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This thesis studies the optimal transport problem with costs induced by Tonelli La-

grangians. The main result is an extension of the Otto calculus to higher order function-

als, approached via the Eulerian formulation of the optimal transport problem. Open

problems 15.11 and 15.12 from Villani’s Optimal Transport: Old and New are resolved.

A new class of displacement convex functionals is discovered that includes, as a special

case, the functionals considered by Carrillo-Slepčev. Improved and simplified proofs of

the relationships between the various formulations of the optimal transport problem, first

seen in Bernard-Buffoni and Fathi-Figalli, are given. Progress is made towards develop-

ing a rigourous Otto calculus via the DiPerna-Lions theory of renormalized solutions. As

well, progress is made towards understanding general Lagrangian analogues of various

Riemannian structures.
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Chapter 1

Introduction

This thesis is focused on the theory of optimal transport. In the optimal transport

problem, one seeks to find the most efficient way to transfer mass from one place to

another. More formally, the problem is to choose, among all maps which push forward

a specified initial probability measure to a specified final probability measure, the map

that minimizes a given cost function.

In this thesis, several improvements are made to the Otto calculus, first developed by

Otto ([34], [35]). The Otto calculus is a formal calculus on Wasserstein space, the space

of probability measures on a manifold endowed with a notion of distance derived from

the optimal transport problem. Although Wasserstein space lacks the structure needed

to define derivatives—for instance, it is not a Hilbert manifold—the Otto calculus allows

one to formally compute tangent vectors to curves and Hessians of functionals along

these curves, where the notion of a curve in Wasserstein space needs to be interpreted

correctly.

The project which resulted in this thesis was first presented to me by Wilfrid Gangbo

(who eventually became my co-advisor) while he was visiting the Fields Institute for a

semester in the fall of 2014. The problem originally posed to me was to understand the

relationships between the various formulations of the optimal transport problem ([16],

[4]) and to try to use this understanding to develop improved versions of the inequalities

established in [18] and [11]. Over the course of working on this problem, as I learned

the optimal transport literature, I became interested in McCann’s displacement convexity

([28]) and understanding it via the Otto calculus.

The notion of displacement convexity of a functional on Wasserstein space is the

analogue of geodesic convexity of a function on a Riemannian manifold. A functional on

Wasserstein space is called displacement convex if it is convex along every Wasserstein

geodesic, where McCann’s displacement interpolants are understood as geodesics. The

1



Chapter 1. Introduction 2

Otto calculus provides a natural way to test displacement convexity of functionals on

Wasserstein space, by taking second derivatives—computing the displacement Hessian

of the functional—and checking for positivity, analogous to checking whether a smooth

function is geodesically convex on a Riemannian manifold.

The definition of a displacement Hessian of a functional is motivated by the definition

of the Hessian of a smooth function on a Riemannian manifold. Let φ : M → R be a

smooth function on a Riemannian manifold M . Its Hessian at a point x is the bilinear

form defined by

∇∇φ(v, v) =
d2

ds2
φ(γ(s))

∣∣
s=0

where γ is a geodesic curve with γ(0) = x and γ′(0) = v. If ∇∇φ is positive definite,

then φ is geodesically convex. The situation in Wasserstein space is analogous: given a

functional F , the Otto calculus allows for the computation of its displacement Hessian:

d2

ds2
F(ρ(s))

where ρ is a Wasserstein geodesic. The positivity of the displacement Hessian then

corresponds to the convexity of the functional.

The Otto calculus has yielded several results; most notably, the Ricci curvature non-

negativity condition associated to the displacement convexity of the entropy functional

was first predicted via the Otto calculus in [35]. In learning the literature, it became clear

to me that with a careful understanding of the different forms of the optimal transport

problem, especially of the regularity of optimal trajectories in the Lagrangian formulation

of the problem, and the regularity of the corresponding optimal vector field in the Eulerian

formulation of the problem, improvements could be made to the Otto calculus.

The main contributions of this thesis are:

• I compute a canonical form for the displacement Hessians of functionals involving

arbitrary derivatives of densities. The problem of computing the displacement

Hessian of a functional involving the only the first derivative of the density was

posed by Villani as Open Problem 15.11 in [39]; this is now resolved.

• I use the extended Otto calculus to find a new class of displacement convex function-

als involving derivatives on S1. This class contains, as a special case, the functionals

considered by Carrillo-Slepčev ([8]), and thus provides an alternate proof of their

displacement convexity.
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• I extend the Otto calculus to the setting of the optimal transport problem with

costs induced by Tonelli Lagrangians, which resolves Open Problem 15.12 in [39].

(Paul Lee has worked in a similar direction from a Hamiltonian perspective in [26]).

As well, this thesis contains a careful analysis of the regularity of the optimal trajectories

in the Lagrangian formulation of the optimal transport problem. I believe the proofs of

these results are simpler than what is currently in the literature ([4], [16], [39]), but are

known to experts.

There are two ongoing avenues of investigation; partial results from these investiga-

tions will make it into the final version of this thesis.

• A long-standing open problem is that of developing a rigourous Otto calculus, which

has so far been a purely formal method of computation. There are limited, and

highly technical, results in this direction ([36], [14]). This problem is discussed in

[39], where Villani espouses a pessimistic view on the matter.

I am working towards a rigourous Otto calculus: with an improved understanding of

the regularity of the optimal vector field in the Eulerian formulation of the problem,

together with results from the DiPerna-Lions theory of renormalized solutions ([15],

[1], [10], [13]), I hope to develop a rigourous Otto calculus.

• I am working towards understanding the geometry induced by a Tonelli Lagrangian.

The formulation of the Otto calculus in this thesis suggests that there should be

general Lagrangian analogues of Riemannian structures, such as the Riemannian

volume form, Ricci curvature, Christoffel symbols, etc.

Thus far, Villani’s tome Optimal Transport: Old and New ([39]) has been cited more

than any other reference. This will continue to be the case throughout the rest of this

thesis; his book is an invaluable resource on Optimal Transport.

1.1 The Optimal Transport Problem from Lagrangian

and Eulerian Perspectives

In keeping with the last remark from the previous section, my description of the historical

background on the optimal transport problem draws heavily on chapter 3 from [39].

The optimal transport problem was first described in the late eighteenth century by

Monge. In [32], he posed the problem of the finding the least costly way to transport

material extracted from the earth to the construction of a building. In Monge’s original
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formulation, the cost of transporting a mass m from position x to position y is the mass

multiplied by distance: m|x − y|. There is a natural Lagrangian “particle trajectory”

interpretation of this cost, that of a particle of mass m moving in a straight line from the

point x to the point y. Little progress was made on the problem until the 20th century

when Kantorovich ([24], [23]) reformulated and solved the optimal transport problem in

a more general setting, viewing it as an infinite dimensional linear programming problem.

In 1991, Brenier characterized the solutions to the optimal transportation problem on

Rd with cost given by the square of Euclidean distance; he showed that optimal transport

maps are given by the gradient of convex functions ([5]). In 1994, McCann developed

this work further, realizing that solutions to the Monge problem yielded displacement

interpolants : geodesic curves in the space of probability measures ([28]). He further

discovered the phenomenon of displacement convexity : several important functionals

are convex along displacement interpolants ([28]). The interpretation of solutions to

the optimal transport problem as corresponding to particle trajectories was present in

McCann’s work at this time ([27]). He later, in 2001, extended Brenier’s theorem to

Riemannian manifolds, characterizing optimal transport maps in this setting as particle

trajectories defined by a potential function ([30]).

The particle trajectory view of optimal transport was made more explicit by Benamou

and Brenier in [3], where they interpret the Monge optimal transport problem from an

explicitly Lagrangian perspective, and, motivated by fluid mechanics, transform the prob-

lem into a corresponding Eulerian problem. The Lagrangian formulation was developed

further by Figalli, Fathi-Figalli, and Bernard-Buffoni ([17], [16], [4]), all of whom consider

the optimal transport problem with costs induced by Tonelli Lagrangians. In [16] and

[4], they make explicit the relationships between the optimizers of the Lagrangian and

Eulerian formulations of the optimal transport problem.

1.2 Outline of this thesis

In the second chapter, Tonelli Lagrangians are defined and the regularity properties of

their induced costs are deduced. The Hamiltonian dual to the Tonelli Lagrangian is

introduced as its Legendre transform, and the properties of the corresponding flows on

the cotangent and tangent bundle are stated.

In the first half of chapter three (section 3.2), background on the optimal transport

problem is presented. The Monge, Kantorovich, and Kantorovich dual optimal trans-

portation problems are defined. Several standard results are recalled.

In the second half of chapter three, the Lagrangian optimal transport problem is
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defined (section 3.3). A careful analysis of the regularity of the optimal trajectories in the

Lagrangian formulation of the optimal transportation problem is performed (subsection

3.3.2). The Eulerian formulation of the optimal transport problem is defined (section

3.4). The equivalence of the five formulations of the optimal transport problem and the

relationships between their minimizers is proven (theorems 3.5.1 and 3.5.2). The results

here are, I believe, presented more simply than what is currently in the literature, and

are perhaps slightly stronger, but will not be a surprise to experts.

In the fourth chapter, the Otto calculus is introduced within the framework of the

Eulerian optimal transport problem. Here, new results are proven.

In theorem 4.3.2, a canonical computation of the displacement Hessian of functionals

involving derivatives of densities is presented. This resolves Open Problem 15.11 in

Villani [39], which asks whether one can compute the displacement Hessian of a functional

involving only a single derivative of the density.

In theorem 4.2.3, a new class of displacement convex functionals is discovered. These

include, as a special case, the functionals considered by Carrillo-Slepčev ([8]), and thus

provides a new proof of their displacement convexity. A counterexample shows that

certain aspects of the sufficient condition used to establish the displacement convexity of

this new class of functionals is also necessary.

The formulation of the Otto calculus in the fourth chapter resolves Open Problem

15.12 in Villani, where he asks whether it is possible to extend the Otto calculus to the

setting of general Lagrangian induced costs. In appendix A, the displacement Hessian

of the entropy functional is computed in coordinates; Villani’s formulation of the Otto

calculus is realized as a special case, when the cost function is Riemannian distance

squared.

I am investigating, in ongoing work (some of which will be in the final version of this

thesis), a regularization scheme to make the Otto calculus rigourous, via the theory of

renormalized solutions introduced by DiPerna-Lions ([15]). As well, the Otto calculus

developed in chapter 4 suggests general Lagrangian analogues to various Riemannian

structures (e.g. volume forms, Ricci curvature, etc.); I am working to make these notions

precise.



Chapter 2

Lagrangian Induced Cost Functions

2.1 Introduction

As discussed in the introduction, there is a natural “particle trajectory” interpretation of

the optimal transport problem. A good approach to the optimal transport problem from

a particle trajectory perspective is achieved by working with costs induced by Tonelli

Lagrangians. This is the most general framework where the cost of sending a particle

from a point x to a point y corresponds to a smooth curve starting at x and ending

at y. Both the classical optimal transport problem and the optimal transport problem

with costs given by squared Riemannian distance occur as special cases of the optimal

transport problem with costs induced by Tonelli Lagrangians. However, the approach

via Tonelli Lagrangians is more general and—perhaps more importantly—strips away all

but the essential structure of the problem. These cost functions have been considered

by, among others, Fathi-Figalli [16], Bernard-Buffoni [4] and are presented in chapter 7

of Villani’s book [39].

In the first half of this chapter, Tonelli Lagrangians will be defined and a careful

application of the direct method in the calculus of variations will yield the existence of

action minimizing curves. Cost functions will be defined by the least action of Tonelli

Lagrangians. Regularity properties of action minimizing curves and cost functions will

be proven. A large amount of information about Tonelli Lagrangian induced cost func-

tions can be understood directly from this framework, without invoking the additional

structure of the optimal transport problem.

In the latter half of this chapter, the Hamiltonian corresponding to a Tonelli La-

grangian will be introduced as the Legendre transform the Lagrangian, from the per-

spective of convex analysis. The relationships between Lagrangians and Hamiltonians,

as presented in classical mechanics, will be shown. Properties of the Lagrangian flow on

6
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the tangent bundle of a manifold and of the Hamiltonian flow on the cotangent bundle

will be proven.

Instead of treating the Lagrangian flow as a flow of a vector field on the tangent

bundle of a manifold, it will be more fruitful to view the flow as families of curves on

the manifold itself, each of which satisfy the Euler-Lagrange equation. This will be the

perspective taken through most of this thesis. A technical issue that will arise (in a later

chapter) will be to find a preferred family of these curves which themselves are the flow

of a vector field on the base manifold. These preferred curves will be interpreted as a

solution to the optimal transport problem, and will be an object of interest, rather than

the entire Lagrangian flow on the tangent bundle of a manifold.

The material in this chapter is classical, but is also crucial to the understanding of

the optimal transport problem.

2.2 Tonelli Lagrangians

For notational convenience, W 1,1((0, 1);Rd) = W 1,1. The tangent bundle of a manifold M

is denoted by TM . When M = Rd, which will almost always be the case in this document,

then TRd ∼= Rd × Rd. The cotangent bundle is denoted T ∗M and T ∗Rd ∼= Rd × Rd.

Definition 2.2.1. A function L : TRd → R is called a Tonelli Lagrangian if it satisfies

the following properties.

(a) The function L is of class C2.

(b) For every x ∈ Rd, the function L(x, ·) : TxRd ∼= Rd → R is strictly convex.

(c) There exists a constant c0 and a non-negative function θ : Rd → R with superlinear

growth, i.e.

lim
|v|→+∞

θ(v)

|v|
= +∞,

such that

L(x, v) ≥ c0 + θ(v).

The first variable in a Lagrangian will often be referred to as position and the

second variable will often be referred to as velocity. For example, if L is a Tonelli

Lagrangian, then L(x, v) would be the Lagrangian evaluated at position x and velocity
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v. The derivatives and gradients of a Tonelli Lagrangian L in the position and velocity

variables will be denoted by DxL, DvL, ∇xL, and ∇vL.

Definition 2.2.2. A function f : Rd → R of class C2 is called strongly convex if

∇2f(x) is positive definite for all x ∈ Rd. Denote a point in Rd×Rn by (x, y). A function

f : Rd × Rn → R of class C2 is called strongly convex in y if D2fx(y) = D2
yf(x, y) is

positive definite for every (x, y) ∈ Rd × Rn, where D2g(y) denotes the matrix of second

derivatives of g and D2
yg(x, y) denotes the matrix of second derivatives of g in y.

Tonelli Lagrangians L : TRd → R will often be assumed to be strongly convex in

the second argument. The reason strong convexity is not built into the definition of

Tonelli Lagrangians is that definition is chosen to have the minimal assumptions needed

to guarantee the existence of action minimizing curves.

Definition 2.2.3. Let σ be a curve in W 1,1((0, 1);Rd) = W 1,1. The velocity of the

curve σ at t ∈ (0, 1) is

σ̇(t) :=
d

ds
σ(s)

∣∣
s=t
.

The Tonelli Lagrangian naturally induced a functional on the space of weakly differ-

entiable curves. This functional, the action of the Lagrangian, will be interpreted as a

cost function.

Definition 2.2.4. Let L be a Tonelli Lagrangian. Let σ ∈ W 1,1. The action of L on

σ is

AL(σ) =

∫ 1

0

L(σ(t), σ̇(t)) dt.

Definition 2.2.5. Fix x, y ∈ Rd. The cost of transport from x to y induced by L

is

c(x, y) = inf{AL(σ) : σ ∈ W 1,1, σ(0) = x, σ(1) = y}.

Since the Tonelli Lagrangian is bounded below, this infimum is guaranteed to be

finite. A curve σ ∈ W 1,1 from x to y which minimizes the action of L is called an

action minimizing curve or an optimal trajectory from x to y. It is not obvious

that action minimizing curves exist for general Tonelli Lagrangians. For example, the

minimal growth assumptions on L (for instance, L(x, ·) may grow slower than | · |p for any

p > 1) present technical challenges to demonstrating the existence of action minimizers
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(the potentially slow asymptotic growth prevents using the Banach-Aloaglu theorem

when trying to prove existence of action minimizers). However, Tonelli Lagrangians do

indeed have action minimizing curves.

Theorem 2.2.6 (Existence of Action Minimizers). Let L be a Tonelli Lagrangian. Fix

x, y ∈ Rd. Let c(x, y) = inf{AL(σ) : σ ∈ W 1,1, σ(0) = x, σ(1) = y}. Then, the infimum

is achieved. That is, there exists some curve σ ∈ W 1,1 such that c(x, y) = AL(σ).

The following characterization of weakly convergent sequences in L1 from Buttazzo,

Giaquinta, and Hildebrandt [7] will be used in the proof of the above theorem.

Theorem 2.2.7 (Theorem 2.11 from Buttazzo, Giaquinta, and Hildebrandt [7]). Suppose

that Ω is a bounded open set in Rd. Suppose that (uk)
∞
k=1 is a sequence in L1(Ω) with the

following properties.

(a) The sequence (uk)
∞
k=1 is uniformly bounded in L1(Ω). That is,

sup
k
‖uk‖1 < +∞.

(b) The sequence of measures (ukdx)∞k=1 is equiabsolutely continuous with respect to

Lebesgue measure. That is, for all ε > 0, there exists δ > 0 such that for every uk,

and for every E ⊂ Ω with m(E) < δ,∫
E

|uk(x)|dx < ε.

Then, the sequence (uk)
∞
k=1 has a subsequence which converges weakly in L1(Ω). Further,

if (uk)
∞
k=1 converges weakly in L1(Ω), then properties (a) and (b) hold.

The proof of the existence of action minimizers will proceed by showing the following

results. Let (σn)∞n=1 be a minimizing sequence for c(x, y).

Step 1: The sequence (σ̇n)∞n=1 is weakly compact in L1((0, 1);Rd).

Step 2: A subsequence (σk)
∞
k=1 of the sequence (σn)∞n=1 is uniformly bounded and equicon-

tinuous.

Step 3: The subsequence (σk)
∞
k=1 converges to a limit σ in L1 (in fact, the convergence will

be uniform) and σ̇k ⇀ σ̇ in L1.

Step 4: This limit is a minimizer of the action of L.
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Proof. Step 1: It suffices to show that (σ̇n)∞n=1 is bounded in L1 and is equiabsolutely

continuous. Since (σn)∞n=1 is a minimizing sequence, by passing to a subsequence, the

sequence (AL(σn))∞n=1 may be taken to be non-increasing. Therefore, for every n,

AL(σ1) ≥ AL(σn) ≥
∫ 1

0

c0 + θ(σ̇n(t))dt = c0 +

∫ 1

0

θ(σ̇n(t))dt.

Since lim|v|→∞ θ(v)/|v| = +∞ and for every n,∫ 1

0

θ(σ̇n(t))dt ≤ AL(σ1)− c0 = K0,

it follows that there exists a constant K1 such that for every n,∫ 1

0

|σ̇n(t)|dt < K1 =⇒ sup
n
‖σ̇n‖1 < +∞. (2.1)

Fix ε > 0. Let M be sufficiently large that

θ(v)

|v|
>
K0

ε
for all |v| > M.

Then,

|σ̇n(t)| < ε

K0

θ(σ̇n(t)) for all t ∈ F n
M = {t ∈ (0, 1) : |σ̇n(t)| > M}.

From this, it follows that∫
FnM

|σ̇n(t)| dt < ε

K0

∫ 1

0

θ(σ̇n(t)) dt = ε.

In particular, m(F n
M) < ε

M
for every n, for otherwise, if m(F n

M) ≥ ε
M

for some n, then∫
FnM

|σ̇n(t)|dt ≥ m(F n
M)M ≥ ε,

contradicting ∫
FnM

|σ̇n(t)|dt < ε.
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Therefore, if m(E) < ε
M

, then for every n,∫
E

|σ̇n(t)|dt =

∫
E∩FnM

|σ̇n(t)|dt+

∫
E\FnM

|σ̇n(t)|dt

≤
∫
FnM

|σ̇n(t)|dt+m(E)M

< ε+
ε

M
M = 2ε.

Since ε > 0 was arbitrary, the sequence of measures (σ̇ndx)∞n=1 is equiabsolutely contin-

uous with respect to Lebesgue measure. By 2.2.7, the sequence (σ̇n)∞n=1 has a weakly

convergent subsequence.

Step 2: Fix s ∈ (0, 1). Then,

|σn(s)| =
∣∣∣∣σ(0) +

∫ s

0

σ̇n(t) dt

∣∣∣∣
=

∣∣∣∣x+

∫ s

0

σ̇n(t) dt

∣∣∣∣
≤ |x|+ ‖σ̇n‖1

≤ |x|+K1.

Therefore,

sup
n
‖σn‖u < +∞, (2.2)

where ‖ · ‖u denotes the uniform norm.

Fix ε > 0. By the previous part, there exists δ > 0 such that for every set E with

m(E) < δ, for all n, ∫
E

|σ̇n(t)| dt < ε.

If |r − s| < δ (without loss of generality, assume r ≥ s), then,

|σn(r)− σn(s)| =
∣∣∣∣x+

∫ r

0

σ̇n(t) dt− x−
∫ s

0

σ̇n(t) dt

∣∣∣∣
=

∣∣∣∣∫ r

s

σ̇n(t) dt

∣∣∣∣
< ε.
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Since this is independent of n, the sequence (σn)∞n=1 is equicontinuous on [0, 1].

Step 3: By step 2, the sequence (σn)∞n=1 is uniformly bounded and equicontinuous,

so satisfies the hypotheses of the Arzelà-Ascoli theorem. Therefore the sequence has

a uniformly convergent sequence. After possibly passing to a further subsequence, by

the results from step one, the uniformly convergent subsequence (σnk)
∞
k=1 has derivatives

(σ̇nk)
∞
k=1 which converge weakly in L1.

The sequence σ̇n ⇀ γ weakly, and σn → σ uniformly. The function γ is in fact the

velocity of σ. Fix s ∈ (0, 1). Then,∣∣∣∣x+

∫ s

0

γ(t)dt− σ(s)

∣∣∣∣ ≤ ∣∣∣∣x+

∫ s

0

γ(t)dt− σn(s)

∣∣∣∣+ |σn(s)− σ(s)|

=

∣∣∣∣∫ s

0

γ(t)dt−
∫ s

0

σ̇n(t)dt

∣∣∣∣+ |σn(s)− σ(s)| .

Since σ̇n ⇀ γ weakly and σn → σ uniformly, both summands approach zero as n→∞.

Therefore, ∣∣∣∣x+

∫ s

0

γ(t)dt− σ(s)

∣∣∣∣ = 0.

Hence, γ = σ̇.

Step 4: Let FM = {t ∈ (0, 1) : |σ̇(t)| > M}. Let

A = sup
n

{
‖σ̇n − σ̇‖L1(0,1)

}
.

By equation (2.1), together with the fact that σ̇ ∈ L1, it follows that A < +∞. Set

M > A. Then, as ∇vL is of class C1, it is Lipschitz on

BM ×BM ,

where BM is the closed ball of radius M centred at the origin. Let `M be the Lipschitz

constant.

Then,∫
F cM

| (∇vL(σn, σ̇)−∇vL(σ, σ̇)) (σ̇n − σ̇)|dt ≤ ‖∇vL(σn, σ̇)−∇vL(σ, σ̇)‖L∞(F cM ) ‖σ̇n − σ̇‖L1(0,1)

≤ `M ‖σn − σ‖uA. (2.3)
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Since σn → σ uniformly as n→∞,

A`M ‖σn − σ‖u → 0

as n→∞. For t ∈ F c
M ,

L(σn, σ̇n) ≥ L(σn, σ̇) +∇vL(σn, σ̇)(σ̇n − σ̇)

= L(σn, σ̇) + (∇vL(σn, σ̇)−∇vL(σ, σ̇)) (σ̇n − σ̇) +∇vL(σ, σ̇)(σ̇n − σ̇).

Then, using the estimate from equation (2.3),∫
F cM

L(σn, σ̇n)dt ≥
∫
F cM

L(σn, σ̇)dt− A`M ‖σn − σ‖u +

∫
F cM

∇vL(σ, σ̇)(σ̇n − σ̇)dt. (2.4)

Without loss of generality, it may be assumed that L ≥ 0. By Fatou’s lemma,

lim inf
n→∞

∫
F cM

L(σn, σ̇)dt ≥
∫
F cM

L(σ, σ̇)dt. (2.5)

Since σ̇n ⇀ σ̇ and

∇vL(σ, σ̇)χF cM ∈ L
∞(0, 1),

where χE denotes the characteristic function of the set E, it follows that for each M ,

lim
n→∞

∫ 1

0

∇vL(σ, σ̇)χF cM (σ̇n − σ̇)dt = 0. (2.6)

Combining the estimates from (2.4), (2.5), and (2.6), and using that L ≥ 0,

lim inf
n→∞

∫ 1

0

L(σn, σ̇n)dt ≥ lim inf
n→∞

∫
F cM

L(σn, σ̇)dt

+ lim
n→∞

(
−A`M ‖σn − σ‖u +

∫
F cM

∇vL(σ, σ̇)(σ̇n − σ̇)dt

)
= lim inf

n→∞

∫
F cM

L(σn, σ̇)dt

≥ lim inf
n→∞

∫
F cM

L(σ, σ̇)dt.
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Taking the limit as M →∞ yields

lim inf
n→∞

∫ 1

0

L(σn, σ̇n)dt ≥
∫ 1

0

L(σ, σ̇)dt.

Since (AL(σn))∞n=1 is a minimizing sequence, it follows that σ minimizes the action of

L. v

2.2.1 Lagrangian Systems and Action Minimizing Curves

Let L : TRd → R be a Tonelli Lagrangian and let c : Rd × Rd → Rd be the induced

cost function. Let x, y ∈ Rd. By theorem 2.2.6, there exists an optimal trajectory

σ : [0, 1]→ Rd with σ(0) = x and σ(1) = y which minimizes the action of L, so

c(x, y) = AL(σ).

A priori, the curve σ is merely an element of W 1,1; it is not obvious that it possesses

better regularity properties than this. The main result of this subsection is that σ does,

in fact, possess good regularity properties: curves which minimize the action of L are

of class C2 and satisfy the Euler-Lagrange equation. This subsection consists mostly of

results from chapters 15 and 16 of Clarke’s Functional Analysis, Calculus of Variations,

and Optimal Control [9].

First, it will be shown that optimal trajectories are Lipschitz continuous. This will

be done by verifying that L satisfies a sufficient growth condition:

Definition 2.2.8. A Lagrangian L has Nagumo growth along the curve φ if there

exists a function θ̃ : [0,+∞)→ R with the properties

(a) limt→+∞ θ̃(t)/t = +∞

(b) L(φ(t), v) ≥ θ̃(|v|) for all t ∈ [0, 1] and for all v ∈ Rd.

Theorem 2.2.9 (Theorem 16.18 from Clarke). Let σ : [0, 1] × Rd be an absolutely con-

tinuous curve which minimizes the action of L, where the Lagrangian L is continuous,

autonomous (no explicit dependence on t), convex in v, and has Nagumo growth along

σ. Then, σ is Lipschitz continuous.

Upon showing that the Tonelli Lagrangians have Nagumo growth along every optimal

trajectory, it will follow that optimal trajectories are Lipschitz continuous.

Proposition 2.2.10. Let L : TRd → R be a Tonelli Lagrangian. Then L has Nagumo

growth along every curve.
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Proof. By definition 2.2.1, there exists a function θ : Rd → R and a constant c ∈ R such

that

L(x, v) ≥ c+ θ(v) for all x, v ∈ Rd textand lim
|v|→+∞

θ(v)

|v|
= +∞.

Therefore, the function

θ̃(t) = inf
|v|≥t
{θ(v) + c}

satisfies

lim
t→+∞

θ̃(t)

t
= +∞,

and for all x, v ∈ Rd, L(x, v) ≥ θ̃(|v|), so L has Nagumo growth along every curve. v

Corollary 2.2.11. Let σ : [0, 1] → Rd be an action minimizing curve for the Tonelli

Lagrangian L : TRd → R. Then σ is Lipschitz continuous.

Having established that optimal trajectories are locally Lipschitz, it will be seen that

they satisfy the Euler-Lagrange equation in a weak sense. This will be “bootstrapped”

to the desired regularity.

Definition 2.2.12. A curve σ : [0, 1] → Rd satisfies the integral Euler equation if

there exists a constant c ∈ Rd such that for almost every t ∈ [0, 1],

∇vL(σ(t), σ̇(t)) = c+

∫ t

0

∇xL(σ(s), σ̇(s))ds. (2.7)

Theorem 2.2.13 (Theorem 15.2 from Clarke). Suppose that σ minimizes AL and σ is

Lipschitz continuous. Then, σ satisfies the integral Euler equation.

Theorem 2.2.14 (Theorem 15.5 from Clarke). Suppose that σ is Lipschitz continuous,

satisfies the integral Euler equation, and for almost every t ∈ [0, 1], the function v 7→
L(σ(t), v) is strictly convex. Then, σ is of class C1.

Theorem 2.2.15 (Theorem 15.7 from Clarke). Suppose that σ is Lipschitz continuous

and satisfies the integral Euler equation. Suppose the Lagrangian L is of class Cm for

m ≥ 2 and for all t ∈ [0, 1] and all v ∈ Rd, the Hessian ∇2
vL(σ(t), v) is positive definite.

Then, σ is of class Cm.

Combining corollary 2.2.11 and theorems 2.2.13, 2.2.14, and 2.2.15 yields the desired

regularity of optimal trajectories, which is recorded in the following proposition.
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Proposition 2.2.16. Let L be a Tonelli Lagrangian which is strongly convex in the

second argument. Let σ be a minimizer for AL. Then, σ is of class C2 and satisfies the

Euler equation.

Proof. By corollary 2.2.11, the optimal trajectory σ is Lipschitz continuous.

By theorem 2.2.13, the curve σ satisfies the integral Euler equation. Then, since

L(x, ·) is strictly convex, by theorem 2.2.14, the curve σ is of class C1. Finally, since

∇2
vL(x, v) is positive definite for all x, v ∈ Rd and L is of class C2, by theorem 2.2.15,

the curve σ is also of class C2.

Since the curve σ satisfies the integral Euler equation (2.7) and is of class C2, differ-

entiating the integral Euler equation with respect to t shows that σ satisfies the Euler-

Lagrange equation. v

2.2.2 Properties of Cost Functions Induced by Lagrangians

Let L : TRd → R be a Tonelli Lagrangian which is strongly convex in the second

argument. By the results thus far, for every x, y ∈ Rd, there is an action minimizing

curve σyx with σyx(0) = x and σyx(1) = y which is of class C2 and satisfies the Euler

equation; the cost induced by L is

c(x, y) = AL(σyx).

The goal of this subsection is to establish regularity properties for cost functions

induced by Tonelli Lagrangians: they are locally Lipschitz and superdifferentiable. Of

particular interest will be the differentiability of the cost function: when the cost function

c is differentiable at a point (x, y), there will be a unique optimal trajectory from x

to y. There are additional important properties of cost functions induced by Tonelli

Lagrangians, but these will need to wait until the next chapter when more structure

from the optimal transport problem has been introduced.

To proceed, some facts about sub- and superdifferentiability are stated.

Definition 2.2.17. Let f : Rd → R. The subdifferential of f at x is the set

∂f(x) = {v ∈ Rd : f(y)− f(x) ≥ v · (y − x)− o(x− y) ∀ y}.

If the subdifferential of a function f is non-empty at a point x, the function f is said to

be subdifferentiable at x. The superdifferential of a function f is minus the subdif-
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ferential of −f . If −f is subdifferentiable at x, then f is said to be superdifferentiable

at x.

A function is subdifferentiable at a point if it locally has a supporting hyperplane at

that point. The following proposition (stated without proof) records a standard fact from

convex analysis about the relationship between subdifferentiability, superdifferentiability,

and differentiability.

Proposition 2.2.18. Let f : Rd → R. The function f is differentiable at a point x if

and only if it is both subdifferentiable and superdifferentiable at x. If f is differentiable

at x, then both its sub- and superdifferentials at x are singletons and the unique element

in its sub- and superdifferential is the derivative of f at x.

With this in place, the Lipschitz regularity of cost functions induced by Tonelli La-

grangians can be proven.

Proposition 2.2.19. The cost c : Rd × Rd → R induced by the Tonelli Lagrangian

L : TRd → R is locally Lipschitz.

Proof. Fix x, y ∈ Rd. Let σ be an optimal path from x to y. Fix u, v ∈ Rd. For s > 0,

the curve

[0, 1] 3 t 7→ σ(t) + tsv + (1− t)su ∈ Rd (2.8)

is a (potentially non-optimal) curve from x+ su to y + sv. Then,

lim
s→0

c(x+ su, y + sv)− c(x, y)

s
(2.9)

≤ lim
s→0

1

s

∫ 1

0

[
L(σ(t) + tsv + (1− t)su, σ̇(t) + sv − su)− L(σ(t), σ̇(t))

]
dt (2.10)

=

∫ 1

0

lim
s→0

L(σ(t) + tsv + (1− t)su, σ̇(t) + sv − su)− L(σ(t), σ̇(t))

s
dt. (2.11)

The inequality in equation (2.10) holds because t 7→ σ(t)+tsv+(1−t)su is a (potentially

non-optimal) curve from x + su to y + sv. In equation (2.11) the limit may be brought

inside the integral because the integrand is of class C1. Further, the integrand in (2.11)

is a derivative:

lim
s→0

L(σ(t) + tsv + (1− t)su, σ̇(t) + sv − su)− L(σ(t), σ̇(t))

s

=
d

ds
L(σ(t) + tsv + (1− t)su, σ̇(t) + sv − su)

∣∣∣∣
s=0

(2.12)
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Substituting equation (2.12) into (2.11) yields

lim
s→0

c(x+ su, y + sv)− c(x, y)

s

≤
∫ 1

0

d

ds
L(σ(t) + tsv + (1− t)su, σ̇(t) + sv − su)

∣∣∣∣
s=0

dt (2.13)

=

∫ 1

0

[∇xL(σ(t), σ̇(t)) · [tv + (1− t)u] +∇vL(σ(t), σ̇(t)) · (v − u)] dt (2.14)

Since σ solves the Euler-Lagrange equation, ∇xL(σ(t), σ̇(t)) = d
dt
∇vL(σ(t), σ̇(t)). Sub-

stituting this into (2.14) produces

lim
s→0

c(x+ su, y + sv)− c(x, y)

s

=

∫ 1

0

[(
d

dt
∇vL(σ(t), σ̇(t))

)
· [tv + (1− t)u] +∇vL(σ(t), σ̇(t)) · (v − u)

]
dt (2.15)

=

∫ 1

0

d

dt
[∇vL(σ(t), σ̇(t)) · [tv + (1− t)u]] dt (2.16)

= ∇vL(y, σ̇(1)) · v −∇vL(x, σ̇(0)) · u (2.17)

By fixing u and v to have norm 1 and allowing x and y to vary over a large compact

set B, it follows that for every vector v,

lim
s→0

c(x+ su, y + sv)− c(x, y)

s
≤ 2 ‖∇vL(w, z)‖(w,z)∈B =: K.

Then,

−K ≤ lim
s→0

c(x, y)− c(x+ su, y + sv)−
s

= lim
t→0

c(x, y + t(−v))− c(x, y)

t
(t = −s)

≤ K

Therefore, c is locally Lipschitz. v

It follows that cost functions induced by Tonelli Lagrangians are superdifferentiable

in each argument.

Corollary 2.2.20. The cost c induced by the Tonelli Lagrangian L is superdifferentiable

in each argument.

Proof. From the equation (2.17), if σ is an action minimizing curve from x to y, then
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∇vL(y, σ̇(1)) is a superderivative of c(x, ·) at y and −∇vL(x, σ̇(0)) is a superderivative

for c(·, y) at x. v

Since cost functions induced by Tonelli Lagrangians are locally Lipschitz, by applying

Rademacher’s theorem, it immediately follows that the cost function c is differentiable

everywhere.

Corollary 2.2.21. The cost c induced by the Tonelli Lagrangian L is differentiable almost

everywhere.

Proof. By the previous proposition, the cost function is a locally Lipschitz function from

Rd × Rd to R. By Rademacher’s theorem, a locally Lipshitz function from Rn to Rm is

differentiable almost everywhere. v

Corollary 2.2.22. If the cost function c induced by the Tonelli Lagrangian L is differ-

entiable in the second argument, its derivative is

d

dy
c(x, y) = ∇vL(y, σ̇(1)),

where σ is an optimal curve from x to y. If c is differentiable in the first argument, its

derivative is

d

dx
c(x, y) = −∇vL(x, σ̇(0)).

Proof. Let σ be an optimal curve from x to y. By corollary 2.2.20, ∇vL(y, σ̇(1)) is a

superderivative for c(x, ·) at y and −∇vL(x, σ̇(0)) is a superderivative for c(·, y) at x. By

2.2.21, c is differentiable almost everywhere. v

The differentiability of the cost function c induced by the Tonelli Lagrangian L leads

to a uniqueness result about action minimizing curves of L.

Proposition 2.2.23. For any pair x, y such that either d
dx
c(x, y) or d

dy
c(x, y) exists, there

exists a unique action minimizing curve from x to y.

In particular, for each x ∈ Rd, c(x, ·) is differentiable for almost every y ∈ Rd, and

for each y ∈ Rd, c(·, y) is differentiable for almost every x ∈ Rd

Proof. Let (x, y) be a point at which d
dy
c(x, y) exists. Suppose that σ and γ are both

action minimizing curves from x to y. Then, by proposition 2.2.22,

∇yc(x, y) = ∇vL(y, σ̇(1)) = ∇vL(y, γ̇(1)).
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By lemma 2.3.5 and proposition 2.4.6, the function ∇vL(y, ·) is injective, so σ̇(1) = γ̇(1).

Hence, the curves γ and σ both satisfy the Euler-Lagrange equation with final condition

(σ(1), σ̇(1)) = (γ(1), γ̇(1)).

By uniqueness of solutions to the Lagrangian flow, σ = γ. An analogous argument holds

for the case where d
dx
c(x, y) exists. v

2.3 Hamiltonians

The dual object to a Lagrangian on the tangent bundle of a manifold is a function on

the cotangent bundle, called a Hamiltonian. The Hamiltonian corresponding to a Tonelli

Lagrangian will be defined via the Legendre transform, and the usual properties (for

instance, those seen in a standard classical mechanics course) will be derived.

Let E be a normed vector space and let E∗ be its dual.

Definition 2.3.1. Let f : E → R ∪ {∞} which is not identically +∞. The Legendre

transform or convex conjugate of f is the map f ∗ : E∗ → R ∪ {∞} given by

f ∗(x) = sup
y∈E
{〈y, x〉 − f(y)}.

An important fact about Legendre transforms is given by the Fenchel-Moreau theo-

rem, quoted from [6].

Theorem 2.3.2 (Fenchel-Moreau). Let E be a normed vector space and let f : R∪{∞}.
Suppose that f is convex, lower semi-continuous, and f 6≡ +∞. Then, f ∗∗|E = f .

Let L : TRd ∼= Rd × Rd → R be a Tonelli Lagrangian. Assume that L is strongly

convex in the second argument, so ∇2
vL(x, v) is positive definite at every point (x, v) ∈

TRd.

Definition 2.3.3. The Hamiltonian corresponding to L is the function H : T ∗Rd ∼=
Rd × Rd → R given by

H(q, p) := sup
v∈Rd
{p · v − L(q, v)}.

That is, H is the Legendre transform of L with respect to velocity.
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The first argument in a Hamiltonian will often be referred to as position and the

second argument will often be referred to as momentum. For example, if H is a Hamil-

tonian, then H(q, p) is the Hamiltonian evaluated at position q and momentum p. The

derivatives and gradients of a Hamiltonian in the position and momentum variables will

be denoted DxH, DpH, ∇xH, and ∇pH.

Proposition 2.3.4. Let L : TRd → R be a Tonelli Lagrangian. Let H : T ∗Rd → R be

the corresponding Hamiltonian. Then,

L(x, v) = sup
p∈Rd
{v · p−H(x, p)}.

Proof. Tonelli Lagrangians are convex with respect to velocity, are continuous, and are

not identically infinite. For each x, the Hamiltonian H(x, ·) is the Legendre transform

of L(x, ·). By the Fenchel-Moreau theorem, the Legendre transform of H in the second

variable is therefore L. v

Since L is of class C2, is strictly convex, and has superlinear growth, the maximization

problem supv∈Rd{p · v − L(q, v)} can be solved with calculus:

H(q, p) = p · r − L(q, r) where p = ∇vL(q, r). (2.18)

An application of the implicit function theorem will show that the variable r in

equation (2.18) is of class C1, which will be the first step in deriving the classical structure

of the Hamiltonian corresponding to a Lagrangian; this will require a useful lemma about

the injectivity of gradients of convex functions.

Lemma 2.3.5. Let ϕ : Rd → R be function of class C2 with a positive definite Hessian.

Then, the gradient ∇ϕ : Rd → Rd is injective.

Proof. Fix x 6= y ∈ Rd. Define f : R→ R by f(t) = ϕ((1− t)x+ ty). The function f is

strictly convex:

f ′′(t) = (x− y)T∇2ϕ((1− t)x+ ty)(x− y),

and since ∇2ϕ is positive definite, the second derivative f ′′(t) > 0. Then, f ′ : R → R is

strictly increasing, so f ′(0) < f ′(1), and

f ′(0) = ∇ϕ(x)(x− y) < ∇ϕ(y)(x− y) = f ′(1).

Hence, ∇ϕ(x) 6= ∇ϕ(y). v
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Proposition 2.3.6. The variable r in the formula for H(q, p) in equation (2.18) is a C1

function of q and p.

Proof. Let F (q, p, r) = p − ∇vL(q, r). The function F is of class C1, since L is of class

C2. Then,

∇rF (q, p, r) = −∇2
vL(q, r).

By assumption, ∇2
vL(q, r) is positive definite. Hence it is invertible. The hypotheses of

the implicit function theorem are therefore satisfied. Therefore, r can be written locally

as a C1 function of q and p: r = φ(q, p).

By lemma 2.3.5, for every x ∈ Rd, the function ∇vL(x, ·) is injective. It follows that,

given p and q, there is at most one vector r satisfying p = ∇vL(q, r).

Taken together, it follows that r can be written as a C1 function of q and p. v

Proposition 2.3.7. The Hamiltonian H(q, p) is of class C2.

Proof. The Hamiltonian can be written as

H(q, p) = p · r − L(q, r) where r = φ(q, p)

and φ is of class C1. Then,

∇xH(q, p) = p · ∇xφ(q, p)−∇xL(q, φ(q, p))−∇vL(q, φ(q, p)) · ∇xφ(q, p).

Since p = ∇vL(q, r) = ∇vL(q, φ(q, p)),

∇xH(q, p) = p · ∇xφ(q, p)−∇xL(q, φ(q, p))− p · ∇xφ(q, p) = −∇xL(q, φ(q, p)).

Similarly,

∇pH(q, p) = φ(q, p) + p · ∇xφ(q, p)−∇xL(q, φ(q, p)) · ∇xφ(q, p) = φ(q, p). (2.19)

Since φ is of class C1 and L is of class C2, it follows that ∇xH and ∇pH are both of class

C1, so H is of class C2. v

Corollary 2.3.8. Let q, r ∈ Rd. Let L : TRd → R be a Tonelli Lagrangian and let H be

the corresponding Hamiltonian. Then

∇pH(q,∇vL(x, r)) = r.
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That is, ∇pH(q, ·) ◦ ∇vL(q, ·) = id.

Proof. From the proof of proposition 2.3.7, in equation (2.19), the variables p and r

satisfy p = ∇vL(q, φ(q, p)) and r = φ(q, p). Substituting these into equation (2.19)

yields ∇pH(q,∇vL(x, r)) = r. v

By the Fenchel-Moreau theorem, the function L(x, ·) is the Legendre transform of

H(x·). It can be checked that ∇vL(x, ·) is also a left inverse to ∇vL(x, ·), in addition to a

right inverse. With this, the Legendre transform may be recast as a C1 diffeomorphism:

Definition 2.3.9. Let L : TRd → R be a Tonelli Lagrangian. The global Legendre

transform for L is the map L : TRd → T ∗Rd given by

L(x, v) = (x,∇vL(x, v)).

Proposition 2.3.10. The global Legendre transform is a C1-diffeomorphism from TRd

to T ∗Rd.

Proof. The map L−1 : T ∗Rd → TRd given by

(x, p) 7→ (x,∇pH(x, p))

satisfies L ◦ L−1 = id and L−1 ◦ L = id. From corollary 2.3.8 and the following remark,

the Hamiltonian H is of class C2 and Tonelli Lagrangians are, by definition, of class C2.

Therefore, both L and L−1 are of class C1. v

2.4 Lagrangian and Hamiltonian Systems

Let L : TRd ∼= Rd × Rd → R be a Tonelli Lagrangian which is strongly convex in the

second argument. Let H : T ∗Rd ∼= Rd × Rd → R be the corresponding Hamiltonian.

Definition 2.4.1. The Lagrangian System is the system of differential equationsẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v).

(2.20)

The differential equation d
dt
∇vL(x, ẋ) = ∇xL(x, ẋ) is called the Euler-Lagrange Equa-

tion.
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Definition 2.4.2. The Lagrangian flow from time s to time t is the map Φs,t :

TRd → TRd given by

Φs,t(x, v) = (σ(t), σ̇(t)),

where σ solves the Lagrangian system with time s initial conditions

(σ(s), σ̇(s)) = (x, v).

Definition 2.4.3. The Hamiltonian System is the system of differential equationsq̇ = ∇pH(q, p)

ṗ = −∇xH(q, p)

Definition 2.4.4. The Hamiltonian flow from time s to time t is the map Ψs,t :

T ∗Rd → T ∗Rd given by

Ψs,t(x, r) = (q(t), p(t)),

where (q, p) solves the Hamiltonian system with time s initial conditions

(q(s), p(s)) = (x, r).

The main goal of this section is to show that these systems are equivalent in a precise

sense and they both have solutions of class C2.

2.4.1 Hamiltonian Systems Have Unique Local Solutions of Class

C2

The Hamiltonian system 
q̇ = ∇pH(q, p)

ṗ = −∇xH(q, p)

(q, p)(0) = (q0, p0)

is a system of first order ordinary differential equations. Write y =
(
q
p

)
and F (y) =( ∇pH(q,p)

−∇xH(q,p)

)
. Since H is C2, the first order ordinary differential equation ẏ = F (y) has F

locally Lipschitz. Therefore, this system satisfies the hypotheses of the Picard-Lindelöf
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theorem, so there exists a unique local solution (q, p), which is of class C1 (that the

functions are of class C1 is given by the theorem). It immediately follows that the

solution (q, p) is in fact of class C2, since

q̇ = ∇pH(q, p) and ṗ = −∇xH(q, p)

are both of class C1.

2.4.2 Equivalence of Hamiltonian and Lagrangian Systems

Fact. Suppose that ϕ : X → R ∪ {+∞} is a convex function on a normed vector space

X. Let ϕ∗ : X∗ → R ∪ {+∞} denote its Legendre-Fenchel transform. Then,

ϕ(a) + ϕ∗(b) = 〈a, b〉 ⇐⇒ b ∈ ∂ϕ(a) ⇐⇒ a ∈ ∂ϕ∗(b),

where ∂f(x) denotes the subdifferential of f at x. (If X = Rd and f is differentiable at

x, then y ∈ ∂f(x) means that y = ∇f(x).)

Proposition 2.4.5. Suppose that (q, p) is a C2 solution to the Hamiltonian system.

Then, q is a C2 solution to the Lagrangian system (with compatible initial conditions).

Proof. Suppose that (q, p) is a C2 solution to the Hamiltonian system. (Solutions are

necessarily of class C2 by the previous subsection). Then, by the results of the section

on Hamiltonians,

H(q, p) = p · ∇pH(q, p)− L(q,∇pH(q, p))

= p · q̇ − L(q, q̇).

The second equality follows by the assumption that (q, p) is a solution to the Hamiltonian

system, so q̇ = ∇pH(q, p). Then,

H(q, p) + L(q, q̇) = p · q.

By the above fact about Legendre transforms, it follows that

p = ∇vL(q, q̇) =⇒ ṗ = d
dt
∇vL(q, q̇).
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And, from the computation of the gradients of H in the proof of proposition??,

∇xH(q, p) = −∇xL(q, q̇).

Then, since (q, p) is a solution to the Hamiltonian system,

ṗ = −∇xH(q, p) = ∇xL(q, q̇).

Therefore, ∇xL(q, q̇) = d
dt
∇vL(q, q̇), so q is a solution to the Lagrangian system. v

Proposition 2.4.6. Suppose q is of class C2 and is a solution to the Lagrangian system.

Then, (q, p = ∇vL(q, q̇)) is a solution to the Hamiltonian system with corresponding

initial conditions.

Proof. Suppose that q is of class C2 and satisfies ∇xL(q, q̇) = d
dt
∇vL(q, q̇). Since q is of

class C2, it ensures that the right hand side is defined, as

d
dt
∇vL(q, q̇) = ∇x∇vL(q, q̇) · q̇ +∇2

vL(q, q̇) · q̈.

The Hamiltonian H satisfies

H(q, p) = p · r − L(q, r) where p = ∇vL(q, r) and r = ∇pH(q, p).

Set p = ∇vL(q, q̇). We wish to show that (q,∇vL(q, q̇)) is a solution to the Hamiltonian

system. Then,

∇vL(q, r) = ∇vL(q, q̇).

Since L is of class C2 and ∇2
vL is positive definite, by the above lemma, ∇vL(q, ·) is

injective, and it follows that q̇ = r. From the previous proposition and the proof that H

is of class C2,

∇xH(q, p) = −∇xL(q, r = q̇).

Therefore,

ṗ = d
dt
∇vL(q, q̇) (We set p = ∇vL(q, q̇))

= ∇xL(q, q̇) (q solves the Lagrangian system)

= −∇xH(q, p).
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And, q̇ = r = ∇pH(q, p). Therefore, (q,∇vL(q, q̇)) is a solution to the Hamiltonian

system. v

2.4.3 Conservation of Hamiltonians

Proposition 2.4.7. Let (q, p) be a solution to the Hamiltonian system. Then, for all t

where the solution is defined,

H(q(t), p(t)) = H(q(0), p(0)).

Proof. For all time t where the solution (q, p) is defined,

d

dt
H(q, p) = ∇xH(q, p) · q̇ +∇pH(q, p) · ṗ

= ∇xH(q, p) · ∇pH(q, p) +∇pH(q, p) · (−∇xH(q, p))

= 0.

Therefore, H(q(t), p(t)) is constant. v

Assume that there exists a constant c1 and a function ψ : Rd → R, where lim|p|→+∞ ψ(p) =

+∞, and

H(q, p) ≥ c1 + ψ(p).

If (q, p) is a solution to the Hamiltonian system, then H is constant along the solution,

so, for all time t where a solution is defined, p(t) is bounded. Otherwise, the above

assumption would lead to a contradiction.

2.4.4 Dependence on Initial Conditions

Proposition 2.4.8. The Lagrangian flow Φs,t : TRd → TRd is of class C1.

This does not follow from the standard ODE theory; Tonelli Lagrangians are only of

class C2, so the left hand side of the Euler-Lagrange equation is, a priori, only continuous.

Proof. By standard results from the theory of ordinary differential equations, (see, for

instance, theorem 17.9 in [25]), the Hamiltonian flow Ψs,t is of class C1. Since the

Lagrangian flow satisfies

Φs,t = L−1 ◦Ψs,t ◦ L : TRd → TRd,
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where L is the global Legendre transform, which is a C1 diffeomorphism by proposition

2.3.10, it follows that the Lagrangian flow is of class C1. v

A computation of the spatial derivative of the Hamiltonian flow will later prove useful.

Proposition 2.4.9. Let πq : T ∗Rd → Rd and πp : T ∗Rd → Rd be projections given by

πq(q, p) = q and πq(q, p). Then,

πqD2Ψs,t(q, p) = (t− s)∇2
pH(q, p) + o(t− s).

Proof. The Hamiltonian flow Ψs,t solves the differential equation

Ψ̇s,t(q, p) =

(
∇pH(Ψs,t(q, p))

−∇xH(Ψs,t(q, p)).

)

By standard results from ODE theory (see, for instance, [22]), the derivative DΨs,t sat-

isfies the differential equation

ż =

(
∇p∇xH(Ψs,t(q, p)) ∇2

pH(Ψs,t(q, p))

−∇2
xH(Ψs,t(q, p)) −∇p∇xH(Ψs,t(q, p))

)
z (2.21)

where z is a 2d × 2d matrix. Let (ξ, η) ∈ Rd × Rd. Then, the directional derivative of

Ψs,t in the direction (ξ, η) is given by

DΨs,t

(
ξ

η

)
,

and these directional derivatives continue to solve the linearized differential equation

(2.21).

Note that Ψs,s = id, so DΨs,s = I. Substituting z = DΨs,s into (2.21) yields

DΨ̇s,s =

(
∇p∇xH(Ψs,t) ∇2

pH(Ψs,t)

−∇2
xH(Ψs,t) −∇p∇xH(Ψs,t)

)
DΨs,s (2.22)

=

(
∇p∇xH(Ψs,t) ∇2

pH(Ψs,t)

−∇2
xH(Ψs,t) −∇p∇xH(Ψs,t)

)
(2.23)

Taylor expanding DΨs,t in t around t = s yields,

DΨs,t = DΨs,s + (t− s)DΨ̇s,s + o(t− s). (2.24)
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Substituting equation (2.23) into equation (2.24):

DΨs,t = DΨs,s + (t− s)

(
∇p∇xH(Ψs,t) ∇2

pH(Ψs,t)

−∇2
xH(Ψs,t) −∇p∇xH(Ψs,t)

)
+ o(t− s). (2.25)

The above equation holds true when multiplied by any vector in Rd×Rd. Let πx(x, p) = x

and πp(x, p) = p. Multiplying equation (2.25) by a vector (0, η) ∈ Rd×Rd, remembering

that DΨs,s = I, yields(
πqDqΨs,t πqDpΨs,t

πpDqΨs,t πqDpΨs,t

)(
0

η

)
=

(
0

η

)
+ (t− s)

(
∇2
pH(Ψs,t) · η

−∇p∇xH(Ψs,t) · η

)
+ o(t− s).

Restricting to the first d coordinates, it follows that

πqDpΨs,t(p, q) = (t− s)∇2
pH(Ψs,t(p, q)) + o(t− s). v



Chapter 3

Five Formulations of the Optimal

Transport Problem

3.1 Introduction

In this chapter, the optimal transport problem is introduced. First, the Monge, Kan-

torovich, and Kantorovich dual problems are presented, together with criteria for when

their infima are equal. These results are standard, and are cited from various sources;

some simple results are proven to give a feeling for the arguments involved in proving the

equality of the infima of these three costs. In this initial section, many of the results are

cited from [38],[31], and [39].

After recording these results, the Lagrangian formulation of the optimal transport

problem is stated. A careful analysis of the relationships between the optimal transport

problem relates the optimal trajectories in the Lagrangian problem to both the Monge

problem and the Kantorovich dual problems. Following easily from the results of the

previous chapter, optimal trajectories in the Lagrangian problem will be seen to be to

solutions of boundary a value problem with boundary conditions given by the solution to

the Monge problem. Complementary to this, but much more subtle, optimal trajectories

in the Lagrangian problem will also be seen to be solutions of an initial value problem

with initial conditions given by the Kantorovich dual problem.

A careful analysis of the relationships between the optimal trajectories and the corre-

sponding potential functions from the Kantorovich dual problem establishes the best pos-

sible regularity results for optimal trajectories. The key tool in this analysis is Mather’s

shortening lemma, which gives a quantitative estimate on the maximum distance be-

tween optimal trajectories in terms of the distance between optimal trajectories at their

30
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midpoints.

Once the regularity of the optimal trajectories in the Lagrangian formulation of the

problem is established, the Eulerian formulation of the optimal transport problem is

introduced. The regularity of the optimizers in the Eulerian problem will follow directly

from the regularity of the optimal trajectories from the previous section.

The chapter concludes with a proof of the equivalence of the five forms of the opti-

mal transport problem. In particular, the relationships between the minimizers is made

explicit. These results are known to experts ([4],[16]), but I believe this is the first time

these relationships have been presented this simply.

3.2 Some General Optimal Transport Theory

Background on the optimal transport problem is presented in this section. The Monge,

Kantorovich, and Kantorovich dual optimal transport problems are defined, together

with criteria for their infima to agree. This section mostly follows McCann-Guillen’s

lecture notes [31], Villani’s Topics in Optimal Transportation [38], and Fathi-Figalli [16].

Let P(Rd) denote the space of Borel probability measures on Rd. Let µ, ν ∈P(Rd)

and let c : Rd × Rd → [0,+∞]. The function c is called a cost function.

Definition 3.2.1. A Borel measurable map T : Rd → Rd is said to push forward µ to

ν, denoted T#µ = ν, if for all Borel subsets B ⊂ Rd,

µ(T−1(B)) = ν(B).

Definition 3.2.2. The Monge formulation of the optimal transport problem

from µ to ν for the cost c is the minimization problem

min
T
{cost(T )} := min

T

{∫
Rd
c(x, T (x))dµ(x) : T#µ = ν

}
.

Definition 3.2.3. A Borel measurable map T : Rd → Rd which minimizes cost(T ) and

pushes forward µ to ν is called an optimal transport map from µ to ν for the cost

c or a Monge map from µ to ν for the cost c.

Definition 3.2.4. Let γ ∈ P(Rd × Rd). The measure γ has first marginal µ and

second marginal ν if for all Borel subsets B ⊂ Rd,

γ(B × Rd) = µ(B) and γ(Rd ×B) = ν(B).
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The set of Borel probability measures on Rd × Rd with first marginal µ and second

marginal ν is denoted Γ(µ, ν). If µ and ν are absolutely continuous with respect to

Lebesgue measure and have Radon-Nikodym derivatives ρ0 and ρ1, respectively, then

this set is denoted Γ(ρ0, ρ1).

Definition 3.2.5. The Kantorovich formulation of the optimal transport prob-

lem from µ to ν for the cost c is the minimization problem

min
γ
{cost(γ)} := min

γ

{∫
Rd×Rd

c(x, y)dγ(x, y) : γ ∈ Γ(µ, ν)

}
.

Definition 3.2.6. A measure γ ∈ Γ(µ, ν) which minimizes cost(γ) is called an optimal

transport plan from µ to ν for the cost c.

Definition 3.2.7. The (Kantorovich) cost from µ to ν for the cost c is

Wc(µ, ν) = inf
γ∈Γ(µ,ν)

{∫
Rd×Rd

c(x, y)dγ(x, y)

}
.

Definition 3.2.8. The Monge cost from µ to ν for the cost c is

WM
c (µ, ν) = inf

T

{∫
Rd
c(x, T (x))dµ(x) : T#µ = ν

}
.

Unless otherwise specified, the cost from µ to ν for the cost c refers to the Kantorovich

cost.

Proposition 3.2.9. Let µ, ν ∈P(Rd) and c : Rd×Rd → [0,+∞]. Then, the Kantorovich

cost from µ to ν for the cost c is no larger than the Monge cost. That is,

Wc(µ, ν) ≤ WM
c (µ, ν).

Proof. Let T be a Borel map pushing forward µ to ν. The corresponding measure γT =

(id× T )#µ has the following properties:

(a) γT ∈ Γ(µ, ν).

(b) cost(γT ) = cost(T ).
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For (a), let B ⊂ Rd be a Borel subset. Then,

γT (B × Rd) = µ((id× T )−1(B × Rd))

= µ(id−1(B) ∩ T−1(Rd))

= µ(B),

and,

γT (Rd ×B) = µ((id× T )−1(Rd ×B))

= µ(id−1(Rd) ∩ T−1(B))

= µ(T−1(B))

= ν(B),

where the last equality holds since T is assumed to push forward µ to ν.

For (b), note that for Borel subset A,B ⊂ Rd,

γT (A×B) = µ((id× T )−1(A×B))

= µ(A ∩ T−1(B))

= µ({x ∈ A |T (x) ∈ B}).

Therefore,

cost(γT ) =

∫
Rd×Rd

c(x, y)dγT (x, y)

=

∫
{(x,y) | y=T (x)}

c(x, y)dγT (x, y) +

∫
{(x,y) | y=T (x)}c

c(x, y)dγT (x, y).

Since {(x, y) | y = T (x)}c is γT -measure 0,

cost(γT ) =

∫
{(x,y) | y=T (x)}

c(x, y)dγT (x, y)

=

∫
Rd
c(x, T (x))dµ(x)

= cost(T ).

Finally, let (Tn)∞n=1 be a minimizing sequence in the Monge problem. Then,

Wc(µ, ν) ≤ lim
n→∞

cost(γTn) = lim
n→∞

cost(Tn) = WM
c (µ, ν),
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concluding the proof. v

3.2.1 Equivalence of the Monge and Kantorovich Problems

Under appropriate hypotheses, the Monge and Kantorovich costs coincide.

Definition 3.2.10. A cost function c : Rd×Rd → [0,+∞) is said to be left-twisted or

to satisfy the left twist condition if the map

(x, y) 7→ (x,∇xc(x, y))

defined on the domain {(x, y) ∈ Rd × Rd : ∇xc(x, y) exists} is injective.

When there is no ambiguity, the left twist condition will be referred to as the twist

condition. The right twist condition refers to the injectivity of the map

(x, y) 7→ (∇yc(x, y), y).

If a cost function c satisfies the twist condition, then given (x, p) ∈ T ∗Rd ∼= Rd × Rd,

there is at most one y ∈ Rd satisfying ∇xc(x, y) + p = 0. If such a y exists, it is denoted

Y (x, p).

The cost functions considered in the first chapter, those induced by Tonelli La-

grangians, satisfy the twist condition, as recorded in the following theorem from Fathi-

Figalli [16].

Proposition 3.2.11 (Proposition 4.1 from Fathi-Figalli). Let L be a Tonelli Lagrangian

which is strongly convex with respect to velocity. Then, the cost function induced by L

is continuous, bounded below, satisfies the twist condition, and the family of functions

x 7→ cy(x) = c(x, y) is locally semi-concave in x locally uniformly in y.

The twist condition plays an important role in ensuring that optimizers to the Monge

optimal transport problem exist and that the Monge and Kantorovich costs coincide.

The following theorem from McCann-Guillen [31] states a sufficient condition for the

Monge and Kantorovich costs and minimizers to coincide in the classical setting. (N.B.

They cite this theorem from Gangbo’s habilitation thesis, but it is in French, so I cannot

read it.)

Theorem 3.2.12 (Theorem 2.9 from McCann-Guillen). Let µ, ν ∈ P(Rd). Suppose

that µ is absolutely continuous with respect to Lebesgue measure. Let c ∈ C(Rd × Rd)

be differentiable in the first d coordinates and satisfy the twist condition. Suppose that
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∇xc(x, y) is locally bounded in x and globally bounded in y. Then, there exists a Lipschitz

function u : Rd → R such that

(a) The map G(x) = Y (x,Du(x)) pushes forward µ to ν. (The map Du(x) is defined

almost everywhere.)

(b) The map G is the unique minimizer to Monge’s formulation of the optimal transport

problem.

(c) The measure γG = (id×G)#µ is the unique minimizer to Kantorovich’s formulation

of the optimal transport problem.

In the proof that Wc(µ, ν) ≤ WM
c (µ, ν), it was shown that cost(G) = cost(γG).

A more delicate sufficient condition is given in Fathi-Figalli [16].

Theorem 3.2.13 (Theorem 3.2 from Fathi-Figalli). Let µ and ν be probability measures

on Rd. Suppose that the cost function c : Rd × Rd → R is lower semicontinuous and

bounded below. Suppose the following conditions hold:

(a) The family of maps x 7→ c(x, y) = cy(x) is locally semi-concave in x locally uni-

formly in y,

(b) The cost c satisfies the twist condition,

(c) The measure µ is absolutely continuous with respect to Lebesgue measure,

(d) The cost from µ to ν for the cost c is finite.

Then, there exists a Borel optimal transport map T from µ to ν for the cost c, this map

is unique µ-a.e., and any optimal transport plan γ ∈ Γ(µ, ν) from µ to ν for the cost c is

concentrated on the graph of T .

The definition for a function being locally semi-concave in x locally uniformly in y

is given in appendix A of Fathi-Figalli (in particular, see definitions A.1, A.3, A.10,

A.13, and A.15). Fathi-Figalli actually use a slightly more general hypothesis than (c),

requiring only that the measure µ does not give mass to “small sets”. Finally, because any

optimal transport plan has its cost concentrated on the graph of the optimal transport

map, it follows that the Monge cost and Kantorovich cost coincide.
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3.2.2 Kantorovich Duality

Let µ and ν be absolutely continuous probability measures on Rd. Let c be a cost

function. There is a dual optimization problem to the Kantorovich optimal transport

problem from µ to ν for the cost c.

Definition 3.2.14. The Kantorovich dual formulation of the optimal transport

problem from µ to ν for the cost c (or the Kantorovich dual problem) is the

optimization problem

max
u,v
{cost(u, v)} := max

u,v

{∫
Rd
v(y)dν(y)−

∫
Rd
u(x)dµ(x) :

v(y)− u(x) ≤ c(x, y) for all x, y ∈ Rd

}
. (3.1)

The supremum in this optimization problem is called the Kantorovich dual cost from

µ to ν for the cost c.

Different authors have different conventions for the signs in front of the functions u

and v in the Kantorovich dual problem. I am following the convention of Villani’s 2008

book [39]. (This disagrees with the convention in Villani’s 2003 book [38].)

Definition 3.2.15. A pair of functions u and v which are optimizers in the Kantorovich

dual problem from µ to ν for the cost c are called Kantorovich potential functions

or Kantorovich potentials.

The Kantorovich dual cost and the Kantorovich cost agree under weak hypotheses,

given in the following theorem from Villani [38].

Theorem 3.2.16 (Theorem 1.3 from [38]). Let X and Y be Polish spaces (complete

separable metric spaces). Let µ ∈P(X) and ν ∈P(Y ). Let c : X × Y → [0,+∞] be a

lower semicontinuous cost function. Then,

inf
γ∈Γ(µ,ν)

{cost(γ)} = sup
(u,v)∈L1(µ)×L1(ν)
v(y)−u(x)≤c(x,y)

{cost(u, v)} = sup
(u,v)∈Cb(X)×Cb(Y )
v(y)−u(x)≤c(x,y)

{cost(u, v)},

where Cb(X) and Cb(Y ) denote the spaces of bounded continuous functions on X and

Y , respectively. Further, the infimum on the left hand side is achieved by a measure in

Γ(µ, ν).

More precise information about the structure of optimizers in the Kantorovich optimal

transport problem and Kantorovich dual problem are given be Schachermayer-Teichmann

[37] and Villani [39].
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Theorem 3.2.17 (Part of theorem 5.10 from [39]). Let µ and ν be absolutely continuous

probability measures on Rd and let c : Rd × Rd → [0,+∞] be a lower semicontinuous

cost function. Then, there exists an optimizer γ̄ ∈ Γ(µ, ν) for the Kantorovich optimal

transport problem:

cost(γ̄) = inf
γ∈Γ(µ,ν)

{cost(γ)},

and there exists a pair of Kantorovich potentials u : Rd → R ∪ {+∞} and v : Rd →
R ∪ {−∞} satisfying

v(y)− u(x) ≤ c(x, y) for all x, y ∈ Rd

with equality holding γ̄-a.e. These functions are optimizers in the Kantorovich dual prob-

lem and satisfy

v(y) = inf
x∈Rd
{c(x, y) + u(x)} and u(x) = sup

y∈Rd
{v(y)− c(x, y)}.

If the functions u, v, and c are all differentiable, then their derivatives are related to

each other, as given in the following proposition.

Proposition 3.2.18. Suppose that the cost function c as well as the Kantorovich poten-

tials u and v are differentiable. Let γ be an optimal transport plan for the corresponding

Kantorovich optimal transport problem. Then, at each point in the support of γ,

∂c

∂x
= −∂u

∂x
and

∂c

∂y
=
∂v

∂y

Proof. Since c, u, and v are differentiable, the function c(x, y) + u(x)− v(y) is differen-

tiable, so in particular is differentiable on supp(γ). By construction, c(x, y)+u(x)−v(y) ≥
0 and, by proposition 3.2.17, c(x, y) + u(x) − v(y) = 0 almost everywhere on supp(γ).

Therefore, the function c(x, y) + u(x) − v(y) has a minimum at almost every point of

supp(γ). Since a differentiable function has derivative 0 at its local extrema, the propo-

sition holds. v

3.3 The Lagrangian Optimal Transport Problem

Let L : TRd → R be a Tonelli Lagrangian which is strongly convex with respect to

velocity. In the previous chapter, cost functions were defined in terms of the action of
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Tonelli Lagrangians (definition 2.2.5) via

c(x, y) = inf

{∫ 1

0

L(σ(t), σ̇(t)) dt : σ ∈ W 1,1, σ(0) = x, σ(1) = y

}
. (3.2)

In theorem 2.2.6, it was shown that for any x, y ∈ Rd, there is an optimal trajectory

σ : [0, 1]→ Rd with endpoint x and y which yields the cost.

In subsection 2.2.1, it was shown that optimal trajectories are of class C2 and satisfy

the Euler-Lagrange equation. Furthermore, it was seen that c is locally lipschitz (propo-

sition 2.2.19), superdifferentiable (corollary 2.2.20), and differentiable almost everywhere

(corollary 2.2.21); the derivatives of c were computed explicitly (corollary 2.2.22). Finally,

proposition 2.2.23 showed that if either ∂xc(x, y) or ∂yc(x, y) exist, then there exists a

unique optimal trajectory from x to y. This motivates structuring the optimal transport

problem explicitly in terms of a Tonelli Lagrangian.

Definition 3.3.1. Let ρ0 and ρ1 be probability densities on Rd. The Lagrangian op-

timal transport problem from ρ0 to ρ1 for the cost c induced by the Tonelli

Lagrangian L is the minimization problem

min
σ:Rd×[0,1]→R

{∫ 1

0

∫
Rd
L(σ(t, x), σ̇(t, x))ρ0(x)dxdt : σ(1, ·)#ρ0 = ρ1

}
,

where σ(·, x) ∈ W 1,1 for every x and σ(0, ·) = id.

With the results established in the first chapter, the admissible families of trajectories

in the Lagrangian problem may be assumed to be of class C2 with respect to time.

Let ρ0 and ρ1 be probability densities on Rd. By proposition 3.2.11 and theorem

3.2.13, the Monge optimal transport problem from ρ0 to ρ1 for the cost c induced by the

Tonelli Lagrangian L has a solution T : Rd → Rd which pushes forward ρ0 to ρ1. In this

case, the solution to the Monge optimal transport problem satisfies∫
Rd
c(x, T (x))ρ0(x)dx =

∫
Rd

∫ 1

0

L(σ(t, x), σ̇(t, x)) dt ρ0(x) dx (3.3)

where σ(·, x) is an optimal trajectory from x to T (x).

More substantial relationships between the minimizers of the Monge, Kantorovich

dual, and Lagrangian optimal transport problems will be established in the proceeding

subsections.
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3.3.1 Further Properties of Cost Functions Induced by Lagrangians

Let µ and ν be absolutely continuous probability measures on Rd. Let L : TRd → R be

a Tonelli Lagrangian which is strongly convex in velocity and let c : Rd × Rd → [0,+∞)

be the induced cost function. Let T be the Monge map for the Monge optimal transport

problem from µ to ν for the cost c. Let u and v be Kantorovich potentials for the

corresponding Kantorovich dual problem.

This subsection will establish that for almost every x, there is a unique action min-

imizing curve from x to T (x). This does not follow directly from proposition 2.2.23; it

requires a more subtle argument. The first step will be to show that the Kantorovich

potential u is differentiable almost everywhere.

The following theorem from Figalli-Gigli [19] establishes the differentiability of the

Kantorovich potentials when the cost function is given by the square Riemannian distance

on a non-compact Riemannian manifold. As noted by Figalli-Gigli, this theorem follows

from a generalization of the arguments in Appendix C of Gangbo-McCann [21].

Theorem 3.3.2 (Theorem 1 from Figalli-Gigli). Let M be a Riemannian manifold of

dimension n with distance function d : M ×M → [0,+∞). Let c(x, y) = 1
2
d2(x, y). Let

µ and ν be probability measures on M . Let u and v be Kantorovich potentials for the

Kantorovich dual problem from µ to ν for the cost c. Let

∂cu(x) = {y ∈M : u(x) = v(y)− c(x, y)}

and

∂cu = ∪x∈M ({x} × ∂cu(x)) .

Let D = {x ∈M : u(x) < +∞}. Then, the potential u is locally semiconvex in intD, the

set ∂cu(x) is non-empty for all x ∈ intD, and ∂cu is locally bounded in intD. Moreover,

the set D \ intD is (n− 1)-rectifiable.

Under the hypotheses of this theorem, there is an immediate corollary about the

differentiability of the Kantorovich potential u.

Corollary 3.3.3. With the hypotheses of the previous theorem (that is, on a Riemannian

manifold with the cost given by c = 1
2
d2), the Kantorovich potential u is differentiable

almost everywhere.

Proof. Locally semiconvex functions are differentiable almost everywhere. v
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As noted in Remark 3 of Figalli-Gigli [19], these results continue to hold when the

cost function 1
2
d2 is replaced with a cost function induced by a Tonelli Lagrangian. This

is recorded in the following proposition.

Proposition 3.3.4. Let µ and ν be probability measures on Rd. Let c be a cost function

induced by a Tonelli Lagrangian and let u and v be Kantorovich potentials for the Kan-

torovich dual problem from µ to ν for the cost c. The, the function u is semiconcave,

differentiable almost everywhere, and its derivative ∂u is locally bounded.

The following proposition and corollary establish the differentiability of the cost func-

tion c at almost every point of the form (x, T (x)). This proposition and its proof are a

modification of Lemma 7 from McCann [30].

Proposition 3.3.5. Suppose that the Kantorovich potential u is differentiable at x. If

equality holds in

c(x, y) + u(x)− v(y) ≥ 0, (3.4)

then y is the endpoint after unit time of the flow of Lagrangian system
ẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v)

(x0, v0) = (x,∇pH(x,−∂u(x))) .

Proof. Suppose that u is differentiable at the point x and suppose that equality holds in

(3.4). Then, for all z ∈ Rd,

c(z, y) + u(z)− v(y) ≥ 0

= c(x, y) + u(x)− v(y).

Rearranging and eliminating v(y) yields

c(z, y) ≥ c(x, y) + u(x)− u(z) (3.5)

≥ c(x, y) + u(x)− u(x)− ∂u(x) · (z − x) + o(z − x) (3.6)

= c(x, y)− ∂u(x) · (z − x) + o(z − x). (3.7)

Equation (3.6) follows from (3.5) since ∂u(x) is a subdifferential of u at x. This proves

−∂u(x) is a subdifferential of c(·, y) at x. And, by corollary ??, the function c(·, y) is

always superdifferentiable. Therefore, c(·, y) is differentiable at x.



Chapter 3. Five Formulations of the Optimal Transport Problem 41

By a simple modification of the proof of proposition 2.2.23, whenever c(·, y) is dif-

ferentiable, there is a unique optimal curve from x to y. From proposition 3.2.18, when

c(x, y) + u(x)− v(y) = 0 and both c(·, y) and u are differentiable at the point x, then

∇xc(x, y) = −∂u(x)

and from corollary 2.2.22,

∇xc(x, y) = −∇vL(x, σ̇(0)),

where σ is an optimal curve from x to y. (In particular, since ∇xc(x, y) exists, a unique

optimal curve is guaranteed to exist by proposition 2.2.23.) Since∇pH(x,∇vL(x, v)) = v,

∇pH(x, ∂u(x)) = ∇pH(x,∇vL(x, σ̇(0))) = σ̇(0).

Therefore, the solution to 
ẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v)

(x0, v0) = (x,∇pH(x,−∂u(x)))

is the unique optimal curve σ going from x to y. v

Corollary 3.3.6. For almost every x, the partial derivative

∇zc(z, T (x))
∣∣
z=x

(3.8)

exists and there is a unique optimal curve from x to T (x).

Proof. By proposition 3.3.4, the Kantorovich potential u is differentiable at almost every

x ∈ Rd. By proposition 3.3.5 and its proof, when u is differentiable at x and c(x, y) +

u(x)− v(y) = 0, then c(·, y) is differentiable at x. And then, by proposition 2.2.23 there

exists a unique optimal curve from x to y.

By theorem 3.2.13, every optimal transport plan is concentrated on the graph of the

Monge map, and by theorem 3.2.17, c(x, y) + u(x) + v(y) = 0 for almost every point

(x, y) in the support of any optimal transport plan. So, for almost every x,

c(x, T (x)) + u(x)− v(T (x)) = 0.
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Therefore, for almost every x, the hypotheses of theorem 3.3.5 are satisfied at the point

(x, T (x)), which proves that

∇zc(z, T (x))

∣∣∣∣
z=x

exists and there is a unique optimal curve from x to T (x). v

3.3.2 Regularity of Optimal Trajectories

In section 2.2.1, optimal trajectories were found to be of class C2 in time. This section

establishes the regularity of optimal trajectories with respect to position. This is more

subtle, and involves considering optimal trajectories with respect to their position after a

short time, rather than the true initial position. In this framework, optimal trajectories

and their time derivatives will turn out to both be locally Lipschitz with respect to

their (after a short time) “initial” positions. First, however, the injectivity of optimal

trajectories will established.

Proposition 3.3.7. Let σx0 : [0, 1]→ Rd be the solution of the Lagrangian system
ẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v)

(x0, v0) = (x0,∇pH(x0,−∂u(x0))) .

Let σt : Rd → Rd and σ : [0, 1]× Rd → Rd be given by

σt(x) = σ(t, x) = σx(t).

Then, σ1 = T and, for every t ∈ [0, 1), the map σt : Rd → Rd is injective.

Proof. By corollary 3.3.4, the Kantorovich potential u is differentiable almost everywhere,

so the map σ is well defined in L1([0, 1]× Rd;Rd).

By corollary 3.3.6, for almost every x, the partial derivative ∇zc(z, T (x))|z=x exists

and there is a unique action minimizing curve from x to T (x). From the proofs of
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proposition 3.3.5 and corollary 3.3.6, this curve is the solution to the Lagrangian system
ẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v)

(x0, v0) = (x,∇pH(x,−∂u(x))) .

By the uniqueness of solutions to Lagrangian systems, it follows that for almost every x,

σx(1) = T (x) =⇒ σ1 = T.

And again by the uniqueness of solutions to Lagrangian systems, if t ∈ [0, 1) and

σx1(t) = σx2(t),

then x1 = x2, which proves that σt is injective for all t ∈ [0, 1). v

An important tool for understanding the regularity of optimal trajectories with re-

spect to initial conditions is Mather’s shortening lemma.

Theorem 3.3.8 (Mather’s Shortening Lemma; Cor. 8.2 from [39]). Let M be a smooth

Riemannian manifold. Let d denote Riemannian distance on M . Let L : TM → R be a

Tonelli Lagrangian which is strongly convex with respect to velocity. Let c be the induced

cost function. Then, for any compact set K ⊂ M , there exists a constant CK such that,

whenever x1, y1, x2, y2 are four points in K which satisfy

c(x1, y1) + c(x2, y2) ≤ c(x1, y2) + c(x2, y1)

and γi is the action minimizing curve from xi to yi, then, for any t0 ∈ (0, 1),

sup
t∈[0,1]

d(γ1(t), γ2(t)) ≤ CK
min t0, 1− t0

d(γ1(t0), γ2(t0)).

Regularity for optimal trajectories will proceed in four steps. First, a local bounded-

ness lemma will be proven. Then, the family of trajectories σt : Rd → Rd will be shown

to be Lipschitz continuous with respect to its time s initial conditions when s ∈ (0, 1)–

regularity fails to hold with respect to initial conditions at times 0. The time derivative

map σ̇t : Rd → Rd will be shown to be Hölder-1/2 continuous. Finally, σ̇t : Rd → Rd will

be shown to be locally Lipschitz.
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Lemma 3.3.9. Let ρ0, ρ1 ∈ Pac(Rd). Let L be a Tonelli Lagrangian and let σ : [0, 1] ×
Rd → Rd be the family of trajectories solving the optimal transport problem from ρ0 to

ρ1 for the cost induced by L. Let t ∈ (0, 1). For each y ∈ Rd such that y = σt0(x), there

exists a neighbourhood N 3 y and a compact set K such that whenever σt0(z) ∈ N , then

the endpoints of the curve σz : [0, 1]→ Rd are contained in K.

Proof. Let γ : [0, t0]× Rd → Rd and η : [0, 1− t0]× Rd → Rd be given byγ(t, y) = σ(t0 − t, x) where σ(t0, x) = y

η(t, y) = σ(t0 + t, x) where σ(t0, x) = y.

Then, γ solves the time t0 optimal transport problem from ρt0 = (σt0)#ρ0 to ρ0 and η

solves the optimal transport problem from ρt0 to ρ1.

By proposition 3.3.7, the trajectories γ(·, y) and η(·, y) are solutions to the Lagrangian

system where the initial velocities are C1 functions of Kantorovich potentials for the

respective optimal transport problems. By proposition 3.3.4, the potentials are locally

bounded, so there are neighbourhoods Nγ, Nη 3 y on which the families of curves γ and

η are bounded.

Let N be the intersection of Nγ and Nη. The proof concludes by notinng that the

image of a curve σx : [0, 1]→ Rd with σx(t0) = y is the union of the images of γ(·, y) and

η(·, y). v

Proposition 3.3.10. Let ρ0, ρ1 ∈ Pac(Rd). Let L be a Tonelli Lagrangian which is

strongly convex in velocity. Let c be the induced cost function and let σ : [0, 1]×Rd → Rd

be the family of trajectories solving the optimal transport problem from ρ0 to ρ1. Let

ε > 0. Let σ̃ : [ε, 1− ε]× Rd → Rd be given by

σ̃(t, y) = σ(t, σ−1
t (y)).

Then, the map σ̃t = σ̃(t, ·) : Rd → Rd is locally Lipschitz for all t ∈ [ε, 1− ε].

Proof. Fix t ∈ [ε, 1− ε]. By lemma 3.3.9, given σtx = y, there is a neighbourhood N 3 y
such that all trajectories σ̃z which intersect N at time t are contained in a compact set

K.

Since σ solves the optimal transport problem, for almost every pair x, y ∈ Rd,

c(σ0(x), σ1(x)) + c(σ0(y), σ1(y)) ≤ c(σ0(x), σ1(z)) + c(σ0(y), σ1(x)).
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After possibly redefining σ on a set of measure zero, it satisfies the hypotheses of Mather’s

lemma (3.3.8). So, by Mather’s lemma,

sup
s∈[0,1]

‖σs(x)− σs(y)‖ ≤


CK

min t, 1− t
‖σt(x)− σt(y)‖

CK
min ε, 1− ε

‖σε(x)− σε(y)‖ .

In particular, there are constants C1 and C2 depending only on K and ε such that

C1 ‖σε(x)− σε(y)‖ ≤ ‖σt(x)− σt(y)‖ ≤ C2 ‖σε(x)− σε(y)‖ .

Rewriting this in terms of σ̃ instead of σ, and setting w = σε(x) and z = σε(y), it follows

that

C1 ‖z − w‖ ≤ ‖σ̃t(z)− σ̃t(w)‖ ≤ C2 ‖z − w‖ .

Therefore, σ̃t : Rd → Rd is locally Lipschitz. v

Proposition 3.3.11. With the same set-up as proposition 3.3.10, the map ˙̃σt : Rd → Rd

is locally Hölder-1/2 continuous.

Proof. Suppose that xn → x0. Then, Taylor expanding σ̃ in time yields

σ̃s(xn)− σ̃s(x0) = σ̃t(xn)− σ̃t(x0) +
(

˙̃σt(xn)− ˙̃σt(x0)
)

(t− s) +O((s− t)2).

By the triangle inequality, it follows that

‖σ̃s(xn)− σ̃s(x0)‖ ≥
∥∥ ˙̃σt(xn)− ˙̃σt(x0)

∥∥ (s− t)− ‖σ̃t(xn)− σ̃t(x0)‖ −K(s− t)2.

By the previous proposition (3.3.10), both ‖σ̃s(xn)− σ̃s(x0)‖ and ‖σ̃t(xn)− σ̃t(x0)‖ are

bounded by a scalar multiple of ‖xn − x0‖. Hence, there is a constant M such that

M ‖xn − x0‖ ≥
∥∥ ˙̃σt(xn)− ˙̃σt(x0)

∥∥ (s− t)−K(s− t)2. (3.9)

Set

s− t =

√
2M + 1

K
‖xn − x0‖.
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Substituting this value of s− t into equation (3.9) and rearranging yields

∥∥ ˙̃σt(xn)− ˙̃σt(x0)
∥∥ ≤ C ‖xn − x0‖

for positive constant C. Therefore, ˙̃σt is locally Lipschitz. Since this argument was

independent of t, this is true for every t ∈ [ε, 1− ε]. v

Proposition 3.3.12. With the same set-up as proposition 3.3.10, the map ˙̃σt : Rd → Rd

is locally Lipschitz for all t ∈ [ε, 1− ε].

Proof. Fix t ∈ [ε, 1− ε]. Let y = σt(x) and let N 3 y be an open set around y where all

trajectories passing through N are bounded, as in lemma 3.3.9. Let Ω = ˜sigma
−1

t (N)

and let K ⊂ Ω be a compact set containing an open set containing σ̃−1
t (y). Let (xn)∞n=1

be a sequence in K. For notational convenience, let

yn = σ̃t(xn) and vn = ˙̃σt(xn).

The result will follow upon demonstrating that

sup
n,m

‖vn − vm‖
‖xn − xm‖

≤ C

for some constant C.

The proof proceeds by contradiction. Suppose that this supremum is infinite. By the

previous proposition, ˙̃σt is continuous, so the sequence (vn) is bounded on compact sets.

Hence, the supremum can only diverge along a subsequence (xn) where ‖xm − xn‖ → 0

as m,n → ∞. After passing to a convergent subsequence, suppose that xn → x0 as

n→∞.

Define (qn, pn) : [ε, 1 − ε] → T ∗Rd by taking the global Legendre transform of the

sequence (yn, vn):

(qn, pn)(t) = (yn,∇vL(yn, vn)).

Since the global Legendre transform is a C1-diffeomorphism, this sequence is also con-

vergent. (As well, since yn = σ̃t(xn) and vn = ˙̃σt(xn), both may be viewed, for fixed n,

as functions from [ε, 1− ε] to Rd.)

Let Ψt,s : T ∗Rd → T ∗Rd denote the Hamiltonian flow from time t to time s (see

definition 2.4.4). Let πq denote projection onto position and πp denote projection onto
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momentun. The map Ψt,s is of class C1, so can be Taylor expanded around (q0, p0):

Ψt,s(qn, pn) = Ψt,s(q0, p0) +

(
πqDqΨs,t πqDpΨs,t

πpDqΨs,t πpDpΨs,t

)(
qn − q0

pn − p0

)
+ o(‖qn − q0, pn − p0‖).

(3.10)

Here, the derivative of the Hamiltonian flow is evaluated at (q0, p0). Rearranging equation

(3.10) and considering only the position component yields

qn(s)− q0(s) =
(
πqDqΨs,t πqDpΨs,t

)(qn(t)− q0(t)

pn(t)− p0(t)

)
+ o(‖qn − q0, pn − p0‖). (3.11)

Recall that qn(s) = σ̃s(xn) and q0(s) = σ̃s(x0). From applying Mather’s lemma, it follows

that, for some constants C1 and C2,

C1 ‖xn − x0‖+ o(‖qn − q0, pn − p0‖)

≥ ‖πqDqΨs,t · (qn(t)− q0(t)) + πqDpΨs,t · (pn(t)− p0(t))‖ (3.12)

≥ C2 ‖xn − x0‖ − o(‖qn − q0, pn − p0‖). (3.13)

Since πqDqΨs,t is bounded (as Ψs,t is of class C1) and qi(t) = σ̃t(xi) is locally Lipschitz,

it follows that, with different constants than above,

C1 ‖xn − x0‖+ o(‖qn − q0, pn − p0‖) ≥ ‖πqDpΨs,t · (pn(t)− p0(t))‖

≥ C2 ‖xn − x0‖ − o(‖qn − q0, pn − p0‖).

If πqDpΨs,t is positive definite, then this will imply that pi(t) = ∇vL(σ̃t(xi), ˙̃σt(xi)) is lo-

cally Lipschitz with respect to x, and since the Legendre transform is a C1-diffeomorphism,

it will follow that ˙̃σt(x) is locally Lipschitz with respect to x, which will complete the

proof.

Finally, from proposition 2.4.9, πqDpΨs,t(p, q) = (t− s)∇ppH + o(t− s). The matrix

∇ppH(Ψs,t(p, q)) is positive definite and bounded on each compact set. Since (p, q) is

contained in a compact set (which depends on the set K from the beginning of the

proof), so, the remainder term in the derivative is of the form C(t− s)2. Therefore, for

t− s sufficiently small, πqDpΨs,t(p, q) is positive definite, which concludes the proof. v
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3.4 The Eulerian Optimal Transport Problem

In [3], Benamou and Brenier reformulate the classical quadratic cost optimal transport

problem in an Eulerian framework, motivated by fluid mechanics. The equivalent formu-

lation in the setting of costs induced by Tonelli Lagrangians is the following:

Definition 3.4.1. Let ρ0 and ρ1 be probability densities on Rd. The Eulerian opti-

mal transport problem from ρ0 to ρ1 for the cost c induced by the Tonelli

Lagrangian L is the minimization problem

min
ρ,V

{∫ 1

0

∫
Rd
L(x, V (t, x))ρ(t, x)dxdt : ρ|t=0 = ρ0, ρ|t=1 = ρ1, and

∂ρ

∂t
+∇x · (ρV ) = 0

}
,

where [0, 1] 3 t 7→ ρt ∈ Pac(Rd) and V is a time-varying vector field with the property

that V is locally Lipschitz on (0, 1)× Rd and locally bounded on [0, 1]× Rd.

The local Lipschitz condition is imposed so that only vector fields which define flows

are considered. A theory of flows of non-smooth vector fields has been developed (see

[1] and [13] for example), following from the work of DiPerna-Lions [15], but will not be

considered here.

In the above definition, the differential equation ∂tρ + ∇x · (ρV ) = 0 is understood

in the sense of distributions. That is, a pair (ρ, V ) satisfies ∂tρ+∇x · (ρV ) = 0 if for all

ϕ ∈ C∞c ([0, 1]× Rd),

0 =

∫
Rd

∫ 1

0

ϕ [∂tρ+∇x · (ρV )] dtdx (3.14)

:=

∫
Rd

(
ϕ(t, x)ρ(t, x)

∣∣∣∣t=1

t=0

−
∫ 1

0

ρ(t, x)∂tϕ(t, x)dt

)
dx

−
∫
Rd

∫ 1

0

∇xϕ(t, x) · ρ(t, x)V (t, x)dtdx. (3.15)

Definition 3.4.2. The differential equation ∂tρ+∇x · (ρV ) = 0 is called the continuity

equation.

Proposition 3.4.3. Let V : [0, 1]×Rd → Rd be a locally bounded locally Lipschitz time-

varying vector field in the sense of definition 3.4.1. Let σ : [0, 1] × Rd → Rd be the flow

of V , defined by

σ̇(t, x) = V (t, σ(t, x)),

where σ0 = id.
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Let ρ0 be a probability density on Rd and let ρt = (σt)#ρ0. Then, the pair (ρt, V )

solves the continuity equation in the sense of distributions.

Proof. If follows from the definition of the pushforward (for a measurable set A, that

(σt)#ρ0(A) = ρ0(σ−1
t (A))) that for f locally integrable,∫

Rd
f(t, x)ρt(x)dx =

∫
Rd
f(t, x)(σt)#ρ0(x)dx =

∫
Rd
f(t, σ(t, x))ρ0(x)dx. (3.16)

Let ϕ ∈ C∞c ([0, 1]× Rd). Then, by equation (3.14),∫
Rd

∫ 1

0

ϕ [∂tρ+∇x · (ρV )] dtdx

:=

∫
Rd

(
ϕ(t, x)ρ(t, x)

∣∣t=1

t=0
−
∫ 1

0

ρ(t, x)∂tϕ(t, x)dt

)
dx

−
∫
Rd

∫ 1

0

∇xϕ(t, x) · ρ(t, x)V (t, x)dtdx (3.17)

=

∫
Rd
ϕ(1, x)ρ1(x)− ϕ(0, x)ρ0(x)dx

−
∫ 1

0

∫
Rd

[∂tϕ(t, x) +∇xϕ(t, x) · V (t, x)] ρ(t, x)dxdt. (3.18)

Using the identity from eq. (3.16), the double integral in eq. (3.18) simplifies to∫ 1

0

∫
Rd

[∂tϕ(t, x) +∇xϕ(t, x) · V (t, x)] ρ(t, x)dxdt (3.19)

=

∫ 1

0

∫
Rd

[∂tϕ(t, σ(t, x)) +∇xϕ(t, σ(t, x)) · V (t, σ(t, x))] ρ0(x)dxdt (3.20)

=

∫ 1

0

∫
Rd

[∂tϕ(t, σ(t, x)) +∇xϕ(t, σ(t, x)) · σ̇(t, x)]︸ ︷︷ ︸
=
d
dt
ϕ(t,σ(t,x))

ρ0(x)dxdt (3.21)

Applying the fundamental theorem of calculus to equation (3.21) yields∫ 1

0

∫
Rd

d

dt
ϕ(t, σ(t, x))ρ0(x)dxdt (3.22)

=

∫
Rd
ϕ(t, σ(t, x))

∣∣∣∣t=1

t=0

ρ0(x)dx (3.23)

=

∫
Rd
ϕ(1, σ(1, x))ρ0(x)− ϕ(0, σ(0, x))ρ0(x)dx (3.24)

=

∫
Rd
ϕ(1, x)ρ1(x)− ϕ(0, x)ρ0(x)dx. (3.25)
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The identity (3.16) is applied again to transform (3.24) to (3.25).

Substituting (3.25) back into equation (3.18) yields∫
Rd

∫ 1

0

ϕ [∂tρ+∇x · (ρV )] dtdx =

∫
Rd
ϕ(1, x)ρ1(x)− ϕ(0, x)ρ0(x)dx

−
∫
Rd
ϕ(1, x)ρ1(x)− ϕ(0, x)ρ0(x)dx

= 0,

which proves the proposition. v

With the regularity results for optimal trajectories in the Lagrangian optimal trans-

port problem in sections 3.3.2, 3.3.1, and 2.2.1, there is a distinguished candidate mini-

mizer for the Eulerian optimal transport problem.

Proposition 3.4.4. Let ρ0 and ρ1 be probability densities on Rd. Let L be a Tonelli

Lagrangian which is strongly convex in velocity and let c be the induced cost function. Let

σ : [0, 1]× Rd → Rd be the family of optimal trajectories solving the Lagrangian optimal

transport problem from ρ0 to ρ1. Then, there is a vector field V : [0, 1]×Rd → Rd which

satisfies

σ̇(t, x) = V (t, σ(t, x)) for all t, x,

and V is locally Lipschitz on (0, 1)× Rd and locally bounded on [0, 1]× Rd. .

Proof. The vector field V is constructed directly by σ̇(t, x) = V (t, σ(t, x)) and then

extended to all of Rd.

Such a vector field is well defined: from proposition 3.3.7, the trajectories σt : Rd → Rd

are injective for all t ∈ [0, 1). Therefore, V (t, ·) is well-defined on {σt(x) : x ∈ Rd}.
At t = 0, σt = id, so σ̇0(x) = V (0, x) and from proposition 3.3.7 and 3.3.4, the initial

velocities of optimal trajectories are locally bounded. Solving the optimal transport

problem backwards, from ρ1 to ρ0 yields the same result for t = 1.

Let t ∈ (0, 1). Let 0 < ε < t. Using the notation from 3.3.10, denote z = σε(x).

Then, σ(t, x) = σ̃(t, z)

σ̇(t, x) = ˙̃σ(t, z)
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and

V (t, σ̃(t, z)) = ˙̃σ(t, z).

From proposition 3.3.12, the map ˙̃σ(t, ·) is locally Lipschitz, and in the proof of proposi-

tion 3.3.10, the map σ̃(t, ·) was seen to be bi-Lipschitz. Together, this implies that V is

Lipschitz for t ∈ (0, 1).

This vector field can be extended globally to be locally Lipschitz, which completes

the proof. v

3.5 Five Equivalent Formulations of the Kantorovich

Cost

Let L be a Tonelli Lagrangian which is strongly convex in the second argument. Let c

be the induced cost function.

The goal of this section is to prove the equivalence of the different forms of the

optimal transport problem and understand the relationships between the minimizers in

each formulation of the problem.

Theorem 3.5.1. Let L be a Tonelli Lagrangian which is strongly convex in the second

argument. Let c be the induced cost function. Let ρ0 and ρ1 be probability densities on
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Rd. Then,

Wc(ρ0, ρ1) := inf
γ

{∫
Rd×Rd

c(x, y)dγ(x, y) : γ ∈ Γ(ρ0, ρ1)

}
(3.26)

= sup
u,v

{∫
Rd
v(y)ρ1(y)dy −

∫
Rd
u(x)ρ0(x)dx : v(y)− u(x) ≤ c(x, y)

for µ-a.e. x, ν-a.e. y

}
(3.27)

= inf
T

{∫
Rd
c(x, T (x))ρ0(x)dx : T#ρ0 = ρ1

}
(3.28)

= inf
φ

{∫ 1

0

∫
Rd
L(φ(t, x), φ̇(t, x))ρ0(x)dxdt : φ(1, ·)#ρ0 = ρ1

}
(3.29)

= inf
ρ,V

{∫ 1

0

∫
Rd
L(x, V (t, x))ρ(t, x)dxdt : ρ|t=0 = ρ0, ρ|t=1 = ρ1,

∂ρ

∂t
+∇x · (ρV ) = 0, V loc. Lipschitz for t ∈ (0, 1),

V loc. bounded for t ∈ [0, 1]

}
(3.30)

Proof. IfWc(ρ0, ρ1) is infinite, there is nothing to show, so suppose thatWc(ρ0, ρ1) < +∞.

Since ρ0 and ρ1 are probability distributions, they are automatically absolutely continuous

with respect to Lebesgue measure.

(3.26)=(3.27): From section 4.2, Kantorvich duality holds (so lines (3.26) and

(3.27) are equal) whenever the cost function is lower semi-continuous (see 3.2.16). From

section 2.2.2, cost function induced by Tonelli Lagrangians are continuous (see ??).

Hence, (3.26) and (3.27) are equal.

(3.26)=(3.28): From section 4.1, if the hypothesis of theorem 3.2.13 are satisfied,

then an optimal transport map from ρ0 to ρ1 exists and the Monge and Kantorovich costs

coincide, so (3.26) and (3.28) are equal. Cost functions induced by Tonelli Lagrangians are

continuous and bounded below. Since ρ0 and ρ1 are probability densities, they absolutely

continuous with respect to Lebesgue measure by assumption. The Kantorovich cost is

assumed finite. Thus, all but two of the hypotheses of 3.2.13 are satisfied.

The remaining hypotheses of 3.2.13 are that the family of maps x 7→ c(x, y) = cy(x) is

locally semi-concave in x locally uniformly in y and the cost c satisfies the twist condition.

By proposition 3.2.11, costs induced from Tonelli Lagrangians satisfy these properties.

Hence, the Monge and Kantorovich costs from ρ0 to ρ1 for the cost c are equal.

(3.28)=(3.29): Suppose that T is a Borel measurable map pushing forward ρ0

to ρ1. For each x, let φ(·, x) be the action minimizing curve from x to T (x). Then,
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φ(1, x) = T (x), so φ(1, ·) pushes forward ρ0 to ρ1. Further,

c(x, T (x)) =

∫ 1

0

L(φ(t, x), φ̇(t, x))dt,

from which it follows that∫
Rd
c(x, T (x))ρ0(x)dx =

∫
Rd

∫ 1

0

L(φ(t, x), φ̇(t, x))dtρ0(x)dx

=

∫
Rd

∫ 1

0

L(φ(t, x), φ̇(t, x))ρ0(x)dtdx.

Let (Tn)∞n=1 be a minimizing sequence for (3.29). Let φn(·, x) be the correspond minimiz-

ing curve from x to Tn(x). Then,

inf
φ(1,·)#ρ0=ρ1

{∫ 1

0

∫
Rd
L(φ(t, x), φ̇(t, x))ρ0(x)dxdt

}
≤ lim

n→∞

∫ 1

0

∫
Rd
L(φn(t, x), φ̇n(t, x))ρ0(x)dxdt

= lim
n→∞

∫
Rd
c(x, Tn(x))ρ0(x)dx

= inf
T#ρ0=ρ1

{∫
Rd
c(x, T (x))ρ0(x)dx

}
.

Similarly, if φ : [0, 1]×Rd → Rd satisfies φ(1, ·) pushes forward ρ0 to ρ1, then the map Tφ

given by Tφ(x) = φ(1, x) pushes forward ρ0 to ρ1, and an analogous argument as above

shows that

inf
T#ρ0=ρ1

{∫
Rd
c(x, T (x))ρ0(x)dx

}
≤ inf

φ(1,·)#ρ0=ρ1

{∫ 1

0

∫
Rd
L(φ(t, x), φ̇(t, x))ρ0(x)dxdt

}
.

Hence,

inf
T#ρ0=ρ1

{∫
Rd
c(x, T (x))ρ0(x)dx

}
= inf

φ(1,·)#ρ0=ρ1

{∫ 1

0

∫
Rd
L(φ(t, x), φ̇(t, x))ρ0(x)dxdt

}
.

(3.29)=(3.30): Let (ρ, V ) be an admissible pair in the Eulerian optimal transport

problem. Let φ : [0, 1]×Rd → Rd be the flow of V . Then, φ is in the admissible class for
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the Lagrangian optimal transport problem, and using equation (3.16),∫ 1

0

∫
Rd
L(x, V (t, x))ρ(t, x)dxdt

=

∫ 1

0

∫
Rd
L(φ(t, x), V (t, φ(t, x))ρ0(x)dxdt

=

∫ 1

0

∫
Rd
L(φ(t, x), V (t, φ(t, x))ρ0(x),

so every admissible pair in the Eulerian optimal transport problem yields and admissible

family of trajectories in the Lagrangian problem, and both have equal cost. Hence, the

Lagrangian cost is no greater than the Eulerian cost. That is, (3.29)≤(3.30).

Let σ : [0, 1] × Rd → Rd be the family of optimal trajectories for the Lagrangian

optimal transport problem, given in proposition 3.3.7. From proposition 3.4.4, this family

of trajectories is the flow of an admissible vector field V in the Eulerian optimal transport

problem, together with ρt := (σt)#ρ0, which are of equal cost in the optimal transport

problem. Therefore, (3.30)≤(3.29), which concludes the proof. v

The following theorem describes the relationships between the optimizers in the var-

ious optimal transport problems.

Theorem 3.5.2. Let ρ0 and ρ1 be probability densities on Rd. Let L : TRd → R be a

Tonelli Lagrangian which is strongly convex in the second argument with corresponding

Hamiltonian H : T ∗Rd → R. Let c be the induced cost function. Let T : Rd → Rd be the

Monge map for the Monge problem from ρ0 to ρ1 for the cost c. Let (u, v) be the pair of

Kantorovich potentials for the Kantorovich dual problem. Let σ be the family of optimal

trajectories for the Lagrangian problem. Let (ρ, V ) be the optimal pair for the Eulerian

problem. Then

(a) The optimal trajectories satisfy σ(0, x) = x, σ(1, x) = T (x), and σ solves
ẋ = v

d
dt
∇vL(x, v) = ∇xL(x, v)

(x0, v0) = (x0,∇pH(x0,−∂u(x0))).

(b) The interpolant probability densities satisfy ρt = (σt)#ρ0

(c) The vector field satisfies σ̇(t, x) = V (t, σ(t, x)), with σ̇(t, x) = ∇pH(x,−∂ut(x))

where (ut, vt) are the Kantorovich potentials for the time 1 − t optimal transport

problem from ρt to ρ1.



Chapter 4

The Otto Calculus for Higher Order

Functionals

Around 2000, Benamou and Brenier introduced an Eulerian formulation of the optimal

transport problem [3]. With this formulation of the problem, it was realized that Wasser-

stein space had a structure in many ways analogous to a Riemannian manifold. At the

same time, Otto introduced a Riemannian calculus that allowed for computations of

derivatives and Hessians in Wasserstein space ([34] [35]). This calculus has come to be

called the Otto calculus ; it has proven to be a useful tool for understanding the geom-

etry of Wasserstein space. In [35], using this calculus, Villani and Otto predicted that

in the optimal transportation problem on Riemannian manifolds with the cost given by

squared Riemannian distance, there would be a non-negative Ricci curvature condition

associated with displacement convex functionals. This Ricci curvature bound was inde-

pendently discovered and proven, at essentially the same time, by Cordero-Erausquin,

McCann, and Schmuckenschläger via distinct methods in [12].

In Optimal Transport: Old and New, Villani poses two problems regarding the Otto

calculus. He first asks whether it is possible extend the Otto Calculus to the setting of

the optimal transportation problem with costs induced by Tonelli Lagrangians, rather

than only the classical cost of distance squared. This problem is resolved; when working

in a purely Eulerian framework, rather than in a Riemannian setting, this problem be-

comes straightforward. Paul Lee has worked in a similar direction, from a Hamiltonian

perspective, in [26].

Villani then asks whether it is possible to extend the Otto calculus to allow formal

computations of displacement Hessians of functionals involving derivatives of densities of

probability measures. This problem is more subtle; its resolution is the main contribution

of this chapter.

55
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In particular, the displacement Hessian of a functional involving any number of deriva-

tives of a probability measure on an n-dimensional manifold will be computed. In one

dimension, this will yield a new class of displacement convex functionals heretofore un-

known. This class will include, as a special case, the functionals considered by Carrillo

and Slepčev [8], which thus far were the only known examples of displacement convex

functionals involving derivatives of densities.

In order that this chapter be readable independent of the rest of this thesis, several

definitions and basic facts will be restated.

4.1 Setup

For this chapter, in order to avoid subtle issues of regularity, all objects will be assumed

smooth in both time and position. At the conclusion of the chapter there will be a brief

discussion of some of these regularity issues.

Let L be a Tonelli Lagrangian and let ρ0, ρ1 ∈ Pac
(
Rd
)

or in Pac
(
Td
)

where Td ∼=
Rd/Zd be smooth probability densities (with the assumption of smoothness, probability

measures and their densities will be treated interchangeably). For the rest of this section,

definitions will be stated for Rd, but apply equally well on Td; the 1-torus will be denoted

by S1. A smooth map

[0, 1] 3 t 7→ ρt ∈ Pac
(
Rd
)

is a smooth curve in Pac
(
Rd
)
. A curve in Pac

(
Rd
)

will be denoted (ρt), while the

probability measure at time t will be denoted ρt. When there is no ambiguity, the

subscripts will be omitted.

The Eulerian formulation of the optimal transportation problem from ρ0

to ρ1 with cost induced by L is the infimal problem

inf
ρ,V

{∫
Rd

∫ 1

0

L(x, V (t, x))ρ(t, x) dt dx
∣∣ ρ|t=0 = ρ0, ρ|t=1 = ρ1, ρ̇+∇ · (ρV ) = 0

}
,

where (ρt) is a smooth curve in Pac
(
Rd
)
, with ρ(t, x) = ρt(x), and V is a time-varying

vector field. The equation ρ̇ + ∇ · (ρV ) = 0 is called the continuity equation. The

derivative with respect to time is given by Ẋ = ∂
∂t
X, while ∇ and ∇· refer to the spatial

gradient and spatial divergence, respectively. Let σ denote the characteristic curves of



Chapter 4. The Otto Calculus for Higher Order Functionals 57

V . That is,

σ̇(t, x) = V (t, σ(t, x)).

If (ρ, V ) is an optimal pair in the Eulerian optimal transport problem, then the pair

(ρ, V ) also solves the following transport equations:

ρ̇ = −∇ · (ρV ) V̇ = −V ′V +W

where V ′ refers to the Jacobian matrix of spatial derivatives of V and

W (t, x) = σ̈(t, z)

∣∣∣∣
z=σ−1

t (x)

=
d2

dt2
σ(t, z)

∣∣∣∣
z=σ−1

t (x)

(More generally, these transport equations are satisfied by all pairs of smooth densities

and time-varying vector fields which solve the continuity equation) The term W corre-

sponds to the acceleration of the characteristics of V and will often be assumed to be 0.

(for instance in the classical optimal transportation problem with quadratic cost on Rd,

it is zero).

If (ρ, V ) is a smooth optimizer in the Eulerian optimal transport problem, then (ρt)

is called a smooth geodesic in Wasserstein space.

Let F : [0, 1]→ R be given by

F(t) =

∫
F
(
(Dαρt(x))|α|≤n

)
dx, (4.1)

where n is an integer, α is a multi-index of length d, N is the number of multi-indices of

length d and order at most n, and F : RN → R is a smooth function.

In the smooth setting, the second derivative of F is given by

d2

dt2
F(t) =

∫
Rd

d2

dt2
F
(
(Dαρt(x))|α|≤n

)
dx, (4.2)

Definition 4.1.1. A functional F : [0, 1] → R is displacement convex if it is convex

along every geodesic (ρ) in Wasserstein space.

The displacement Hessian of F is the second derivative of F computed along an

arbitrary geodesic in Wasserstein space.

There are three key identities needed to compute displacement Hessians (two of them
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are the transport equations from above).

Key identities:


ρ̇ = −∇ · (ρV ) (4.3)

V̇ = −V ′V +W (4.4)

ρ̈ = ∇ · ((∇ · (ρV ))V + ρV ′V − ρW ) . (4.5)

4.2 One derivative and one dimension

Let (ρ) be a geodesic in Pac(R) or Pac (S1). Let F : [0, 1] → R be the functional given

by

F(t) =

∫
R
F (ρ, ρ′) dx,

where F : R2 → R is a smooth function. Denote by F0 the partial derivative of F with

respect to the first argument and by F1 the partial derivative with respect to the second

argument.

The computation of the displacement Hessian for functionals of the above form, in-

volving only one derivative of the probability density, which itself has a one dimensional

domain, is simpler than the general computation and yields interesting examples. It will

be computed first.

LetX be a time-varying vector field on R. Let Ψ0(ρ,X) = (ρX)′−ρ′X and Ψ1(ρ,X) =

(ρX)′′−ρ′′X. That is, Ψi(ρ,X) the remainder of (ρX)(i+1) after subtracting off all terms

where X appears undifferentiated.

Theorem 4.2.1. Let F : [0, 1]→ R be as above. The displacement Hessian of F is

F ′′(t) =

∫
F00 (Ψ0(ρ, V ))2 + 2F01 (Ψ0(ρ, V )) (Ψ1(ρ, V )) + F11 (Ψ1(ρ, V ))2

+ F1

(
2ρ′ (V ′)

2
+ 4ρV ′′V ′

)
+ F (W ′)− F0 (Ψ0(ρ,W ))− F1 (Ψ1(ρ,W ) dx.

(4.6)

Proof. As all functions are assumed smooth, F is differentiated twice:

F ′′(t) =

∫
F00 (ρ̇)2 + 2F01 (ρ̇) (ρ̇′) + F11 (ρ̇′)

2
(4.7)

+ F0 (ρ̈) + F1 (ρ̈′) dx (4.8)
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Substituting the first key identity (4.3) into line (4.7) of the displacement Hessian yields

F00 (ρ̇)2 + 2F01 (ρ̇) (ρ̇′) + F11 (ρ̇′)
2

(4.9)

= F00 ((ρV )′)
2

+ 2F01 ((ρV )′) ((ρV )′′) + F11 ((ρV )′′)
2

(4.10)

= F00 (Ψ0 + ρ′V )
2

+ 2F01 (Ψ0 + ρ′V ) (Ψ1 + ρ′′V ) + F11 (Ψ1 + ρ′′V )
2

(4.11)

= F00 (Ψ0)2 + 2F01 (Ψ0) (Ψ1) + F11 (Ψ1)2

+

(
F00(ρ′) + F01(ρ′′)︸ ︷︷ ︸

=(F0)′

)
(V (ρ′V + 2Ψ0)) +

(
F01(ρ′) + F11(ρ′′)︸ ︷︷ ︸

=(F1)′

)
(V (ρ′′V + 2Ψ1)) .

(4.12)

Substituting this back into the displacement Hessian and integrating by parts then yields

F ′′(t) =

∫
F00 (Ψ0)2 + 2F01 (Ψ0) (Ψ1) + F11 (Ψ1)2

+ F0

(
ρ̈− (V (ρ′V + 2Ψ0))

′)
+ F1

(
ρ̈′ − (V (ρ′′V + 2Ψ1))

′)
dx. (4.13)

Substituting the third key identity (4.5) into the coefficient on F0 (and remembering that

Ψ0(ρ, V ) = ρV ′) results in

ρ̈− (V (ρ′V + 2Ψ0))
′
=
(
(ρV )′ V + ρV ′V − ρW

)′ − (ρ′V 2 + 2ρV ′V )
)′

(4.14)

= −(ρW )′ (4.15)

= −(ρ′W + Ψ0(ρ,W )). (4.16)

Similarly, the coefficient on F1 simplifies to

(
ρ̈′ − (V (ρ′′V + 2Ψ1))

′)
=
(
(ρV )′ V + ρV ′V − ρW

)′′ − (ρ′′V 2 + 2V (ρV ′′ + 2ρ′V ′)
)′

(4.17)

=
(
2ρ(V ′)2

)′ − (ρW )′′ (4.18)

=
(
2ρ(V ′)2

)′ − (ρ′′W + Ψ1(ρ,W )). (4.19)

Substituting both (4.16) and (4.19) into (4.13) results in the following expression for the
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displacement Hessian

F ′′(t) =

∫
F00 (Ψ0(ρ, V ))2 + 2F01 (Ψ0(ρ, V )) (Ψ1(ρ, V )) + F11 (Ψ1(ρ, V ))2

+ F1

(
2ρ(V ′)2

)
− F0(Ψ0(ρ, w))− F1(Ψ1(ρ, w))− (F0(ρ′) + F1 (ρ′′))︸ ︷︷ ︸

=(F )′

W dx.

(4.20)

Integrating by parts completes the computation. v

In [8], Carrillo and Slepčev prove that the functional

E(ρ) =

∫ (
d

dx
ρβ(t, x)

)2

dx

is displacement convex on S1 ∼= R/Z with cost given by Euclidean distance squared

whenever β ∈ [−3
2
,−1].

Example 4.2.1 (Carrillo-Slepčev functionals). Let F (x, y) = β2x2β−2y2. Then,

E(ρ) =

∫
F (ρ, ρ′) dx.

Let θ = 2β − 2. The derivatives of F are

F0 = β2θxθ−1y2

F00 = β2θ(θ − 1)xθ−2y2

F01 = 2β2θxθ−1y

F1 = 2βxθy

F112xθ.

Note that in the classical optimal transportation problem with Euclidean distance squared,

the acceleration term W is identically 0. Then, using the formula from theorem 4.2.1

(eq. (4.6)), the displacement Hessian of E is

d2

dt2
E(ρ) =

∫
β2

{
θ(θ − 1)ρθ−2(ρ′)2(ρV ′)2 + 2(2θρθ−1ρ′)(ρV ′)(ρV ′′ + 2ρ′V ′)

+ 2ρθ(ρV ′′ + 2ρ′V ′)2 + 2ρθρ′
(
2ρ′(V ′)2 + 4ρV ′′V ′

)}
dx. (4.21)

This is, in fact, a quadratic form in (ρ′V ′) and (ρV ′′). After collecting like terms, it can
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be rewritten as

d2

dt2
E(ρ) =

∫
β2ρθ

{
(θ + 3)(θ + 4)(ρ′V ′)2 + 4(θ + 4)(ρ′V ′)(ρV ′′) + 2(ρV ′′)2

}
dx (4.22)

=

∫
β2ρθ

(
ρ′V ′

ρV ′′

)T (
(θ + 3)(θ + 4) 2(θ + 4)

2(θ + 4) 2

)(
ρ′V ′

ρV ′′

)
dx. (4.23)

It is straightforward to check that(
(θ + 3)(θ + 4) 2(θ + 4)

2(θ + 4) 2

)

is a positive definite matrix whenever θ ∈ (−5,−4) and is positive semi-definite for

θ = −5,−4. Hence, the functional E is displacement convex whenever θ ∈ [−5,−4] ⇐⇒
β ∈ [−3/2,−1]. �

Following this example, it is straightforward to construct a new class of displacement

convex functionals involving derivatives of densities. A simple convexity lemma will be

needed.

Lemma 4.2.2. Let f : R→ R be non-negative and of class C2. Let γ ∈ R \ {0}. Then,

f ′′(x)f(x) + (γ − 1)(f ′(x))2 ≥ 0

if g(x) = 1
γ
fγ(x) is convex.

Proof. The second derivative of g is

g′′(x) =
1

γ

(
γfγ−1(x)f ′(x)

)′
= (γ − 1)fγ−2(x)(f ′(x))2 + fγ−1(x)f ′′(x)

= fγ−2
(
f ′′(x)f(x) + (γ − 1)(f ′(x))2

)
.

Since f is non-negative, the sign of g is the same as that of f ′′(x)f(x)+(γ−1)(f ′(x))2. v

A new class of displacement convex functionals is now presented.

Theorem 4.2.3. Let F : R2 → R be given by F (x, y) = G(x)|y|α where G is of class C2

and α ≥ 2. Let G(x) = x−2αH(x). If H(x) > 0 for all x > 0 and

H(x)−
1

α−1
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is concave on [0,∞), then the functional

F(t) =

∫
G(ρ)|ρ′|α dx (4.24)

is displacement convex for the classical optimal transport problem with cost given by

Euclidean distance squared.

Note that, for instance, every functional of the form

F(t) =

∫ (
d

dx
Ξ(ρ)

)2

dx

can be written in the form of eq. (4.24) with α = 2.

Proof. The derivatives of F are

F0 = G′(x)|y|α

F00 = G′′(x)|y|α

F01 = αG′(x)yα−1sign(y)

F1 = αG(x)yα−1sign(y)

F11 = α(α− 1)G(x)|y|α−2.

Then, using theorem 4.2.1, the displacement Hessian of F is

F ′′(t) =

∫
|ρ′|α−2

{(
G′′(ρ)ρ2 + 4αG′(ρ)ρ+ 2α(2α− 1)G(ρ)

)
(ρ′V ′)

2

+
(
2αG′(ρ)ρ+ 4α2G(ρ)

)
(ρ′V ′)(ρV ′′)

+ (α(α− 1)G(ρ)) (ρV ′′)2

}
dx (4.25)

=

∫
|ρ′|α−2

(
ρ′V ′

ρV ′′

)T

A

(
ρ′V ′

ρV ′′

)
dx. (4.26)

Where A is the 2× 2 matrix

A =

(
G′′(ρ)ρ2 + 4αG′(ρ)ρ+ 2α(2α− 1)G(ρ) αG′(ρ)ρ+ 2α2G(ρ)

αG′(ρ)ρ+ 2α2G(ρ) α(α− 1)G(ρ)

)
.
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Upon substituting x−2αH(x) = G(x), the matrix simplifies to

A = ρ−2α

(
H ′′(ρ)ρ2 αH ′(ρ)ρ

αH ′(ρ)ρ α(α− 1)H(ρ)

)
.

Recalling that α ≥ 2, the functional F is displacement convex whenever H is chosen such

that for all x > 0, the following two conditions holdx−2αH(x) > 0 ⇐⇒ H(x) > 0

α(α−1)H′′(x)H(x)−α2(H′(x))2

x2α−2 > 0 ⇐⇒ H ′′(x)H(x)− α
α−1

(H ′(x))2 > 0.

Applying lemma 4.2.2 to the second expression completes the proof. v

In the above proof, the positive definiteness of the matrix A was found to be a suffi-

cient condition for displacement convexity. There is a partial converse to this theorem.

In particular, if the (1, 1)-entry of A,

ξ(x) = G′′(x)x2 + 4αG′(x)x+ 2α(2α− 1)G(x), (4.27)

is negative at some point c > 0, then the functional F considered in the above theorem

fails to be displacement convex, as sketched in the following example.

Example 4.2.2. Let F be as in theorem 4.2.3, where G is assumed to be of class C2.

If ξ(c) < 0 for c > 0 (from eq. (4.27)), then the displacement Hessian of F can be made

negative in the classical setting.

Let ρ̃ be the function given by

ρ̃(x) = cχ
[0,

1
c

]
(x) +

δ sin
(
x
ε

)
if x ∈

[
0, 1

c

]
0 otherwise,

where χA denotes the characteristic function of A. The numbers δ and ε will be specified

later (they’ll be very small). Let ρ be a smoothed version of ρ̃, but maintaining the

oscillatory behaviour of ρ̃ on [0, 1
c
] (except possibly right near the endpoints), and ensuring

that the ρ has total mass one.

In the classical setting, by Brenier’s theorem, given any convex function φ, the map

T = ∇φ is the optimal transport map from ρ to T#ρ, and the corresponding optimal

vector field is V = T − I, where I denotes the identity map.

Let φ(x) = x2. Then, V ′(x) = 1 and V ′′(x) = 0. Therefore, along the geodesic from
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ρ to T#ρ, the displacement Hessian of F is

F ′′(t) =

∫
|ρ′|α−2

(
ρ′V ′

ρV ′′

)T

A

(
ρ′V ′

ρV ′′

)
dx.

=

∫
|ρ′|α−2

(ρ′)2ξ(ρ) dx.

Since G is of class C2, the function ξ is continuous. When δ is taken to be sufficiently

small, ρ(x) ≈ c on [0, 1/c] (except possibly very near the endpoints). Then, by choosing

ε > 0 sufficiently small, |ρ′| can be made as large as desired, and

F ′′(t) =

∫
|ρ′|α−2

(ρ′)2ξ(ρ) dx

≈
∫ 1/c

0

|ρ′|αξ(c) dx,

which is negative.

This example can be extended to S1 with measures that are bounded away from zero

by carrying out the same construction on an interval I of length less than min{ 1
2c
, 1

8
},

and adding a constant function on the rest of S1. �

4.3 A General Formula for the Displacement Hessian

As in the beginning of the chapter, let F : [0, 1]→ R be given by

F(t) =

∫
Rd
F
(
(Dαρt(x))|α|≤n

)
dx,

where n is an integer, α is a multi-index of length d, N is the number of multi-indices of

length d and order at most n, and F : RN → R is a smooth function.

Let X : Rd → Rd. Let

Ψα(ρ,X) = Dα∇ · (ρX)− (∇Dαρ)X. (4.28)

That is, Ψα(ρ,X) is the remainder of Dα∇ · (ρX) after subtracting off all terms where

X appears undifferentiated. Similarly, define

Φα(ρ,X) = Dα∇ ·
(

(∇ · (ρX)X) + ρX ′X
)
− 2X · ∇Dα(∇ · (ρX)) + x · (Dαρ′′)X.

(4.29)
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Less obviously, Φα(ρ,X) is the remainder of Dα∇·((∇ · (ρX)X) + ρX ′X) after subtract-

ing off all terms where V appears undifferentiated.

Proposition 4.3.1. Let X : Rd → Rd be smooth. Then,

Φα(ρ,X) = Dα∇ ·
(

(∇ · (ρX)X) + ρX ′X
)
− 2X · ∇Dα(∇ · (ρX)) + x · (Dαρ′′)X

and

Ψα(ρ,X) = Dα∇ · (ρX)− (∇Dαρ)X.

contains no terms where X is undifferentiated.

Proof. Let [a, b] = ab − ba denote the commutator of a and b. Writing out Ψ and Φ in

coordinates reveals them to be sums of commutator:

Ψα(ρ, V ) =
d∑
i=1

{
DαDiVi − ViDαDi

}
(ρ)

=
d∑
i=1

[DαDi, Vi](ρ) ,

and

Φα(ρ, V ) =
d∑

i,j=1

{
DαDiDjViVj − 2ViD

αDiDjVj + ViVjD
αDiDj

}
(ρ)

=
d∑

i,j=1

[
[DαDiDj, Vi], Vj

]
(ρ) .

Given any differential operator L of order k and any smooth function f , the commutator

[L, f ] is a differential operator of order k−1. (This can be seen, for instance, by induction

on the degree of multi-indices, with the base case [ ∂
∂xi
, f ](g) = g ∂f

∂xi
).

Each summand [DαDi, Vi](ρ) of Ψ therefore contains no terms where Vi appears un-

differentiated, which can also be seen by simply expanding out the commutator.

Since DαDi is a differential operator of order at least 2, [DαDiDj, Vi] is a differential

operator of order at least 1, and therefore [[DαDiDj, Vi], Vj] contains no terms where Vi

or Vj appear undifferentiated. v

Theorem 4.3.2 (The Hessian of F). Let (ρt) be a smooth curve in Pac(Rd), let Vt be

a time-dependent smooth vector field on Rd, and let F be a functional of the form as
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described above. If (ρt, Vt) solve the continuity equation, eq. (4.3), then the displacement

Hessian of F is

d2

dt2
F =

∫
Rd

∑
|α|,|β|≤n

Fα,β Ψα(ρ, V )Ψβ(ρ, V ) dx

+

∫
Rd

∑
|α|≤n

Fα
{

Φα(ρ, V )− 2(∇·V )Ψα(ρ, V )−Ψα(ρ,W )
}
dx (4.30)

+

∫
Rd
F
{

(∇ · V )2 − tr (V ′)2 +∇ ·W
}
dx .

Remark. In the Riemannian setting, with the transport cost given by squared Riemannian

distance, the function ∇ ·W corresponds to the Bakry-Emery tensor (see appendix A).

Hence, in the Riemannian setting, the displacement Hessian of F is a quadratic form

in the derivatives of V of order 0, . . . , n+ 1 whose coefficients depend on (Dαρ)|α|≤n, the

function F , and its first and second partial derivatives, where the 0th order terms of V

only appear in ∇ ·W . (This is where the non-negative Ricci curvature condition comes

from).

Proof of theorem 4.3.2. The integral formula for the displacement Hessian of F is given

in eq. (4.2).

By the chain rule, the integrand is can be rewritten as

d2

dt2
F
(
(Dαρ)|α|≤n

)
=

n∑
|α|,|β|≤n

Fα,βD
α(ρ̇)Dβ(ρ̇) +

∑
|α|≤n

FαD
α(ρ̈) . (4.31)

From the key identities eq. (4.3) and (4.5), the time derivatives ρ̇ and ρ̈ can be rewritten

as expressions involving spatial gradients and Hessians of ρ. Upon substituting these

identities into eq. (4.31), the double sum becomes an expression involving spatial deriva-

tives of ρ up to order n+ 1, and up to order n+ 2 in the other sum.

The displacement Hessian will be rewritten to eliminate all derivatives of ρ of order

greater than n.

By Eqs. (4.3), (4.4), and (4.28), the factors in the double sum are given by

Dαρ̇ = −Dα∇ · (ρV )

= −Ψα(ρ, V )− V · ∇Dαρ .
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By the equality of mixed partials, Fα,β = Fβ,α,

n∑
|α|,|β|≤n

Fα,βD
α(ρ̇)Dβ(ρ̇) =

n∑
|α|,|β|≤n

Fα,β Ψα(ρ, V )Ψβ(ρ, V )

+
∑
|α|≤n

∑
|β|≤n

Fα,β V · ∇Dβρ

(2Dα∇ · (ρV )− V · ∇Dαρ
)
. (4.32)

The sum in the large parentheses can be simplified with the help of the chain rule,∑
|β|≤n

Fα,β (V · ∇Dβρ) = ∇Fα · V . (4.33)

where ∇F denotes the spatial gradient of the composition F
(
(Dαρ)|α|≤n

)
. Integrating

eq. (4.32) yields, with an integration by parts on the last term,∫
Rd

n∑
|α|,|β|≤n

Fα,βD
α(ρ̇)Dβ(ρ̇) dx =

∫
Rd

∑
|α|,|β|≤n

Fα,β Ψα(ρ, V )Ψβ(ρ, V ) dx (4.34)

−
∫
Rd

∑
|α|≤n

Fα∇ ·
{(

2Dα∇ · (ρV )− V · ∇Dαρ
)
V
}
dx .

The contribution of ρ̈ to the integrand in Eq. (4.31) is given by eq. (4.5):

Dαρ̈ = Dα∇ · (∇·(ρV )V + ρV ′V − ρW ) .

We add this term to the summands in last integral of Eq. (4.34). Expanding in compo-

nents we obtain

Dαρ̈− 2∇ ·
(
(Dα∇ · (ρV )V

)
+∇ ·

(
V · ∇Dαρ)V

)
=

d∑
i,j=1

Di

{
DαDjViVj − 2ViD

αDjVj + ViVjD
αDj

}
(ρ)−

d∑
i=1

DαDiWi(ρ) (4.35)

= Φα(ρ, V )−Ψα(ρ,W )−W · ∇Dαρ

+
d∑

i,j=1

{
−2[Di, Vi]D

αDjVj + [Di, Vi]VjD
αDj + Vi[Di, Vj]D

αDj

}
(ρ) . (4.36)
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Singling out the terms where V appear without derivatives,

d∑
i,j=1

{
−[Di, Vi]VjD

αDj + Vi[Di, Vj]D
αDj

}
(ρ) =

(
(∇·V )V − V ′V ) · ∇Dαρ ,

we see that Eq. (4.35) becomes

Dαρ̈− 2∇ ·
(
(Dα∇ · (ρV )V

)
+∇ ·

(
V · ∇Dαρ)V

)
= Φα(ρ, V )− 2(∇·V )Ψα(ρ, V )−Ψα(ρ,W )−

(
(∇·V )V − V ′V +W ) · ∇Dαρ .

(4.37)

Inserting Eqs. (4.34) and (4.37) into Eq. (4.31) yields

d2

dt2
F =

∫
Rd

∑
|α|,|β|≤n

Fα,βD
α(ρ̇)Dβ(ρ̇) +

∑
|α|≤n

FαD
α(ρ̈) dx

=

∫
Rd

∑
|α|,|β|≤n

Fα,β Ψα(ρ, V )Ψβ(ρ, V ) dx

+

∫
Rd

∑
|α|≤n

Fα
{

Φα(ρ, V )− 2(∇·V )Ψα(ρ, V )−Ψα(ρ,W )
}
dx

−
∫
Rd

∑
α|≤n

Fα
(
(∇·V )V − V ′V +W ) · ∇Dαρ dx .

Since ∑
|α|≤n

Fα∇Dαρ = ∇F

by the chain rule, the last line equals

−
∫
Rd
∇F ·

(
(∇·V )V − V ′V +W )

)
dx =

∫
Rd
F ∇ ·

(
(∇·V )V − V ′V +W ) dx .

The identity∇·
(
(∇·V )V −V ′V

)
= (∇·V )2−tr((V ′)2) completes the proof of Eq. (4.30). v

Example 4.3.1 (Carrillo-Slepčev functionals on Rd). Let (ρ) be a geodesic in Pac(Rd).

Let F be given by

F(t) =

∫
ρβ ‖∇ρ‖2α dx. (4.38)

Using the displacement Hessian formula (4.30), it can be (very tediously) checked that
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the displacement Hessian of F is, assuming that the W term is identically zero,

F ′′(t) =

∫
ρβ ‖∇ρ‖2α (1− 2α− β)

(
(∇ · V )2 − tr

(
(V ′)2

))
+ ρβ ‖∇ρ‖2α

{
(β(β − 1) + 2αβ + 2α + 8α(α− 1)) ‖∇ρ‖2 (∇ · V )2

+ 2α∇ρT
(
(V ′T )2

)
∇ρ+ (2α(1 + β) + 16) (∇ · V )∇ρTV ′T∇ρ

+ 2α
∥∥V ′T∇ρ∥∥2

+ 2αρ∇ρ · ∇tr
(
(V ′)2

)
+ 4αρ∇ρTV ′T∇(∇ · V )

+ 4αρ∇(∇ · V )TV ′T∇ρ+ [2α(2 + β) + 8α(α + 1)]ρ(∇ · V )∇ρT∇(∇ · V )

+ 2αρ2 ‖∇(∇ · V )‖2

}
+ ρβ ‖∇ρ‖2α−4 8α(α− 1)

{(
∇ρTV ′T∇ρ

) (
∇ρTV ′T∇ρ

)
+
(
ρ∇ρT∇(∇ · V )

) (
ρ∇ρT∇(∇ · V )

)
+ 2ρ∇ρTV ′∇ρ∇ρT∇(∇ · V )

}
dx.

It is not clear whether there are any values of α and β such that this functional is

displacement convex. (Perhaps in the classical case on Rd, where V = T − I = ∇φ
for some function φ, there is a simplification, as V ′ is a symmetric matrix, but such a

simplification is not apparent to me.)

4.4 Epilogue: Issues of regularity

This chapter demonstrates how the Otto calculus can be extended to compute displace-

ment Hessians for functionals depending on derivatives of densities, and shows how such

a concept is fruitful, by constructing a new class of displacement convex functionals. But,

the question remains as to whether this is merely a formal exercise.

For the functionals found in theorem 4.2.3, the answer is, thankfully, no: these

functionals really are displacement convex. An identical approximation scheme as used

in [8] carries through for these functionals. If (ρ) is a geodesic on Pac(S1) for which the

functional
∫
G(ρ)|ρ′|α dx is finite, then ρ can be checked to be bounded away from 0 and

∞, and can be approximated by densities in H1, which can then be approximated by

smooth densities.

In the more general setting of Rd with the transport cost induced by a Tonelli La-

grangian, the optimal vector field V corresponding to a geodesic (ρ) will only be locally

Lipschitz in the spatial variable. If ρ0 and ρ1 are absolutely continuous, the correspond-

ing optimal vector field V will, flowing ρ0 to ρ1, preserve absolute continuity, but will



Chapter 4. The Otto Calculus for Higher Order Functionals 70

not, in general, have sufficient regularity to preserve stronger regularity properties which

ρ0 and ρ1 have. If ρ0 and ρ1 are both of class C∞, it does not appear to be the case that

ρt will be, for instance, of class C1, at any intermediate time along a geodesic.

When considering functionals of 0th order, however, there is a natural approach to

approximate minimizers (ρ, V ) in the Eulerian optimal transport problem with smooth

solutions to the continuity equation, which will be explored in the next chapter. This

will (N.B. Hopefully! This isn’t fully sorted out yet...) yield a rigourous Otto calculus

for functionals of 0th order.

Finally, although not an issue of regularity, there is one question I would like to

highlight.

Question 4.4.1. Let (ρ, V ) be a smooth minimizer in the Eulerian optimal transport

problem. In computing displacement Hessians, the expression

∇ ·
(
(∇·V )V − V ′V

)
= (∇·V )2 − tr((V ′)2)

seems to inevitably arise (this is, of course, equal to zero when working on R). Is there

a geometric interpretation of (∇·V )2 − tr((V ′)2) on Rd when d > 1?



Appendix A

Otto Calculus Computations -

Riemannian Setting

A.1 Preliminaries

Let g be a Riemannian metric on Rd. That is, g is a smooth map from Rd to the

space of positive definite d× d real matrices. The entries of g(x) will be denoted gij(x).

When there is no amibiguity, the argument x will be omitted. In this appendix, Einstein

summation notation will be used. The entries of the inverse matrix of g will be denoted

gij.

Let L : TRd → R be given by

L(x, v) =
1

2
vTg(x)v =

1

2
vivjgij. (A.1)

Let (ρ, V ) be a geodesic in Wasserstein space. Let ϕ be the corresponding potential,

defined via

−Dϕt(x) = DvL(x, Vt(x)). (A.2)

Consider the entropy functional

F(t) =

∫
ρ log(ρ) dx. (A.3)

71
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If F (x) = x log(x), then, for x ≥ 0,p(x) = xF ′(x)− F (x) = x

p2(x) = x2F ′′(x)− xF ′(x) + F (x) = 0.
(A.4)

My formal displacement Hessian of F is

F ′′(t) =

∫
ρ2F ′′(ρ)(∇ · V )2

+ [F (ρ)− ρF ′(ρ)]
[
(∇ · V )2 − tr(DV 2) +∇ ·W

]
dx (A.5)

=

∫
p2(ρ)(∇ · V )2 + p(ρ)

[
tr(DV 2)−∇ ·W

]
dx (A.6)

=

∫
ρ
[
tr(DV 2)−∇ ·W

]
dx. (A.7)

where various derivatives are the standard derivatives are Rd. The function W is defined

as follows:

Let σ be a solution to the Euler-Lagrange equation d
dt
∇vL(σ, σ̇) = ∇xL(σ, σ̇)

(σ, σ̇)(x, 0) = (x, V0(x))

Expanding and rearranging the Euler-Lagrange equation yields,

σ̈(x, t) = (Dv∇vL(σ(x, t), σ̇(x, t)))−1

× [∇xL(σ(x, t), σ̇(x, t))−Dx∇vL(σ(x, t), σ̇(x, t))σ̇(x, t)] . (A.8)

Finally, noting thatσ(σ−1
t (x), t) = x

σ̇(x, t) = V (σ(x, t), t) ⇐⇒ σ̇(σ−1
t (x), t) = V (x, t),

the map W is defined

W (x, t) = σ̈(z, t)
∣∣
z=σ−1

t (x)
(A.9)

= (Dv∇vL(x, Vt(x))−1 [∇xL(x, Vt(x))−Dx∇vL(x, Vt(x))Vt(x)] . (A.10)

When there is no ambiguity, the time subscripts will be omitted.
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Villani’s formal displacement Hessian of F is

F ′′(t) =

∫
(−∆ϕ+∇A · ∇ϕ)2 p2(ρ) dx

+

∫ [∥∥∇2ϕ
∥∥2

HS
+
(
Ric +∇2A

)
(∇ϕ)

]
p(ρ)dx (A.11)

=

∫
ρ
[∥∥∇2ϕ

∥∥2

HS
+
(
Ric +∇2A

)
(∇ϕ)

]
dx (A.12)

where ‖·‖HS denotes the Hilbert-Schmidt norm of a matrix and the function A is defined

via

dx = e−Advol. (A.13)

Since dvol =
√

det gdx, it follows that A = 1
2

log det g.

The derivatives in Villani’s formal displacement Hessian are derivatives with respect

to the Riemannian metric.

A.2 Coordinate computations

A.2.1 My displacement Hessian

In this subsection, the derivatives are standard derivatives on Rd.

Derivatives of L in coordinates

Various derivatives of L are computed in coordinates. The gradient with respect to

velocity is

∇vL(x, v) = ∇v

(
1

2
vivjgij

)
=


vjg1j

...

vjgdj

 . (A.14)

Then,

Dv∇vL(x, v) = g. (A.15)
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The gradient in position is

∇xL(x, v) = ∇x

(
1

2
vivjgij

)
=

1

2


vivj∂1gij

...

vivj∂dgij

 . (A.16)

and

Dx∇vL(x, v) = Dx
1

2


vjg1j

...

vjgdj

 (A.17)

=


vj∂1g1j · · · vj∂dg1j

...
...

vj∂1gdj · · · vj∂dgdj

 . (A.18)

Finally,

Dx∇vL(x, v)v =


vj∂1g1j · · · vj∂dg1j

...
...

vj∂1gdj · · · vj∂dgdj



v1

...

vd

 (A.19)

=


vivj∂ig1j

...

vivj∂igdj

 . (A.20)

W in coordinates

In coordinates, the map W is given by

W (x, t) = (Dv∇vL(x, V (x)))−1 [∇xL(x, V (x))−Dv∇xL(x, V (x))V (x)] (A.21)

=


g11 · · · g1d

...
...

gd1 · · · gdd


1

2


V iV j∂1gij

...

V iV j∂dgij

−

V iV j∂ig1j

...

V iV j∂igdj


 (A.22)

=
1

2


V iV jg1k∂kgij

...

V iV jgdk∂kgij

−

V iV jg1k∂igkj

...

V iV jgdk∂igkj

 . (A.23)
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Noting that 2vivj∂igkj = 2vivj∂jgki = vivj (∂igkj + ∂jgki), equation (A.23) can be rewrit-

ten as

W (x, t) =
1

2
V iV j


g1k (∂kgij − ∂igkj − ∂jgki)

...

gdk (∂kgij − ∂igkj − ∂jgki)

 (A.24)

= V iV j


−Γ1

ij
...

−Γdij

 , (A.25)

where Γlij is the Christoffel symbol

Γlij =
1

2
glk (∂igkj + ∂jgki − ∂kgij) . (A.26)

My Displacement Hessian in coordinates

From equation (A.7), for F =
∫
ρ log ρ dx, my displacement Hessian is

F ′′ =
∫
ρ
[
tr(DV 2)−∇ ·W

]
dx. (A.27)

In coordinates, tr(DV 2) = (∂iV
j)(∂jV

i). From equation (A.25), the formula for W is

W (x, t) = V iV j


−Γ1

ij
...

−Γdij

 . (A.28)

Therefore, ∇ ·W is

∇ ·W = −∂k(V iV jΓkij) (A.29)

= −2(∂kV
i)V jΓkij − V iV j∂kΓ

k
ij.. (A.30)

Substituting equation (A.30) into (A.7) yields

[
tr(DV 2)−∇ ·W

]
= (∂iV

j)(∂jV
i) + 2(∂kV

i)V jΓkij + V iV j∂kΓ
k
ij (A.31)
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A.2.2 Villani’s displacement Hessian

In this section, the derivatives are with respect to the Riemannian metric. Several for-

mulas are recalled. The Christoffel symbol of the second kind is

Γkij =
1

2
gkl (∂iglj + ∂jgli − ∂lgij) (A.32)

and, when j = k, this simplifies to

Γkik =
1

2
gjk∂igkj. (A.33)

The Christoffel symbol of the first kind is

Γlij = glkΓ
k
ij. (A.34)

Christoffel symbols satisfy the symmetry relations

Γkij = Γkji and Γlij = Γlji. (A.35)

The vanishing of the covariant derivative of the Riemannian metric yields the identity

0 = ∂lgik − gkmΓmil − gimΓmkl ⇐⇒ ∂lgik = gkmΓmil + gimΓmkl = Γkil + Γikl. (A.36)

The Ricci tensor is

Rji = ∂kΓ
k
ji − ∂iΓkjk + ΓkklΓ

l
ji − ΓkilΓ

l
jk. (A.37)

Derivatives of A in coordinates

The volume distortion map A is given by A = 1
2

log det g = log
√

det g, so its ith partial

derivative is

∂iA =
1√

det g

1

2
√

det g
∂i det g. (A.38)

By Jacobi’s formula,

∂i (det g) = det g
(
tr(g−1∂ig)

)
, (A.39)
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where ∂igkl is the (k, l)-entry of ∂ig. Substituting (A.39) into (A.38) yields

∂iA =
1

2
tr(g−1∂ig) (A.40)

=
1

2
gjk∂igkj (A.41)

Equation (A.41) follows from equation (A.40) because

tr(g−1∂ig) = gjk∂igkj. (A.42)

Equation (A.41) can be rewritten as

∂iA = Γkik. (A.43)

Then, using the formula for the Hessian of a scalar function with respect to a Riemannian

metric, the Hessian of A can be written in three forms

∇2A =


∂i∂jA− Γkij∂kA = ∂iΓ

l
jl − ΓkijΓ

l
kl (A.44)

1

2
(∂i∂jA+ ∂j∂iA)− Γkij∂kA =

1

2

(
∂iΓ

l
jl + ∂jΓ

l
il

)
− ΓkijΓ

l
kl. (A.45)

∂j∂iA− Γkij∂kA = ∂jΓ
l
il − ΓkijΓ

l
kl (A.46)

The term Ric + ∇2A in (A.12) is called the Bakry-Emery tensor. Using equation

(A.44) to write ∇2A is coordinates, the Bakry-Emery tensor can be written in the form

Ric+∇2A = Rij +
(
∂iΓ

l
jl − ΓkijΓ

l
kl

)
(A.47)

=
(
∂kΓ

k
ij − ∂jΓkik + ΓkklΓ

l
ij − ΓkjlΓ

l
ik

)
+
(
∂iΓ

l
jl − ΓkijΓ

l
kl

)
(A.48)

= ∂kΓ
k
ij − ΓkjlΓ

l
ik (A.49)

Derivatives of ϕ in coordinates

The potential ϕ is defined via

Vt(x) = ∇pH(x,−Dϕt(x)) ⇐⇒ −Dϕ = DvL(x, V (x)). (A.50)

Then, the ith coordinate of ∇ϕ is given by raising indices:

(∇ϕ)i = gij∂jϕ. (A.51)
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Since L(x, v) = 1
2
vivjgij(x), the jth component of Dϕ is

−∂jϕ = (−Dϕ)j = (DvL(x, V (x)))j = gjiV
i. (A.52)

Therefore,

(∇ϕ)i = −V i (A.53)

Using equation (A.52), the Hessian of ϕ can be written in three forms:

∇2ϕ =


∂i∂jϕ− Γkij∂kϕ = −∂i

(
gjlV

l
)

+ ΓkijgklV
l (A.54)

1

2
(∂i∂jϕ+ ∂j∂iϕ)− Γkij∂kϕ = −1

2

[
∂i
(
gjlV

l
)

+ ∂j
(
gliV

l
)]

+ ΓkijgklV
l(A.55)

∂i∂jϕ− Γkij∂kϕ = −∂j
(
gliV

l
)

+ ΓkijgklV
l. (A.56)

Lemma A.2.1. Let g and V be as above. Then,

(∂igjl)V
l − (∂jgil)V

l = gil
(
∂jV

l
)
− gjl

(
∂iV

l
)

(A.57)

Proof. By the symmetry of mixed partial derivatives,

∂i∂jϕ = ∂j∂iϕ. (A.58)

Substituting equation (A.52) into equation (A.58) yields

∂i
(
gjlV

l
)

= ∂j
(
gilV

l
)
.

Applying the product rule and rearranging completes the proof. v

The adjoint of∇2ϕ can similarly be written in three forms, corresponding to equations

(A.54), (A.55), and (A.56):

∇2ϕ∗ =


gis
[
−∂s

(
grlV

l
)

+ ΓksrgklV
l
]
grj (A.59)

gis
[
−1

2

(
∂s
(
grlV

l
)

+ ∂j
(
glsV

l
))

+ ΓksrgklV
l

]
grj (A.60)

gis
[
−∂r

(
glsV

l
)

+ ΓksrgklV
l
]
grj (A.61)
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The Hilbert-Schmidt norm of ∇2ϕ is given by

∥∥∇2ϕ
∥∥2

HS
:= tr(∇2ϕ∗∇2ϕ) (A.62)

=
(
∇2ϕ∗

)ij
(∇2ϕ)ji (A.63)

Using the forms of ∇2ϕ and ∇2ϕ∗ from equations (A.54) and (A.59),

(
∇2ϕ∗

)ij
= gis

[
−∂s

(
grlV

l
)

+ ΓksrgklV
l
]
grj (A.64)(

∇2ϕ
)
ji

= −∂j
(
gilV

l
)

+ ΓkjigklV
l. (A.65)

Substituting equation (A.65) into (A.63) yields

∥∥∇2ϕ
∥∥2

HS
= gis

[
−∂s

(
grlV

l
)

+ ΓksrgklV
l
]
grj
[
−∂j (ginV

n) + ΓkjigknV
n
]

(A.66)

= gis
[
− (∂sgrl)V

l − grl
(
∂sV

l
)

+ gklΓ
k
srV

l
]
grj

×
[
− (∂jgin)V n − gin (∂jV

n) + gknΓkjiV
n
]

(A.67)

The summand in (A.67) consisting of only derivatives of V is

gis
(
−grl

(
∂sV

l
))
grj (−gin (∂jV

n)) = gisgil
(
∂jV

l
)
grjgrn (∂sV

n) (A.68)

= (∂jV
s)
(
∂sV

j
)
. (A.69)

Recalling the definition of the Christoffel symbol of the first kind from equation (A.34),

the summand in (A.67) containing only undifferentiated V terms is

gis
[
− (∂sgrl)V

l + gklΓ
k
srV

l
]
grj
[
− (∂jgin)V n + gknΓkjiV

n
]

(A.70)

= gis
[
− (∂sgrl)V

l + ΓlsrV
l
]
grj [− (∂jgin)V n + ΓnjiV

n] (A.71)

From the identity given in (A.36),− (∂sgrl) = −Γlrs − Γrls

− (∂jgin) = −Γnij − Γinj.
(A.72)
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Substituting (A.72) into equation (A.71) yields

gis
[
− (∂sgrl)V

l + ΓlsrV
l
]
grj [− (∂jgin)V n + ΓnjiV

n] (A.73)

= gis [−Γlrs − Γrls + Γlsr]V
lgrj [−Γnij − Γinj + Γnji]V

n (A.74)

=
[
−grjΓrls

]
V l
[
−gisΓinj

]
V n (A.75)

= ΓjlsΓ
s
njV

lV n. (A.76)

The summand in equation (A.67) containing cross terms (products of V with derivatives

of V ) is

− gis
[
− (∂sgrl)V

l + gklΓ
k
srV

l
]
grjgin (∂jV

n)

+ gis
[
−grl

(
∂sV

l
)]
grj
[
− (∂jgin)V n + gknΓkjiV

n
]
. (A.77)

In the first summand, there is a product of the form gisgin and in the second summand,

there is a product of the form grjgrl. Contracting indices and substituting in Christoffel

symbols of the first kind allows (A.77) to be rewritten

− gis
[
− (∂sgrl)V

l + gklΓ
k
srV

l
]
grjgin (∂jV

n)

+ gis
[
−grl

(
∂sV

l
)]
grj
[
− (∂jgin)V n + gknΓkjiV

n
]

(A.78)

= −
[
− (∂ngrl)V

l + gklΓ
k
nrV

l
]
grj (∂jV

n)

+ gis
[
−
(
∂sV

j
)] [
− (∂jgin)V n + gknΓkjiV

n
]

(A.79)

= −grj (∂jV
n) [− (∂ngrl) + Γlnr]V

l − gis
[(
∂sV

j
)]

[− (∂jgin) + Γnji]V
n. (A.80)

Using the identities in (A.72) and the symmetry relation (A.35), it follows that− (∂ngrl) + Γlnr = −Γlrn − Γrln + Γlnr = −Γrln

− (∂jgin) + Γnji = −Γnij − Γinj + Γnji = −Γinj.
(A.81)

Substituting the identities in (A.81) into equation (A.80) yields

− grj (∂jV
n) [− (∂ngrl) + Γlnr]V

l − gis
[(
∂sV

j
)]

[− (∂jgin) + Γnji]V
n (A.82)

= grjΓrln (∂jV
n)V l + gisΓinj

(
∂sV

j
)
V n (A.83)

= Γjln (∂jV
n)V l + Γsnj

(
∂sV

j
)
V n. (A.84)

Relabelling indices and using the symmetry of the Christoffel symbol in equation (A.84)
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allows for a simplication:

Γjln (∂jV
n)V l + Γsnj

(
∂sV

j
)
V n = 2Γkij

(
∂kV

j
)
V i. (A.85)

The Hilbert Schmidt norm of ∇2ϕ is the sum of the terms (A.76), (A.76), and (A.85).

That is,

∥∥∇2ϕ
∥∥2

HS
= (∂jV

s)
(
∂sV

j
)︸ ︷︷ ︸

derivative terms

+ ΓkjlΓ
l
ikV

jV i︸ ︷︷ ︸
no derivative terms

+ 2Γkij
(
∂kV

j
)
V i︸ ︷︷ ︸

cross terms

Villani’s displacement Hessian in coordinates

Recall from (A.12) that, for F =
∫
ρ log ρ dx, Villani’s displacement Hessian is

F ′′(t) =

∫
ρ
[∥∥∇2ϕ

∥∥2

HS
+
(
Ric +∇2A

)
(∇ϕ)

]
dx. (A.86)

From equation (A.49), in coordinates,

Ric +∇2A = ∂kΓ
k
ij − ΓkjlΓ

l
ik.

Since (Ric +∇2A) (∇ϕ) := (Ric +∇2A)ij(∇ϕ)i(∇ϕ)j and (∇ϕ)i = −V i,

(
Ric +∇2A

)
(∇ϕ) =

(
∂kΓ

k
ij − ΓkjlΓ

l
ik

)
V iV j.

From equation (A.86),

∥∥∇2ϕ
∥∥2

HS
= (∂jV

s)
(
∂sV

j
)

+ ΓkjlΓ
l
ikV

jV i + 2Γkij
(
∂kV

j
)
V i.

Therefore, the term ‖∇2ϕ‖2
HS + (Ric +∇2A) (∇ϕ) in the integrand in Villani’s displace-

ment Hessian (A.12) is

∥∥∇2ϕ
∥∥2

HS
+
(
Ric +∇2A

)
(∇ϕ) =

[
(∂jV

s)
(
∂sV

j
)

+ ΓkjlΓ
l
ikV

jV i + 2Γkij
(
∂kV

j
)
V i
]

+
(
∂kΓ

k
ij − ΓkjlΓ

l
ik

)
V iV j (A.87)

= (∂jV
s)
(
∂sV

j
)

+ 2Γkij
(
∂kV

j
)
V i + ∂kΓ

k
ijV

iV j (A.88)
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A.3 Comparison of Displacement Hessians

From equations (A.12) and (A.88), Villani’s displacement Hessian takes the form

F ′′(t) =

∫
ρ
[∥∥∇2ϕ

∥∥2

HS
+
(
Ric +∇2A

)
(∇ϕ)

]
dx (A.89)

=

∫
ρ
[
(∂jV

s)
(
∂sV

j
)

+ 2Γkij
(
∂kV

j
)
V i + ∂kΓ

k
ijV

iV j
]
dx (A.90)

And from equations (A.7) and (A.31), my displacement Hessian takes the form

F ′′ =
∫
ρ
[
tr(DV 2)−∇ ·W

]
dx (A.91)

=

∫
ρ
[
(∂iV

j)(∂jV
i) + 2Γkij(∂kV

i)V j +
(
∂kΓ

k
ij

)
V iV j

]
dx. (A.92)

This result is recorded in a theorem.

Theorem A.3.1. In the Riemannian setting, my displacement Hessian for the entropy

functional agrees with Villani’s formula for the displacement Hessian in Formula 15.7 in

[39].
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