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Abstract

Global Well-Posedness and Scattering of Besov Data for the Energy-Critical Nonlinear Schrodinger Equation

David Reiss
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto
2017

We examine the Defocusing Energy-Critical Nonlinear Schrédinger Equation in dimension 3. This equation has
been studied extensively when the initial data is in the critical homogeneous Sobolev space H', and a satisfactory
theory is given in the work of Colliander, Keel, Sataffilani, Takaoka and Tao. We extend the analysis of this
equation to include infinite energy data ugy € Bé p (2 < g < o) that can be decomposed as a finite energy component
(a part in H') and a small Besov part, with the size of the energy part depending on the size of the Besov part.
If 2 < g < oo, the solution is shown to scatter. For g = oo, the solution is shown to be globally well-posed.
Traditionally, the well-posedness theory has been studied in Strichartz spaces, but we use more subtle spaces
to deal with the high frequencies that arise from the Besov data, X7(I). These spaces are variants of bounded
variation spaces and satisfy a duality that allows us to recover the traditional multilinear estimate along with a

Strichartz variant that allows for extracting smallness by shrinking the time interval.

We also discuss a conjecture that all data ug € B; q for 2 < g < o evolve to a global solution that scatters and

we discuss the next steps to proving this.
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Chapter 1

Introduction

1.1 Basic Theory for the Nonlinear Schrodinger Equation

We consider the Cauchy problem for the defocusing, energy-critical Nonlinear Schrodinger Equation (NLS) in

dimension 3,

idu+ Nu = |ul*u
(NLS) (1.1.1)

Ur—0 = UQ.

Equation (I.T.T) is a Hamiltonian equation with Hamiltonian given by

E(u(t)):= /(%|Vu(t,x)|2+é\u(t7x)|6)dx.

The energy-critical NLS is where we will focus our attention, but for the moment, let us consider the general

Defocusing Nonlinear Schrédinger Equation with a nonlinearity of degree p in dimension d,

O+ Nu= |ulP~'u
(1.1.2)

Ur—0 = UgQ.

Equation (1.1.2) is invariant under time translations: if u(z,x) is a solution to Equation (1.1.2) , then so is
u(t + ) for fixed 7. Noether’s theorem then tells us that the Hamiltonion is conserved. Similarly, Equation (1.1.2)

is space translation invariant which leads to conservation of the momentum P(u) := [ 2Im(i#Vu)dx and phase
R4

rotation invariant (1 — ¢’®u), which leads to conservation of mass [ |u|dx. The equation also enjoys a time-
R4

reversal symmetry: if u(¢,x) is a solution, then so is u(—7,x). This allows us to extend the time domain of the

solution to Equation (1.1.2) from [0,7) to (—7,T). The results in this thesis are presented with positive time

intervals to make the exposition smoother, however all of the results can be extended to negative times.
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For reasons discussed below, we usually take the initial data ug in a homogeneous Sobolev space. We will

define these spaces now.

Definition 1.1.1. (Sobolev Spaces) For s > 0, the homogeneous Sobolev space H* is defined as the closure of the

Schwartz functions under the norm

13y = IV Fll2may -

2
If u(t,x) is a solution to (1.1.2), then u* := lfﬁu(ﬁ, 7) is also a solution to (1.1.2). We use a superscript
here to denote the scaled version of u instead of the usual subscript because we will be making use of subscripts
throughout the document to denote Littlewood-Paley projections (see Equation (1.1.4)). It can be shown that

2 13
1 ey = 277 [l g (1.13)

Soif s = % — %, the H? (RY) norm is preserved under scaling. In particular, Equation (1.1.1) preserves the
H!(R) norm of a solution and this is why we call Eequation (1.1.1)) energy-critical.

Definition 1.1.2. For the function f : R® — C, we define the space Fourier transform of f to be the function

FiRPC, f(&)=(Z(f) (&)= Rf3 e 2S£ (x)dLx.

Throughout this thesis, subscripts denote Littlewood-Paley projections in space onto dyadic frequencies. Let
(&) be a C* function which is 1 on the ball of radius 1 and decreases monotonically to zero outside a ball of
radius 2. Let A be a dyadic number, i.e.; A = 2k for some integer k. Then we define

w(60) = 7 1F W 9(5) o0 (114)

Throughout this thesis, if a sum that is written with lower bound N Y, or if a sum is to be taken ’over dyadic
N

numbers,’ it is to be interpreted in the following way:

;F(N) = i F(25). (1.1.5)

k=—oo

From Littlewood-Paley theory (see [44]] for example), we can write

1

2
HfHLf(Rd) ~s.d <Z||fN||i€(Rd)> (1.1.6)
= :
1
2
Hf”Hg(Rd) ~s,d <;N2S||fN|2%<Rd)> ) (1.1.7)

where fy denotes the Littlewood-Paley projection of f onto the N dyadic frequency and a ~¢ b means a < C ()b
for some constant C(). We can generalize these spaces by changing ¢2 to £? for any p € [2, 9.
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Definition 1.1.3. (Besov Spaces) For s > 0 and 1 < p < oo, 1 < g < oo, the homogeneous Besov space ij is

defined as the closure of the Schwartz functions under the norm

1
q
”f“Bi’,_q - (;Nqs ”fN”Zf(R%)) ’

where fy is the Littlewood-Paley projection onto the N frequency and the sum is over all dyadic numbers N.

Clearly we have the continuous embeddings for 2 < p < g < oo,

g1 — pl 51
H'CB;,CB;,
By Plancherel’s theorem, we can see that

1

2
1y ~ (ZNZSVN”i%) : (1.1.8)

N
and so H} = Biz. For a more detailed analysis of Besov spaces, see [24]].

The following definition of solutions to Equation (1.1.1) requires the spaces X4(I). We postpone the definition
of these spaces to Section [2.1]because they require some technicalities.

Definition 1.1.4. Consider Equation (|1.1.1) with ug € B’é g A function u 1 x R3 — C on a non-empty time
interval I containing 0 is a solution to (1.1.1) if it belongs to L}"’Bi’q(l( x R3)NX4(K) for every compact interval

K C I and obeys the Duhamel formula I
t
u(t) = e ug — i/e"(t*sm(|u|4u)(s)ds (1.1.9)
0

for all t € 1. We refer to the interval I as the lifespan of u. We say that u is a maximal-lifespan solution if the

solution cannot be extended to any strictly larger interval. The solution u is global if [ = R.

We denote by I the Duhamel mapping

'
[(u) := e ug —i/ei<t7‘Y>A(|u|4u)(s)ds, (1.1.10)
0
and by 7, the multilinear mapping

I () = / D (|uf*u) (s)ds. (L111)
0

Definition 1.1.5. Let s be the critical Sobolev exponent for . Given a global solution u to Eequation (1.1.2),
we say the solution scatters in B} p (R3) if there exists unique asymptotic states uy € Bi q(R3) such that
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. it A\ _
Jim [lu(r) —e ui\|B£q<R3) =0. (1.1.12)

A solution scatters in H' (R3) if the above definition is satisfied with all instances of Bi q(R3) changed to
H(R3).

If the time interval / can be inferred from context (usually in this case I = R), we let |[u||,,- = ||u| LI (xR

Equation (I.T.2) has been studied extensively in a variety of settings. We will name a few that are particularly
relevant to this thesis. In [I]], Cazenave and Weissler proved local well-posedness results for equation (T.1.2)
in critical Sobolev settings. For the energy-critical equation (equation (I.I.I))) we see a particularly beautiful
evolution of the theory. In [4], Bourgain proved global well-posedness and scattering for for arbitrary data
assuming radial symmetry. He did this using an induction on energy strategy that he pioneered and which we
outline now. It is known that if u is a solution to (NLS) on the time interval [tp,T') and ||u|| L0110 (. 7)< R3) < ©°
for all T > 1y, then u scatters (See [|37]] for example). For this reason, we say the L}OL}CO norm is a scattering
norm for the Energy Critical Nonlinear Schrodinger Equation. For every energy E > 0, we define M(E) :=

sup [u| |L,‘°L}0([t0,T)xR3)' If M(E) is finite for all E > 0, then u scatters. In [4]], Bourgain proves M(E) <
I1=[to,T] | luo|| 1 <E

C(E,n,M(E —n*)) for n = n(E) which is bounded away from zero. It can be shown that this implies M(E) is

finite for all £ > 0 and hence shows scattering (for radial, finite-energy data).

In [15], Colliander, Keel, Staffilani, Takaoka and Tao use the induction on energy framework to make the
important advance of removing the radial assumption and proving global well-posedness and scattering for (T.1.1)
with global bounds. Profile decomposition (see Chapter results were obtained for the L*-critical NLS in [31],
1301, [35] and for the H'-critical NLS (Equation ) in [36]. These profile decomposition results along with
the rigidity arguments developed by Bourgain, the authors of [15] and Kenig and Merle [33]] [34] led to the latter
two authors producing a ’road map” to prove global well-posedness using these tools, which is described by Kenig
in [28]. Steps in the analysis involve local theory, profile decomposition, perturbation theory, and Morawetz-type
estimate, along with boundedness of solutions in the data space. This is sufficient to prove global well-posedness
(and scattering in most cases). These techniques were further developed by Visan [17] [18]], Ryckman-Visan [[16]],
Tao, Killip. There is also an extensive presentation of the technique in Visan’s Oberwolfach notes [[10]. This
technique is only possible when solutions remain bounded in the initial data space. For Equation (I.1.2)), this
means we are restricted to the L2-critical and H!-critical equations, since the L% norm and H' norms of solutions
to Equation are guaranteed to be bounded. However, if we assume solutions are in L;°H® for s € (0, 1),
then we may try to use this road map to prove well-posedness for the H*-critical NLS. Indeed, this was done for
s = % by Kenig and Merle in [33]. In [39]], Jason Murphy proved global well-posedness and scaterring (with this
boundedness assumption) for s € (0,1). The super-critical regime (s > 1) was also attacked using this approach
by Killip and Visan in [19]. In Chapter[6] devoted to future projects, we give an outline to proving global well-
posedness for any data in the Besov space Bé , assuming the bound [lu]| L7, (IxE) for any solution u to (NLS)

on interval /.

In the L2-critical theory, Tao, Visan, Killip and Zhang used similar machinery to prove global well-posedness
and scattering for radial data ( [61] [62]). and Dodson removed the radial data in his groundbreaking work
in [40], [41]], [42] and [43]].

The Hamiltonian
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E(ult)) = [ (GIVule 0 = glat.0))dx

gives rise to the focusing Nonlinear Schrédinger Equation in dimension three,

idhu+ Nu= —|ul*u (LL13)

Ur—0 = ug.

This equation is more subtle than the defocusing case. In [54], it is shown that

W) = (1 + ;|x|2>_

is a stationary solution to Equation (I.1.13) which has infinite scattering norm. In fact, it is conjectured that W is

Bol—

a minimal counterexample to global spacetime bounds. See [55]] for more details.

1.2 Infinite Energy Solutions

Most of the work on Equation (I.I.T) has been in the realm of finite energy solutions. Ie; the initial data consid-
ered has energy E (ug) = % I (IVul?+ %|u(t,x) |%) dx < o. It is easy to see why. Conservation of the Hamiltonian,
R3

along with the positive sign separating the terms gives us that the H' norm of a solution to (1.1.1) is bounded.
This is the toe-hold that seems crucial for proving a well-posedness theory. A similar pattern can be seen for the
mass-critical case; very little work has been done on this equation without assuming uo € L2. This is similar in
the theory of the wave equations and other dispersive equations. There are notable exceptions even for (I.1.1).

We will see one such result below. But first, let us state precisely the main theorem in [[15].

Theorem 1.2.1. For any ug with ||u||g1 < oo, there exists a global solution u € CO(H) OL}S to Equation (m)

that is unique in C°(H!) such that

/ /|u(t,x)|10dxdt < C(E(uo)) a2

—coR3
for some constant C(E (ug)) that depends only on the energy.
In addition, if u is a solution to the energy-critical Nonlinear Schrodinger Equation, with |[u|[110710(rxr3) < 0

then u scatters in the energy space. Thus, any finite-energy data evolves to a global solution that scatters.

We can then ask the following questions:

1. What is the largest space ¢ of initial data that will guarantee that solutions to Equation (I.1.1)) are globally

well-posed?

2. What is the largest space for initial data .# that will guarantee that solutions to Equation (I.1.1)) scatter?

Theorem tells us that H' ¢ .&¥ C 4.
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In [8], Planchon shows that initial data of the form ug(x) = - produces a self-similar solution u(t,x) =
Ix[2
LU (%) for every positive &. This solution converges weakly to the initial data as t — 0. The initial condition
NG

~Lisin B} . It is also shown that for general data ug with ||uo|| B <& solutions evolve globally, thus global

|x[2
well-posedness holds for a class of infinite-energy solutions. This is also an important example of global well-
posedness for self-similar solutions. However, these self-similar solutions cannot scatter. Thus, if BZ ={up:

[|uo] ‘B; < g}, for 2 < g < oo then for some € small enough:
g

ByUH'Cc¥9 and B ¢.7.

In the setting on nonlinear Wave equations, Tao has shown that for a logarithmically supercritical nonlinearity,
one can obtain solutions that are infinite in the critical space. In particular, in three spatial dimensions, for the

scalar field u : I x R3 — R, if we consider the nonlinear wave equation
Ou = |u)*u, (1.2.2)
where Ou = —d,,u + Au, we see that (1.2.2) is energy-critical. If we modify the nonlinearity logarithmically
and consider the equation
Ou = |ul*ulog(2+ u?), (1.2.3)

then (1.2.3) is energy super-critical and the following result holds.

Theorem 1.2.2. [63] Let ug, u; € C°°(R3) be any spherically symmetric smooth initial data. Then there is a
unique global smooth solution to with initial position u(0,x) = uo(x) and initial velocity du(0,x) = u; (x).

This result differs from the main result of this thesis (see below) in that the super-criticality of the theorem
comes from the equation as opposed to the initial data, but both theorems show that there is some maneuverability

when it comes to exploring dispersive equations past the critical regime.

1.3 Main Result and Further Conjecture

Our goal is to show that there is a class of data with less regularity than H' that scatters and a class of data with
even less regularity that evolves globally. Although we are not able to show that all Besov data evolves globally,
we are able to expand the current set of initial data to include small perturbations (in the Besov space) of H' data.

The precise statement of the theorem requires the definition of the spaces X4(I), see Section

Theorem 1.3.1. Let ugy € Béq with 2 < g < o and ug = vo +wo, vo € H' and wy € Béq with HWOHB; <
; ; p

min (%,80 (||V||L,‘0L;0(RxR3)’ ||VO||1-'11)) , Where v is the unique solution to Equation (1.1.1) emerging from ini-

tial data vo € H'. There exists a unique global solution u(t,x) to Equation (1.1.1) which satisfies:

For2 < g < oo,

u€CB) ,(RY xRP)NXI(R"),
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. Bl _
and u scatters in B27q. For g = oo,

u€ L7B) (R x R*)NX~(RT)
and u converges weakly to ug in Béﬁm ast— 0.

In Lemma , we will show that X% ¢ L'°L19. Since A' = 3%72’ Theorem is at least as strong as
Theorem [[.2.1]

Corollary 1.3.2. Let uy € H'. There exists a unique solution u(t,x) to Equation for all time with u €
COH'(RT x R} NX4(R™). Furthermore, u scatters in H'.

Theorem allows us to say for g € [2,00),

By +H' C ¥,
By +H' c 7.

In particular, Theorem generalizes the result of [15] and [8]]. A further question is the exact nature of & and
.

Conjecture 1.3.3. For g € [2,00),

By, C ¢
By, Cc <,

where ¢ € [2,00). As of this time, we are not able to prove this conjecture, but in Section@we outline a

procedure that may produce a partial result.

1.4 The Limitations of Strichartz Spaces and the Introduction of
UP — VP Spaces

To obtain well-posedness, a fixed-point argument has traditionally been used when studying dispersive
equations. Strichartz spaces are perfect for running fixed-point arguments when dealing with data in H® because

of the Strichartz estimates below.

Definition 1.4.1. The space-time Lebesgue space L{L%(I x RS) is called a Strichartz space (for regularity s) if
2 < gq,r <ooand (q,r) satisfy the admissibility condition

2 3 d

We call such pairs admissible. If s = 1 we use the terms energy-admissible Strichartz space and we call (q,r) an

energy-admissible pair. If s = 0 we use the terms mass-admissible Strichartz space and mass-admissible pair.



CHAPTER 1. INTRODUCTION 8

Strichartz spaces work well with solutions to the linear Schrodinger equation

idu+ Au=0 (1.4.2)

In particular, we have the following Strichartz estimates. The nonendpoint cases were developed
in [51], [52], [48] and [50]. The endpoint cases were proved in [53]]. The following is taken from [44].

Lemma 1.4.2. Let ug € L? and let (g, r) and (§,7) be mass-admissible pairs. Then

lle"“uo 917 ey < lluollpz, (14.3)
—is/\ <. »
[ 2 F(s)dslluam) Sar P11 g (1.44)
R
I ei(lﬁ’)AF(t/)dt/H p 3 Sqrai |IF)] & (1.4.5)
LtLI,(RXR ) ~q:hg," L? Li’(RXRS). T

t'<t
Using Sobolev embedding, we can tailor these estimates for the energy-critical setting. They are presented in this
form for referencing in later sections as it turns out it is easier to use the L> estimates directly for our purposes.
These estimates along with the Duhamel formula Equation (I.1.9), Holder’s inequality and the Sobolev

Embedding Theorem allow one to prove the multilinear estimate

el 10,10 S [0l g1 + 11l 0,10, (1.4.6)

for solutions u to (NLS), with initial data uo € H'. This estimate is the key to the fixed point argument and it is
not hard to show local well-posedness in a Strichartz space using it. However, Lemma [I.4.2]does not generalize
to Besov data and that makes proving mutlilinear estimates similar to those in Equation (T.4.6) impossible (in a
Strichartz space). We would like to find a space-time space X where this is possible. In particular, we would like

to show the following multilinear estimate for solutions to (NLS) with initial data ug € Bé‘ P

Hu||X(1><]R3) S HMOHB%“I + ||u| ‘;(IXR3)' (1.4.7)

In Section[2.1] we will properly introduce new spaces that are equipped to handle the frequency refinements that
we need to deal with Besov initial data. These spaces are variants of the bounded variation spaces V7 (also
introduced in Section[2.T). They are robust enough for both Strichartz-type estimates and the multilinear
estimates that we require. U” and their dual v spaces were introduced to the theory of dispersive equations by
Hadac, Herr, Koch, Tataru and Tzvetkov in [[13]], [9f, [[12f], [L1]], [22].

Remark 1.4.3. There are two properties of Strichartz spaces that we will highlight. Strichartz spaces enjoy a
"fungibility’ property in the following sense. If we know that ||u| |Lqu([07T]XR3) < oo, then for every € > 0, we can
find 0 <T" < T such that |[ul[ (0,71 xr3) < € Fungibility is related to absolute continuity in the following
way. For anorm ||+ ||y «r3) and a function u, we define a measure [y by ie(I) = ||ul|x(xr3). Then the norm is
said to be fungible if for every u € X (I x R?), Uy is absolutely continuous with respect to the Lebesgue measure.
This property of Strichartz spaces is used implicitly throughout the theory of nonlinear Schrodinger equations
and other dispersive equations where Lebesgue spaces are used in a fixed-point argument. Fungibility seems to

be a bit of a misnomer, but I will use that term as it is embedded in the literature to date. F_]

'T am grateful to Rowan Killip for helping me understand the nuances of fungibility.
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The second property is that we have a choice of exponents given in Lemma equations (I.4.4) and
(we may choose admissible (c}’ 7 )). This is known as Strichartz flexibility, and helps when proving multilinear

estimates like Equation (I.4.6). The spaces that we will be using in our analysis are lacking both of these
properties and therein lies most of the difficulty.

1.5 Summary of Proof

Theorem [I.3.1]is proved with a stability argument. We summarize it now. In Section 2.1} we introduce our
function spaces and give some basic statements about them. In Section[d.2] we prove well-posedness theorems.
In particular, Theorem shows that Equation (1.1.1) is globally well-posed in X4, for small initial data in
B; q for 2 < g < 0. This implies that wy evolves to a global solution, w(#,x) which we take as fixed. To prove
this, we rely heavily on the multilinear estimates in Chapter [3] There are two multilinear estimates we will need.
The first, Prop. [3.2.2] gives us the inequality

[luel|xa < ||u0\|35‘q+|\ul|§q|\ul|§m (1.5.1)

for solutions u to (NLS), with 2 < g < eo. This is proved in Chapter 3| by considering the cases ¢ =2 and g = oo
separately proved in Prop. and Prop. and then interpolating between them to complete the proof of
Prop. [3.2.2] Although the technique to prove this estimate is similar in the ¢ = 2 case and the g = o case, there
are technical subtleties that arise. In particular, there are two duality arguments that are needed, Lemma [2.3.1]
and Lemma [2.3.2] which are proved in Section[2.3] The other multilinear estimate we prove is Prop. 3.2.3] The

estimate is

e Lo < [lutol gy + 1 [xl [ [10.10 (1.5.2)

for solutions u to (NLS) with 2 < g < oo, The benefit of this second estimate is the ability to extract smallness on
the right-hand side by shrinking the time interval (see Remark [T.4.3). However, this estimate is only useful if

u € L°LI°. Thus, both these estimates are crucial in our analysis. To prove the multilinear estimates Equation
(I.5.4) and Equation (I.5.3) , a bilinear Strichartz estimate, Proposition [2.2.4]is required which is a variant on the
classical bilinear estimate used for Strichartz spaces, developed by Bourgain [3|]. The proof of these multilinear
estimates become quite technical, as the spaces that we are working with require a frequency decomposition. In

t .
particular, we must decompose each instance of « and i in [ /(=) ([u|*u) v (8)ds using Littlewood-Paley
0

theory and sum over the dyadic projections. The sum is split up into 5 sub-sums according to the relative size of
N compared to the frequency of each instance of u and ii. Each sub-sum requires a different analysis, making the

proof quite involved.

In Theorem we show that if the initial data is small enough, the data will evolve globally under Equation
[.I.T] In particular, if we let w denote the solution to Equation [I.1.1] with initial data wy (see Theorem [I.3.T)),
then w evolves globally. With solution w fixed, we let e = e(t,x) = |w+a|*(w+ i) — |w|*w — |ii|*ii. If it is a

solution to

. Nida+ Ai = ||t +e
(NLS) (1.5.3)

lZ,:ozvoGH],
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then u(¢,x) = ii(t,x) +w(t,x) is a solution to (NLS). Thus, to show that (NLS) is globally well-posed, it suffices
to show that Equation (I.5.3) is globally well-posed. In Section 4.2} we show that Equation is locally
well-posed. If the maximal time of existence 7™ is finite, we know that |[u||yq[o 7+) = . We assume this and
seek a contradiction. The contradiction comes from our stability theorem, Theorem@]in Section@ Indeed,
if we consider the solution to (NLS) v = v(¢,x) emerging from initial data vy, Theoremtells us that if
||w0||3%7q is small enough, then

HviﬁHXq([O,T*)) < oo, (154)

From [[15], we know that ||v| |L,10L}C°(R+><R3) < oo, In Section Lemma , we show that it is also true that
v =v(t,x) has global bounds in the space X7,

IVl [xa(m+) < o (1.5.5)

Since ||w||xq(g+) is bounded, Theorem 4.2.1] Equation (1.5.4) and Equation (1.5.5) imply ||u||xa(.r+)) < e,
which gives us our desired contradiction. Theorem[4.2.6]is essentially the statement that initial data will evolve
under (NLS) and a perturbation of (NLS) in a way that keeps the two solutions close when measured in the X¢

norm.

To prove the Stability Theorem [.2.6|for small times, a continuity argument is used by employing the multilinear
estimates in Chapter [3] To extend this to large times, an induction argument is used. This technique of using
perturbations to expand the domain of data that is well-posed dates back to Bourgain’s work in [5]]. In [59],
Germain uses this strategy on the semilinear wave equation to obtain global well-posedness using variants of

Lorentz-Besov spaces.

For ¢ < oo, if lim 1] e 5 (Jul*u) (s)ds]| 51 =0, this suffices to show scattering, as done in Section|4.4} This
oo} 4

usually straightforward argument is made complicated by the fact that the X9 spaces are not “fungible” (See

Remark[T.4.3)). This difficulty is overcome by using another multilinear lemma, Lemma{.4.1]

1.6 Physical Motivation

The Nonlinear Schrédinger Equation describes a broad array of phenomena, depending on the dimension
d and the power of the nonlinearity p. It models propagation of light in nonlinear optical fibers and is an
important model in the theory of Bose-Einstein condensates [57]], [58]]. The Nonlinear Schrédinger Equation
arises naturally as the description for envelope dynamics of a quasi-monochromatic plane wave propagating in a
weakly nonlinear dispersive medium when dissipative processes are negligible. Sulem and Sulem’s work in [56]

gives a detailed analysis of this, which we describe now in summary.

We consider a scalar nonlinear wave equation

L(0;,V)u+G(u) =0,

with dispersion relation L(—i, ik) = 0, where o is the frequency and k is the wave vector. This equation admits

k-x—ot)

approximate monochromatic wave solutions u = Slllei( , with constant, small amplitude ey. If we consider
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a nonlinear medium responding adiabatically to a finite wave amplitude, the nonlinearity affects the dispersion
relation and the frequency @ = @ (k) must be replaced by Q = Q(k, £2|y|?). Furthermore, we must replace our
space and time variables with the slow variables X = ex and T = €t, the derivatives being replaced by d; 4+ €dr
and dx + €V, where V is now the slow spatial variable gradient. This leads to the weakly nonlinear dispersion
relation

[0 +iedr —Q(k—ieV,e*|y[*)] y =0.

Expanding to second order in the small variable € leads to

i(Ir+vg-V)y+e{V-(2Vy) +1y’y} =0, (1.6.1)
where v, = Vi o is the group velocity and 2 = (% aka—‘gk[) ,with j, £ =1,--- ,d defined as half the Hessian matrix
J 4
of the frequency, both evaluated at the wave vector k. y = %, evaluated at |l//\2 = 0 and wave vector k.

If we view Equation (1.6.1) as an initial value problem in time and rewrite the equation in moving reference
frame, we get the Nonlinear Schrodinger Equation
dy

iS5 V(YY) + vy =0,

where the derivatives are taken with respect to the variable of the moving reference frame.

As the above discussion elucidates, there is certainly ample physical motivation for analyzing the Nonlinear
Schrodinger Equation, however it should be noted that there is a further reason for considering the Energy
Critical Nonlinear Schrédinger Equation (NLS). The subtleties of the equation are brought to the forefront when
studying dispersive equations at the critical scaling. In particular, the general Nonlinear Schrodinger Equation is
locally well-posed if the initial data ug is taken in Sobolev space H® with s > s and 0 < s, < 1, where s, is the
critical scaling (see Section[I.T). See [2]] for a systematic study of the well-posedness theory for the Nonlinear
Schrédinger Equation in the subcritical and critical regimes. In the supercritical regime s < s, Equation (I.1.2)
is ill-posed [60].

1.7 Future Directions

‘We discuss three directions to take further research.

i) Is it possible to prove an analogous result in the L? setting? In particular, in the L-critical setting, can we
expand the class of initial data that evolves to global solutions from [*to L2+ Bg, p for 2 < g < o and can we
expand the class of initial data that evolves to scattering solutions from L? to L? +B’87 q for 2 < g < o0?

More generally, we may ask the question: If we have a sufficiently robust well-posedness theory and we assume
the bound ||u|| Lo < (which may come naturally from the equation or may be taken as a hypothesis), can we
apply the techniques of this document and extend the space of initial data that scatter to include Besov data? In
other words, for what regularity and dimension can we use this technique to prove global well-posedness and

scattering for Besov data?

ii) Theorem requires that the size of the "Besov part” wy is bounded as a function of the “energy part” vy.
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In [59]], in the context of the semilinear wave equation, Germain removes this boundedness restriction for certain

initial data. For the sake of completeness, we state this result now.

Theorem 1.7.1. [59|] Let d = 6. There exists € > 0 such that the Cauchy problem (NLW) has a global solution u
provided the initial data (uy,u1) can be written
C1

and ui(x) =vi(x)+ P

€0
up(x) = vo(x) + —5
[

with (vo,v1) € H' x L2, ¢| < € and ¢y < €. Furthermore, u is unique in the set & = {u,dx (u, ) < €} where

g >0.

(NLW) refers to the Nonlinear Wave Equation

Ou+ |ulu=0
(NLW) ul:() = uO (]71)
8,ut:0 =Uuj.

We can ask whether this Theorem has an analogous counterpart in the setting of the Nonlinear Schrodinger

equation.

iii) Finally, a useful step towards proving Conjecture is to assume that solutions are bounded in time in Bé q
for 2 < g < oo and to prove the conjecture in that setting. We state this more precisely as the following conjecture:

Conjecture 1.7.2. Assume solutions to Equation with data ug € Bé g 4 < o evolve with the condition
uc L;"Biq. Let up € Bé,q , g < co. There exists a unique solution u(t,x) to Equation for all time with
ue L}”B%’q([O,oo) x R3)NX9([0,00)). If g < oo, then u also scatters.

One way to prove this conjecture might be to follow the aaaaap outlined by Kenig and Merle (see Chapter [I.1)).
The multilinear estimates from Chapter [3] the stability theory developed in Chapter {] and the profile
decomposition result in Chapter [5]are some of the components necessary for the road map. We discuss how we
can apply the theory from the road map to prove Conjecture[I.7.2]in Chapter [6]



Chapter 2

Linear Estimates

2.1 Function Spaces

Here we define the function spaces U”, V? as well as some variants that will be use in establishing our
well-posedness theory. The general theory of U?, V? spaces was developed by Hadac, Herr, Koch, Tataru and
Tzvetkov in [[13[], [9], [[12], [[11]], [22]. The following results are adapted from [9]. We limit our introduction to
L?-based spaces, since these are all we require in our analysis, but we can replace L? by any Banach space and
still allow for a consistent theory. Some basic proofs in this section are omitted as they can be found in the

original works mentioned above and require an amount of technical detail that is unnecessary in this presentation.

For interval 1, we let 2 be the set of finite partitions {z;}? ;. If the interval I = (¢, B), with —eo < ot and B < oo
is open, we define the set of partitions by the requirement @ <1y < ... < f, < . If the interval is half open or

closed, a similar definition applies with the partition including the endpoints that are contained in the interval.

Definition 2.1.1. Let I be an interval, 1 < p < coand v : I — L*. We define

1
n—1

»
|[V]lys(y = max |V|L;>°L§(1xR3)aSu};(Z||V(fi+1)—v(fi)||fz) 7 (2.1.1)
€? \ i=1 *

and the space VP = VP(I) to be the space of functions v for which this norm is finite. We omit I where it is

implied by the context.

We define V,‘;C to be the closed subspace of VP consisting of right-continuous functions.

VP is a Banach space. It is the dual space to the space U ?" which we define now. Here, (p,p’) are Holder duals

1 L _
Lyl =1.

Definition 2.1.2. A p-atom is a right continuous step function,

a(t) = Z Oix[ti tiv1) (1), (2.1.2)
i=1

13
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n
where {t;}'_, € Z, tuy1 = B, {9:}1_, are L? functions such that ¥ ||¢| |€2 <1, and with the condition that the
i=1 x
Sunction a(t) must be zero in a neighbourhood of the endpoint Q.
We define the atomic space UP (I) as the space consisting of functions u = ‘Zl Aja;j, where {a j};":l is a sequence
j=

of p-atoms and {lj};f’:l a summable sequence of complex numbers, Y., |A;|. We define the associated norm by
=1

Jj=1 Jj=1

l[ullyp ) := inf (Z |Aj| such that u = Z Ajaj, Aj€ Canda; arep—atoms) . (2.1.3)

Lemma 2.1.3. [9] Let 2 < p < g < oo. Then the following continuous embeddings hold:

U’ c Vh.cve (2.1.4)
Ve < U (2.1.5)

Let 1 < p < o and p’ be Holder duals (% + ﬁ =1). Then V*' is the dual space of U? in the sense that there
exists a bilinear form
B:U?xV? : (u,v) = B(u,v) (2.1.6)

such that the mapping

VY 5v— (u— B(u,v)) € (UP)* 2.1.7)

is a surjective isometry.

The following proposition gives an integral representation of our bilinear form. This will be useful for proving

the duality statements we will need for our multilinear estimates.

Proposition 2.1.4. Let u € V! be absolutely continuous on compact intervals with [lim u(t)=0andv e VP, then
—so0

Blu,v) = — / W (1), v(0))dr. 2.18)

—o0

Definition 2.1.5. For2 < p < cowe let U ng (resp. VXL2 ) be the spaces of all functions u : R — L* such that
t — e~ "u(t) is in UP (resp. VP), with norms

He—itA

g ullor

—itA\

lellyy = lle™ullvr.
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n .
Remark 2.1.6. The space U £ is an atomic space with atoms a = i; x[,h,ime”A(p,».

For 1 < p < oo, the VK norm is preserved under the linear evolution of data in I12. In particular, it is easy to show
that

[l uollyp = lluolly> = lluollz. (2.1.9)

For a solution u to to li , the VK norm is a measure of how far the solution is from the corresponding linear
evolution. Similar constructions of spaces go back to [6], where the author introduces X** spaces. We skip the
definition of X** space and define the homogeneous Besov refinement of such spaces, X*4 by the norm

1

q

. b q
e s = (ZN“fll(l + Irz)Z%.x<u>I|ZzL.%) : (2.1.10)

N

where .%; , is the space-time Fourier transform. If we define Xzb’q by

||"‘HX’VA"’” = ||eiitﬁu||xlﬂh>qa (2.1.11)
then we have the continuous embeddings ( [9]]):
.01 0.} o
X0 CUR CVE g C X2 (2.1.12)

See [7]] for a survey on X* spaces. X*** spaces and their variants work well in subcritical settings, but for critical
settings, U g and VK are successful replacements. Since our data is in Besov spaces, we introduce the following

refinement:

Definition 2.1.7. For2 < g < o, let X9(I) be the space of functions u : I x R3 — C such that for every dyadic N,

e—itAuN c V}%C’ equipped with the norm

1
q
||u||X‘1(I) = (;Nq ||uN||€/£(1>> ’

for 2 < g < oo and with the norm

ooy = sup (N llawllz )

for q = oo. This is the space where we will develop our well-posedness theory for data ug € Bi 7

Lemma 2.1.8. For2 < g < p < andI CR, we have the following continuous embeddings:

X4CXPCLTB) . (2.1.13)

Proof. The first embedding just follows from ¢4 C £P.

We now prove the second embedding. Interchanging the sum and supremum, we have
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1
P

, — p p
||u||L;°B;J, = csssup <§N,N |MN||Lg>

1

IN

(ZNpesssupHuNHZz)
N d "

Since ¢ is unitary, by Definition [2.1.1|and Definition|2.1.5| esssup [|uy/ ;> = He_itAMNHL""Lz < |\uN||V£. Thus,
t x T =X
by Definition[2.1.7] we have
1
P
||“HL{’B;W < (;NPHMN||€£> = ||ul|xe. (2.1.14)
O

Lemma 2.1.9. We have the following continuous embedding:
x2cLloLlo, (2.1.15)

Proof. By the Littlewood-Paley inequality (see [44]) and rewriting the space-time Lebesgue integral, we have

1

2
H””lO?lO ~ <Z|”N|2>
N
1

_ \1/ (}Zvl|uN2>5dtdx 10,

xR3

10,10

where the sum is over all dyadic numbers N. Expanding the fifth power of the sum, we have

5
(): uN|2> =Y |u;, [*+- - |uig|?, where u;, = ups for some M and ¥ is a sum over iy, i, i3, i, is. Then by switching
N i i
the sum and the integral, and using Holder’s inequality, we see

/ Z|“i1 |2---|ui5\2dtdx

||”H10,10 ~
xR3
1
10
- |y / g, |2+ |us; Prdx
" RxR3
) 10
2
< (Z|“i1||10,10"'H”i5||10,10>
l
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5 5
. 2 2 2
Now since (%|MN|2> =¥ [us, |+ |uz |2, we have (%”Nlo,m) =X [l [ o.10- [|tis || 79 10 and s0
L i ’

3=

5
2
HM||10,10 < <Z|”N||10,10>
N

1

2
2
= <Z||MN||10,10> :
N

Then by Proposition [2.2.2] (see below) and Lemma [2.1.3] we have

1
2

2 2
lullio 0 = (ZN ||“N||U'AU>

N

1
2

2 2
(;N ||uN||vé>

= ullx-

A

O

Definition 2.1.10. We define the space Y4(I) as the space of functions u : I x R3 — C, equipped with the norm
1

q
|ellyaqry = <§N—q| |un| |‘q/ﬁ> , where the sum is taken over all dyadic numbers N.

This space will only be used in the duality estimate Lemma [2.3.2] If the interval / is clear from context, we may

omit it and write ||u||yq.

2.2 Strichartz Estimates

This subsection is devoted to generalized Strichartz estimates for the adapted function spaces introduced in

Section[2.1] The following lemma is a direct consequence of the definition of our function spaces X, Definition

217

Lemma 2.2.1. For2 < g < oo, we have the isometry

e uo||xa(ry = ||uol | B, 2.2.1)

Proof. By Definition and Definition
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1

:
lle"“uollxay = (ZN"W”A(%)NI@;)

N

n
_ ZNq max He—n‘AettA (”0)N| ‘ZmLz’ sup Z |‘€lti+1A€_lti+lA(u0)N 7 ett;Ae—lt;A (“0)N| |i)2r
N T Yl e \i=1

Since ||ei+15e 015 (ug) —ei’iAe_itiA(uo)N\|L§ =0 and \|e_"’Ae"’A(1,t0)1\;\|L;><>L)zc = ||(uo)n]l2, we have

(;wwwwm&)q

— [luollgy,-

| |elm”0||xq(1)

The linear propagator is an isometric mapping from B% g0 X 4. This is in stark contrast to the behaviour of the

mapping from Sobolev spaces to Strichartz spaces, which allows for smallness by shrinking the time interval.
See Remark [[.4.3]

The next proposition relates the space-time Lebesgue norm to the U £ norm, while keeping track of scaling.
Using the Littlewood-Paley projection u; given in Equation (T.T.4), we have:

Proposition 2.2.2. Let % — % — % > 0 and I C R. The inequality

3_2

gr <A lug|lyg (2.2.2)

[lua |

holds.

Proof. Due to the atomic structure of the spaces U 2, it suffices to show Equation (2.2.2)) for atoms. ie; we let

n . n
u,(t,x) =Y X[zi,t,-+1)(f)eltA¢i’ with ¥ ||¢:||7, = 1 and {1;}}_; € Z. Itis clear from Definition [2.1.5| that
i=1 i= g

3_2

By splitting up the time integration, we see

el sy = gy oy ()
R

tivl

| |ul | |I‘{{(R3) (t)dt

I
=

i=1 i
t:

n i+1

=1

= % [l 0lg e ()t
1

14

)

q
2

-
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Let 7 be such that (g, 7) is an L? — admissible pair, ie; % + % . Since 5 — -3 > 0, r > 7, we can use the
Sobolev embedding theorem W*™ C L”, where, because ¢, 7 are an admissible pair, we can express k as

k= % — = —=_Since q) is localized in frequency to A, the Sobolev Embedding Theorem tells us that

lle ”A(]),HU ®) < ATTa < He”A(i),HL, (r3)- Then by Lemma|1.4.2

. 32 3
2y gy < Z / AE g1 o ()

IN
N‘Q
= ‘Q
-
§

IN
>
o)

|

Taking the q’h root of both sides, we have our desired result. O

To prove the multilinear estimates in Chapter[3] we require a bilinear Strichartz estimate for Strichartz spaces.
Multilinear refinements of this kind were first proved by Bourgain in [3]] and used extensively in the literature
thereafter, for example in [[15]. The following can be found in [[10]. Lemma @]below is a version of the
bilinear Strichartz estimate that we will use to prove Proposition which is a refinement adapted to our

function spaces.

Lemma 2.2.3. (Bilinear Strichartz Estimate in Strichartz Spaces) Let M < N be dyadic frequency scales. Then

A o it -1
1€ fve" = gmll 22 mursy S MN 2| fll2m3) 181l 2R3)- (2.2.3)

Similar to [[12], we have the following Bilinear Strichartz estimate which is the analogous result to the previous

lemma, but refined for Vﬁ.

Proposition 2.2.4. (Refined Bilinear Strichartz Estimate) Let I C R, B < A be dyadic frequency scales,

uy,vg € Vg, then we have the bilinear estimate,

_1
lurvgllziagwes) < BA~ 2 lluallyz [1vpllyz - (2.2.4)

Proof. We in fact prove something slightly stronger. We will show

_1
luavpllziznmsy < A2 Blluallys lvpllys - (2.2.5)

This, together with the continuous embedding Vﬁ — UZ will give us (2.2.4).

Similar to the proof of Lemma(l.4.2, we use the atomic structure of UZ and it will suffice to show Equation

n m
2.2.5 fOr u (tvx) = 'Zl X[t,‘,IH,] ( ) ltA¢ls Wlth Z ||¢)IH 2 =1 and VB (t .X) 'Zl ll,[tj,tﬁ,] ( ) it II/] Wlth
i= j=

HI/IJH ) = = 1. Le. we must show
=1
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-1
ervpll2iaumsy <A 2B

Without loss of generality, we can assume the atoms have the same partition {;} € &

||z vpl3a

= [l
R

J 1Bt (00 240 O w0
R i=1

The cross terms have disconnected support in time and we continue,

/ 13 2 (0 0 il By 0
li

[l 01y | (o)

fi—1

M=

Il
—

i

1 ZANFSR VAN, 2
l:Z]He (Plfle ll[l71||L[2L)2(([ti71,li)><R3)'

We may assume ¢; and y; have the same frequency support as u; and vg. Then by Lemma@and

Cauchy-Schwarz,

Thus,

and the proposition follows.

=

< Y (B 2)llgi |2 it I
i=1
-1 1 1
< (AB Z\|¢z tliz2)2( lellfz tll72) )2
< (A2

_1
HulVBHL[ZL%(IX]R3) <2 2ﬁ||ul||Ui||VBHUZ7

We can use Proposition to show that X? embeds continuously into the Lebesgue space L!°L!0.

2.3 Duality Lemmas

The following duality arguments will be crucial for our multilinear estimates. They allow us the same

20

(2.2.6)

maneuverability as the Strichartz estimates in Lemma do when trying to prove well-posedness for finite
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energy data.

L. /
Lemma 2.3.1. || [¢/("2F (u)dr'||,, = sup | [ F(u)vdtdx|.
o o M2 =1 (x)eRxR?

Proof. By Theorem [2.2.4] Equation (2.1.6) and The Fundamental Theorem of Calculus,

t t
[ 2wy = I [ e AR
to fo

t

= sup |B(/e’i"AF(u)dt’,v)|

[VIl,2=1 i
= sup |// y / AR (u)dt' | vdxdt|
Miya=1 L 2y \ ¥
_ —it/\ =
= sup |//e F (u)vdxdt|
[[v][,2=1 Ceopa
= sup |//F(u)\7alxdt|7
HVHVKZI o3
where the last line follows from definition. O

Lemma [2.3.T) will suffice to prove the multilinear estimate we require for g = co. For g < o, we require another
duality lemma. The proof below is adapted from the proof of Prop. 2.11 in [[13]]. Refer to Definition [2.1.10] for
the definition of Y2

Lemma 2.3.2. || Zul[y2 = sup | [(|ul*uv)dtdx|
[Iv]ly2=1
Proof. For ease of reading, we let f(s) = (|u|*u) (s). So we are trying to prove

17 W)lly2 = sup | / F(t,x)v(t,x)drdx]. 23.1)

By Definition[2.1.7} the duality of /> and Lemma-

7@l = | NI [ 2wl
§s<t
= sup ZbNNH/ i(t=s) Nds||vz
bll=t'N 2,
<  sup ZbNNH/ it=s)&> $))ndslly2 -
HbH(Z 1 s<t

Note that {by} denotes an arbitrary ¢> sequence with norm 1. In particular, the subscript does not represent a

Littlewood-Paley projection. By Lemma[2.3.T]and Plancherel’s theorem,
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7@l = sup YbyN| sup | / / F(t,x) (v(t,x)wdxdt] | .

= N —
bl 2=1'N V02 =1 2 2,

Note that for each N, we must take the supremum over unit sized functions in Vi. We denote this with a
superscript N so that it is not mistaken for a Littlewood-Paley projection. Define 7 (#,x) = ZbNNv%(t,x). Then
N

12 @)l < sup | sup | / / F(t,%)7% (1,x)dxdt| | . (232)

la=1 \ Ibllyz =1 <3,

Our Lemma then follows by showing 7, does indeed have Y norm equal to 1 (although we will not argue for

why this is the most general form of a function with Y2 norm equal to 1). Indeed,

-

lly2 = (ZNll(ﬁb)vag>
N

(ZN'I (ZbMMV%(LX)) ||vg>
N M N

Because we are taking the N' Littlewood-Paley projection, the sum collapses to just the N term.

1

q

1

q
[Pplly2 = (ZN] |bNNV1A\§||V§>
N

N
Sl;/pHVNHVé (;bN>

N
sgplllelvi-

IN

IN

For every €, there exists a N such that
sup|[villyz < IVllyz +& < sup|viyllyz +e.
N M

since [|fwllyz < [1flly2.

sup |[viy[ly2 < IIV’VII@ +e<l+e,
N

and we can conclude ||7p|]y2 < 1.
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Multilinear Estimates

In this chapter we prove two multilinear estimates that will be fundamental in Section Prop. and Prop.
[3.2.3] which are both given in Section[3.2] These estimates allow us to use fixed point arguments to obtain a
local solution. For ease of reading, Prop. [3.2.2 will be split up in the following way. Prop. [3.1.1|focuses on the
q = oo case, Prop. focuses on the g = 2 case and Lemma|3.2.1|allows us to interpolate between the those
cases to obtain the result in the cases 2 < g < o. These are presented and proven in Section

3.1 Multilinear Estimates in X* and X?
Proposition 3.1.1. Let u € X*(I) for the time interval I = [ty,t1). Then
1
[ €02 () (5)dslxmqn S Nl e .11
fo
Proposition 3.1.2. Let u € X>(I) for the time interval I = [ty,t). Then
[x
H/el(t—s)A (Juf*u) (s)ds||x2) S Hu||§(m(,)|\u||§(2(l>. (3.1.2)
1o

We now prove Prop. [3.1.1]

Proof. We suppress the interval [ in what follows for ease of reading. Recall subscripts N refer to the

Littlewood-Paley projection onto the dyadic frequency N. Using the Duhamel representation of the solution
(Equation (I.1.9)), the triangle inequality and Lemma[2.3.1]

23
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t 1
1[0 (') (sl = supN]| [ @A ((ul*u)n) (sl
fo Ip

IN

t
SupNH/ei("sm((lul“u)zv)(S)dS\IUg
N )

= sup sup N / (|u|*u) yvdxdt

N v =1
M=t s

We may use Plancherel’s theorem to transfer the Littlewood-Paley projection onto the solitary v term. Therefore,

t
I /e"(lﬂ)A (|u*u) (s)ds|[x= <sup [ sup N / (Ju|*u)vydxdt| | . (3.1.3)

. N v =1 k
" | Hvé JR3

We use Plancherel’s Theorem and decompose each factor of the nonlinearity into their Littlewood-Paley
frequency projections and sum over all dyadic numbers for each factor. We then use Plancherel’s Theorem once

more to obtain

N’/(u|4u)dexdt (3.1.4)

SO AROYRRO WARD wARD wAETE

1 ) A3 As

(@xa, * iy, * A)p, * i), * AX2g) IndEdt

=
Ee
— —

UL 2 U225 U3 25 Ua 2y Us 25 VNAXAE

)

where ). x;, is a dyadic partition of unity. Y. is a sum ranging over all dyadic numbers 4;. u; ;. := (1;);, is the
Alyeeshs

Littlewood-Paley projection onto the ll-’h frequency, where for convenience we write u; for either u or i (this
convenience becomes clear shortly). Due to symmetry, we may also assume A; < A, < ... < As. We will break
the sum into cases based on the position of N with respect to all A;. Note that in each case, the largest two
frequencies must be comparable or the support of the integral will be null. For example, if we assume

N < A1 <... < As, then by Plancherel,
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/u1~~-u5dexdt = /u1/~-\u4ﬁ5d§dl

/((((‘71\/ i) * fip) * 13) dy) AsdE dt

/(/ (/ (/ </9N(<§—u—n—ﬁ—a)ﬁl(a)da) ﬁz(ﬁ)dﬁ> ﬁs(n)dn) ﬁ4(u)dy> as(E)dEdr.

This integral is null unless

Vs<IEl<2s, shs < MI<2% sk <Inl<2h, sk <IBl<2n, ki <la] <2
E-n-B-al < 24,

A

which implies A5 < 2044.

We decompose the sum on the right-hand side of (3.1.4) into five terms as follows:

) /M1,)Ll142,12“3,13u4,x4us,/15VNdde N Z/”l,ll Up 2, U3 25 Ua g, Us s VNAXdE
AlyeensAs 1

+...+

) / U2 U 2y U3 23 Ua 2, Us s VXL,
5

where

(Master Sum)

=Y Y Y Y (3.1.5)

N<Z,1 <oo 2,1 <2,2 <oo 2,2 <l3 <oo 2,3 <l4~},5 <o

= L X

—oo< L <N N< Ay <00 dy <Az <00 A3 <Ay~Ag<oo

YL X X X

—00< Ay <N N<A3 <00 A3 <Ay~As<oo —oo< Ay <Ay

= Y Y X X

—0o< A3 <N N<Ag~ A5 <oo —oo< Ay <Az —oo<A) <Ay

= X X X X

7°°<l4<N~2,5 7°°<k3 <l4 7°°<12<A3 7°°<},1 <12

B a I ag B a B ag B ug
I

For example, ¥ refers to the sum of frequencies such that N < A; < ... < A4 and A4 ~ A5 in the sense that

1

A4 < As < 20A4. We sum over A4 and As first, denoting by Yy , the sum over all dyadic numbers A4 that
13 <l4 ~7L§ <o

are between A3 (fixed in this first sum) and positive infinity. We continue in this way, however we do not need to

distinguish between A} < ... <Ay <N < Asand A; < ... < As < N, because in both cases, A5 ~ N. The order of
these sums is important. The index N must appear as an upper or lower bound in the last sum (or last two sums)

in each case. Notice that in ), we do not need to sum over A5 as it is comparable to N which is fixed.
5

By the triangle inequality, we have
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N‘/(|u|4u)dexd[ <A+ + S+ S+ S,

where

=N

Z/uL;Lluz’;kzug,’x}u4,,14u5,15dexdt .
i

We now bound .¥; using Holder’s inequality, Proposition and Lemma . We begin with .#]:

A < NY ugallos s asllesllvalle
1

2
< NY (A AsN) 3y g s s asllys Hvallpg

IN

1
2 1
NY N (- 25) 3 (allur ,llyz ) - (s gl ol -
1

‘We continue,

S
3

A

IN

N

1

_1
(S;Llpll”“l,llHvﬁ)"'(S;SP;LSHL‘S,)LS||V£)||VNHV£Z(7LI"')LS) 3

1

5 _1 5 _
VA lIvwll (sup A gl )T (ha-+-28) 4 = N3 ol e e J =< 2)
1 1

W=

where Y is defined in (3.1.5). To evaluate the sum } (4, - - 15)_%, we write
1 1

[N}
I\)

(M- 2s) 3 < Yy (1112/13)‘%1;3 (M1A223)~ %/13§,

),3 <A4N)L5<00 A3<2.5<°°

where we have used that for o <0, Y A% SA%
Ai<Aj<oo

Consequently,

WAL

Yua)d < Y Y Y (Mhk) A
1 N<A <o A <Ay <o Ay <Az <oo
_3
< Y ¥ (Al
N<A <o Ay <Ay <oco
_1 i §
< Y (W) 20 3HVN||v2||u|\wa
N<A<oo

Returning to .#7, we have

A Mvwllyz [l [} (3.1.6)
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We proceed with the second sum. The technique is similar, but requires more finesse in choosing the right

exponents to guarantee we are summing over dyadic numbers with negative exponents at each step. By Holder’s
inequality, Proposition[2.2.2]and Lemma[2.1.3]

S < NZH”I,M||p7p””2,/12||q7q'"‘|“5,15Hq7q||"N||q.,q
2

3-3 3.5
< NEA (R AsN)E 0 g, e 2.2, s s 25 ool [
2
3.5 3-3-1 3.5
< NZN2 AT (e AT (Al gy llyz ) o (Aslus aglly2 ) vwl vz
R 331 15
< IIVszIVzHMIIXWZ/L (Aa+eAs)2 0,

where we require % + 2 = 1 for Holder’s inequality, p,q > % for Proposition , p,q > 2 for embedding
li and % — % > 1 for summability, as A; is summed from negative infinite and hence requires a positive
exponent. It suffices to choose p =20 and g = 5 X %. We sum over As, A4, A3, A3, A1, respectively:

1 1

oo

YA (k)™ 5 Y Y % 1(1213)*%1*7
2 —0o< A <N N< Ay <oo Ay <Az <oo
1 9 _ 27
< Y Y AALPLT< Y (M)INH NS,
—0< A <N N<Ap <o —0<A <N
and so
yzSHVNHVgHMH)S(w- (3.1.7)

The third sum has both A; and A, summing from negative infinity and so u; and u, play the role that u; did in the
previous sum. Choosing our exponents appropriately, by Holder’s inequality, Proposition[2.2.2)and Lemma[2.1.3]

S < NZ””‘I,MH20,20|‘“2,/12|‘20,20H”3,/15||%07%"'||”5,)LSH%,%||VN||%O7%
5 3
< T(da--- 3
< NZ (A122)* (43 lsN)S||u1,/1]||U30||u2,12||U20|\u3,/13HU;%O \Ius,xs\legl\VNl|U2g
3 1 _3

< NZNS (M22)* (Aa-+-As) "8 (Aallur , ly2 ) - (Aallus g ly2 )l lvnlly2

11 1 3
< N [ollyz il R (0A2)F (A -+ 25) 5.

3

We sum over A, A4, A5, A3, A7, respectively:
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1 _s 1 _s
2(1112)4(13...15) g < Z Z Z A7 (A3 As) 73

3 —oo< Ay <N N<A3 <00 A3 <Agr~As<oo
1 1

S L Y M t< ¥ BN TN
—00< Ay <N N<A3<oo —oo< Ay <N
and we obtain
75 S Mlvwllyz [l - (3.1.8)

We continue with the fourth sum. By Holder’s inequality, Proposition [2.2.2]and Lemma [2.1.3]

Fa < NY Mgy ll2020l1u2,2, 120,20/ 43,25 20,201 tt4, 2 [ 0 o [1et5 35| 0 o [1vv][ 0 0
4
5 1
- s 1
< N;(111213)4(A4A5N)12||u1,7t1||U20||u2’lz||UioHu3,13HUiOHu%M”UE—Q||u5715||UE—9||VN||UE—9
L 1 1
< NZ 2 (MAaA3)* (Aads) ™ 2 (Aallura, [ly2 ) - (A llus g L2 )l vwllvz
13 1 L
< N”||VN|\vg|\M||wa(/11/127t3)4(14)»5) 2.

4

We sum over A1, A3, A4, As, A3, respectively:

1 1 1 11
Y (Mdods)i(dads) ® < Y y YA (Aads)t (Aaks)
4 —00< A3 <N N< Ay~ A5 <oo —oo< Ay <A3
3
< A (Aads) 12
—0ol A3 <N N<Ay~As5<oo
< ¥ N By B
—oo< A3 <N
This gives us
Za S vwllyz llul 3= (3.1.9)

The fifth sum requires the Bilinear Strichartz Estimate, Proposition 2.2.4]in addition to Holder, Proposition[2.2.2]

and Lemma[2.1.3]
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<
S5 < N;HMLW s s lluz agll s se s aslls o
_1 &
< NY MN F(Mdala) A 8||M4/14||v2||vzv||v2||M1/11|| sa o lus gl saflusagll g
5 Uy UN Uz
_1 1,
< NY N 2(hhis)? 2 18(/11||'41,/11||v§)"'(M||u5,7L5||vg)||V1v||vg
5
-l
<

1 L
N2 [vnllyz [l [} Y (A1 2223) 7
5

We sum over A1, A3, A3, Aq, As respectively:

OO‘
IN

Y (AAads) A5 ! y y Y A7 (Aahs) A B

5 —00< Ay <Nmods —oo< A3 <Ay —o0<Ap<A3

1
99718
< ) Y A
—oo< Ay <NrAs —oo< A3 <Ay

] 11 1
99 18 91 1
Z A4 ;LS SJAS ’,LS

—oo<l Ay <N~As

IN

IN
N
D=

and so

s S Mowllyz llullx-- (3.1.10)

Combining (3.1.6), (3.1.7), (3.1.8), (3.1.9), (3.1.10)), we have

N‘/(|u|4u)dexdt

S lvwllvz ol - 3.1.11)

Returning to inequality (3.1.3), we get

I [ ¢ (i) sl S sup | sup vl -

[[v]] 27

Since ||VN||V§ < ||V||ng we have

t
1[0 () ()= 5 -
fo

We now prove Prop. [3.1.2}
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Proof. We suppress the interval [ for ease of reading. Using the Duhamel representation of the solution, Lemma

[2.3.2] and breaking the sum into its Littlewood-Paley frequency projections,

I / UIE (|u*u) (s)dslly> = sup | [ (luf*uv)dxdt|
IPlly2=1 ) s
= sup | Z / Uy g, s g vndtdx|,
[Wly2=1 21N, ‘s
where the sum Y is over all dyadic scales A;, i = 1,...,5 and N. Notice that our duality lemma in this case,

Ai.N
Lemma works with the whole space X2, not just Ui. This is in contrast to our previous multilinear estimate,
Prop. [3.1.1] Because of this, we must decompose v into frequency projections vy and sum over them as well.

We break up the sum into five sub-sums, based on the relative position of the various A; and N:

Z /ul.ll"'u57l5detdx S_, ul,k,"'”S,Astdtdx

A N w3 1>< (R

+...+
Z / uyp, - us psvndrdx,
iIXIR

w

where

Y Y Y Y (3.1.12)

~Ay)<oo —eo< A3 < A5 —oo< Ay <Az —oo<A| <Ay —eo<N< A

Y Y Y X

Ay)<oo —oo< A3 <A5 —o0<Ay <Az —eo<N <Ay —oo<A <N

L Y X X

~Ag)<oo —eo< A3 < A5 —eo<N<A3 —oo <Ay <N —oo< A <Ay

L L X X

~Ag) <o —eo<N< A5 —00< A3 <N —oo< Ay <Az —eo< A <Ay

r Y Y X

—00<N(~As5)<oo —oo< Ay <N —oo< A3 <Ay —o0<Ap <Az —oo<A <Ay

—oo A,

—oo A

I
MM?M&*M

7°°<k5

—

—oo< A,

01 =01 D1 =01 -
I
l"l 17

Note that in each case, the largest two frequencies must be comparable or the integral will be 0.

We can treat Z through Z in a similar way. For i € {1,2,3,4}, we must bound

sup X[ ul Ay Us s detdx| =:.%,. Again, we require the more refined Strichartz estimate in this case,
[Vlp2=1 i ‘

Bilinear Strichartz Proposition By Holder, Proposition [2.2.4] Proposition and Lemma[2.1.3]
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S = sup \Z / Uy g, - g g us NVNALAX|

b=t T

< sup Y [lusasvnlallun gy s salluaa llss sellus g llss salluea,llg 5
HVHYZZI i 575 55 575 2°2

_1 28 , L

< sup Y NAg F(M2223) 7 A% s asllva lvwllva [l I s - llusagll s fluanll g

[[V[ly2=1"i Uy Ug Ui
1,0

< H iup Y N (Midads) 7 A5 (N 1||VN||V§)(7LI\|'41,/11||v§)'“(15|\us,/15||v§)

v Y2:1 i

Grouping the terms and pulling out the supremum over A;||u; ;| |Vi fori =1,2,3, we have

S < sup(

s (supilhn ) (sl v supa~ vl ) <
v Y2:1

1,1 2'3

19
H179

XZNZ(MMM)”?LS (/14||M4,A4||v§)(/15||u5,/15||vﬁ)>-

We observe supN ! | \vN||V£ < ||v|ly2 (this is just the embedding ¢> C ¢*). We then sum over 4;,4,,A; and N in
N

the order (dependent on /) prescribed by Equation (3.1.12), analogous to the sums in Prop. [3.1.1] In each case
(i=1,2,3,4), we are left with the final sum which is over A4 ~ As,

S S sup fullzelvlly2 Y (Al llyv2 ) (Asllus g ly2)
[vl[y2=1 —oo< Ay (~As) <oo
Sl X Qalluaallva)Rsllus agllyz)-
—oo< Ay (~As) <o

By Cauchy-Schwarz, we have

3 2 2 1 2 2 1
i S ullz=( Y Al 24lly2 )2 ( Y Aslus asllyz )2

—oo< Ay <o —oo< A5 <o
3 2
= [l [z [[ullx2-
The last sum can be treated in the following way. Letting /5 := sup |Y [ u, ---us,vndtdx|, by Holder,

[IVlly2=1 5 IxR3

Proposition[2.2.4] Proposition[2.2.2]and Lemma[2.1.3]
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S5 = sup |Z / Uy, - u4,14u5Ndexdt|
Hva2 1 ] R3
< ' ﬁup Z||”4/14VN||22|‘”17L]||EEHMZMHE ﬂH%MHﬁEHMSASHgg
Vlly2=1'5
73 l
< sup Y AN (AT A 8||”47L4HV2||VN||V2||”17L]|| s |us g || salfus agll g
IMlly2=1"5 N Ug U
_1 €1 _
< o LN (MAas) T (N Hlowlly2 ) allur g, vz ) -+ (Aslus sz ) -
V|[p2=1'5

Pulling out the supremum’s over A;||u; 2, | \Vé, for i = 1,2,3,4 and summing over A;,A;, A3, A4, as prescribed by

Equation (3.1.12), we have

1

1 1 _
S5 < sup (suplillug g [lyz) o (supAallug g, lly2 ) N9 (Midads) 77 (N 1||VN\|v§)(15|\M5A15Hv§)
[V[ly2=1 %4 A4 G
4 _
< sup (lully= Y (VT ) (s s a2 )-

[lly2=1 —o<N(~Ag)<oo

We apply Cauchy-Schwarz and obtain

_ 1 1
s < osup ullx-C Y NTwl)2C Y Adllusall3n )2
[Ivlly2=1 —co<N<oo & eeds<oo A
< sup |[ul[fe]ful[x2|V]|y2
Il 2=1
< a3 ul |2
Thus,
sup | Y /ul,ll---us,lswdxdqg||u|\;‘(m\|u||xz. (3.1.13)
[Mly2=1 (A;.N)

IxR3

This is in fact stronger than we need for our Lemma, since X> embeds continuously into X*°. Combining these

cases, we have ||fe =92 (|u*u) (s)ds||y2 < ||u\|)3(m|\u||§(2 O

3.2 Multilinear Estimates in X and L1110

We require the following multilinear interpolation result for the multilinear estimates in the range (2,c). This

lemma is taken from [23]] and can also be found in [24]. The proof can be found in those sources as well. If A
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and B are a compatible interpolation pair, we let [A, B]; denote the complex interpolation pair derived from A an
B. See [24] and [23]] for more details.

Lemma 3.2.1. Let (A;,B;), i = 1,2,...,n and (A,B) be interpolation pairs. Let L(x1,...,x,), x; € A;NB;, be a
multilinear operation defined in the direct sum & (A; N\ B;) with values in AN B and such that

HL(xl,...,xn)HA SMOHHxiHAi (321)
1

and

n
L (x1, .o x0) |8 < My ] ] il ;- (3.2.2)
I

Then if C = [A, Bs and C; = [A;, Bj]s, we have

n
IL(x1,- - x)lle < My~ M T T il » (3.2.3)
1
for0<s<1.

Proposition 3.2.2. For2 < g < oo, let u € X(I) for the time interval I = [to,11). Then
t
1 €92 (i) (sl sy 3o el o (:24)
fo

Proof. We apply Lemma Any two of X C X9 C X? are compatible interpolation pairs. Furthermore,
(by [38]], Theorem 9.3.2 for example) we have that for some s, [X?,X*]; = X. From the proof of Prop. [3.1.1} we

l .
see that the operator .# (u) := [ €/~ (|u|*u)(s)ds can be extended to a bounded multilinear operator (which by
1o

abuse of notation, we also refer to as .%),

I XX XX XXX xXT - X (3.2.5)
t

I (w1, up,u3,ug,us) = / (ei(’f“'muldzuyiws) (s)ds. (3.2.6)

fo

Similarly, we can extend .# to a multilinear mapping defined on X2 x X2 x X* x X* x X*,

I XXX XX XT XX = X (3.2.7)
t
I (uy,uz,u3,ug,us) = / (ei(’f‘Y)Au1J2u31I4u5) (s)ds. (3.2.8)

fo
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By Prop. [3.1.1] and Prop. [3:1.2] we have the estimates

|7 (s as) | < Mo fuen[[xc= ez | e [z | [x= | |ea | = a5 | = (3.2.9)

7 (urs - us)l|x2 < M| |2 |z L2 |13 | x| [x==|us | [x=- (3.2.10)

Ifwetake L= 4, A=A;=X>,fori=1,....,.5,B=B; =B = X2 and B3 = B4 = Bs = X*, then we may apply
Prop. In particular, for g € (2,0), if s is such that X7 = [X?, X*],, then from Lemma we obtain the

estimate

17 (a1 yus) | [xa < Mg "M Jun ||| |2 [x= | 1431 [ x [ [wa] [ x| |5 | |- (3.2.11)

O

In Chapter [ we will prove some well-posedness results. These will require a standard fixed-point argument,
which will require smallness in some norm. In Theorem .21} this requirement is satisfied by the assumed
smallness of the initial data. In Theorem[4.2.2)and Theorem[4.2.4] we use the fact that nonlinearity contains
terms that are in L'°L'0. We require a multilinear estimate with one of the factors in L!°L!9, so that by shrinking
the time interval, we can ensure these terms are small. See also Remark [T.4.3] This multilinear estimate will also

be required for the stability theorem, Theorem #.2.6| for similar reasons.

Proposition 3.2.3. For2 < g <o, letu € X4(I) N LI°LI%(I x R3) for the time interval I = [to,t,). Then

t
I /ewis)A (|“|4’4) (S)dSHX‘i(I) S ||“|‘LthL;O(IXRs)||“H)2(w(1)||“||)2(q(1)- (3.2.12)
fo

Proof. The proof is similar to the proof of Prop. [3:2.2] This time we will not split up the proof into two lemmas.

We drop the interval for ease of reading and begin with g = oo.

q:oo:

By Lemma[2.3.T]and decomposing the each function into its Littlewood-Paley projections as in Prop. [3.I.T]and

Prop. [3.1.2] we have

IN

sup sup N
N v||,,2 =1
Iz

t
I / S (uf) (s)ds| - / lu[*uvydxdi
: IxR3
0

IN

b

sup sup NZ /uumlu27,12u33,13u4,,14v1vdxdt
i

N I\V\Ivizl

where the sum is over all dyadic numbers A;, i = 1,2,3,4, and u; denotes either u or i. Notice we do not break
the first u into frequencies. We break up the sum into parts depending on the relationship of N compared to A;.
This time we will only show the cases where N > A; for i = 1,2,3,4 and where N < A; fori = 1,2,3,4.
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Case 1: N < A;,i=1,2,3,4. Le. we consider the sum

Y=Y X Yy (3.2.13)

1 N<A <o Ay <Ap<oo Ay <Az~Ag<oo

By Holder’s inequality, Proposition[2.2.2]and Lemma[2.1.3]

S = sup sup NZ Uy 3, U3 3, U4 3, VNAxAt
N\ IMlyz =t
< sup| sup NZ||“H1010HHM,)L||E@HVNHSO 50
N oLVl =1 1 i=1
A
i 6
< sup [ sup NZIIMI\lomH/I uill o N [Jvl] 0
N\ il =1 Ul Uy
& 6
< sup [ sup NZHullmoH/l°\|ui||va'0|\vN||Vz
N\ vl \szl ° °
By Definition[2.1.7} we have

_ 4

4
1 < |lull0,10]ul|x=sup | sup ||VN||VANZH YN
N 1

V”"izl i=1

o‘o‘

c“‘*

4
16
< |u||10,10||u|;‘(wsup<NloZHll )
N 1 i=1

where we have used ||vy]| ‘Vi <|v| ‘Vi' We sum in order, A4, 43,42, 41, as in the proof of Prop. , and we

obtain

A

A

16 16
||4]|10,10] |24| | %= sup (NloN 10)
N

[l 10,101 ][ -

IN

Case2:N > A;,i=1,2,3,4. Le. we consider the sum

; = ) y Y . (3.2.14)

—°0<A3<N~},4 —00<2.2<l3 —°<><l,1 <l2

By Hoélder’s inequality, Proposition 2.2.2] Proposition[2.2.4and Lemma[2.1.3]
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Sy = sup sup NZ/”“1,11“2,12“3,13”4,A4VN
4

< sup| sup N Y lullroolluz,vivllazllier a, is.1s]les 23111515 s 2,15 15
N\ bl =1 3 ©3
A
_1 z 7 1
< sup | sup N |lulloaodelluzllya N7 2 [vnlly2 Af g, s A s g llpis A llua ]l 15
NI =1 3 s
- § § 4
< sup | sup N [lulloaodelluza,llya N7 2 [vnllyz Af e gy llyz A3 s gy llyz A g ay vz

N HV\Ivi:l 4

We have ||vy]| |V§ <|v| |V§, and so by Definition , we have

[ S S
sup H ‘S‘up INZ\|M||10,10||V||v§(MHuml||vé)(7tz\|u2,/12||v§)(7l3|\u3,/13|\v§)(7t4\|u4,x4\|v§)N 220 A3 Ay
vl2=1 "2
VA

S

IN

_1,.3.1 23
||ua] 10,101 1] %= sup (NZN A0 A3Ay° ) :
1

IN

We sum in order, A1,A,, A3, A4, and we obtain

1.1
SIS H"‘||10,10||M‘|§(msup(N3N 3)
N
< ||ul|r0,10]|ut] [ %=
‘We have shown that
t
||/el(lfs)A (Jul*u) (s)ds||x= < [[ul %=1l | 10,10 (3.2.15)
fo

Using the Duhamel representation of the solution, Lemma[2.3.2] and decomposing the terms of the sum into

their Littlewood-Paley frequency projections,
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1
||/e"(tﬂ)A (lul*u) (s)ds|ly> = sup | [ (Ju*uv)dxdt] (3.2.16)
i IWlly2=1, “2s
= sup | Z / Uty 3, Up 3, U3 2, 1 3, VNAxdt|,
Hva2:1 }Li’NIXR:;
where the sum Y is over all dyadic scales for A;, i =1,...,4 and N.

Ai,N
We break up the sum based on the relative position of the various A; and N. Note that in each case, the largest

two frequencies must be comparable or the integral will be 0. Again, we will only show the cases where N > A;
fori=1,2,3,4 and where N < A; fori=1,2,3,4.

Case 1 : N < A;, i =1,2,3,4. We consider the sum

Y- Y y Yy Y (3.2.17)

1 —oo< Ay (~A3) <oo —eo< Ay <Ay —oo<A <Ay —eo<N <Ay

We must bound  sup [Y [u; 3, - ug p,vvdxdt| =: 1. By Holder, Proposition 2.2.2{and Lemma|2.1.3

Vlly2=1 1
S = sup ‘Z/“l,ll“'uzt.MVNdth\
[Vlly2=1 1
4
S sup Z””HIOJOHH”LMH&EH"NH@@
[Vlly2=1"1 i=1 99 979
4 6 .
< sup Y |[ulhogo[JA lwill soNTO[[vn]| so
[Vly2=1"1 i=1 UAQ UA9
4, .
< sup Yllalhoso] T4 (Mlllly ) N w2
[Vl[y2=1"1 i=1
By Definition[2.1.7} we have

_4 16
A< lulhoso sup sup (N vl lyz ) el e 3 (2 As2) ™ (Al llyz ) (Al ) W16,

IVly2=1 1

By the continuous embedding /> C ¢, we have that sup (N’l ||vN||V§) <|IN7! [Ivnllyz [l = [[vily2- We sum
N

over N, A1, A, and apply Cauchy-Schwarz to obtain
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A 5 s dhoslbhelelf- Y (Allusllyz ) (Aallusllyz ) (32.18)
HVHy2:] —o0< A3~Ay<oo
2% 2 %
N ||u|lo,m|u||§m< )y (13||M3||v§>> ( )} (/14||M4|v3)> (3:2.19)
—oo< A3 <o —ool Ay <oo
< el 010 e[ 1] 2 (3.2.20)

(3.2.21)

Case2: N> A;,i=1,2,3,4. Le. we consider the sum

Y= Y ) ) ) (3.222)

4 —00<N(~Ay)<oo —eo< A3 <N —oo< Ay <A3 —o0< Ay <Ap

Letting 3 := sup |Y¥ [uu; y, ---ugz,vydtdx|, by Holder, Proposition [2.2.4} Proposition 2.2.2|and Lemma

[Ivlly2=1

Sy = sup |Z/uu1_y,11~--u41,14v1vdxdt\
[V[ly2=1 4
< sup Z||u||10«,]0|‘MZA,AZVNHZ,QHMLM||15.15||M3JL3||15,15||u4,l4‘|1?714é
[[Vly2=1 4
111
< Alulhoso sup Y NT22AE AL AL [z, vz [1vwllyz [, s s aq s a1 s
HVHy2:1 4 UA
Lo ababas
< lulliogo sup Y N"2MALAL AL |z g, lly2 [vnllyz [, vz s ag vz a2

HVHy2:l 4

Summing over A;, A, and A3, and applying Cauchy-Schwarz, we have

L1l s
Ss < ulloso sup (supillurallyz )< (supAsllus g lly2 ) N2 AL A5 Ay (N [vwllyz ) (Ral g 2y 12 )
HVHy2:1 Al 13 4
< ulhoso sup [fullz= ¥ (VM vwlly2) alluallvz)
[V]ly2=1 —00<N(~As)<oo
2\ 2 o\ 2
< oo sup |u||§m( )3 (N-1|vN||Vi)> ( )3 (A4||u4,14||vi)> ,
[vlly2=1 —co<N<eo oo g <oo
and so,
Fs=lulliogo sup lullx=[lullxzl1vlly2 < llullo,10] el %= lul x>
[IVlly2=1
Thus,
‘ S‘UP |Z/’/”41,}L] - ug g vndaxdt| < [lul]10,10][u] [ |1l | x2- (3.2.23)
|v|y2:1 4
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This is in fact stronger than we need for our Lemma, since X> embeds continuously into X**. Combining (3.2.18)

and (3.2.23), by (3.2.16) we have

1 [ €9 () s)asle S ool 1l e (3.2.24)

In a similar manner to Prop. [3:2.2] we use Lemma [3.2.1]to interpolate between Equation (3.2.15) and Equation
(3:2:24). This gives us forall 2 < g < o,

t
I / I (Jul*u) (s)ds||xa S []ul 0,012l = | [t] o (3.2.25)

O

Remark 3.2.4. By Lemma we see that Prop. [3.2.3]is stronger than Prop. [3.2.2]in the case q = 2.

We will need a lemma that tells us for a given u € L'°L1%(I x R3), how many sub-intervals I, C I will suffice so

that on each interval, we have ||u|| L0210 (1 xR3) < 1-

llu HLloLlo(, <RR3)

Lemma 3.2.5. Given n, we can partition the time intervals I into many sub-intervals I so that on

100 xr3) < T

Proof. Let n be the number of intervals required. We will assume for simplicity that there is no remainder when

we divide up our intervals.

L L L
[l 10101 x3) = Z / " 21 m3)) 0 = ( Z / u|!%)10 = p1on (3.2.26)

=lms Ikxll@
HuHL"’L“’(/xR3) =

SoOn =
nlO



Chapter 4

Global Well-posedness and Scattering

4.1 Continuity of Solutions with Respect to Time

The proofs of Prop. [3.1.1] Prop. can be used to prove that solutions to (NLS) are continuous in time in X4.
t .

In particular, for ¢ = 2 and g = e, we can see that the nonlinear term [ ¢~"'=*)2 (|u[*u) (s)ds can be bounded by
0

a sum of products of uy in a collection of Lebesgue spaces. For example, let us assume that u is a solution on the
interval [0, 7). Then we know ||u|| X ) <o If we look at the proof of Prop. , we see that in the case N < A;

for all i,
S < NZH”I.}L] ||L,6,L§!([O7T)><R3) s ||u5715|‘LFL.?([O,T)XH@)|‘VN|‘L,6L§([(),T)><R3) S ||”H)5(oo[077~). “4.1.1)
1

Since the right side of the above equation is bounded, by the fungibility of Lebesgue spaces we know that for

every € > 0, there exists a time T such that
NZH"I,M ||L,°L§([0.,T)xR3) o ||u5-ﬂ5|‘L?LQ([OJ‘)X]R})HVNHL,(’LQ([OAT)XR% <& 4.1.2)
1

and so .| < €. A similar statement can be made for .#; for i = 2,3,4,5 and a similar argument can be made in
the case ¢ = 2 by examining the proof of Prop. For 2 < g < oo, we must decompose the solution into high
and low frequencies.

We now discuss the linear term. For ugy € Bé @ if 2 < g < oo, the linear term /"%
Indeed,

ug is continuous in time in B} -

1

. — I 2 T
Heltﬁuofu()”B;q: <ZN‘]|(€ it|&]| 1)(M0)N||Zz> 3
i N

so for any N, we can find a 7 > 0 such that for N < N and 0 < ¢ <7, \e”Nz — 1| < € and continuity follows.
However, this relies on the fact that N|| (e”‘é|2 —1)(do)n||;2 decays in N. For g = oo, we do not have this decay
and in fact we cannot have continuity. Indeed, for any ¢ > 0, for any € > 0, there exists an N such that

N . . . .
|e™N" — 1| > €. We do however have weak continuity in the case g = o, as can be shown by a similar argument.

40
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Lemma 4.1.1. (Continuity) For 2 < g < oo, solutions to (NLS) are continuous in time in X9 and in Bé,q' For

q = oo, solutions to (NLS) are weakly continuous in time in X9 and in Bé e Furthermore, the nonlinear term

l .
|| [eit=5)2 (Ju|*u) (s)ds| |xajo,r) convergesto 0 ast — 0 for2 < g < oo,
0

Proof. Let u be a solution to (NLS) on the interval [0, 7). We real the Duhamel form of the solution

t
u(t,x) = e ug —i/e"(tfsm(|u|4u)(s)ds.
0

Since the linear Schrédinger solution ¢ “uyg is continuous in time for 2 < g < oo and weakly continuous for

g = o, we just need to show that for every & > 0, there exists a time 0 < T < T such that

t

I /e—“’—”A (Ju|*u) (s)ds||xs < €. (4.1.3)
0

We begin with the case g = . From the proof of Prop. [3.1.1} we see that for small 7/ > 0,

t

5
i(t—s) (1,14
||/€l([ 2 lul “)(S)ds||x["gj,) = ENZHMI,MHL;“,L;'([07T’)XR3)"'||u5JLs||L?5L;5([0,T’)><R3)||VN‘|L?6L;6([O,T’)><R3)
'0 = i

IN

5
et [3eej0,77) < oo,
for (g, rx) = (qr,i»7x,i) and \|v||vi < 1. We can then find 0 < T < T that satisfies

5
ZNZ ‘ |Ml,ll HL;II ,Lil ([O,T)XR3> e HM5J5 ‘ |L;15L;5([0,T)><R3) | ‘VN||L?6L;6([O,T)><R3) § £, (414)

i=1 i
and so Equation (#.1.3) is true for g = co.

For the case g = 2, from the proof of Prop. we see that for small enough 77 > 0,

! 5

i(t—s)A 4
12 Qufwdsll < 2 Bl e oy sl g ok P st o1k
0 ’ =11

A

5
E [
for (qx,rx) = (qx.i,re;i) and ||v||y2 < 1. We can then find a 7 > 0 that satisfies

5
;ZH”LM HL:” LA ([0,T)xR3) "7 Hu5»/15|‘L;’5L;5([O,T)XR3)HVN||L;76L;6([O,T)><R3) SE, (4.1.5)
= 1

and so Equation (#.1.3) holds for g = 2.

Let 2 < g < oo. Let uy be the frequency projection of u onto dyadic frequencies less than or equal to N, where

N will be chosen later, and uy- 5 be defined similarly. Then for small enough 77,
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t t

I / D (|u*u) (s)ds| s, =l / I (Juy <y + sy (< + ys5)) (5)ds] lxa
0

IN

0
t
ZH/el(lﬂ)A(ui.lMi72ui,3ui,4ui,5)(s)ds‘|X[% -
,. ,
0

where u; j € {uy<g,liy<g,Uy~5, iy~y} for all i, j. For each term in the sum with at least one high frequency
function, we use Prop. [3.2.2]to bound it by

t

=)D (1 ol AL ALl . . . . .
I [ s asllg < Nl Nzl Nliallg | lliallg | llislle
0

< 4 : :
< ||u||x[‘(1u/)||MN>NHX[%.T,)

1

q —

Since ||u] |X[% "= (%Nq |Juen (2) ||§’/£[0 T,)> < oo, we can choose N so that
4 €
) £ 4.1.6
Hu”x[‘{w/)||"‘N>N||X[%’T,) < 100 ( )

The only other terms we need to bound are the terms with only low frequency components. But by Definition
, we see that uy_y € X[%_T,). Because ¢, C £,, we can use the proof of Prop. 3.1.2again to bound these

terms. We suppress the index i, so that u; = u; j:

t

[l /e"(t_ﬂA (uyupusuqus)(s)ds| |X[q

0,77)
0
1
< ||/ei(’_S)A(u1uzu3u4'45)(5)d5||x[2 )
0,7
0
5
< Z‘TZ leer il 2o ooy = 1.l os 73 ooy ey V¥ 6 78 077 ey
= 14
< uy <53
< N<N||x[%]/)
< oo,

By the fungibility of the Lebesgue spaces, we can then choose T appropriately small so that

t :
IS e’(”"m(Muunzui,wi,wi,s)(S)dS\|x[% - < T00°
0 '
Combining these estimates, we have that for 7 small enough, Equation (4.1.3)) holds for 2 < g < .

Continuity in the Besov space Bé q follows from the continuous embedding X9 C L;"’B%ﬁ q from Lemma O
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Corollary 4.1.2. For?2 < g < and u € X9, for every € there exists T' such that

t

1[0 (ul*u) (9 oo < e “1.7)
0

4.2 Local Well-posedness and Stability

Theorem 4.2.1. (Small Data Global Well-Posedness) Let ug € Bi g Jor 2 < q < oo. There exists Mo such that if
N < Mo and Hu0||35q < M, then ug evolves to a unique solution u(t,x) to Equation which lies in
X1([0,0)) ﬁCIOB%’q ([0,00) x R3) for g < oo and in X*=([0,)) ﬂL;"’Bé?m ([0,00) x R?) for q = co. Furthermore,
|l [xa[0,00) < 27

Proof. We run a fixed point argument in the ball B = {u : |[ul|xq;) <2n}N{u: ||u\|LfoB£ (1xR3)} < 21. Recall
q

Tu=e""u, —i[ ") |u(s)|*u(s)ds. By Lemmal|2.2.1| Prop. [3.2.2
0

t

ITullxa < |l uollxa+|| / I8 u(s)[*u(s)ds]|xa (4.2.1)
To

< 0+ ullka (4.2.2)

< n+(2n). (4.2.3)

If g is chosen small enough, then (217)° < 1 and we have

[|Tul|xe < 27, 4.2.4)

By Lemma ll [|Tu| ‘L,“'B; < ||u||x4, and we see that I" maps B to itself.
q

‘We now show that I" is a contraction on B. Consider u,v € B. Since I'u and I'v have the same linear terms,

t
[T =Tl = | [ €9 (lal'u— v1*) (s)ds . 2.5)
Ty

Using Lemma [2.3.1] the algebraic inequality ||u|*u — [v|*v| < |u—v| (Ju|* — |v|*) and Prop.[3.2.2] we have
g g q y p

4 4
ITu=Tollys < llu=vilye (lulige + Iv] )

Ju=vllxs (2m)*+(2m)*).

IN

By Lemma lb we have the same bounds in the space LfB% o~ This is a contraction if 7) is chosen small
enough. Continuity follows from Lemma[@.1.1] O
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By Theorem|1.2.1} for ug € H', there exists a global solution u to (NLS) with |[u]| 107100 ) xr3) < C(|[u0]|1)-

We will need global bounds for such solutions in the X¢ norm.

Lemma 4.2.2. Let ug € H'. Then there exists a unique global solution u(t,x) to (NLS) for all time with
u € COH'([0,0) x R3) NX4([0,00)). Furthermore for any 2 < q < oo,

linllxaiozey < CClluoll il o100 ey

Proof. Since ug € H', we can apply Theorem and obtain a global solution to (NLS) which we call v(t, x).
The Theorem also gives us the bound ||v||10,10 < C(||uo||g1). We define

o) G+ Au=[ul*v
(NLS') 4.2.6)

Ur—0 = uQ.

Notice that the last factor in the nonlinearity is our fixed solution v. We run a fixed point argument for (NLS’) in

the ball B = {u : |[u|xa(ry < 2[|uo| |z } N {u: ||u\|LwB% (1xr3) < 2|[uol[f1 } where I =[0,T) is an interval with
T 7249

. I .
endpoint to be chosen later. We recall Tu = ¢#“u, —i [ /=52 |u(s)|*v(s)ds. By Lemma (2.1.8) and Lemma
0

4.1.1} it suffices to show that I" maps {u : [[ul|xa(1) < 2[|uo||f1 } to itself. From Prop. [3.2.3]

||r“|\xq(1) < ||€”A“0qu(1)+||/0ffl([ism(|u|4v)d5\|Xq(1)
< ||”0||H1+|M|L}°L;0(1xR3)||”||§q(1)
< luol gt +11vI1og0(7za) 16l o 1

Since ||V||L)0L;0(1xR3) < oo, we can choose [ to be small enough so that ||V||L,'0L)'CO(I><R3) . Then

1
<
2luol

3
|[Tullxa(ry < 5””0“1—‘117 4.2.7)

and we see I": X9(I) — X9(1).

‘We now show that I" is a contraction on B. Consider u;,u; € B. Since I'u and I'v have the same linear terms,

t
Ty — Tua g = || / I (g4 = [ua V) ()dls][xo. (4.2.8)
0

Using Lemma 2.3.1| the algebraic inequality ||u1|*v — [us|*v| < |u; — ua||v| (ju1|* — |u2|*) and Prop.[3.2.2] we

have
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ITu =Tl

IN

3 3
=l ||v||LmLm(,XR3 (It o + 1o )

(@lluollzn )+ @lluollz)?)

IN

luy —uallxg ==—5—
32|| ol

1
= 3 (|1 — 2] xq -

We obtain a solution u(#,x) to (NLS”) on I with |[ul[xq(r) < 2[[uol| 1. Since [[v|| 1010(z <3 is finite and

[[u(t, )|z g1 < |[uol|g1, we can repeat this argument a ﬁmte number of times to get a global solution u(z,x) to
(NLS®), with |[u|[xa(r) < C([uo|[1)- But v is such a solution, so by uniqueness u = v. Therefore u(t,x) is in fact
a solution to (NLS).

10
(32) HVHLIOLlo(RxR‘)

By Lemma(3.2.5| the number of intervals of appropriate size is Tl
0

Summing over the intervals, we obtain

ullxay < Y llullxaq,)
(321 s
< 2|[uol[p
[luol I35
(SZ)HHVHL“)L‘O (RxR3)

H“0||H1

O

From Theorem[4.2.1] we know that there is a constant 1y such that if |[wy| 81, <o, then wy evolves to a global

solution w(r,x) to Equation (L.1.1). We consider the solution w fixed in the followmg

Let e = e(t,x) = |w+ii|*(w+ i) — |w|*w — |ii|*ii. If i is a solution to

L Nida+ Ai = |t +e
(NLS) _ (4.2.9)
ﬁ,:():VOEHl,

then u(t,x) = @i(z,x) +w(t,x) is a solution to (NLS):

idu+Lu = (idii+ Ai)+ (idyw+ Aw)
= (w+al*(w+a) — wl'w) + (Iw*w)
= |w+al*(w+i)

= |ul*u.
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Thus, to show that (NLS) is globally well-posed for data described in Theorem [d.3.1] it suffices to show that
Equation (#.2.9) admits a global solution. We begin with an appropriate local theory for Equation (&.2.9), but

first a remark about continuity.

Remark 4.2.3. By modifying the proof of Lemma ([2.1.8) appropriately, we see that Lemma is true with
(NLS) replaced by (NLS), and changing the nonlinearity appropriately.

Lemma 4.2.4. For2 < g < oo, there exists a constant C = C(| \ﬂo| |g1) and a time Ty such that if ||wo| |B§ <Cand
9

0 < T < T then vy evolves to a unique solution ii(t,x) to which lies in Xq([O T)) ﬂC,()Biq([O, T) xR3)
for2 < q<eoandinX=([0,T))NLTB, ([0, T) x R3)for q=

Proof. From Theorem | we see that there exists C; such that if ||wo]| gy, < C1, we can ensure a global

solution w(z,x) to (NLS), evolvmg from wy. Let wy be such that [|wy|| B, < min {C, §||io||1 }. Then Theorem
4.2.1 guarantees that there exists global solution w(¢,x) to (NLS), evolvmg from wy, with

Wlixa(o.00)) < 2 L ||| 1. We take this solution to be fixed. Let I = [0,T), where we will decide on T later in the
proof. We run a fixed-point argument in the ball

B = {u: ||| xqry <2[ldto] g1 } N {u: H”HL;-GB;#(MR—*) < 2l[do]|p1 }- Let

F = ¢4, 1 [0 (Ja(s) £ wls) P (a(5) 4 w(6)) ~ I(s) w(s)) . @2.10)
Ty

From Remarkand Lemma (2.1.8), it suffices to show that I maps {u : ||| xq(r) < 2|ifo||1} to itself.
q
For ii € B, since [[i|yq(; = (ZNq ||L7N||;’/2 (1)> < 2[dto|[ 1, and [[w]|xq(yy < 3 |[dio|| 1, there exists a dyadic
N A
frequency M such that the projections of # and w onto frequencies greater than M, g, := fin>m and

Whigh := Wn>um satisfy

IA

N T U
min § =, 7 o]l

N T B
Hwhighnxq(]) S min Z’ZHMOHHI :

We let iy, := il — fipign, and Wygy, = W — Wpig;,. Then since these functions lack high frequencies, we see from

Lemma[2.1.9]

Hﬁhigh qu (I

|

2
~ 2 11~ 2
”“lownL}OL}(O(I) N ||”lowx2(1)<§,N ””10W|Vi> < oo,

1
2

2 2
HWIOWHL}OL}(O(I) S ||WIOW|X2(1)<§,N ”Wlowvi) <oo.
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Shrinking the time interval if needed, we let T > 0 be such that

H’/‘low“L}OL}.O(I) < 45
(4%) (2% lldol 71

1
3
(4%) (2%) [Jdio ||z
1
Wiowllor o) )

We must show that I" maps the ball B into itself. By the triangle inequality and Lemma

1T yaqry < N1l + / IR (|a(s) +w(s) |- (@(s) +w(s)) — [w(s)[*'w(s))ds (4.2.11)

<t X9 (])

From Definition and Equation II ||L70||B% < ”"70”352 ~ ||do]| g1
q >

We decompose i = iljoy, + ilpigh and W = Wy, + Whig, and expand the integrand into 45 — 23 terms. Each term in
the integrand can be written as ¢!/~ f1 f> f3 f4 s, where f; € {ijoy, fhighs Wiow> Whigh }- We apply the triangle

inequality to the second term on the right-hand side of Equation (4.2.11)) and consider each of the 4° — 23 terms,
[ A ffafafsds

s<t X4(1)
(4.2.11) and the embedding X9 C X from Lemma[2.1.8]

. For the terms where f; € {iipign, Whign } for all i, by Prop. |3.2.2} Equation

/ IS o fs fafsds < Millxey 12 llxery 163l 1o a1 55 xagry
s <t Xq([)
< M Sfillxaey 1 2llxacry 1531 xa gy 11 Fallxacr I f5 1 xar)
[
< o5 lolln.

Every other term has at least one f; € {ifjoy, Wiow - Without loss of generality, we will assume fs5 € {@jow, Wiow }-
Then by Prop. 3:2.3] Equation (4.2.11) and Lemma[2.1.§]

/ I f o fs fafsds < Al 120k 13l xaqay I fellxagy 1 f5lho.10
<t Xa(I)
< A Sfillxary 12llxacn) 13N xaqay 1 Fallxaqry 1 551110,10
1
< Qllaolg) =5
(4%) (2%) |ldo 17
< sl
We have shown
45_25

||fﬁ|\xq(1) < ||ﬁ0||3%q t 5 ol g1 < 2]|dio]| g1 - (4.2.12)
Using Lemma 2.3.1| the algebraic inequality ||u|*u — [v[*v] < |u—v| (|u|* —|v|*) and the decomposition

il = itjow + Bpigh» V = Vjow + Vpign, where the high and low projections satisfy the same bounds as in Equation
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(4.2.11) and Equation (4.2.11), a similar argument to that above shows that I" is a contraction mapping on B:

—_—

[T =T o ) < 51l =llxon- (4.2.13)
O

Remark 4.2.5. The local theory, similar to that in [1] tells us that in particular, if ||i||xq(y is finite on some time

interval I, then the solution can be extended beyond I for some time.

From Theorem [4.2.2] we see that if uy € H' evolves under (NLS), the solution u is bounded in X4 for any
2 < g < oo. For ug € H' evolving under the flow of (NLS), we require similar bounds and in fact we can use a
stability argument to obtain these bounds.

Theorem 4.2.6. (Stability) Suppose we have a solution ii to the equation

L Nida+ Ai = |altia e
(NLS) _ (4.2.14)
il—o =vo € H'
on the time interval I = [Ty, T) in the sense that for all 0 < T < T, i solves and
i€ X9([Ty,T)) ﬂL;"’B%’q([TO,T) x (R3)).

Let v(t,x) be the unique solution to (NLS) with initial data vo. There exists an & = &(||v||10,10, ||vo||g1) such
that for all 0 < € < &, if

t
I / 1% (s)ds [xary < 306 +480]|v — il 3 € + 480 V][R | V]| L1010 (52 € (4.2.15)
Ty

then i satisfies:
- ol 3
i € L'By,(IxR’)
v —il[xsy < 1
<

|72 [xa(r) L+ |[vllxa(r)

Proof. LetI= [To,T;]. We begin by assuming that 7} is small enough so that [[v[| 10,10(;,3) < & for some & to
be chosen later.

Since v solves (NLS) and i solves (NLS), we have

'
v(t,x) = e”Avo—i/ei(t_s>A(|v|4v)(s)ds (4.2.16)
Ty

<
~
vN

=
S~—

Il

e’mvo—i/e"(lfsm(|ﬁ|412—|—e)(s)ds,
To
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and so

t 1
o= llxagy <11 {5 (uf*v) = (@) dsllxa +1] [ €% arn.
To Ty

By the algebraic inequality

vty —lal*al < |v—al (jvI*+1al*)
< p—dal (v +py—i+v]*)
< —a|(v|*+16]v—al* + 16]v[*)
< 17v—idlv[*+ 16y —af,
Prop. [3.2.2]and Prop. [3.23]
t
I [ &0 (tt) — lata))dsl o < 1711w al bl el gngg + 161 - @217

Ty

By Equation (4.2.15) and Equation @#.2.17), we have

v —itl|xa < 17||v =il |xal[|[Ral[V]| 1010 + 16] [V — il [}g +30€” +480]|v — ] Y4 € + 480 |V x| [V]] 10 10
Lf L)C LZ LX
(4.2.18)

Let A(T) = ||(v— )| xa((z,,77)- By Lemma4.2.2} we have that |[v]|xa(1y < C([[[10110(r ) [1ol]51). We have
shown:

A(T) < 17C38A(T) + 16A(T)° +30€” + 480A(T ) & +480C3 S¢. (4.2.19)

If we choose & so that 480C35 = 17(1)0 and € small enough (we will choose an explicit € soon), a standard

continuity argument shows that A(7;) < €. In other words, ||v — || xq(|5,1,)) < €-

Now we remove the smallness assumption above. We fix § satisfying 480C3§ = 1(')—0. We decompose / into

10
HVHL}OL}O(MR3)
510

intervals I; where on each I, ||v||LtloL10<lka3) < 8. From Lemma 3.2.5] there are =:7n many
X

intervals.

We use the triangle inequality and seek to bound each term in the sum:

v —aillxaqry < Y[V —dllxaz,)-
x

Let [t = [Ti—1, Ti), Ak(T) = ||v — il |xa(iz;,_,, 7)) @and Ax = |[v — [ xq((7;_, 7)) For our first interval I, the above
shows that A| < &. Let’s consider our second interval . By Equation (4.2.16) and our previous analysis ,
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A (T) = HV_ﬁqu([T],T])
t
< leTA (V(Tl)—ﬁ(Tl))IIX(q[Tl TD+|I/e"(“”(\VI4v—\ﬁl“ﬁ—e)(S)dSqu(m,TJ)
: /
< | T-TA (v(Tl)—ﬁ(Tl))HX(q[Tl T])—|—17C36A2(T)+16A2(T)5+30£5+480A2(T)4e+480C36£,

where the last line follows from a similar argument as above. Notice the linear terms differ for this interval. Let
us consider the first term. By Lemma[2.2.1]

1" T=TA (1)) = a(T))lxaqrzy = [v(T) —a(Ty Dllsy,
< V@) = aOllzgy (7,1
< v() = a(0)lxa(im,m)

‘We have shown that this is bounded by &, so by Equations (4.2.20) and (4.2.20), we have

As(T) < 4 17C38A5(T) + 16A5(T)° + 30 44804, (T )*e + 480C3 S¢. (4.2.20)

Taking € small enough, a continuity argument shows that Ay < 10€. We require a smaller € in this second
interval, as the linear term is not zero. In fact, for each subsequent interval, we will need an exponentially

smaller interval. For this interval, € < 1(')—0 will suffice, but for our choice to work on every subinterval, we take
[lv HLI(JLIO(,XR3

€ < 107", where we recall n = 510

. Note that é being fixed determines 7 and this in turn determines
our choice for €.

We proceed inductively. For k < n, we assume A,, < 10D ¢ for m < k and are able to use this assumption to
show that A; < 10~ '€ by a continuity argument. Indeed, by Lemma[2.2.1}

A(T) (4.2.21)
< | TR ((Timy) — @(Tee1)xa(r_, 1)) + 17C3 AT + 16A(T)° +30€° + 4804, (T)*e +480C> e
< () = i@()xa(r_m ) + 17C? SAK(T) + 16A(T)° 4 30> 4 4804, (T ) *& + 480C° 5¢
< 1052 +17C3SAL(T) + 16A,(T)° +30€° + 4804, (T)*e 4-480C3 S

A standard continuity argument then shows that Ay < 10!, We now show the steps of this process in detail.
By Lemma there exists 7 > Tj_ such that Ay (T) < 10~ 'e. For T € (T;_1, T}, we show that

A(T) < 104~ "¢ implies that A¢(T) < 110¥~ '€, so that by continuity, A¢(T + 1) < 10~ for some 1 > 0. This
implies that the set {T : Ax(T) < 10¥~¢} is both open and closed in (7;_1, T;], and hence must be the entire
interval. This will prove that A, < 10 e,
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Assume Ay (T) < 10~ and 10"¢ < 1;;. We bound each term on the RHS of Equation (4.2.21).

1 1
17C38AL(T) < —AL(T) < — 10K L¢. 4222
k()floo k()<100 € ( )

By assumption, A(T) < 10F~1e < 10"e < 1.

1 1
16A4(T)° < (16)(E)4Ak(T) < mlok*'s. (4.2.23)
4 14 1 k—1

Certainly 30e3 < 13510~ '& and 480C3 8¢ < 15;€. Thus, by Equations (4.2.21), (4.2.22), (4.2.23) and (4.2.24),
A(T) < %10"_18. This guarantees A; < 10¥~!¢ by continuity.

VB0 10710

igao 10 48000)!0 ol
By Corollary[3.2.5] 10" = 10 510 = 10/"ho.0lPlxa() (4800007 1o ol Thyg we require

V3653010 V13530107
- Vi 29 - . N Vi 29 N .
<10 Mol . Thus, if we choose &y = 10 Mol , then if € < &,
n n k 1
v=illxsqy < Y Iv—dllxsqy < Y, 10 e <10"e < 1,
k=1 k=1
allxary < v —rdllxaq) +Vllxaq) < T+ Wllxaq)

and by Lemmaf2.2.1} el 2 g1 _(rrsy < latllxay < T+ Vlxaq)-

4.3 Proof of Global Well-Posedness

For ease of reading, we restate Theorem [T.3.1| now.

Theorem 4.3.1. Let up € B;’q with 2 < g < o and uy = vy +wo, vy € H" and wy € Bé,q with

||wo||3% < min (%, £ <||v| o0 ®xr3): Vol |H1)> , where v is the unique solution to Equation (|1.1.1) emerging
q

from initial data vo € H'. There exists a unique global solution u(t,x) to Equation (|1.1.1) which satisfies:
For2 < g < oo,

ueCB) ,(RY xRY)NXI(RY),

and u scatters in Bé_’q. For g = oo,
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u€ L7B) (R x R*) NX~(RT)
and u converges weakly to ug in Bim ast — 0.

In this section, we prove that data of the form described in Theorem .3 T|evolve globally under the evolution of
(NLS).

Proof. Let wy satisfy ||wgl||z1 < min{C(||ito||z1),No, 5}, where 1 is given in Theorem 1|and C(||do||g1) is
y B A1):M0s 5 NMolsg H

given in Lemma In partlcular by Theorem _ since ||wo|| 81 < To> Wo evolves globally under (NLS) to
2,q
a global solution w(z x) which satisfies the bound [[w]| x40,y < 2min{C(]|io||z1), M0, 5 }-

Recall, from Section if e = e(t,x) = |[w+d|*(w+ii) — |w|/*w — |i@|*@, and i is a solution to

L Nida+ Ai = |altia e
(NLS) (4.3.1)

ﬁ[:():VOGHl,

then u(z,x) = @i(r,x) + w(t,x) is a solution to (NLS).

Lemma 4.2 .4|tells us that since ||wy] B, < C(||do|| 1), we have a local solution to (NLS). From the local theory,
it follows that there is a maximal time of existence for this solution, /. We assume that / is finite to obtain a
contradiction. If we show that the error term e satisfies the conditions for Theorem [4.2.6} then Theorem [£.2.6]
tells us that ||i|[x4(;y is bounded and thus from our local theory again, we know we may extend / for some
amount of time and this is a contradiction. Indeed, the error e satisfies the requirements. From Definition [2.1.7]

Lemma2.13]

t

| [ 2 e(s)dsl o

To

IN

Y Ne|| /ei<H>A(|w+a|4(w+a) — it —a*Dwdsi[2,
N
Tq

1
q

IN

t
Y [0 o+ a? o-+-2) — bl — s
N

By the series of algebraic inequalities,

wal* (w+a)—wl*w—la*al < 30|w]’+30]a* |w]
< 30[wl® +30 (|a—v| + v])* |w]
< 3o\w\5+30<16|ﬁ—v|4+16|v\4) [wl

30 |w|® + 480 |i — v|* |w| + 480 |v|* |w|,
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Lemma [3.2.2]and Lemma[3.2.3} we obtain

t

||/ei(tis)Ae(s)dstq(l) < 30”""”?@(1) ‘*‘480”’2_"”;4(1) ||W||Xq(1) +480HVH)3(¢1(1) ||W||xq(1) HVHL}OL}(O(IXH@)'
To

Since ||W0‘|B;q < 5, we have ||w||yq(;) < € and so
1

i(t— ~ 4 3
1[0 e(s)dslixag < 306%+480 1 vlagp €+ 4801 3acy IVl oo &
0

We reach our desired contraction and conclude i solves (NLS) on I = [0,00). Since i evolves globally under
(NLS), u evolves globally under (NLS). O

4.4 Scattering

In this section, we prove that the solutions found scatter when g < oo. There can be no scattering for g = oo.
Recall from Definition[[.1.3} that it suffices to show

: it\ —
Igrlleu(t)—e ”+‘|B£q(R3) =0. (4.4.1)

Since the linear operator is unitary, it suffices to show

: —it _
zEToc lle™"“u(r) — ”+||B§,q(R3) =0. (4.4.2)

If we define uy = ug —i [ ¢ (|u|*u) (s)ds, and recall from Duhamel’s formula (1.1.9) that
0

t
e u(t) = up — i/eiisA (|ul*u) (s)ds, (4.4.3)
0
then
™" u(t) = uslay g3y = | / e (juf*u) (s)dsl g (4.4.4)
t
and it suffices to show that
: —isA 4 -
}L%||/e (fu|*u) (s)dsHBéﬂ 0. (4.4.5)

t

Before we proceed, let us pause to recall how scattering is shown when uy € H' (the case of uy € L?, etc. is

similar). In this case, the space where the local theory is proved is .#!(I), where



CHAPTER 4. GLOBAL WELL-POSEDNESS AND SCATTERING 54

Htu/O( (S ) <Z|PNM|L‘1Lr [XRU) 9 (446)

the supremum taken over all pairs (g, r) of admissible exponents, and

Let u be the solution that evolves from ug. If [|u[| 51 (o ) is bounded independently of t, then ||ul[ /1 (g o)) < o
It can then be shown that || [ €% (|u|*u) (s)ds| |1 < |ju Hyl (oo . It is clear now that as ¢ approaches infinity,
t

the right side vanishes. Thus, scattering follows almost directly from bounds on the local-theory space .7 ().

Let us now return to the case ug € Béﬁ o If we try to prove scattering in the analogous way, we fail. From
Theorem and Theorem 4.2.1] we see that |[ul|xa(jo, is bounded independently of t. Indeed,

letllxary < Wallxaqry + Wllxaa) < 35+ Wl xa@ +2lwollgy -

=10
This implies |u||xq[o ) is also finite. However, if we examine Definition [2.1.7, we see that (because of the
essential supremum) |[ul|xq(};,)) < C does not imply }Lm [[u4]xa([t,0)) = 0. We must work harder. Furthermore, it

t .
is possible to show that || [ ¢ (|u|*u) (s)ds|| 5] is bounded independently of t, however this is not sufficient
0 4

to show scattering, as the integral may not converge when we take  to infinity. From Theorem[4.2.6] we see that

|| —V[|xa[0,) is bounded independently of t. v solves (NLS) with initial data vo € H' and we have that

[|v| |L}0L10(RxR3) is bounded by Theorem|[1.2.1] In fact, we can show for every N that ||(x —v)n|| 10 1
" Ly ([0)xR3)
is bounded independently of t. On the surface, this looks like it will help us show the decay in time we are

looking for, since u# will inherit the decay of v in time, however this is also insufficient, as the time of decay

might increase as the frequency increases.

Instead, we will show

1

=

q
||/e—tsA (|u|4u) (S)dSHB% < (ZN‘]H u‘4 N||L1L2[too XR})> < HuHiq[t,w)' (4.4.8)
t

The first inequality is just an application of Minkowski’s Integral Inequality. The second inequality will take

more work and will be proved in a similar manner to the multilinear estimates in Chapter 3} Inequality {.4.8)

q
< oo,

. . 4
suffices to show scattering. Indeed, since ||ul|x([; )y < oo, we have that <§,N’1|| (Jul*u) ||L 2p m)xR3>)

1

q R .
us l1im = and this 1mp 1€S e u S g 1S W1
Thus fir (wnu ) — 0 and this impties || e~ [uf*) (s)ds 5 0. This wil

N | |L1L2[I oc, XR3)
conclude the proof of Therem[4.3.1] We note that this Lemma could appear in Chapter 3] but it was placed here
to include the context with the lemma.

Lemma 4.4.1. For u € X4(1), for the time interval I = [ty,11),

1

q
(ZN"II (Juel*u) NIILILZ,XRz> < fuellary- (4.4.9)
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Proof. The proof is similar to the proofs in Chapter 3] We use duality and frequency decomposition to reach our
desired result. We break the proof up into the cases g = o0 and ¢ = 2 and then interpolate between these results.

We drop the interval for ease of reading and begin with g = oo.

Using the duality || ]| LI2(IxR3) = sup | (fv)dxdt|, decomposing each function into its

HVHL?L)%(MRs)Zl IxR3

Littlewood-Paley projections as in Prop. [3.1.1] Prop. [3.1.2] etc., and Plancherel’s Theorem, we have

4 _ 4
sup (NH (Jul “)NHLng(IxR—‘)) = sup sup N / |u|*uvydxdt
N N HVHL"“LZ(IXJR3):1 3
t X xR
< sup sup NY / Uy U2 2, U3 25 U4, Us 15 VNAXdE| |
N HVHL;“L,Z((IXR3):1 Ai | im3

where the sum is over all dyadic numbers 4;, i = 1,2,3,4,5, u; denotes either u or i and u; 5, = (u;) 5, - For the
sake of brevity, we will only show the cases where N > A; fori = 1,2,3,4,5 and where N < A; for i = 1,2,3,4,5.

Case 1: N < A;,i=1,2,3,4,5. Ie; we consider the sum

Y- Y ¥ Y y (4.4.10)

1 N<a,1 <<>°2,1 <Z,2<°°2,2<2,3<002,3<ﬂ,4~ﬂ,5<°°

By Hoélder’s inequality, Proposition 2.2.2]and Lemma[2.1.3]

S = sup sup NY. / UL 3y U, 3, U3 25 Ha 24 Us 25 VN AXAE
N HVHL,”L%(MW)ZI LN
5
< sup sup NY [Tluinllsiollvwllez
N HVHLfeL)ZC([X]R?a)ZI 1 =1
5 4
< sup sup NZH%S||Mi,/1,-\|Ug||VN\|oo.,2
N HVHL;’“L}(MM):I 1 =1
_1
< sl s NETTA (Al ) w2
1 1 i=1

HVNHL;@L/%(]XRS):

[lva|]oo.2 < [|V|]eo,25 SO by Definition [2.1.7, we have
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A

IN

Hu||)5(w511\1/p sup ||VHV2NZ (MA2A3A4s) ™ 5

vl 2 =1
VA

IN

Hu”xw Sllp (NZ 1112131415) 5) .

We sum in order, As, A4, 43,45, A1, and we obtain

A< ||ul[3-sup (NN”)
N

5
e -

Case2:N>A;,i=1,2,3,4 (and N ~ As. Le. we consider the sum

24:: Y Y Y Yy . (4.4.11)

—00< Ay <Nrodg —00< A3 <Ay —00< Ay <Az —o0< A <Ay

By Hélder’s inequality, Proposition 2.2.2] Proposition[2.2.4and Lemma[2.1.3]

Sy = sup sup N), / 1,20 U230 13,35 Ua 2, Us 35 VN Xt

N HVHL‘,”L%(IXR3):1 4 L R3

< sup sup N Y Nug g, [l6eol 12,1, 6 00| 143,15 |6 us a5l 22| [V |eo2
N |‘VHL;’°L%(IXR3):1 4

< sup sup N (Midads) 67L47L 2||“l/11||(]6||”2)LZHU6|‘”3/13||U6||”47L4||v2||”515Hv2||VN||°°2
N |‘v“L?L%(lxR3)=1 4

1 3.5

< sup sup NHVN||oozz (MiA2A3)0 1521—1(/11'”“1',/1,-”@)

N 1 i=1

HVNHL;OL)Z((IXRS)

We recall ||V ]2 < ||V]|w,2. Taking the supremum over A;|u; 2, | |V§’ fori=1,2,3,4,5, and pulling it out of the
sum, by Definition2.1.7} we have

1

Sy < ||u|[3=sup | sup ||VHV2NZ (MA2A3A4A5) 75
N

vl 2 =1
VA

A

= Hu”?(“’ sup (NZ()LIAZASLJLS)_;) .
N 1
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We sum in order, A1, A, A3, A4, A5, and we obtain

Sy S |ullg=sup (NN)
N

= lulz=-
q=2
! }
Using the duality (ZNZIfNIIiILzWRs)) = sup | [ (fv)dudr ,where|v|z<,>=(zzv2||m|i,2) ,
N e [Vllziy=1 |IxR3 N

decomposing the each function into its Littlewood-Paley projections as in Prop. [3.1.1} Prop. 3.1.2] etc., and

Plancherel’s Theorem, we have

1

2
2 4 2 4
(ZN [ (| ”)NHL«;L%(MRa)) = sup / |u|*uvydxdt
N ) [Vllziy=1 JR3

IN

sup Z /umlullzu3713u47;t4u5715v1vdxdt,

Wz =12 | s

where the sum is over all dyadic numbers 4;, i = 1,2,3,4,5, u; denotes either u or it and u; , = (”i);L,- . For the
sake of brevity, we will only show the cases where N > A; fori = 1,2,3,4,5 and where N < A; fori = 1,2,3,4,5.

Case 1 : N < A;,i=1,2,3,4,5. Le. we consider the sum

;: Y Y Y ) Y . (4.4.12)

—ool Ay~ g <oo —oo< A3 <A —oo< Ay <Az —oo<< Ay <Ay —oo<N< Ay

By Hélder’s inequality, Proposition 2.2.2} Proposition[2.2.4and Lemma[2.1.3]

o= sup Z /M1,x]u2,12u3713u4_’14u5_’,15VNdxdt
IMllziy=1"1 <R3
< sup Y lwlleoallues gt 12212, 16,00 113,25 600 110,21 6.00
IVlzy=1"1
_1 1
< H Hsup 1Z||vN||o<,,2/15 A llus asllva [lunay vz (AaAaAa)® [Juaa, s s, s 1uan llog
Viizp=t 1
_3 1
< e Ylbwllea (Al vz ) (albiosallg) (Rallonllvg ) ¥As * (Gaade) sl sl
Mizay=1 1

Taking supremums out of the sum, by Definition[2.1.7] we have
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- -3 1
S < I\M|I§(mH sup SI;IP(N Hivwllo2) Y NAs * (A2Aada)® [fuwg a, lly2 Hlus g ly2
Vliz=1 1

We sum in order, N, A1, A2, A3. The embedding /> C ¢* then gives us

1

2
S < (R sup (ZN2|vN||i,z> Y Asallugal llus sl

IVllzy=1 \ ¥ —oo< Ay~ s <oo

Cauchy-Schwarz then gives us

3 2
A1 S Mul e [ul e

Case2:N > A;,i=1,2,3,4 (and N ~ As). Ie; we consider the sum

Y- ¥ Y Y Y ¥ @ary

7°°<NN/'L5 <oo 7°<’<A.4<N 7°<’<A3 <2.4 7°°<12<A.3 7°°<),1 <ﬂ,2

By Holder’s inequality, Proposition [2.2.2] Proposition[2.2.4and Lemma[2.1.3]

Sy = sup Y / 11,2, 42,25 3,25 Ua, 0, U5 5 VN XAt
IVllziy=1 4 R
< sup Y [Ivllee s astia iy |22 161 2y 6 oo 103,26, 14,2, 6,00
IVllziy=1 4
_1 7
< H Hsup lZ||vN||m7215 2}1'2|‘M5_’15H\/é|‘u1,/11Hvé (M1AzAy) 6 ||'42,/12||Ug||”3.,/13|‘Ug”“4.7t4||ug
Vizn=1 4

_3
2

[[v] \Z(l) =1

Taking supremums out of the sum, by Definition[2.1.7] we have

_3 1
Sy < ||u|\3‘«=°H HSUP Y A5 * (MAsAa) e [fus g llyz [vn] o -
viizip=1 4

We sum in order, A1, A, A3, A4.

i < ullg-  sup Y lstl\|u5,xs\|v§\|vzv||m,2~
[VlIz(y=1 —co<cN~As<oo

1
< s B (Al vz ) (Rl vz ) (allesaslve ) (Rallon el ) A5 Caaada) sl o2
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Cauchy-Schwarz then gives us

1
2

4
«5”45||M|xw( Y 152||M5,15||\2/£> <

—o0 Ag<oo

Y N7l

—oolN<o0

)

1
2

59



Chapter 5

Wavelets and Profile Decomposition

In [28]], Kenig outlines a procedure to prove global well-posedness and scattering for dispersive and wave
equations. We will talk more about this in Section[6] An important part of this procedure is proving an
appropriate profile decomposition. Profile decompositions measure the defect of compactness of embeddings.
For example, from Lemma|[I.4.2]and Sobolev embedding, we have the energy-critical Strichartz inequality

it /\
||en f||L,1°L}(0(R><]R3 N Hf”Hl

However, the operator ¢/* : H' — L!°L10 is far from compact. There is a group of non-compact symmetries
consisting of space-translations, time-translations and scaling. Given a sequence {f, } in H', we cannot extract a
convergent subsequence from {eiZA fn}, however if we apply an appropriate member of the group to each term,
we can collect “bubbles of concentration” with an error going to zero in a Strichartz space. This is the essence of

the energy-critical profile decomposition given below.

Bahouri and GGerard were the first to introduce a profile decomposition into the dispersive literature in the
context of wave equations in [26]]. In [36], Keraani proves a profile decomposition for H I solutions to the linear
Schrédinger Equation (T.4.2). A similar profile decomposition can be found in [[10], which we state now for
d=73.

Theorem 5.0.2. Let {f,},>1 be a sequence of functions bounded in H'(R3). Passing to a subsequence if

necessary, there exist J* € {0,1,...} U {0}, functions {¢7 fil C H'(R3), {A]} C (,00), and {t},x,} C R xR3

such that for each finite 0 < J < J*, we have the decomposition

S A x—x) 7
fo= Y () 2[R9 () +wy (5.0.1)
j=1 An
with the following properties:
Jim. timsupl ¢ 107 15 55) = O (5:02)
T 112 J112
lim [V~ Y 1997]3 — [ [Vw]I3l = 0 (5.0.3)
=1

Jj=
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Tim (11§ = Y. 1" 7116 — [[wh][6] =0 (5.0.4)
j=1
e_it'{A[(l,{)%Wﬁ(A,{xﬁnyI,)] —~0 (5.0.5)

weakly in H'(R?). Moreover, for each j # k we have the following asymptotic decoupling of parameters:

Ak kP A2 =k (Ak)?
AT Ak T

Lastly, we may additionally assume that for each j either t=0or t,{ — oo,

We would like to prove a profile decomposition result analogous to Theorem for functions in Bé‘ o, With the

error term going to zero in the appropriate sense: JliI‘[Jl limsup || w!]| xa(rxr3) = 0. Unfortunately, this will not
—J* n—oo0

work for our space X9, since ||¢® f||xs = || /]| 51 - The error cannot possibly go to zero in this sense. To
4
proceed, a more refined space would have to be used. However, we can prove there is a profile decomposition for
o Bl 51
the embedding B, , — B, ...

Theorem 5.0.3. Let {u,} C B} o lnl] B <C Then up to a subsequence (which we still call {u,}), there exists
’ 4

a family of profiles {¢'} in Bé,q and sequences of scale-space indices {A;(n)}, for each | > 0 such that

L
Uy =Y Oy L (5.0.7)
=1
where
Jim (1;‘31‘3? |7l 3;_%) =0. (5.0.8)

The decomposition is asymptotically orthogonal in the sense that for any k # 1,

|j(A(n)) — j(Ai(n))]| — oo or [k(Ag(n)) — 27K =S A (2 (n))| — o0 as n — +oo. (5.0.9)

Suppose Theorem [.3.T| can be shown in a space Z (replace X with Z in the theorem) for which we have an

appropriate Strichartz inequality and the refined Strichartz inequality

HeilAsz(qu@) S \|f||g%q 51]\1]p|\ei’AfN||g(RxR3). (5.0.10)

We see that

it A\ it A\
1" Fllzazs) S 11y suplle®™ fivll gz

A

o .
Hf”g;q SEPHfNHBgN

a .
17115, 1Avllsy,-

Since {u, } is bounded in Biq and ||rp, L] |B£q — oo, we would have |[er, 1| |2(mxR3) — °° as we would want.
Now Equation (5.0.10) is not an unreasonable goal. In [[10]], the author proves the following analogous result in
the context of H' which is stated here for d = 3.
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Lemma 5.0.4. Let f € H'(R?). Then

||eitﬁf||L}9{(RxR3) S ||f|| 1 SupHe"AfNHLm (RxR3)" (5.0.11)

We turn to proving Theorem[5.0.3] We will use a general approach using wavelets, which we will introduce now.

See [40]] for a introduction to wavelets. Some of the following is taken from [25]].

A wavelet basis for a function space X is a finite set of “mother wavelets” {y*}, together with their scaled and

translated counterparts {y; } such that any function f € X can be written as f = Y. ¢, y;. Here V indexes
Aev

translations by integers and dyadic scalings. ie; y; = 2% W (2/ - —k) for some j € Z, k € Z. We will not need to
keep track of which specific j,k we are using in each instance and so we keep this suppressed in our notation.

For further details on constructions of mother wavelets, see [[40], [49] and [47].

In [25]), the authors give a general method for proving profile decomposition results using wavelet bases. Wavelet
bases are unconditional bases for Besov spaces in the sense that if X is a Besov space and {y, } is a wavelet
basis, then there exists a constant C such that for any finite subset £ C V and coefficients that satisfy |c) | < |dy |
forall A, wehave || ¥ c,vallx <C|| £ dywallx-

A€E A€E

Assume f has the following wavelet decomposition f = Y d; y,. Define E to be some ordering of V so that
Aev

dm+1 < dy, and Eyy to be the set obtained by removing the first M elements from E. Define the nonlinear

projector Qys so that Oy f := Y, d) ;. To show that the embedding X C Y has a profile decomposition, we
AEEM
require two assumptions.

Assumption 1 The nonlinear projection satisfies

lim max ||f Omflly = (5.0.12)
M—rteo||f|lx < |
Assumption 2 Consider a sequence of functions ( f,),~0 which are uniformly bounded in X and may be written

as f, = Z W2, and such that for all A, the sequence ¢, , converges towards a finite limit ¢ as n — +-oo.
Ae

Then the series Y, ¢; W, converges in X with || ¥ ¢,y ||lx <C hmmf |fx||x, where C is a constant only
Aev Aev
depending on the space X and on the choice of the wavelet basis.

Theorem 5.0.5. (General Profile Decomposition) [25|] Consider two spaces with a continuous embedding X CY
such that there exists a wavelet basis which is unconditional for both X and Y. Assume assumptions 1 and 2 hold
Sfor the embedding. Let {u,} be a bounded sequence in X. Then, up to a subsequence (which we’ll still call {uy,},
there exists a family of profiles {¢'} in X and sequences of scale-space indices {A;(n)}, for each | > 0 such that

L
ty = Y Oy Tl (5.0.13)
=1
where
lim <limsup||r,,7L||X> =0. (5.0.14)
L—+oo \ pstoo

The decomposition is asymptotically orthogonal in the sense that for any k # |
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|j (A () — j(Ai(n))] = 400 or [k(A(n)) — 27K =/ k(A (n))| — 400 as n — +oo. (5.0.15)

Remark 5.0.6. From [25]], we have that assumption 2 holds if X is a Besov space.

Remark 5.0.7. From [25]], we have the following embeddings

1
4
B <—>B12 2

L
< B}, (5.0.16)
L1 L1
Lemma 5.0.8. Assumption I holds for the embedding B%,Zq —Bj ..

Proof. This follows from the representation of the Besov norm with wavelet coefficients. O

Lemma 5.0.9. Assume we have the continuous embeddings X C Z C Y. Assume assumption 1 holds for the
embedding Z C Y, then assumption I holds for X C Y.

Proof.

max ||f — QMf||Y< max ||f Omflly,
[1flx<1

SO

Jim_ max |/~ Quflly 0= im max [1f ~Ouflly —0.

The proof of Theorem [5.0.3|is now clear.

.1 .1
Proof. From [25], we know there exists a wavelet basis that is unconditional with respect to both B; A and B .

s L1
Assumption 1 holds for the embedding B3 e C Bzﬁm by Remark|5.0.7, Lemma/|5.0.8{and Lemma|5.0.9
Assumption 2 holds for all Besov spaces by Remark [5.0.6|and by Theorem[5.0.5] this concludes the proof. [




Chapter 6

Next Steps

In this chapter we consider a strategy to prove Conjecture[I.3.3]and also a conjecture that can be viewed as a

preliminary result to Conjecture We begin with this preliminary conjecture.

Conjecture 6.0.10. Assume solutions to Equation with data up € Bé‘q, 2 < g < oo evolve with the
condition u € L;"’Biq. Let up € B%,q , 2 < g < oo, There exists a unique solution u(t,x) to Equation forall
time with u € L;"’Biq(}R+ x R*)NX(RT). If g < oo, then u also scatters.

The strategy to prove this is to use the road map outlined by Kenig and Merle [28] (see Section [I.1). We will in
fact follow the procedure given by Visan in [10]]. These Oberwolfach notes have been very useful to me
throughout my PhD. For this technique, we must assume that solutions to Equation have their Bé_’m norms
bounded for all time.

Assumption 6.0.11. Solutions to Equation with data ug € B} o satisfy |[ul| [2B] (RxR?) <
: 4

Similar assumptions have been made when studying the Nonlinear Schrodinger Equation in a space where the
critical Sobolev norm is not preserved (for example, 0 < s < 1, [39]). See Section@]for further discussion.

We will now outline the procedure as it relates to proving Conjecture[6.0.10] We require a number of Theorems,
Propositions and Lemmas and if they require stating, we will list them as “’statements” as they are unproven,

however some of the results in this thesis may only require minor modifications.

We will require an appropriate local well-posedness theory. X7 will not suffice, since it does not allow a profile
decomposition theorem (see Section [5). We will call our required space X. We require the following for the

space X:

1. A local well-posedness theorem analogous to Theorem [4.2.1]
2. A stability result analogous to Theorem4.2.6
3. A profile decomposition as outlined in Section 3}

4. A scattering condition: If |[u[|y g gs) < oo, then u scatters (see Section .

Using the notation of [[10]], we define
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L(E) == supdlullxr ¢ lully;_ < E} (6.0.1)

The set {E : L(E) < oo} is non-empty because of the small data theory and is open. Therefore there is some
critical value 0 < E, < oo such that L(E) < e for E < E, and L(E) = e for E > E.. We assume E, < oo, and

prove that L(E,) < e for a contradiction.

To get this contradiction, we require the following Palais-Smale condition.

Statement 6.0.12. Let u, : I, x R? — C be a sequence of solutions to Equation with ||(u,,)0||3; — E,,

for which there is a sequence of times t,, € I,, so that

T [[un [x(1,.00) = T [ [t [ ((—c0.,)) = o (6.0.2)
Then the sequence u,(t,) has a subsequence that converges in Bé_w modulo scaling and spatial translations.

Proof. We give a brief outline of the proof to highlight what lemmas need to be proved.

We apply the appropriate profile decomposition to the sequence {(u,)o. We refer the reader to Section . In
particular, we use the notation from Theorem [5.0.2] and the reader should refer to this theorem for any variables

seen below.

It suffices to show that there is one profile. We assume there is more than one and reach a contradiction. It can be
shown that each of the profiles is smaller than the critical size E, in the following sense: for some J,

suplimsup ||e”’m¢j||31 <E.—26, (6.0.3)
i n—ee 24
where {¢/} are the linear profiles associated to the sequence. Associated to our linear profiles ¢/, we define
nonlinear profiles according to the following rule. If 1] =0, we define v/ : I/ x R — C to be the
maximal-lifespan solution to Equation with initial data v/(0) = ¢/. If t) = 400, we define vJ, is also a
solution to Equation which scatters to et as t — oo, These nonlinear profiles decouple in the

following sense. We define v}, := (l,,’)_% [eitéﬁd)j](x;—}"]’)vj.
Statement 6.0.13. For j #k  lim vk |x = 0.
n—soo

What this is telling us is essentially that since the linear profiles are orthogonal, the nonlinear profiles do not
interact very much. This will lead to a contradiction, since the size of each profile is below the critical threshold
(from Equation [6.0.3) and so the X-norm of these nonlinear profiles are bounded. The mild interaction from

these nonlinear profiles cannot make the sum of these profiles too large in the X-norm. Indeed, from Equation
(6.0.3) it can be seen that [|v/|[x g, 5 1. We define

J
) =Y vi+etw). (6.0.4)
j=1

This serves as an approximation of u,. Statement implies that

||| |x < Cy. (6.0.5)

An appropriate stability lemma gives us
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|lun — 3] |x < Co, (6.0.6)

uniformly in n. This contradicts Equation (6.0.2)) and so there must indeed be only one profile. O

The above is just a summary of the proof of course. There are a number of lemmas to be proved in order to close
this argument, however this has now become standard in the theory and the necessary ingredients are listed
above (1., 2., 3.,4.).

Theorem implies the existence of a solution that is localized in both space and frequency. We make the

following definition.

Definition 6.0.14. We call a solution to Equation (I.1.1)) almost periodic modulo symmetries if there exist
functions N : 1 — R*, x: 1 = R3, and C : RT — R* such that

/ |Vu(t,x)*dx + / Ea(r,E)PdE <n (6.0.7)

Pe=x(6)|=C(n) /N () IEI=C(m)N (1)

forallt e Iandn > 0.

Statement 6.0.15. [f Conjecture (6.0.10|fails to be true, there exists ||ug| B = E. which evolves to a solution of
Equation (L.1.1)) such that

[[ul|x(0.00)) = °, (6.0.8)

and is almost periodic modulo symmetries.

Proof. If Conjecture[6.0.10| fails, then 0 < E. < o and there is some sequence of initial data {(u,)o} evolving to
solutions u, : I, x R* — C such that || (u,)o] ‘Bé_q — Ec and ||uy||x(j,) — . By Statement there is some
sequence of times {#,} such that u,(f,) — ¢ € Bé q modulo scaling and spatial translations for some ¢ € Blﬁm.
By a generalization of the Arzela-Ascoli theorem, it can be shown that ¢ evolves to an almost-periodic modulo

symmetries solution  that satisfies Equation (6.0.8). O

Now the game is to rule out such an enemy. This is where the general framework ends and we will require a
more nuanced approach. In particular, in this case some variant of the Frequency-localized Interaction Morawetz

Inequality will need to be used.

We now discuss an approach to prove Conjecture [I.3.3]directly. In particular, we examine initial data of the form
ug = wo +vo, where wy € B} pV0EH I, with no relationship between |[vo||;1 and ||wo|| p) - We may take
’ 4

||w0||B£q to be small, but this will require ||vo||z1 to be very large.

We recall that if i is a solution to id;ii + /il = |w +ii|*(w+ i) — |[w|*w, then u = i+ w is a solution to (NLS).
We look to use the road map on (NLS) directly. Notice that the nonlinearity contains terms with four Besov

solutions (four instances of w or w). For this reason, we require a multilinear estimate:
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Statement 6.0.16. For2 < q < oo, let f; € Z*(I) fori = 1,2,3,4 and fs € Z?, for the time interval I = [to,11).
Then

t
I /6"('7“')A (fhafafafs) ()as| 2y S Aillz=w |2l z=a L5l z=@) || Fallz= ) 11 51 22 0y (6.0.9)
T

where Z7 are spaces that are adapted to data from B; o in a similar way that X4 are, satisfying analogous results
to those in Section E]with the additional assumption that Z? satisfy the requirements 1., 2., 3., 4., (seen above) for
the equation (NLS).

Remark 6.0.17. Lemma gives us a multilinear estimate in X9 with three components in X* and two in X1.
It seems difficult to improve this to four components in X* and one in X4, however this difficulty may just be

technical in nature.

This statement allows us to bound the A norm of any solution to (NLS). Indeed, let
et v @) wiw=Yal -,
i

where ﬁ{ € {v,7,w,w} for all i, j. Then by the Duhamel representation and Statement|6.0.16}

Wl ~ allps, < llallz

< Muoll g+ YN 1z 17 2= 187 12| 2= |7 2.
l

We place each instance of w or w in the norm || - ||z=. Note that by the embedding Z* C Z2, ||v||z= < |[v|| 2 < e,

so that v and ¥ may be placed in the Z* norm or the Z? norm.

This is not sufficient to use the road map technique, as this does not imply that [[[ 1 (;g3) is bounded

independently of the time interval I, however it does give us a toe-hold. We require the following statement.
Statement 6.0.18. Solutions to (NLS) satisfy ||ii| e (1xw3) < C independently of 1.

With this statement and an appropriate space Z¢, we may be able to prove Conjecture [I.3.3]
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