
affine coordinates on the Bott-Samelson manifold (see [?]):

Proposition 6.5. There are affine charts around each fixed point k =

(k1, · · · , kn) ∈ Mw given by

Φ(k1,··· ,kn) : (z1, · · · , zn) 7→ (Ψαi1
(mz1) · k1, · · · , Ψαin

(mzn) · kn) (6.4)
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where

mzi :=
1√

1 + |zi|2

(
1 −z̄i
zi 1

)
if ki = e and

mzi :=
i√

1 + |zi|2

(
zi 1
1 −z̄i

)
if ki = ṡi.

Even though these coordinates are not holomorphic, we can still treat
Mw as a real manifold of dimension 2n and use the real coordinates xi, yi
for each zi.

Each Bott Samelson manifold Mw has 2`(w) fixed points, indexed by
what are called galleries. We now give the following definition due to
Härterich [?]:

Definition 6.6. Let w = si1 · · · sin be a reduced word. A gallery associated
to w is an element in the set {0, 1}n. We denote a gallery γ by an n-tuple
(γ1, · · · , γn). We define the realization of a gallery γ by the word sγ1

i1
· · · sγn

in
;

it is denoted by u(γ).

Example 6.7. Let w = s1s2s1, then there are 23 = 8 possible galleries
associated to w. If we take the gallery γ = (0, 1, 1), then its realization is
u(γ) = s0

1s1
2s1

1 = s2s1. Note that two galleries may have the same realization;
e.g. u((0, 0, 0)) and u((1, 0, 1)) are both equal to the identity word e.

Proposition 6.8. Let w be a reduced word. The fixed points of Mw under
the (T× S1)-action are in bijection with the set of galleries associated to w.
In particular Mw has 2`(w) fixed points.

Euler class of tangent spaces at fixed points

In the general situation where a torus T acts on a manifold M, suppose
that the T-action has isolated fixed points. Then for every p ∈ MT, there is
an induced T-action on the tangent space Tp M. Furthermore if M is even

dimensional, then Tp M splits into a direct sum of copies of
n⊕

i=1
Ci, and

T acts on each Ci by a weight βi. This is what is known as the isotropy
representation of T.

With the coordinates on Mw from the previous section, we can then
compute the weights of the isotropy representation of T× S1 on the fixed
points of Mw.
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At the fixed point k = (k1, · · · , kn), we notice that the affine chart sends
(z1, · · · , zn) to (Ψαi1

(mz1) · k1, · · · , Ψαin
(mzn) · kn). By the definition of Bott-

Samelson manifolds, we have

(Ψαi1
(mz1)k1, Ψαi1

(mz2)k2, · · · , Ψαin
(mzn) · kn)

= (Ψαi1
(mz1), k1Ψαi1

(mz2)k2, · · · , Ψαin
(mzn) · kn)

= (Ψαi1
(mz1), k1Ψαi1

(mz2)k
−1
1 , · · · , (k1k2 · · · kn−1)Ψαin

(mzn)(k1k2 · · · kn−1)
−1kn)

(here we multiplied k−1
2 k−1

1 to the end of the second component and
multiplied k1k2 at the beginning of the third component, and so on...)

= (Ψαi1
(mz1), k1Ψαi1

(mz2)k
−1
1 , · · · , (k1k2 · · · kn−1)Ψαin

(mzn)(k1k2 · · · kn−1)
−1)

(in this final step we multiplied k−1
n to the end of the last component).

If one of the ki is id, then it does not change the Ψαin
(mzn) factor. However

if ki = ṡi then the conjugation kiΨαin
(mzn)k

−1
i will have the effect of the

simple reflection sαi . Therefore (T × S1) acts by

(t, θ) · (z1, · · · , zn) = (t−k1(αi1 ) · · · z1, t−k1k2(αi2 ), · · · , t−k1k2···kn(αin )) (6.5)

At the fixed point k = (k1, · · · , kn), we differentiate the affine chart
Φ(k1,··· ,kn) at 0. First we compute ∂

∂zi
mzi for each zi. If ki = e then

∂

∂zi
mzi =

∂

∂zi

1√
1 + |zi|2

(
1 −z̄i
zi 1

)

=


−z̄i

2(1+|zi |2)
3
2

z̄i
2

2(1+|zi |2)
3
2

− |zi |
2

2
√

1+|zi |2
+1

(1+|zi |2)
−z̄i

2(1+|zi |2)
3
2



Evaluating at zi = 0 we get
(

0 0
1 0

)
. Likewise if we take ∂

∂z̄i
mzi |zi=0mzi =

then we get the matrix
(

0 −1
0 0

)
Each Ψα is an embedding into the SU(2)-subgroup of G corresponding

to the root α. The matrices computed above get sent via TΨ to Fα and −Eα

respectively.
Now suppose ki = ṡi then since si is the simple reflection corresponding
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to the simple root αi. This means that the tangent vectors at (· · · , ṡi, · · · )
are (TΨαi)ki

∂
∂zi

mzi and (TΨαi)ki
∂

∂zi
mzi . By a similar calculation as above, we

get that ∂
∂zi

mzi |zi=0 =

(
1 0
0 0

)
and ∂

∂zi
|zi=0 =

(
0 0
0 −1

)
. Then we see that

TΨ(

(
1 0
0 0

)
) · ṡi equals exactly Eαi and TΨ(

(
0 0
0 −1

)
) · ṡi equals exactly

−Fαi .
Now taking into account the (k1k2 · · · kn−1)(. . .)(k1k2 · · · kn−1)

−1 conju-
gation action on the n-th component, we get the following corollary.

Corollary 6.9. The isotropy weights of the tangent space of Mw at the fixed point

k = (k1, · · · , kn) are given by
{

se1
i1
· (−αij), . . . ,

(
n
∏

k=0
sek

ik

)
· (−αin)

}
, where

ej = 1 if k j = ṡij and ej = 0 if k j = 1̇.
The equivariant Euler class of the tangent space of Mw at the fixed point k =

(k1, · · · , kn) is given by

(
n
∏
j=1

(
j

∏
k=1

sek
ik
) · (−αij)

)
.

6.2 geometric quantization

Prequantum line bundles

A prequantum line bundle over a symplectic manifold (M, ω) is a Hermi-
tian line bundle with connection (L, 〈, 〉,∇), such that the curvature Ω of
the connection is cohomologous to ω. Let Φ denote the moment map of
a Hamiltonian G-action on M; then for all X ∈ g we define the quantum
operator HX := ∇X# + i〈Φ, X〉, where X# is the fundamental vector field
associated to X.
The map X 7→ HX is a Lie algebra homomorphism, and each HX acts on
the space of sections of L. Therefore we can consider the sections of L as a
representation of G (through the exponential map). Note that if p ∈ M is
a fixed point, then ∇X# = 0 for all X ∈ g. So the character of g = exp(X)

is exp(i〈Φ, X〉).
If in addition M is Kahler, then we can use the Kahler polarization on M
to get a representation of G on the space of holomorphic sections.

Line bundles on ΩG

Let L(λ) denote the prequantum line bundle on ΩG associated to the
dominant weight λ. This bundle can be restricted to Schubert varieties
Xw and then pulled back to the Bott-Samelson manifold Mw to get a
prequantum line bundle η∗L(λ)|Xw on Mw.
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Proposition 6.10 (Kumar). The line bundles on ΩG are parametrized
by kω0, k ∈ Z where ω0 is the 0-th fundamental weight of ĝ. Therefore
Pic(ΩG) ∼= Z.

6.3 the atiyah-bott fixed point theorem

In this section we state a special case of the Atiyah-Bott Lefschetz formula
for equivariant indices of elliptic operators. Let T be a torus and let M be an
almost-complex T-manifold equipped with a T-equivariant vector bundle
V. Then the operator which applies to our case is the Dirac-Dolbeault
operator ∂V + ∂

∗
V . The index of this operator is given by the alternating

sum ∑
i=1

(−1)itr(Hi(M, V)) of the traces of the natural T-action on the sheaf

cohomology groups Hi(M, V).
Furthermore suppose that p ∈ MT is a fixed point; then there is a natural
action of T on Tp M (see Section 3.3). This gives rise to a dual T-action
on the cotangent space T∗p M. Likewise, since V is T-equivariant, we get a
T-action on the fiber Vp as well.

Now we state a very important formula by Atiyah and Bott [?]:

Theorem 6.11. Let T be a torus. Assume that M is a manifold with a Hamilto-
nian T-action and that the fixed point set MT is finite. Then for any T-equivariant
vector bundle V on M, we get that for all t ∈ T:

∑
i
(−1)itr(t|Hi(M,V)) = ∑

p∈MT

tr(t|Vp)

det(Id− t|T∗p M)
. (6.6)

We derive an Atiyah-Bott type formula for the based loop group ΩSU(2)
in the following form:

Theorem 6.12. For V = L(λ) for a dominant weight λ, we have the following
equality:

∑
i
(−1)itr((t, θ)|Hi(ΩSU(2),V)) = ∑

w∈W

tr((t, θ)|Vw) · Rw(ΩSU(2)) (6.7)

for all (t, θ) ∈ T × S1.

Remark: We will explicitly compute the functions Rw(ΩSU(2)) in The-
orem ??.

Remark: From this point on we will abuse notation slightly and sup-
press the torus elements in the computations. I.e., tr((t, θ)|Vw) will simply
be denoted as tr(Vw). Equations containing such terms will be understood
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to hold for all elements of the torus.

Here Rw(ΩSU(2)) : T × S1 → C are rational functions in T × S1 which
live in Kostant and Kumar’s nil-Hecke ring (see Section ??). Since the fixed
points of the (T × S1)-action are indexed by the affine Weyl group ele-
ments, this formula is in the exact same form as the Atiyah-Bott formula,
except that it contains an infinite sum on the RHS. These functions will be
limits of certain K-theoretic equivariant multiplicities we will compute in
Lemma ??.

Proof.

∑
i
(−1)itr((t, θ)|Hi(ΩSU(2),L(λ)))

=tr((t, θ)|H0(ΩSU(2),L(λ)))

(by Proposition ??)

=tr((t, θ)| lim←−
w∈W

H0(Xw,L(λ)|Xw )
)

(by equation ??)

= lim←−
w∈W

∑
cosets vW,v≤w

ei(v·λ) ∑
v′∈W,vW=v′W

bw,v′

(by Proposition ??)

= lim
`(w)→∞

∑
cosets vW,v≤w

ei(v·λ) ∑
v′∈W,vW=v′W

bw,v′

(since the limit on words w ∈W are ordered by length)

= lim
`(w)→∞

∑
v∈W/W,v≤w

trL(λ)|Lv εK
v (Xw)

(since ei(v·λ) = trL(λ)|v)

=trL(λ)|Lv

 lim
`(w)→∞

∑
v∈W/W,v≤w

εK
v (Xw)


(by Lemma ??)

=trL(λ)|Lv

(
∑

v∈W/W

lim
`(w)→∞

εK
v (Xw)

)
(by taking `(w)→ ∞ the sum will range over all words w ∈W)
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We run into a small technical difficulty: the based loop group has a fil-
tration by Schubert varieties, which are in general very singular. Therefore
we cannot apply this theorem directly. However, we can apply this result
to the Bott-Samelson manifolds, which are desingularizations of Schubert
varieties. We are allowed to do so due to the following result:

Proposition 6.13 (Grossberg-Karshon, Kumar, [?], [?]).

Hp(Mw, η∗L(λ)|Xw)
∼= Hp(Xw,L(λ)|Xw).

Furthermore, Kumar proved that

Theorem 6.14 ([?] Theorem 8.1.25 p. 271).

lim←−
w∈W

H0(Mw, η∗L(λ)|Xw)
∗ ∼= Lλ

where Lλ is the irreducible representation of the Kac-Moody group with highest
weight λ. Here elements of W are ordered by the Bruhat order.

Moreover, Kumar gave results which lead to a vanishing theorem in the
higher cohomology groups:

Theorem 6.15 ([?] Corollary 8.3.12 p. 291, Exercise 8.3.E (2) p. 292). For λ

a dominant weight,

Hp(G/P ,L(λ)) = 0, for all p 6= 0.

where P is the standard parabolic subgroup defined in the beginning of the chapter.

This implies that H0(ΩSU(2),L(λ)) is the only cohomology group we
need to consider in the LHS of Theorem ??.

We will also need the following theorem

Theorem 6.16 ([?] Corollary 8.2.2. (3) (d) p. 274). For any v ≤ w, the
restriction map Hp(Xw,L(λ)|Xw)→ Hp(Xv,L(λ)|Xv) is surjective.

This means that the lim1 term vanishes and we have that

Hp(ΩSU(2),L(λ)) ∼= lim←−
w∈W

Hp(Xw,L(λ)|Xw) (6.8)

Therefore it suffices to apply the Atiyah-Bott fixed point theorem to the
Bott-Samelson manifolds to obtain the character of the virtual representa-
tion ∑

i
(−1)i Hi(L(λ)|Xw). Then we will take a limit over words w in the

affine Weyl group to obtain ∑
i
(−1)i Hi(ΩSU(2),L(λ)) in the following

sections.
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Application to the Bott-Samelson Manifolds

To summarize our set-up so far, we now have:

• A smooth presymplectic manifold (Mw, η∗(ω|Xw))

• A Hamiltonian (T × S1)-action on Mw with moment map µ ◦ η :
Mw → Lie(T × S1)∗, and 2n fixed points parametrized by galleries
{γ ∈ Γw}

• A prequantum line bundle η∗L(λ)|Xw on Mw

Applying the Atiyah-Bott formula yields

∑
i
(−1)itr(Hi(Mw, η∗L(λ)|Xw))

= ∑
p∈MT×S1

w

tr(η∗L(λ)|Xw |p)
det(1− T∗p Mw)

= ∑
γ∈Γw

tr(η∗L(λ)|Xw |γ)
det(1− T∗γ Mw)

(the fixed points are galleries associated to w)

= ∑
γ∈Γw

e−iµ(γ)

det(1− T∗γ Mw)
(by Section ??)

= ∑
v≤w

ei(v·λ) ∑
γ:u(γ)=v

1
det(1− T∗γ Mw)

= ∑
v≤w

ei(v·λ) ∑
γ:u(γ)=v

1

(1− esγ1
i1

αi1 ) · · · (1− esγ1
i1
···sγn

in αin )
.

Here the last equality is due to the fact that det(1− T∗γ Mw) = ∏
α

(1− e−α),

and α ranges over all isotropy weights of T∗γ Mw. These were computed in
the section on Bott-Samelson manifolds.
Note that by Proposition ??, the last line is also equal to
∑

i
(−1)itr(Hi(Xw,L(λ)|Xw)).

6.4 the localization theorem in equivariant k-theory

The following two subsections are due to Kumar. (See [?] Chapters 11 and
12.)
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Kostant-Kumar nil-Hecke ring

Let G be a Kac-Moody group and T be a maximal torus. Then denote
by A[T ] the group algebra of the character group of T. Denote by Q[T ]
the fraction field of A[T] and let Q̃[T ] be the completion of A[T ]: the set
of formal infinite sums ∑

eλ∈X(T )
nλeλ (nλ ∈ Z) with coefficients in Q[T ].

Then form the Q[T ] -vector space Q[T ]W with basis {δw}w∈W . The space
Q[T ]W is an associative ring with multiplication given by(

∑
v

qvδv

)
·
(

∑
w

qwδw

)
= ∑

w
qv(vqw)δvw (6.9)

and identity δe (see [?], p. 450).

A special element

Let si be an element in W which is a simple reflection. Then there is a

special element Tsi =
1

1− eαi
δsi +

1
1− e−αi

δe ∈ Q[T ]W . For a general word

w ∈W, we define Tw = Tsi1
· · · Tsin

. Then we can calculate the coefficients
of Tw with respect to the Q[T ]-basis. Write Tw = ∑

v≤w
bw,vδv, then we have

bw,v = ∑
(
(1− e−sε1

i1
αi1 ) · · · (1− e−sε1

i1
···sεn

in αin )

)−1

(6.10)

where the sum is over all n-tuples (ε1, · · · , εn) ∈ {0, 1}n satisfying
sε1

i1
· · · sεn

in
= v.

Example 6.17. Let G be the Kac-Moody group associated to the affine
Lie algebra ˆsl2. We would like to compute bs1s0,s1 . The only subword of

s1s0 equalling s1 is s1
1s0

0. So bs1s0,s1 =
1

1− e−s1α1
· 1

1− e−s1α0
=

1
1− eα1

·
1

1− e−(α0+2α1)
.

We also define an involution on Q[T ]W by eλ := e−λ.

Character of the tangent cone

Let Y = G/B denote the affine flag variety. Its fixed points under the T
action by left multiplication are parametrized by v ∈ W. Kumar proved
the following statement about the T-characters of tangent cones in the
Schubert varieties Xw around these points.
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Theorem 6.18 (Kumar, [?] Theorem 12.1.3, p. 451).

ch(gr(Ov,Xw)) = bw,v. (6.11)

However we are working with the case of the affine Grassmannian
Gr = G/P where P is the maximal parabolic containing all the finite
simple roots. Here the T-fixed points are parametrized by minimal length
cosets in W/W. So we make a slight modification to the formula above.

Recall the application of the Atiyah-Bott fixed point formula to the
Bott-Samelson manifold Mw given in section (??). The last line contained
expressions which may be written in the form of bw,v for certain words w, v.
Indeed we may rewrite it as

∑
v≤w

ei(v·λ) ∑
γ;u(γ)=v

1

(1− esγ1
i1

αi1 ) · · · (1− esγ1
i1
···sγn

in αin )

= ∑
v≤w

ei(v·λ) · bw,v

= ∑
cosets vW,v≤w

ei(v·λ) ∑
v′∈W,vW=v′W

bw,v′ .

The last equality follows because the fixed points in the Schubert variety
are indexed by cosets vW and galleries whose realizations belong to the
same cosets are mapped to the same value under µ.
By virtue of Proposition ??, we now have a fixed point formula for the
Schubert varieties as well:

Proposition 6.19.

∑
i
(−1)itr(Hi(Xw,L(λ)|Xw)) = ∑

cosets vW,v≤w
ei(v·λ) ∑

v′∈W,vW=v′W

bw,v′ .

(6.12)

In the language of Section 4, εK
v (Xw) = ∑

v′∈W,vW=v′W

bw,v′ . In the next

section we will derive an effective formula for εK
v (Xw) for the Schubert

varieties of ΩSU(2). Notice that if we take a limit on both sides as `(w)→
∞, we get the formula we desired in equation ??.

6.5 calculations for g = su(2)

In this section we present our results regarding the equivariant multiplici-
ties of Schubert varieties.
We can consider the space of polynomial based loops in SU(2) as the affine
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Grassmannian G/P where P is the maximal parabolic subgroup corre-
sponding to the set I = {1}. For the reduced Weyl group W/W{1} (see
Section ?? for definitions), it is totally ordered w.r.t Bruhat order, with an
ascending chain s0 ≤ s1s0 ≤ s0s1s0 ≤ ... (see Chapter ??). Then we denote
the length n element of this chain by wn. In this way, the (T × S1)-fixed
points of ΩSU(2) are indexed by the integers.

Moreover ΩSU(2) has a filtration by Schubert varieties, and in this case
they correspond exactly to the elements of the ascending chain described
above, i.e. Xs0 ⊂ Xs1s0 ⊂ Xs0s1s0 ⊂ · · · ⊂ ΩSU(2). For more details, see [?].

Remark: Note that the chain we use above consists of every second
space in Mitchell’s filtration (see [?], [?]).

For a reduced word w = si1 · · · sin define f (w) =
n

∏
j=1

esi1 ···sij−1
(αij ). De-

note εwn , Xwn by εn, Xn respectively. Also define the rational fucnction
Rm(ΩG) := lim

n→∞
εm(Xn).

Definition 6.20. We define the following restricted partitions:
Pn,k(m) := the number of integer partitions of m into at most n parts, all
of which are at most k.
qn,k(m) := the number of integer partitions of m into exactly n parts, all of
which are at most k.

Example 6.21. P3,2(4) = 2 since we have 2 + 2, 2 + 1 + 1, q3,2(4) = 1 since
we only have the partition 2 + 1 + 1.

We also denote the number of all integer partitions of m by P(m).

We take a moment here to give a reminder on the roots of the affine Lie
algebra ŝl2. In contrast to semisimple Lie algebras, affine Lie algebras have
both real and imaginary roots (roots which have nonpositive length). Let
δ = α0 + α1 denote the smallest positive imaginary root of ŝl2. The real
roots of ŝl2 are given by the set 4re = {±α1 + nδ | n ∈ Z} and the positive
real roots form the set 4re = {α1} ∪ {±α1 + nδ | n ∈N}. For more details
on roots of affine Lie algebras, see [?].
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Theorem 6.22. The rational functions in the localization formula for the affine
Grassmannian ΩG are given by

Rm(ΩG) =

(−1)m f (wm)(1− ewm·α1)
∞

∑
n=0

P(n)enδ

∏
α∈4+

re

(1− eα)
(6.13)

where 4+
re denotes the positive real roots of the affine Lie algebra ŝl2.

Theorem 6.23. (Second version) The rational functions in the localization for-
mula for the affine Grassmannian ΩG are given by

Rm(ΩG) =
(−1)m f (wm)(1− ewm·α1)

∏
α∈4+

(1− eα)
(6.14)

where 4+ denotes the positive roots of the affine Lie algebra ŝl2.

The sum in the numerator in Theorem ?? is simply the infinite product(
∞

∏
n=0

(1− enδ)

)−1

, and each factor encodes an imaginary root, comple-

menting the infinite product over all positive real roots in Theorem ??.

Let us do a few sample computations.

εK
1 (X3) =

(−1)S1(1− ew1·α1)(1 + eδ + e2δ)

(1− eα1)(1− eα0)(1− eα0+δ)(1− eα0+2δ)

εK
2 (X4) =

S2(1− ew2·α1)(1 + eδ + e2δ + e3δ)

(1− eα0)(1− eα1)(1− eα1+δ)(1− eα1+2δ)(1− eα1+3δ)

εK
0 (X4) =

(1− eα1)(1 + eδ + e2δ)(1 + e2δ)

(1− eα0)(1− eα0+δ)(1− eα1)(1− eα1+δ)

εK
0 (X3) =

(1 + eδ + e2δ)

(1− eα0)(1− eα0+δ)(1− eα1+δ)
Notice that εK

0 (X4) is an instance when the (restricted) partition function
can be observed.

To prove the theorem we first prove a finite-dimensional version. Let m
denote m(mod2) for any integer m.
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Lemma 6.24. The K-theoretic equivariant multiplicies in the localization formula
for the Schubert varieties are given by

εK
m(Xn) =

(−1)m f (wm)(1− ewm·α1)

(n−b n−m
2 c)b n−m

2 c
∑
j=0

Pb n−m
2 c,n−b n−m

2 c(j)ejδ


m+b n−m

2 c
∏
i=0

1− eαm+1+jδ

d n−m
2 e−1

∏
j=0

1− eαm+jδ

 .

Remark: It is possible to write the sum in the numerator with j ranging
from 0 to ∞. However, since we are dealing with restricted partitions there
is an effective limit ` above which Pa,b(N) = 0 for all N > `. This limit is
given exactly by ` = ab, so we have written that limit for the sum in this
lemma.

Before we prove ?? we will need the following identity on restricted
partitions:

Proposition 6.25. Pa,b(j) + Pa+1,b−1(j− a− 1) = Pa+1,b(j).

Proof. Notice that by definition,

Pa+1,b(j) =
a+1

∑
n=0

qn,b(j) =
a

∑
n=0

qn,b(j) + qa+1,b(j) = Pa,b(j) + qa+1,b(j);

therefore it suffices to prove that Pa+1,b−1(j− a− 1) = qa+1,b(j). First we
establish some bounds on j: If j > (a + 1)b, then both sides equal 0. Also if
j < a + 1, then both sides equal 0. So we assume that a + 1 ≤ j ≤ (a + 1)b.
Then Pa+1,b−1(j− a− 1) counts the number of Young diagrams with at
most a + 1 rows and at most b− 1 columns, with j− a− 1 = j− (a + 1)
total blocks. We call this set of Young diagrams Ya+1,b−1(j− (a + 1)). On
the other hand qa+1,b(j) counts the number of Young diagrams with exactly
a + 1 rows and at most b− 1 columns, with j total blocks, call this set of
Young diagrams ya+1,b−1(j). Then we have a map

Ya+1,b−1(j− (a + 1))→ ya+1,b−1(j)

(λ1, · · · , λa+1) 7→ (λ1 + 1, · · · , λa+1 + 1)

which is in fact a bijection. Therefore, Pa+1,b−1(j− a− 1) = qa+1,b(j).

Proposition 6.26. Pa+1,b−1(j) + Pa,b(j− b) = Pa+1,b(j)

Proof. By the correspondence with Young diagrams, we see that Pa,b(j) =
Pb,a(j) for all a, b, j just by conjugation. Then the identity follows from
Proposition ?? by setting a = b− 1, b = a + 1.
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Finally we need the following elementary identities:

Proposition 6.27. If k, m are integers with k > m and k−m odd, then

•
(

k−
⌊

k−m
2

⌋) ⌊
k−m

2

⌋
+ (m+

⌊
k−m

2

⌋
+ 1) =

(
k−

⌊
k−m

2

⌋)
(
⌊

k−m
2

⌋
+ 1)

•
(

k−
⌊

k−(m−1)
2

⌋) ⌊
k−(m−1)

2

⌋
+
⌈

k−m
2

⌉
=
(

k−
⌊

k−m
2

⌋)
(
⌊

k−m
2

⌋
+ 1)

• m +
⌊

k−m
2

⌋
+ 1 = k−

⌊
k−m

2

⌋
Proof. An elementary calculation.

Proof of lemma ??:
The proof of the lemma is by induction on n.

For n = 1, Xs0 = Ms0 =

(
a −b̄t

bt−1 ā

)
where a, b ∈ C. This space is diffeo-

morphic to CP1 and the only fixed points of X1 are the north and south
poles whose moment map images are id and s0 respectively (i.e. the corre-
spond to the Weyl group elements id and s0). Using formula (??) we get
that R0(Xs0) = Rid(Xs0) =

1
1−eα0 and R1(Xs0) = Rs0(Xs0) =

1
1−e−α0 = −ea0

1−eα0 .
So the lemma is true for n = 1.
Now assume that the lemma is true for n = k, now we wish to compute the
rational functions Rm(Xk+1) for all m ≤ k + 1. Notice that wk+1 = sα · wk
for some simple root α, and we recall that Rm(Xk+1) is a sum of the ratio-
nal functions ∑

mW=m′W

bk+1,m′ . Notice that if w = si · w
′

then we have the

identity bw,v = (1− eαi)−1
(

bw′ ,v − e−αi si · bw′ ,si ·v

)
, since the subwords of

w that equal v are either: (1) id concatenated with the subwords of w
′

that
form v, or (2) si concatenated with the subwords of w

′
that form si · v. And

because si turns αi into a negative root, we “polarize" the second term
with a factor of −eαi . Therefore putting together the last two formulas we
get Rm(Xk+1) = (1− eαi)−1 (Rm(Xk)− eαi si · Rsi ·wm(Xk)).

Notice that when m = 0 and k + 1 is even (i.e. the fixed point is the
identity coset and si = s1), then s1 and e belong to the same coset, so
in this case R0(Xk+1) = (1− eα1)−1(1− eα1 s1)R0(Xk), which amounts to
applying the Demazure operator Ds1 to R0(Xk).

There are two cases, either, si · wm = wm−1 or si · wm = wm+1.
Case 1: si · wm = wm−1 which implies that k−m is odd.
In this case we have

1.
⌊

k−m
2

⌋
+ 1 =

⌈
k−m

2

⌉
=
⌊

k−(m−1)
2

⌋
=
⌈

k−(m−1)
2

⌉
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2. si = sαm+1

3. si · (αk + jδ) = si · αk + jδ

4. si · f (wm−1) = −e−αi · f (wm) by definition

Now by the induction hypothesis we can compute Rm(Xk+1) readily as

Rm(Xk+1) =(1− eαi)−1 (Rm(Xk)− e−αi si · Rsi ·wm(Xk)
)

=(1− eαi)−1 (Rm(Xk)− e−αi si · Rm−1(Xk)
)

Before carrying out the induction step, let us simplify notation by letting

A =
(k−b k−m

2 c)b k−m
2 c

∑
j=0

Pb k−m
2 c,k−b k−m

2 c(j)ejδ

and

B =

(
k−
⌊

k−(m−1)
2

⌋)⌊
k−(m−1)

2

⌋
∑
j=0

P⌊ k−(m−1)
2

⌋
,k−
⌊

k−(m−1)
2

⌋(j)ejδ.

We now give a detailed computation of Rm(Xk)− e−αi si · Rsi ·wm(Xk):

Rm(Xk)− e−αi si · Rm−1(Xk)

=
(−1)m f (wm)(1− ewm·α1)Am+b k−m

2 c
∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ


− eαi si ·

(−1)m−1 f (wm−1)(1− ewm−1·α1)Bm+b k−m
2 c

∏
j=0

1− eα
(m−1)+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm−1+jδ


=

(−1)m f (wm)(1− ewm·α1)Am+b k−m
2 c

∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ


− eαi

si · (−1)m−1 f (wm−1)(1− ewm−1·α1)Bm+b k−m
2 c

∏
j=0

1− esi ·αm+jδ

d k−m
2 e−1

∏
j=0

1− esi ·αm+1+jδ
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(by definition, si acting on f (wm−1) turns it into f (wm). The reflection si
also acts on the weights eλ and transforms them by reflecting across the
hyperplane associated to the root αi)

=
(−1)m f (wm)(1− ewm·α1)Am+b k−m

2 c
∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ


+

(−1)m f (wm)(1− ewm·α1)Bm+b k−m
2 c+1

∏
j=1

1− eαm+1+jδ

d k−m
2 e−2

∏
j=−1

1− eαm+jδ


(renumbering the indices to start at 1 and −1)

(Now notice that αm − δ = −αm+1, so)

=
(−1)m f (wm)(1− ewm·α1)Am+b k−m

2 c
∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ


+

(−1)m f (wm)(1− ewm·α1)Bm+b k−m
2 c+1

∏
j=1

1− eαm+1+jδ

d k−m
2 e−2

∏
j=0

1− eαm+jδ

 (1− e−αm+1)

=
(−1)m f (wm)(1− ewm·α1)Am+b k−m

2 c
∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ


+

(−1)m f (wm)(1− ewm·α1)B(−eαm)m+b k−m
2 c+1

∏
j=0

1− eαm+1+jδ

d k−m
2 e−2

∏
j=0

1− eαm+jδ


(in the previous step we polarized the negative weight 1− e−αm+1 into
(1− eαm+1)(−eαm+1)−1 and absorbed 1− eαm+1 into the bottom right sum)

=
(−1)m f (wm)(1− ewm·α1)Cm+b k−m

2 c+1

∏
j=0

1− eαm+1+jδ

d k−m
2 e−1

∏
j=0

1− eαm+jδ

 .
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where C =
(
(1− eαm+1+(m+b k−m

2 c+1)δ)A + (−eαm+1)(1− eαm+(d k−m
2 e−1)δ)B

)

We calculate the numerator of the last expression above. We set a =⌊
k−m

2

⌋
and b = k−

⌊
k−m

2

⌋
for more clarity in the following formulae:

(1− eαm+1+(m+b k−m
2 c+1)δ)

(k−b k−m
2 c)b k−m

2 c
∑
j=0

Pb k−m
2 c,k−b k−m

2 c(j)ejδ


−

eαm+1(1− eαm+(d k−m
2 e−1)δ)

⌊
k−(m−1)

2

⌋
∑
j=0

P⌊ k−(m−1)
2

⌋
,k−
⌊

k−(m−1)
2

⌋(j)ejδ


=

(
(1− eαm+1+(m+a+1)δ)

ab

∑
j=0

Pa,b(j)ejδ

)
−
(

eαm+1(1− eαm+aδ)
a+1

∑
j=0

Pa+1,b−1(j)ejδ

)

=
ab

∑
j=0

Pa,b(j)ejδ + e(a+1)δ
(b−1)(a+1)

∑
j=0

Pa+1,b−1(j)ejδ−

eαm+1

{
(a+1)(b−1)

∑
j=0

Pa+1,b−1(j)ejδ + e(m+a+1)δ
ab

∑
j=0

Pa,b (j) ejδ

}

(now we re-index the sums and partitions: In the second sum we reindex
j← j + b + 1 and in the fourth sum we reindex j← j + (m + a + 1). Then
we can change the lower limits in the (reindexed) sums to 0 because the
partitions of integers below a + 1 and (m + a + 1) will both be 0)

=
ab

∑
j=0

Pa,b(j)ejδ +
b(a+1)

∑
j=0

Pa+1,b−1 (j− a− 1) ejδ

− eαm+1

{
(a+1)(b−1)

∑
j=0

Pa+1,b−1(j)ejδ +
ab+m+a+1

∑
j=0

Pa,b (j− (m + a + 1)) ejδ

}

(using Proposition ?? we can rewrite the partitions and upper limits of the
sums as)

=
b(a+1)

∑
j=0

(Pa,b(j) + Pa+1,b−1 (j− a− 1)) ejδ

− eαm+1 ·
{

b(a+1)

∑
j=0

(Pa+1,b−1(j) + Pa,b(j− b)) ejδ

}
.
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We see that by using Proposition ?? and Corollary ??, the partitions in
both sums become Pa+1,b(j). Finally after factoring out the (1− eαm+1) =

(1− eαi) term we arrive at the correct formula for Xk+1, thereby proving
the induction step.

The other case is similar.

Theorems ?? and ?? follow from taking the limit as k→ ∞ of the expres-
sion in Lemma ??. The restricted partitions become partitions outright. We
get the rational functions Rw(ΩSU(2)) : T × S1 → C for each fixed point
of ΩSU(2).

Remark: Strictly speaking, we should have taken the complex conjugate
of the quantities in Theorems ?? and ??. This is because the character of
the positive energy representation was equal to the inverse limit of the
dual representations given by the pullback bundles on the Bott-Samelson
manifolds (see Theorem ??). However, we note that this is mostly a matter
of convention (using lowest weights vs. highest weights). The standard
convention is with highest weights, as in Kumar [?]. However, Pressley
and Segal use the lowest weight convention in their book Loop Groups (see
[?]).

6.6 demazure modules

A consequence of Lemma ?? is that it allows us to write an effective char-
acter formula for Demazure modules associated to the Schubert varieties.
Previously, these characters were only given in terms of iterated Demazure
operators. In this section we let g be a Kac-Moody algebra and b a Borel
subalgebra.

Definition 6.28. Let λ be a dominant weight, and let V(λ) be the ir-
reducible representation with highest-weight λ. For any w ∈ W, form
Ew(λ) = b · vw(λ); it is a submodule of V(λ) called the Demazure submod-
ule of V(λ) associated to w.

The Demazure submodule of V(λ) associated to w is isomorphic to the
restriction of the prequantum line bundle Lλ to the Schubert variety Xw

(see Kumar [?]). Therefore Lemma ?? allows us to effectively compute the
character of Ew(λ) for λ = kω0 and for any w ∈W.

Remark: Previously, characters of Demazure modules were computed
using the Demazure character formula. This formula allows one to write
the character ch Ew as iterated applications of certain Demazure operators
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to the weight eλ, i.e. ch Ew = Dsi1
· · ·Dsin

eλ where w = si1 · · · sin is a
decomposition of the reduced word w. These Demazure operators act
on the group algebra A[T] (see Section ??). For a simple reflection si, the
Demazure operator is defined by

Dsi(e
λ) =

eλ − esiλ−αi

1− e−αi
.

6.7 a kostant multiplicity function

Each factor (1− eα)−1 can be written as
∞

∑
n=0

enα, so we can compute the

multiplicities of the character in the last section as a sum of partition
functions, defined below:

Definition 6.29. The partition function of a weight µ ∈ Lie(T )∗ (see Sec-
tion 6 for this notation) is defined as N(µ) =# of solutions of the equation
∑

α∈4+

nαα = µ where each nα ∈N∪ {0}.

Also define Nβ(µ) =# of solutions of the equation ∑
α∈4+\{β}

nαα = µ where

each nα ∈N∪ {0}.

For a reduced word w = si1 · · · sin we also define g(w) =
n

∑
j=1

si1 · · · sij−1(αij).

Then by reading off the equivariant multiplicities derived in the last
section, we obtain the following Kostant multiplicity formula for ΩSU(2):

Proposition 6.30. Let λ = kw0, k ∈ Z>0, then the multiplicity of the weight
α in the irreducible representation Lλ is given by

m(α, Lλ) =
∞

∑
m=0

(−1)m {N(α− (wm · λ + g(wm)))− N(α− (wm · (λ + α1) + g(wm)))}

=
∞

∑
m=0

(−1)mNwm·α1(α− (wm · λ + g(wm)))

An immediate corollary is the following identity:

Corollary 6.31.

N(α− (wm · λ + g(wm)))− N(α− (wm · (λ + α1) + g(wm)))

= Nwm·α1(α− (wm · λ + g(wm))). (6.15)
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Remark: The sum given above will always be finite. This is because only
finitely many terms will be partitions of positive weights.

6.8 from k-theory to homology

Once we have an equivariant multiplicity in K-theory, there is a straight-
forward way to compute the equivariant multiplicity in homology. The
assumption we need is that the fixed point p is attractive, i.e. all the
weights in the Zariski tangent space are in the same half-plane.

Theorem 6.32 (Chriss, Ginzburg, ). If p ∈ X is an attractive fixed point then

εH
p (X) = lim

t→0
tdimC(X)(t · εK

p(X))

where t · εK
p(X) means dilating the weights in εK

p(X) by t ∈ R.

Example 6.33. For X = P1, take the south pole S, then we have εK
S(X) =

1
1−e2t so εH

p (X) = lim
t→0

t
1−e2t =

1
2t .

We use our previous results in K-theory to derive the following formula
for the equivariant multiplicities in homology:

Theorem 6.34.

εH
wm

(Xwn) =

(−1)m
(

n⌈ n+m
2

⌉)m+b n−m
2 c

∏
i=0

αm+1 + jδ

d n−m
2 e−1

∏
j=0

αm + jδ


Unfortunately this does not converge to a limit as we take n → ∞.

However, in the next chapter we will explore a different approach — the
theory of heat kernels on Riemannian manifolds — in order to provide a
solution.



7
T H E O S C I L L AT O RY
I N T E G R A L

In [?], Picken gives a thorough exposition of applying the Duistermaat-
Heckman integral to the flag manifolds G/B, and was able to derive for-
mulas based on his calculations. We will apply the Duistermaat-Heckman
integral ?? to the based loop group ΩG. However, one obvious issue props
up: since the based loop group is infinite-dimensional, it is not obvious
how to define the Liouville measure “ ω∞

∞! ” in the following integral∫
ΩG

eiφ ω∞

∞!
.

However, there is a well known measure on the (continuous) based loop
group — the Wiener measure. We employ the Wiener measure (see Chap-
ter ?? for details) as a substitute for the Liouville measure.
A similar idea as in the works of Frenkel [?] and Wendt [?] on orbital inte-
grals on loop groups. The two authors worked with the generic coadjoint
orbit LG/T, we will work with the "degenerate" orbit LG/G ∼= ΩG. We
obtain a Duistermaat-Heckman type formula which computes a quan-
tity for the oscillatory integral by using the Wiener measure and zeta
regularization.

7.1 fixed points of the (T × S1)-action

The fixed points of the (T × S1)-action are precisely the homomorphisms
from S1 → T. Therefore the fixed points are in bijective correspondence of
the coroot lattice Q of G. Moreover these fixed points are isolated.

Example 7.1. For G = SU(2) these fixed points are isolated, and they

come in the form of Pk :=
(

eitk 0
0 e−itk

)
.

46
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Tangent space of ΩG

We have that TeΩG = { f : S1 → g| f (1) = 0}. A loop in TeΩG can be

written as a Fourier series ζ(t) := −
∞

∑
k=1

(ξk + ξk) +
∞

∑
k=1

(
ξkeikt + ξke−ikt

)
where ξk ∈ gC for each k. (The extra first term is to ensure that the loop
sums to 0 at 1).
The other fibres of the tangent bundle TΩG can be obtained from TeΩG
by right-translation, just as in the case of compact Lie groups.
It is well-known that ΩG is a Kahler manifold. It has the following complex
structure

I

(
∞

∑
k=1

ξkeikt + ξke−ikt

)
=

∞

∑
k=1

iξkeikt − iξke−ikt (7.1)

The maximum torus T ⊂ G of course acts on loops in the tangent space
by the adjoint action. The circle action is trickier because we are in the
situation of based loops, and so we must use the based rotation action

θ · γ(t) := γ(t + θ)γ(θ)−1

. For u ∈ Q, the tangent vectors at the fixed point Pu ∈ ΩG are given by left
(or right) translating the tangent vectors at the identity element. We choose
to identify the tangent space TPu ΩG by the tangent space isomorphism
induced by the left translation dLPu : TeΩG → TPu ΩG. I.e. tangent vectors
living in TPu ΩG are given by Pu(t)X(t) where X(t) ∈ TeΩG ∼= Ωg.

Proposition 7.2. The induced action on tangent vectors of TPu ΩG is given
by:

θ · (Pu(t)X(t)) = Pu(t)Pu(θ) (X(t + θ)− X(θ)) Pu(θ)
−1

Proof. Let X(t) ∈ TeΩG be a tangent vector. Let γε : (−ε, ε)× S1 → G be
a path in ΩG such that γ0 : S1 → G is the identity loop and d

dε γε|ε=0 :
S1 → g is equal to X(t). For each fixed point Pu(t), the tangent space
TPu ΩG is gotten by right translating the tangent space TeΩG. Therefore
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to calculate the induced isotropy action on TPu ΩG, we need to compute
d
dε θ · Pu(t)γε(t)|ε=0.

d
dε

θ · Pu(t)γε(t)|ε=0 =
d
dε

(
Pu(t + θ)γε(t + θ)γε(θ)

−1Pu(θ)
−1
)
|ε=0

= Pu(t + θ)

(
d
dε

γε(t + θ)

)
|ε=0γ0(θ)

−1Pu(θ)
−1

+ Pu(t + θ)γ0(t + θ)

(
d
dε

γε(θ)
−1
)
|ε=0Pu(θ)

−1

= Pu(t + θ)

(
d
dε

γε(t + θ)

)
|ε=0Pu(θ)

−1

− Pu(t + θ)γ0(t + θ)γ0(θ)
−1X(θ)γ0(θ)

−1Pu(θ)
−1

= Pu(t + θ) (X(t + θ)− X(θ)) Pu(θ)
−1

= Pu(t)Pu(θ) (X(t + θ)− X(θ)) Pu(θ)
−1

Suppose that X(t) ∈ TeΩG is an eigenvector for the θ action, then on
TeΩG the θ-action is given by θ · X(t + θ) − X(θ). Therefore θ · X(t) =

eiαθX(t) for some weight α : S1 → R. Then since Pu(t) is a homomorphism
from T → S1, conjugation of X(t) by Pu(θ) yields eiβθX(t) for some weight
β : S1 → R. So left-translation takes eigenvectors of θ in TeΩG to eigenvec-
tors of θ in TPu ΩG. (Right-translation however, does not take eigenvectors
to eigenvectors).

In the tangent space, θ acts on the basis vectors in the tangent space
by it’s rotation number. I.e. it acts by θk on k-th degree homogeneous
trigonometric polynomials. On the other hand the torus action T acts on
these basis vectors by the root corresponding to the matrix coefficient.

An Eigenbasis for the T × S1 action

Define the following loops in Ωsu(2)⊗C = Ωsl(2):

Xk(t) =
(

0 ieikt − i
ie−ikt − i 0

)

Yk(t) =
(

0 eikt − 1
1− e−ikt 0

)
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Hk(t) =
(

ieikt − i 0
0 i− ie−ikt

)
for k ∈ Z \ {0}.
Notice that IXk(t) = Yk(t) and IHk(t) = H−k(t). So {Ek(t), k ∈ Z \
{0}} ∪ {Hk(t), k ∈ N} is a complex basis for Ωg⊗ C. For the tangent
spaces TpΩSU(2), these basis vectors are right translated by the loop p
where p is a group homomorphism S1 → T.

The maximal torus T acts by conjugation, and S1 acts by the action
described in equation (??). Let α be the simple root of SU(2) and δ be the
imaginary root of ŝl2 The weights of the (T× S1) are given by ±α + kδ for
the basis Ek(t), Fk(t) respectively. For the basis Hk(t) the weights are kδ.

For general compact simply-connected G, for a choice of positive roots,
let Φα : sl2 → g⊗C be the embedding associated to the sl2-triple X, Yα, Hα

(here α is a positive root of G). The let Eα
k (t) = Φα(Ek(t)), Fα

k (t) =

Φα(Fk(t)), Hα
k (t) = Φα(Hk(t)). These basis vectors of TidΩG will have

weights α + kδ,−α + kδ, kδ respectively.

Root Multiplicities

For SU(n) where n > 2, there is an additional nuance: the imaginary root
spaces will not be multiplicity free. This is because the Cartan subalgebra
t of the Lie algebra of G has dimension greater than one. In fact, the
T × S1-action acts with weight (k, 0) for all elements in the form tk H for
all H ∈ tC. Therefore the multiplicity of the weight (k, 0) is equal to the
rank of G.

Now we can see that the tangent space at the identity decomposes

into TeΩG =
∞⊕

k=1

( ⊕
α∈4+

(
Xk

α(t)⊕ Fk
α(t)

))
⊕
(

rk G⊕
j=1

Hk(t)

)
. The complex-

ified tangent space decomposes into TeΩG ⊗ C =
∞⊕

k=1

( ⊕
α∈4+

Xk
α(t)

)
⊕(

rk G⊕
j=1

Hk(t)

)
.

The Generalized Equivariant Euler class

For a compact manifold M with isolated fixed points, the equivariant
Euler class e(p) at a fixed point p is the product of the weights of the
isotropy representation on the tangent space Tp M. Inspired by this, we try
to construct a renormalized Euler class around each fixed point Pk of the
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infinite-dimensional manifold ΩG.

Using our filtration {TN · Pu}N∈N, we compute the product of the
isotropy representation of T × S1 on TN · Pu.

Since we have an explicit formula for computing the equivariant Euler
class of the normal bundle of isolated fixed points in the finite-dimensional
case, we will attempt to extend such a formula into our loop group situa-
tion. Let α denote the only simple root of SU(2), then we can compute the
normalized equivariant Euler by taking a limit of the Euler classes of the
finite dimensional subbundles. To do so we need to use zeta regularization,
in particular we will need the following identities:

Lemma 7.3. [?]

1.
∞

∏
j=1

jN = (2π)N/2

2.
∞

∏
j=1

j2 · A = A−1/2(2π)

Now we take the (infinitely many) weights of the tangent space and
calculate a renormalized product.

Isotropy weights on TPu ΩG

First we work out the regularized Euler class of TeΩG (this corresponds to
the point Pu with u = 0):

(
∏

α∈4+

∞

∏
k=1

(〈α, X〉+ kY)(〈α, X〉 − kY)

)(
∞

∏
k=1

(kY)

)rk G

= ∏
α∈4+

∞

∏
k=1

((〈α, X〉)2 − k2Y2)

(
∞

∏
k=1

(kY)

)rk G

=
(
(2π)1/2Y−1/2

)rk G
∏

α∈4+

∞

∏
k=1

k2Y2
∞

∏
j=1

(
( 〈α,X〉

Y )2

j2
− 1

)

=
(
(2π)1/2Y−1/2

)rk G
∏

α∈4+

(2π)Y−1

(
− sin(π〈α,X〉

Y )

π〈α, X〉/Y

)

=

(2π)rk G/2+|4+| ∏
α∈4+

sin
(
−π〈α, X〉

Y

)
π(X)Yrk G/2
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Now at the fixed point TPu ΩG, by Proposition ??, we have for each tan-
gent vector Pu(t)Xk(t) ∈ TPu ΩG, θ · Pu(t)Xk(t) = Pu(t)Pu(θ)(Xk(t + θ)−
Xk(θ))Pu(θ)−1 = Pu(t)Pu(θ)(eikθXk(t))Pu(θ)−1.
Notice that since Pu(θ)Xk(t))Pu(θ)−1 = ei〈α,u〉, we have that θ · Pu(t)Xk(t) =
ei(k+〈α,u〉)θ Pu(t)Xk(t).
The tangent vector Pu(t)Hk

i (t) however, will still have the same eigenvalue
k. This allows us to compute the generalized Euler class of TPu ΩG. Notice
that for each positive simple root α, the eigenvector Ek

α(t) ∈ TeΩG gets
sent under left translation to Pu(t)Ek

α(t), which has weight k + 〈u, α〉 under
the θ-action.

∏
α∈4+

∞

∏
k∈Z\{0}

(〈α, X〉+ (k + 〈α, u〉)Y)(〈α, X〉 − (k + 〈α, u〉)Y)
(

∞

∏
k=1

(kY)

)rk G

= ∏
α∈4+

∞

∏
k=1

(〈α, X〉+ kY)(〈α, X〉 − kY)
〈α, X〉

〈α, X〉+ 〈u, α〉Y

(
(2π)1/2Y−1/2

)rk G

=
(
(2π)1/2Y−1/2

)rk G
∏

α∈4+

∞

∏
k=1

(〈α, X〉)2 − k2Y2)
〈α, X〉

〈α, X〉+ 〈u, α〉Y

=
(
(2π)1/2Y−1/2

)rk G
∏

α∈4+

∞

∏
k=1

k2Y2
∞

∏
j=1

(
( 〈α,X〉

Y )2

j2
− 1

)
〈α, X〉

〈α, X〉+ 〈u, α〉Y

=
(
(2π)1/2Y−1/2

)rk G
∏

α∈4+

− sin(π〈α,X〉
Y )

〈α, X〉 ∏
α∈4+

〈α, X〉
〈α, X〉+ 〈u, α〉Y

=

(2π)rkG/2+|4+| ∏
α∈4+

sin
(
−π〈α, X〉

Y

)
π(X + uY)Yrk G/2

Then we arrive at the following

Theorem 7.4. The normalized equivariant Euler class at the fixed point Pu is
given by

eT×S1(Pu) =

(2π)rkG/2+|4+| ∏
α∈4+

sin
(

π〈α, X〉
Y

)
π(X + uY)Yrk G/2 (7.2)

Now we recall the root space decomposition of semisimple Lie algebras:

Theorem 7.5 ([?]). Let g be a semisimple Lie algebra. Let h denote its maximal
toral subalgebra. For each root α ∈ 4 of g, denote its root space by gα = {X ∈
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g|[H, X] = α(H)X, ∀H ∈ h}. Upon making a choice of positive roots, then g

can be written as the following direct sum

g =

 ⊕
α∈4+

gα

⊕ h

 ⊕
α∈4+

g−α

 (7.3)

For a semisimple compact Lie group G, the maximal toral subalgebra
h is simply the Lie algebra of the maximal torus T ⊂ G. Therefore this
suggests the following corollary:

Corollary 7.6. dimG = rk G + 2|4+| where |4+| denotes the number of
positive roots of G.

Therefore we can rewrite the equivariant Euler class as follows:

eT×S1(Pu) =
(2π)dim G/2

Yrk G/2π(X + uY) ∏
α∈4+

sin(
π〈α, X〉

Y
)

=
(2π)dim G/2

Yrk G/2Y|4+|π(X/Y + u) ∏
α∈4+

sin(
π〈α, X〉

Y
)

=
(2π)dim G/2

Ydim G/2π(X/Y + u) ∏
α∈4+

sin(
π〈α, X〉

Y
)

7.2 applying duistermaat-heckman

In [?], Atiyah and Pressley construct a moment map for the based loop
group ΩG with respect to the Hamiltonian (T × S1)-action. The compo-
nents are given by

E( f ) =
1

4π

2π∫
0

|| f (t)−1 f ′(t)||2dt (7.4)

p( f ) = prLie(T)

 1
2π

2π∫
0

f (t)−1 f ′(t)dt

 (7.5)
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By a routine computation we get that for a cocharacter u : S1 → T, t 7→
ta1
1 · · · t

an
n , E(Pu) = − 1

2 ||u||2, and p(Pu) = (u, ·). Then a DH formula would
look like

VX,Y(ΩG) = ∑
α∈4+

e−i(E,p)(Pu)

eT×S1(Pu)
(X, Y)

=
Ydim G/2

(2π)dim G/2 ∏
α∈4+

sin
(

παX
Y

) ∑
u∈Q

π(X/Y + u)e−i(||u||2+(u,X))

We will show that this formula is actually almost identical to the formula
for the heat kernel on the compact Lie group G.

7.3 orbital integrals on loop groups

From this point on, we will shorten notation and call vt(m, m̃) := Z(t, m, m̃).
Note that heuristically we can express the Wiener measure as ”dWt(z) =
e−

1
2t 〈z−1z′,z−1z′〉dz” where dz is a sort of "infinite-dimensional Riemannian

measure". For more details on the Wiener measure and pinned Wiener
measure, see [?] and [?].

Now we use Frenkel’s transformation formula Theorem ?? to write the
following orbital integral on ΩG.

Theorem 7.7 (Frenkel Proposition 5.2.12). e
−||X||2

2t

∫
ΩG

e
1
t 〈z−1z′,X〉dWt(z) =

vt(exp(2πX), 2π)

Applying this formula to our oscillatory integral, we get∫
ΩG

e−〈z
−1z′,X〉e−Y〈z−1z′,z−1z′〉dz (substituting dWt for e−

1
2t 〈z−1z′,z−1z′〉dz)

=
∫

ΩG

e
− 1/(2Y)

(2Y)−1 〈z−1z′,X〉
dWt(z)

=
∫

ΩG

e2Y〈z−1z′,− X
2Y 〉dWt(z)

=e||X||
2Yv(2Y)−1(exp(2π(−X/2Y)), 2π)

where in the first step we let Y = (2t)−1.
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Corollary 7.8.∫
ΩG

e−〈z
−1z′,X〉e−Y〈z−1z′,z−1z′〉dz = e||X||

2Y
(

v 1
2Y
(exp(2π(−X/Y)H), 2π)

)
We can apply the results of section 1 to our corollary above. First we

recall an important identity: We can write the denominator has a product
as well:

Proposition 7.9 (Weyl Denominator Formula).

j(x) = ∏
α∈4+

(
eiπ〈α,x〉 − e−iπ〈α,x〉

)
= ∏

α∈4+

2 sin(π〈α, x〉)

Now applying Fegan’s formula to Corollary ?? with t = 1
2Y , x = − X

2Y ,
we get:

v 1
2Y
(−X

Y
) =

e−
2πi||ρ||2

2Y

j(−X/2Y)

(
−2Y

i

)dimG/2 i−n

volP ∑
λ∈Q

d
(

λ +
X
4Y

)
e−2πi||λ+ X

4Y ||
22Y

=
e−

2πi||ρ||2
2Y

j(−X/2Y)

(
−2Y

i

)dimG/2 i−n

volP ∑
λ∈Q

d
(

λ +
X
4Y

)
e−4πi(||λ||2+(λ,X/2Y)+|| X

4Y ||
2)Y

=

 e−
2πi||ρ||2

2Y +|| X
4Y ||

2Y

j(−X/2Y)

(
−2Y

i

)dimG/2 i−n

volP

 ∑
λ∈Q

d
(

λ +
X
4Y

)
e−4πi(||λ||2Y+(λ,X/2))

=


e−

2πi||ρ||2
2Y +|| X

4Y ||
2Y

∏
α∈4+

sin(−X/2Y)

(
−2Y

i

)dimG/2 i−n

volP

 ∑
λ∈Q

d
(

λ +
X
4Y

)
e−4πi(||λ||2Y+(λ,X/2))

Now we may write a DH oscillatory integral in terms of fixed points as
follows:

∫
ΩG

e−〈z
−1z′,X〉e−Y〈z−1z′,z−1z′〉dz = ∑

u∈Q
Ru(X, Y)e−4πi(||u||2Y+(u,X/2))

where Ru(X, Y) =


e
||X||2−2πi||ρ||2

2Y

∏
α∈4+

sin(−X/2Y)

(
−2Y

i

)dimG/2 i−n

volP
d
(

u +
X
4Y

).

The upshot of writing the denominator as a product is that we can relate
it to a renormalized version of the equivariant Euler classes around the
fixed points of ΩG. Indeed, we see that the quantities Ru(X, Y) are almost
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identical to the Euler classes eT×S1(Pu) we’ve computed up to a constant

and the extra factor e
||X||2−2πi||ρ||2

2Y . This suggests the following version of the
Duistermaat-Heckman formula for the based loop group:

Theorem 7.10. The following formula holds for any X ∈ Lie(T), Y > 0

∫
ΩG

e−〈z
−1z′,X〉e−Y〈z−1z′,z−1z′〉dz = e

||X||2−2πi||ρ||2
2Y ∑

u∈Q

e−4πi(||u||2Y+(u,X/2))

eT×S1(Pu)(X, Y)
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